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A APPENDIX

We summarize the notations used throughout the paper in Table 2. In the following sections, we
provide proofs of all results in the main text and the additional details.

Symbol | Meaning

R the set of real numbers
R the set of m x n real matrices
N k+ the set of first k positive numbers
the vector p-norm
the operator norm induced by the vector p-norm
Il 1lF the Frobenius norm
[i, 7] the (¢, j)-th element of matrix X
] the i-th row of matrix X
] the i-th column of matrix X
1, a all-one vector with size n
an adjacency matrix
an adjacency matrix plus the identity matrix
the radius of the ¢5-ball where an input node feature lies
an incidence matrix of incoming nodes
an incidence matrix of outgoing nodes
non-linearities in MPGNN
Cy Lipschitz constants of ¢, p, g under the vector 2-norm
the percolation complexity
the degree matrix
the unknown data distribution
the maximum node degree plus one
the Euler’s number
a model parameterized by vector w
the space of graph
the maximum hidden dimension
a node representation matrix
the hypothesis/model class
the identity matrix
the number of graph convolution layers / message passing steps
the loss function
the Laplacian matrix
the number of training samples
probability and expectation of a random variable
the prior distribution over hypothesis class
the posterior distribution over hypothesis class
a set of training samples
a weight matrix
a node feature matrix where each row corresponds to a node
the space of node feature
the graph class label
the margin parameter
a data triplet (A4, X, y)
the space of data triplet
the natural logarithm
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Table 2: Summary of important notations.

A.1 PAC BAYES RESULTS

For completeness, we provide the proofs of the standard PAC-Bayes results as below.
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Lemma A.1. For non-negative continuous random variables X, we have

E[X] = /000 P(X > v)dv.

Proof.

E[X] = /Ooo XP(X)dX

= /0 h /O : 1dvP(X)dX

= /0 b /0 : P(X)dvdX

= / / P(X)dXdv (region of the integral is the same)
0 v
= / P(X > v)dv
0
O

Lemma A.2. [2-side] Let X be a random variable satisfying P(X > €) < e=2m< and P(X <
—€) < e=2m¢ \where m > 1and e > 0, we have

]E[eQ(m_l)XQ] < 2m.
Proof. If m = 1, the inequality holds trivially. Let us now consider m > 1.

E[e2(m—1)X2] — / P (62("1—1))(2 > ,/) dv (Lemma A.1)
0
:/ P X2 > l()i dv
0 2(m—1)
o0 log v 0 log v
Plx>, —227 14 PlX<—y/—=—]d 5
/0 < = 2(m—1)> V+/(J ( - 2(m—1)> v

o log v B 1 log v . o log v ,
/OIP’<X2 2(m_1)>d1//OIF’<XZ 2(m—1)>d +/1 IP’(X 2(m—1)>d

o log v
<1 PlX>,——
< +/1 ( > 2(m—1)>dy

o —omlogv
<1+ e 2(m—1) dy
1

\%

1

=1+ (—(m — 1y~ w1

)

=m (6)
Similarly, we can show that
e log v
PlX<—/———|dv< 7
/0 ( = 2(m—1)> v=m @
Combining Eq. (5) and Eq. (6), we finish the proof. [
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Theorem 2.1. (Two-side) Let P be a prior distribution over H and let § € (0,1). Then, with
probability 1 — § over the choice of an i.i.d. training set S according to D, for all distributions Q
over H and any v > 0, we have

D (Q[[P) + log 2
Lp(Q) SLSW(QH\/ KL(g(m )_+1)°g :

Proof. Let A(h) = Lp (h) — Ls,(h). For any function f(h), we have
En~qlf (h)] = En~qlloge’™]

P
=E, ollogef ™ 41 Q log —
n~qloge +0gp+0gQ]

= Dkr(Q[IP) + Eng [bg (gef(h)ﬂ
< Dk (Q||P) + log Epg {gef(h)} (Jensen’s inequality)
= Dt (QIIP) +logEnep [ /)] ®)
Let f(h) = 2(m — 1)A(h)%. We have
2(m — 1)Epg[A(R)]? < 2(m — 1)Epug[A(h)?]  (Jensen’s inequality)
< Dxi(Q|P) +1ogEp~p {GZ(T”_I)A(h)Q} . 9)
Since Lp(h) € [0, 1], based on Hoeffding’s inequality, for any € > 0, we have
P(A(R) > €) < e 2

P(A(h) < —¢) < e 2me’

Hence, based on Lemma A.2, we have

.. eﬂm*lm(h)ﬂ <om = Epop [Es [32(m—1)A(h)2” < 2m

s Eg [EhNP [62(m71)A(h)2:H <2m

Based on Markov’s inequality, we have

' 5ES Epp 62(m71)A(h)2
P Eth [62(m71)A(h)z:| > 27 < [ |: ]:| < S. (10)
1) 2m
Combining Eq. (9) and Eq. (10), with probability 1 — §, we have
Dx1(Q|P) + log (%)

EnglA(h)]? < 0 11
rald)? < T (an
which proves the theorem. O

Lemma 2.2. Let f,,(x) : X — R* be any model with parameters w, and P be any distribution on
the parameters that is independent of the training data. For any w, we construct a posterior Q(w+u)
by adding any random perturbation . to w, s.t., P(maxmgc |fw.+u(ac) —fu (7)o < F) > % Then,
for any v, 0 > 0, with probability at least 1 — § over an i.i.d. size-m training set S according to D,
for any w, we have:

D P) + log &
Lpo(fu) §stw(fw)+\/2 KL(Q(U;(—GT—nqul))_F g &
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Proof. Let W = w + u. Let C be the set of perturbation with the following property,

Cz{w’ 7

max | fyr (x) — x <-=7. 12
o () — fuli)le < ] | (12)
W = w + u (w is deterministic and wu is stochastic) is distributed according to Q(w). We now
construct a new posterior () as follows,

5 (i {éQ(uﬁ) weC

z 13
0 w e C. (13)
Here Z = [, . dQ(w) = ~IE”Q(H) € C) and C is the complement set of C. We know from the
assumption that Z > % Therefore, for any w ~ Q, we have

max [fa(@)li] = fa(2) ] = |fu(@)[i] = fu ()]

ieNY jeNS zex

< max fa(0)li] = fa(2) 5] = fu(@)[i] + fu()[]]

i€Ny jENT zeX

< max @)l - fu(@)]+Fa@D] - fu@)
1€EN],JEN jzeX

< max fao(@)[i] — fuw(@)[i]|+ max fa(2)[5] = fuw(@)]]]
ieEN)  zeX JEN, ,zeX

Recall that
L(ur0) = B, (o)l < max fu(o)l])

Io(fa J) = B, (falol] < § +max falol).
Denoting jj = argmax;_, fa(x)[j] and j5 = argmax;_, fu,(7)[j], from Eq. (14), we have
fa(@)ly] = fa(@)[j2] = fu(@)[y] + ful2) i3] |< %
= fo(x)ly] = fo(@)ljs] < fu(@)ly] = ful@)li2] + % (15)
Note that since f(z)[j7] > fa(z)[j3], we have
fa(@)y] — fa(2)57] < fa(@)]y] — fa(2)]43]

b2

(Eq. (15))
Therefore, we have
fu(@)y] = fu@)[i3] <0 = fa(@)ly] - fo(2)li] < %
which indicates P (fu(2)[y] < fu(@)js]) < P (fa(#)ly] < fa(@)lji] + 3), or equivalently

Loo(fu) < Loz (fa)- (16)
Note that this holds for any perturbation w ~ Q.
Again, recall that

Loy(fa) = B, (Falol] < § + ma fal)))

I (fu) = B, (fole)li] < v+ max o))
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From Eq. (14), we have
fa(@)l) = fa@)i) = fu@)ly] + ful@)lif]]<
= ful@)ly] = ful@)il] < fal@)ly) - fa(@)ii] + an
Note that since f,,(2)[j3] > fu(2)[j;], we have

fuo@)lY] = fu(@)l2] < fuw(@)ly] = ful2)[7]

< fao(@)lyl — fao(x)[iT] + (Eq. (17))

b2

Therefore, we have

fo(@)y] = fa(x)[i1] <% = fuw(@)y] = fu(@)j2] <7,

which indicates Lp 3 (fa) < Lp (fw). Therefore, from the perspective of the empirical estimation

of the probability, for any w ~ Q, we almost surely have
Ls 3 (fa) < Lsy(fuw)- (18)

Now with probability at least 1 — §, we have

Loo(fu) SEgeg |Ing(fa)]  (Ba. (16))

DkL(Q||P) + log 2
SE@NQ{ g(fw)} \/ KL(?(Hm)_-i-l)Og . (Theorem 2.1)
DkL(Q||P) + log 2
<Ls,w(fw)+\/ KL(S(LL )_+1)Og S (Eq.(18) (19)

Note that

D1, (Q||P) = /Qlog —dw + /Qlog —dw

wel

—1 log Z
/ ogZPdw+/Qog dw

wel weC
-7
+ / le_ 7 ) log i —QZ)PdUNJ + / Qlog(1 — Z)dw
wel welC
= ZDx1(Q|IP) + (1 - Z2)Dxr(Q|P) — H(Z), (20)

where () denotes the normalized density of @ restricted to C. H(Z) is the entropy of a Bernoulli
random variable with parameter Z. Since we know % < Z < 1 from the beginning, 0 < H(Z) <
log 2, and Dxy, is nonnegative, from Eq. (20), we have

. 1 _
Dxr(QIIP) = 7 [DxL(QP) + H(Z) — (1 - Z)Dxr(Q||P)]
1
< = [Dxr(QP) + H(Z)]
< 2Dk1(Q| P) + 2log2. @n
Combining Eq. (19) and Eq. (21), we have

D P) 4 3 log 3
Loolfu) SLS,W(fw)‘*‘\/ al@IP) v alos 5 22)

which finishes the proof. O
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A.2 GRAPH RESULTS

In this part, we provide a result on the graph Laplacian used by GCNs along with the proof. It is
used in the perturbation analysis of GCNs.

Lemma A.3. Let A be the binary adjacency matrix of an arbitrary simple graph G = (V, E) and
A = A+ 1. We define the graph Laplacian L = D=2 AD™z where D is the degree matrix of A.

Then we have || L||1 = ||L]|oo < <1, and ||L||p < /7 where r is the rank of L and d — 1
is the maximum node degree of G

Proof. First, A is symmetric and element-wise nonnegative. Denoting n = |V/|, we have A e R<m,
D=3 LAli,j),and 1 < D; < d,Vi € N;t. It is easy to show that L[i, j] = A, j]//DiD;.

For the infinity norm and 1-norm, we have ||L||; = ||L " |lco = ||L||oo. Moreover,

Lo = max L[i
£l = max D21

j=1

fl[z‘ j]

<Vd (23)

For the spectral norm, based on the definition, we have

L[]z = s | = Omax, (24)

where 0.y is the maximum singular value of L. Since L is symmetric, we have o; = |\;| where \;
is the i-th eigenvalue of L. Hence, 0y,,x = max; |\;|. From Raylaigh quotient and Courant—Fischer
minimax theorem, we have

x' Lz
Lils = a Ai| = ma:
Il = maas A = mae |-
~ max > e Zj:l L[i, jlzsx;
270 Z?:l :'L.’LQ
| =t 2= Alls ] D:D;
z#0 Do}
Z D;D;
= max
z#£0 Zz 1;[
3 2 (ij)eE (z3/Di + 3/ D;)
< max = 3
z#0 D T
Ner /D nog2?
= max %22/1 = max Zz:l x; _ 1’ (25)
z7#0 D1 T 2#0 | D i, T

where F is the union of the set of edges E' in the original graph and the set of self-loops. For
Frobenius norm, we have | L||r < +/T||L||2 < /7 where r is the rank of L. O
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A.3 GCN RESULTS

In this part, we provide the proofs of the main results regarding GCNss.

Lemma 3.1. (GCN Perturbation Bound) For any B > 0,1 > 1, let f,, € H: X x G — RX bea
I-layer GCN. Then for any w, and x € Xg ,, and any perturbation u = vec({U;}\_,) such that
Vi € Nl+, Uill2 < 1 lW;ll2, the change in the output of GCN is bounded as,

U
| furtu(X, A) = fu(X, A)], < eBd'= (H ||W||2> 3 ||||Wkk|||z2
i=1

Proof. We first perform the recursive perturbation analysis on node representations of all layers
except the last one, i.e., the readout layer. Then we derive the bound for the graph representation of
the last readout layer.

Perturbation Analysis on Node Representations. In GCN, for any layer j < [ besides the last
readout one, the node representations are,

fL(X,A)=H; =0, (LHJ 1W) (26)

We add perturbation u to the weights w, i.e., for the j-th layer, the perturbed weights are W; + U;.
For the ease of notation, we use the superscript of prime to denote the perturbed node represen-
tations, e.g., H, = fi (X, A). Let A; = f (X, A) — fi(X,A) = H; — Hj;. Note that
Aj e R Let U; = max |A;[i, ]|, = max |H}[i,:] — Hj[i,:]|, and ®; = max |H;[i,:]|,. We

denote the u} = argmax |A;[i, ][, and v} = arg max |H}[i, ] ,.
K2 K3

:H2

Upper Bound on the Max Node Representation For any layer j < [, we can derive an upper
bound on the maximum (w.r.t. /> norm) node representation as follows,

o, = miax|Hj[i,:]\2 = ‘(o'j (f)Hj_le)) [V}, :]‘2 = ‘aj ((f)Hj_le) [v}‘,:])‘Q

< ’ (f/H -1 Wj) [vF 1] ‘2 (Lipschitz property of ReLU under vector 2-norm)

= ’(iH_1) [11;, W

2

(i, 1)@,:1 IW;l, = ‘ZM 0} FH 1 [k,
<Zke/\/* |H] 1[k 7:]|2HW]'||2

<ZkN 1] k‘ = 1||Wj||2 (SiHCCVi,|Hj_1[i,Z]|2S(I)j_l)

= d“bj—l ||W‘||2

IN

Wil
2

d5® ol H 1W:ll2 (unroll the recursion)

< d%BH Wiz, 27

where in the last inequality we use the fact &g = max; | X[i, ]\ < B based on the assumption A3.
N; is the set of neighboring nodes (including itself) of node v . In the third from the last inequality,

we use the Lemma A.3 to derive the following fact that Vz,

S Efik] = Z’L (gHingx/&. (28)

keN; kEN;
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Upper Bound on the Max Change of Node Representation. For any layer j < [, we can derive
an upper bound on the maximum (w.r.t. /5 norm) change between the representations with and
without the weight perturbation for any node as follows,

J

¥, = max }H'-[i,:] — H]-[i,:]’2 =

oy (EH; (W +Uy)) [, = o5 (LH; W, ) [uf )|
(LW, +0))) w3, = (LH,-aW; ) [u3, 4 (Lipschitz property of ReLU)
= ‘((iH;,l)[u} 1]) W; +Uj) - ((EHj,l)[u;f, i]) W
(L=t ) = (CH-Dw3 ) ) (W5 +05) + (LH-) ) U]

> L, k) (Hj_i[k,:] = Hi-alk,:]) | W+ U) + | > Llug, kH; [k, | U

kEN,, * KEN  *

J J 2

< ’ZN Dl ] (Fa ) = Hyall )| W4 Uyl + 32, Ll KBl ) 05
J 2 9

< Doy, T M sl ) = Himalb A W4 Uil + 3, Bl Rl 1
J

= Zke]\f X uJ’ V- W + Ujll, + Z [uw k@1 1U;ll,

< \f‘l’jfl IW; + Ujll, + Vd®; 1 |U;l, (29)

Hj_y[k.:] = Hja[k, [, < @5
and Vk, [H;_1[k,:]|, < ®;_1. In the last inequality, we agam use the fact in Eq. (28). We can
simplify the notations in Eq. (29) as ¥; < a;_1W;_; + b;_; where a;_; = V/d||W; + Uj||2 and
bj_1 = Vd®;_1||Uj|2. Since Ag = X — X = 0, we have ¥, = 0. It is straightforward to work
out the recursion as,

j=1 /-1 j=1 j-1
;<) be ( 11 ai) = > AT | Uppall2 < [T @z liwips + Ui+1||2>

i=k+1 k=0 i=k+1

o J

i=k+2

Based on Eq. (27), we can instantiate the bound in Eq. (30) as

j-1 i
j—k
<Y d ‘I)k||Uk+1||2< 11 ||Wz‘+Ui|2>
k=0

i—k42
j—1 . . k J
<> d= <d2BH ||Wi||2> U1 l2 ( IT (awill= + ||Uz'||2)>
k=0 =1 i=k+2
-1 k J
<B) d2 (H [|[W; ||2> 1Uk+1]l2 < H (1 + l) W |2>
k=0 =1 i=k+2
j—1

55~ at (11 1w, ) JUsallz H (1+1>IIW||
= T 1 s 112
k=0 i=1 Wl i=k4-2 l
: Uk l2 ( 1)““

1+ -
[T ZHWMHQ z

oy}
9
S

€1y

IN
o}
el
/E/—\
<
=
&M/v
- T
S
= v
7 N
—
+
~| =
SN—
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Final Bound on the Readout Layer

Now let us consider the average readout function in the last

layer, i.e., the [-th layer. Based on Eq. (27) and Eq. (31), we can bound the change of GCN’s output

with and without the weight perturbation as follows,

1 1
|Arl2 = ’nlnHlll(Wl +U) — ElnHlflwl

2

1 1
= flnAlfl(Wl + Ul) + -1, H;_1U;
n n 9
1 1
- ‘lnAlfl(Wl + Ul)|2 + o |1nI'Il,1Ul|2
1 1
E”VVI + Ujll2|1n =12 + ﬁHUlH2|1nHl71|2
1 - , 1 - ,
— Wi+ Uil ZAzfl[% 0+ Ul Zqu[Z, ]
i=1 2 i=1 2
1 ~ _ 1 - _
< Wi+ Ul <Z [JAVARY[ 1]|2> +o 1Tl (Z | Hy—1i, 1]|2>
i=1 i=1

<|[[Wi+Ullly ¥i—1 + || Uil ®1—1

1 -1 — |U H 1 I—1—k 1 -1
=1 kll2 =1
<|[W; + Uil Bd' (Hnwinz)Z pe (144) + ol BaT LIl
=1 k= =1
, -1 — ||U ” 1 -1
=1 k|2
—Ba's" ||wi+ Uil (Hwina) > e ( 0 +||Uz||2H||Wi|2]
=1 k=1 =1
l -1 I—1—k
=1 Wi+ Uil Uk ll2 41 |Ul||2
=Bd W; -
2 (H ”2> Wil 2w ()
l l—1—k
s AP ( 1> L ol
<Bd2 W; -
: (U ”2> (1 )Z Wl U7 Wl
1 1 Ti-1 —k 1
-1 1 |Uk |2 1 U, 1
=Bd 2 HWZ-||2> <1+) [Z 1+5) + 1+ -
<i_1 ) | & Wil \ T will,
e ~ ||U 2 '
<eBd = ([[IWill2] [> Tl Use 1 < (1+ z) <e (32)
i=1 k=1 1" k112
which proves the lemma. O

Theorem 3.2. (GCN Generalization Bound) For any B > 0,

I>11let f,, € H:X xG — RE

be a l-layer GCN. Then for any §,~ > 0, with probability at least 1 — § over the choice of an i.i.d.

size-m training set S according to D, for any w, we have,

1 !
B2d'-12hlog(lh) T] |Wil32 Z ke +1og mt
i=1 i=1 I2
Lpo(fw) € Lsy(fuw) +O Zm
z 1/1 .
Proof. Let § = (Hi:l ||W1H2> . We normalize the weights as WW; = ﬁWi Due to the

homogeneity of ReLU, i.e., ap(x) = ¢(ax

! 1 € ), Va > 0, we have f~w =
[Li—: Wil = [Ty [Will2 and [[Wil|p/[|Wille = [[Willr /Wi

fw. We can also verify that

2, L.e., the terms appear in the

bound stay the same after applying the normalization. Therefore, w.l.0.g., we assume that the norm

is equal across layers, i.e., Vi, ||W;||2 = 8
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Consider the prior P = N(0,02I) and the random perturbation u ~ N'(0, 02I). Note that the o of
the prior and the perturbation are the same and will be set according to 3. More precisely, we will set
the o based on some approximation /3 of /3 since the prior P can not depend on any learned weights
directly. The approximation B is chosen to be a cover set which covers the meaningful range of 5.

For now, let us assume that we have a fix /3 and consider B which satisfies |3 — B| < % (. Note that
this also implies

l l

1 -1 B 1 -1
= <1 - l) pri<pl< <1 + l) i

1\ " 1\
= <1—l> pi<pl< (1+l) Cias

= éﬂ“ < BTl <ept (33)

Iﬂfﬁlﬁ%ﬂ = <1l>ﬂ§5’§(1+1>ﬂ

From Tropp (2012), for U; € R"*" and U; ~ N(0, 021), we have,
P(|Uill2 > t) < 2he t/2ho", (34)

Taking a union bound, we have

P([Uilla <t& - &|Uill2 <t) =1 =P (33, |Uill2 = )
l

>1- S B(Ul2 = 1)

=1
> 1 — 9lhe t /20’ (35)

Setting 2lhe~t"/2ho” — 3, we have ¢ = o/2hlog(4lh). This implies that the probability that the
spectral norm of the perturbation of any layer is no larger than o /2h log(4{h) holds with probability
at least % Plugging this bound into Lemma 3.1, we have with probability at least %,

l l
-1 U
| furtu(X, A) = fu(X, A)|, <eBd = (H Wz-||2> 3 ||||W1;||||22
k=1

i=1

l
7y 10k
k=1 5

< eBd'= B Yoy/2hlog(4lh)
< e2Bd'T Yo\ /2hlog(4lh) < %, (36)

where we can set o = to get the last inequality. Note that Lemma 3.1 also

~
-1 -
42Bd 2z fi-114/hlog(4lh)

requires Vi € N;7, |U;l|2 < 7||W;l2. The requirement is satisfied if ¢ < m which in

turn can be satisfied if

0 < B

1 < ; (37)
4eBd'=" B1-11\/2h1og(4lh) ~ 1\/2hlog(4lh)

since the chosen value of o satisfies o < . Note that Eq. (37) is equivalent

~

4eBd 2 B-11,/2h log(4lh)
1—1 . . . .,

to fJpd = < B'. We will see how to satisfy this condition later.
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We now compute the KL term in the PAC-Bayes bound in Lemma 2.2.

5 l

w3~ 422B2%d'~'5%=22hlog(4lh) 9

KL P)=—== E .
(QH ) 202 272 P HWZHF

B2d-152 1211 l Al
SO( d ﬂpylzhog(m>z||vg2llfﬂ>

=1

l 2 2
i—1 IWi i
< O B2dlill2h10g(lh) Hz:l H2 ||2 Z HW ||I27' ) (38)
v i1 IWill3

From Lemma 2.2, fixing any /3, with probability 1 — & and for all w such that | — | < 18, we
have,

2
2

l l
B2d=1hlog(th) [T [Will3 3 itk +log %
i=1 i=1 ‘

Lpo(fw) < Ls~(fuw) +O (39)

v’m

Finally, we need to consider multiple choices of B so that for any 3, we can bound the generalization
error like Eq. (39). First, we only need to consider values of 5 in the following range,

1 <W> v <B< RS <7\/@> e 40)

Vd \ 2B =Vd\ 2B

since otherwise the bound holds trivially as Lp o (fw) < 1 by definition. Note that the lower bound
in Eq. (40) ensures that Eq. (37) holds which in turn justifies the applicability of Lemma 3.1. If

1/
B < ﬁ ("’2—?) , then for any (X, A) and any j € N}, | f(X, A)[j]| < Z. To see this, we have,

(6 AV < LfalX, Ay = | LuHo Wil

IN

1
g|1nH1—1|2HWl||2
[Will2 max |Hi—1[i,:]]2

IN

l
<Bd= [[IWill.=d= 8'B  (UseEq. 7))

i=1

—d*B— <1 @1)
2Bd= ~ 2

1/1
Therefore, by the definition in Eq. (4), we always have Lg (f,) = 1 when 8 < L (é—\g&) .

Vd
. . L (vma\ . . e
Alternatively, if 8 > 7 (V 55 ) , the term inside the big-O notation in Eq. (39) would be,

2

! 1 _
B! 2hlog(th) [T [Will3 3 prvith +log %

12hlog(lh) <~ |Wi%

v2m W13

2
12hlog(lh) >,
2\ 2
where we use the facts that ||W;|| g > ||W;]|2 and we typically choose h > 2 in practice and | > 2.

(42)

Since we only need to consider (3 in the range of Eq. (40), a sufficient condition to make |3— B| < % I}

. 1/1
hold would be |5 — 3] < ﬁ (72—\]/3&) . Therefore, if we can find a covering of the interval in Eq.
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1/1 -
(40) with radius ﬁ (72—‘]/33) and make sure bounds like Eq. (39) holds while 3 takes all possible
values from the covering, then we can get a bound which holds for all 5. It is clear that we only

need to consider a covering C' with size |C| = é (m% - 1). Therefore, denoting the event of Eq.
(39) with 3 taking the ¢-th value of the covering as I;, we have
P(Ev& -+ & Ejc)) =1-P(3i,E) >1-> P(E)>1-|C|s. 43)
i=1

Note F; denotes the complement of F;. Hence, with probability 1 — § and for all w, we have,

l l 5
B hlog(ih) T Wil 32 vt + log ™7
1= 1=

Lpo(fw) < Ls~(fuw)+0O ~2m

L 5 [Will2 I
B2d'=112hlog(lh) H [Will3 Z HWZHF + log %
= Lo (fa) + O T

;44

v2m

which proves the theorem. O

A.4 MPGNNS RESULTS

In this part, we provide the proofs of the main results regarding MPGNNs.
Lemma 3.3. (MPGNN Perturbation Bound) Forany B > 0,1 > 1, let f,, € H : X xG — RX bea
l-step MPGNN. Then for any w, and © € Xp p,, and any perturbation v = vec({Uy, Uz, U; }) such

that n = max (”l‘v({;llllé , \ll‘V({/z |||‘22 , |||‘V({/ll‘||‘22) < % the change in the output of MPGNN is bounded as,

o X A) = fu (X, A)fy < 4 BT D 0l Wl WilloCo, - ifdC =1
A R =\ eBin|Will2|Will2Cs =L, otherwise

where C = CyC,Cy||Wa||2.
Proof. We first perform the recursive perturbation analysis on node representations of all steps ex-

cept the last one, i.e., the readout step. Then we derive the bound for the graph representation of the
last readout step.

Perturbation Analysis on Node Representations. In message passing GNNs, for any step j < [
besides the last readout one, the node representations are,

M; = Cing (C;l;tijl)
H; = ¢ (XWy + p (M;) Wa), (45)

where the incidence matrices Cj, € R™*¢ and Cyyy € R™*€ (recall ¢ is the number of edges).
Moreover, since each edge only connects one incoming and one outgoing node, we have,

> Cunlisk] <max Y Cinli, k] = | Cinllee < d
k=1

k=1

> Coult,k] < max Y Couelt, k] < [|Coulls < 1 (46)
t=1

t=1

where d — 1 is the maximum node degree. Note that one actually has ||Ciy||cc < d — 1 for simple
graphs. Since some models in the literature pre-process the graphs by adding self-loops, we thus
relax it to ||Cin||co < d which holds in both cases.
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We add perturbation u to the weights w, i.e., the perturbed weights are W, 4+ Uy, Wy + Uy and
Wi + U;. For the ease of notation, we use the superscript of prime to denote the perturbed node

representations, e.g., H; = flJ,Aﬁu(X7 A). Let A; = fi+u(X, A) — fi(X,A) = H} — Hj. Note
that A; € R™Ms. Let ) = max |A;[i, |, = max |H}[i,:] — H,[i,]|, and ®; = max |H;[i, ] ,.
We denote the uj = arg Zmax |A;[i,:]|, and v} = arg fnax |Hjli,:]|,. To simplify the derivation,
we abbreviate the following statistics kK = CyB||W1||2 and 7 = dC throughout the proof where
C = Cy4C,Cy||W3|2 is the percolation complexity.

Upper Bound on the Max Node Representation. For any step j < [, we can derive an upper
bound on the /5 norm of the aggregated message of any node ¢ as follows,

out

ZC’mzk (CowH,j-

ZCIH Z k out[k ]ijl)

2 2

< Zcm[z;k} |9 (Couelks 1H;-1)],
k=1

< Zcm out[ J 1|2 chn ZC(IH; /45 t [t :]

2
< ZCin[ivk}Cg (Z Coust, k] [Hj1t, :]|2>
k=1 t=1
< Zcm[l k (Z Cout t k )
k=1 t=1
<dCy®;_;. (47)
Then we can derive an upper bound on the maximum (w.r.t. /> norm) node representation as follows,
®; = max |Hjli, ]|, = [¢ (XW1 + p (M;) W2) [v],]],
- \¢<<le+p< 1) W) [,
<0¢|(XW1+/J‘( 3) Wa) [v7,:1]
= o [(XW) [0,:) + (p (M) W2) [v7, 2]
<C¢|XW1) J"|2+C¢|( (M)WQ) :|2
= G [ XT07, WA, + Co [p (M5) [v5,1) \2
< Cy | X[v}, 1], W1 p (M;) [v5,], [Wall2
< CyB|[Whll2 + Cy |p (M;[v;, 1), [Well2
< CyB|[Will2 + C4C, ’M v, 1), [Wall2
< G B|Will2 +dCsCoCy @1 [[Wall2 = K + 7851
j—1
< 7Py + ZTj_l_ZR (Unroll recursion)
i=0
=> 77k (Use @y =0)
_ Jik, o ifr=1 48
| kZ=E, otherwise (48)

Upper Bound on the Max Change of Node Representation. For any step j < [, we can derive
an upper bound on the maximum (w.r.t. {5 norm) change between the aggregated message with and
without the weight perturbation for any node ¢ as follows,
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| Mj i, ] = M;li, ],

(Cing (CoH} 1)) lir1] = (Cing (ConeHj—1)) [i.1]],

Z Cln Z k outHl ) (CoutH )) [ka :}

2

< Zcm (9 (CouwHj—1) — 9 (CouHj-1)) [k, 1],
—ZCm 9 ((Couj 1) Ik, 1) = g ((CowHj1) [k 1),
< ZCin[ivk}Cg |(Cc—>:1tH]l 1) [k,:] — (Cc—)rut ) L 2
k=1
= Culi,KICq |3 Coutlt, KIH]_[t,:] = > Couslt, kI H; 1t ]
k=1 t=1 t=1 2
=D Culi- kICq | D Comlt, k] (Hj_4[t.:] — H[t,1])
k=1 t=1 2
<) Cili, KIC, (Z Couslt, k] [H}_y[t,:] — Hj_1]t, :}|2>
k=1 t=1
<dC,¥;_4 (49)

Based on Eq. (49), we can derive an upper bound on the maximum (w.r.t. £5 norm) change between
the representations with and without the weight perturbation for any node as follows,

U, :mlax‘H]’-[i,:] — H;li, ]|

=[ (& (X(W1 + 1) + p (M) (Wo + U2))) [u]:] = (& (X W1+ p (M) W2)) [, -]
=[o (X(W1+U1) + p (M) (Wa + U2)) [uf,]) = & (XWa + p (M) Wa) [u :)I
p(M]) (Wa + U2)) [, 2] = (XWh + p (M) W) WL'HQ

)+
)+
<Cy|(X(Wy + Un) +
(r
(o
c,

<Cy | X[uj. JUL+ (p (M])) [u], ] (Wa + Uz) — (p (M;)) [uj,]Wal,

—C¢|X .U1 ( 7;) —p(Mj))[uj7:](W2+U2)+p(Mj) [’LL;,:]UQ 5

<CyB||Ully + C4C, | Mj[uj,:] — M;[uj,:]], ly + CoCp | M;[u5, 31|, [|Uall,
||U1||2 W2 + Uall2 | Uz]]2

< +dCV,;, | ————= 4+ dCP;_ Use Eq. (47) and (49)
Sl T W, STA N )

||U2||2> | U1]]2 |Uz]|2

<71+ V. 1+k +7d,_ (50)

< Wallz) 271 WAl T [Wall

If 7 = 1, then we have,

U- U U-
v, <r (1+ [ 2”2>\I/j1+n| 12 L |Uz]]2

[Wal2 [W1ll2 AP
|U2||2) (||U1||2 1U2llz .
<14 U, 1+k + (-1 (Use Eq. (43))
( wall,) 7 Will, * W2l

. [Uill2 [|[U2ll2 (Ul
<A+ V1+6n(1+(G—-1) (Usen:max( , ,
SRS A+G 1) Wil T2l TWils

=(14n)V;_1 + knj. (51)
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If 7 # 1, then we have,

|U2]|2 1U1]|2 |U2]|2
(/8 1+ U, 1+ + 7P, _
5 =T < Walz) = Ml T T Wl

||U2||2> (||U1|2 1021l Tj_1—1>
<r(1l+ U, 1 +k +7 (Use Eq. (48))
( Wally ) Wil — W, 7-1

T (Uil 102l2 [1UL]l2
<7-(1+77)\I/‘1+m7<1+ ) (Usen:max( , ,
! -1 [Wall2" [[Wall2 " [[Wi[2

i1
=7 (141) U1 4 #7 (:_1 ) (52)

Recall from Eq. (30), if W; < a; 101 + b;y and Wo = 0, then Wy < 237 by (T[S0 1)

If 7 = 1, then we have aj_l =1+mn,b;—1 = knj in our case and,

Z (Hz k+1 ai) - Zi: n(k+1) (1 +n)
<m7( )J;ZO (k+1) ( })kl (Usen<})
(1) 2k (1+1)

=k (1 + ;)y (1 + }) Tloux U(ilj(i):};{ )(1 +1)

(a1
=knl? ((1 + })JH —(j+1) (1 + ;) +j)
<wnl? ((1+}>j+1 —1)

J
<wnl (1+1) (1 + ;) (53)

If 7 # 1, then we have a;_1 = 7 (1 + 1), bj_1 = m]( f) in our case and,

-1 j—1 j—1 Skl ‘ _

k= i=k+1 k=0
. 1\ [ -1 1\ !

<wknr (14 = z TR L - Usen <
l P T—1 l l
ji—1 —k—1 —k—-1

1-—7 1
<t (14 = 14
o (045) 2 (55) (+)

1 J
1+ l) (1—77%) (54)
k=1
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Final Bound with Readout Function Now let us consider the readout function. Since the last
readout layer produces a vector in R ¢, we have,

Al =

1 1
ﬁ]—nHllfl(Wl + Ul) — ElnHlflvvl

2

1 1
= ElnAl—l(Wl +U)+ ElnHl—lUl

2

1 1
<=1, A1 (W, + Ui, + - |1, H;_1U,

—3

1
<—||Wi + Upll2|1n =12 + E|‘Ul||2|1nHl—1|2
<IWi 4+ Uill2¥—1 + [|Ui]|2®i-1 (59)

3

If - = 1, we have,

1 1 -1
|A]2 <[|[Wi]]2 (1 + z) knl (1 +1) (1 + z> + (1= D&||U|2 (Use Eq. (48), (53))

: -1
<[Will (1 + }) K (nl l+1)+(1-1) ||||I[/{/fl|||22 (1 n ;) >

<|Willzern (I(1+1) + (1 = 1))
=||Wi||2ekn (12 + 20 — 1)
<[Willzern (1 + 1)

(56)

Otherwise, we have,

nrl—1 11-1 A1
|Al|2§||Wl|\2 0 ( ) S +/€|\Uz||271 (Use Eq. (48), (54))
k=1
Ll
<|w, n 2 g i (57)
|| ZH2 ( kZ::l ||Wl||2( )

If 7 > 1, then * 1k<1%whenl<k<l—l If 7 < 1, we also have 2 kgljl

when1l <k < l — 1. Therefore, Eq. (57) can be further relaxed as,

|A ‘ <||W || KTl_l l_zl ||Ul||2 (1 1—1)
tz =lWill2———7 n ||W1H2 T

=1

l

! _ _
_ 1 L—77% U2 1 =771
=W, =114 2
[Wil[2k7 ( +l) (77; S +\|Wl||2 S

(1= Jull (1 ))

<||Wl||2ml_le<”(l_” =1 Wil o1

1-r') Uil
<||Willarrt e 1(7 (Use < >
_|| l||2 Ui r—1 ||VI/IH2 =7

=enle||[Willa

=11
1 (58)

Therefore, combining Eq. (56) and Eq. (58), we have,

A, < Lo )2||v1vl|\2, if dC = 1 (59)
= | ensl|Wi|la™—, otherwise.

which proves the lemma.
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Theorem 3.4. (MPGNN Generalization Bound) For any B > 0,1 > 1, let f, € H: X x G — RX
be a l-step MPGNN. Then for any §,~ > 0, with probability at least 1 — § over the choice of an i.i.d.
size-m training set S according to D, for any w, we have,

1. IfdC # 1, then

B2 (max (¢~ (M) EHD/1))? 12h log(Lh)|w]|2 + log T
LD’O(fw)SLSW(waOQ/ (e (¢, &)U FhlogU)luf +log 242 )

2. IfdC =1, then

B? max (g—ﬁ, ASCg) (I + 1)4hlog(Ih)|w]3 + log =

v*m

Lpo(fw) < Lsy(fuw) +O $

where ¢ = min ([[Wyllz, [[Wall2, [Wi]l2),

1—1_
A= Willo|Willa, and € = Cy %2,

wl3 = [WallF+[Wal[F+ Wi

i C = CoCpCy Wy

2,

Proof. We will derive the results conditioning on the value of dC.

General Case dC # 1 We first consider the general case dC # 1. To derive the generalization
bound, we construct a special statistic of the learned weights § = max (%, (AN )7> It is clear that

1 < B, A < B and A¢/¢ < B Note that § = max (

1 1 1 )
Willz? [[Wall2? Wiz /*
Consider the prior P = N(0,02I) and the random perturbation u ~ N(0, 02I). Note that the o of
the prior and the perturbation are the same and will be set according to /3. More precisely, we will set
the o based on some approximation f3 of 8 since the prior P can not depend on any learned weights
directly. The approximation B is chosen to be a cover set which covers the meaningful range of 3.
For now, let us fix any ﬁ~ and consider 3 which satisfies |3 — 5\ < H% B. This also implies,

|5—/5’|§%ﬁ N (1—1>ﬂ<5<(1+1)ﬁ

+1 [+1 I+1
1 I+1 1 I+1
17 +1 < 2l+1 < 1 +1
(o) e )
:> éﬁl*Fl S Bl+1 S 651+1 (60)

From Tropp (2012), for U; € R"*" and U; ~ N(0, 021), we have,

P (||Ui]l2 > t) < 2he ™" /2ho” 61)
Taking a union bound, we have

P([Uillz <t& - &|Ull2 <t) =1 =P (34, |Uill2 = )
l

>1-) P(|Ull > t)

i=1

> 1 — 2lhet/2ho”, (62)

Setting 2lhet/2ho” — 1, we have t = o/2hlog(4lh). This implies that the probability that the
spectral norm of the perturbation of any layer is no larger than o +/2h log(4lh) holds with probability
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at least 3. Plugging this bound into Lemma 3.3, we have with probability at least 3,

t dc)y-1 -1

[fuu (X, A) = fu (X, A)]2 < ech¢B||W1|2||I/V12(d)C_1
A
=etlB—
¢

= eBIf™*t < 2BIFH 02k log(4lh) < % (63)

where we can set 0 = to get the last inequality. Note that Lemma 3.3 also

~
42B131+1 4 /hlog(4lh)

requires max Uyl , U2l , ULz ) < 1 The requirement is satisfied if ¢ < ——S—— which
Will2? W22 [[Wi]l2 l 1\/2h log(4lh)

in turn can be satisfied if

(64)

o0 1
< )
deBIS 1 /2hlog(4lh) — Bli/2hlog(4lh)

since the chosen value of ¢ satisfies o < 7 and 1 < (. Therefore, one sufficient
4eBIB+14/2h log(4lh) B

condition to make Eq. (64) hold is ﬁ < . We will see how to satisfy this condition later.

We now compute the KL term in the PAC-Bayes bound in Lemma 2.2.

ul
KL(Q|P) =
422 B2 32212 log(4lh
- LTI TR (s .+ Il + Wil
B232+22 R log(Ih
<o (T (g w1 wIR)) 69)

From Lemma 2.2, fixing any 3, with probability 1 — § and for all w such that |3 — 3| < H% 8, we
have,

Lpo(fw) € Lsy(fuw) + O \/ (66)

B224212hlog(lh)|w|3 + log B
v2m '

Finally, we need to consider multiple choices of ﬁ so that for any /3, we can bound the generalization
error like Eq. (66). In particular, we only need to consider values of 3 in the following range,

() <o (55)

since otherwise the bound holds trivially as Lp o(f,,) < 1 by definition. To see this, if 3 < 55
then for any (X, A) and any j € N}, we have,

(X AV < L6, A)y = | 1 Hi Wil

IN

1
5|1nHl—1\2||Wl||2
Wil max [ Hy—a[i,:]]2

(do)=1 —1

dc —1
< BX (Use definition of A and &)
< Bg! (Use definition of j3)

~y

<3 (68)

A

< BCy||[Will2[|Will2 (Use Eq. (48))
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Therefore, based on the definition in Eq. (4), we always have Lg (f,) = 1 when Bt < %. It

is hence sufficient to consider ' > 55 > 125 which also makes Eq. (64) hold. Alternatively, if

Bt > 75{; , the term inside the big-O notation in Eq. (66) would be,

\/32521l2hlog(lh)(52|w|%) +log% ¢ EhlogUh)(uls/¢*) | (69)
= 4 -

v*m
The last inequality uses the fact that we typically choose h > 2 in practice, [ > 2 and |w|3 >
min ([|W1]|%, [|[W2||%, [[Wi]|%) > ¢2. Since we only need to consider /3 in the range of Eq. (67), one
sufficient condition to ensure |53 — 5\ < +1 £ holds would be |5— [3 | < o +1 (—) . Therefore, if we
1
can find a covering of the interval in Eq. (67) with radius H—l (%) T and make sure bounds like Eq.
(66) holds while B takes all possible values from the covering, then we can get a bound which holds
for all 8. It is clear that we only need to consider a covering C with size |C| = ZH) ( 172 _ 1).
Therefore, denoting the event of Eq. (66) with 3 taking the i-th value of the covermg as I;, we have
IC|
P(Er& -+ & Bio) =1-P(3i,E) >1-> P(E;)>1-1Cl5, (70)
i=1

where E; denotes the complement of F;. Hence, with probability 1 — § and for all w, we have,

¢32521+212hlog(1h>|w% T log 2

y2m

LD,O(fw) < LS,v(fw) + o

B2p2+212plog(lh)|w|3 + log ™ (l+1) + o logm
L0 \/ (i) lwl3

v2m

1\ 2(1+1)
B2 max (g 1 ()\f)7> 12k log(1h)|w]3 + log m+l)

¥m

= LS,'y(fw) + @

(71)

which proves the theorem for the case of dC # 1.

Special Case dC = 1 Now we consider dC = 1 of which the proof follows the logic of the one
for dC # 1. Note that this case happens rarely in practice. We only include it for the completeness

of the analysis. We again construct a statistic § = max ( /AC, ) For now, let us fix any /3 and

consider 3 which satisfies |3 — 3| < 1. This also implies 133 < 33 < ef33. Based on Lemma
3.3, we have,

| frou (X, A) = fu (X, A)|2 < ec(l+1) CoB|[Will2[[ W]
= et(l+ 1)232& <eB(l+1)*p%

< e2B(l +1)2330+/2hlog(4lh) < %, (72)

where we can set 0 = - to get the last inequality. Note that Lemma 3.3 also
42B(1+1)2334/hlog(4lh)

: [Uillz  NUz2ll2  Uill2
requires max (uwl T2 TWallz? TWall

in turn can be satisfied if

< 1 The requirement is satisfied if < ——S— which
! q 7= 1\/2h log(4lh)

v 1
4eB(l +1)253\/2hlog(4lh) = Bl/2hlog(4lh)’

(73)
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since the chosen value of ¢ satisfies o < Y and 1 < (. As shown later, we
4eB(1+1)26%/2h log(4lh) B

only need to consider a certain range of values of 5 which naturally satisfy the condition m <

B2, i.e., the equivalent form of Eq. (73). This assures the applicability of Lemma 3.3. Now we
compute the KL divergence,

w
KL(QIP) = 2
4223256@ + 1)*hlog(4lh)
- i~ (1WAl + W2l + 11 2)
B235(1 + 1)4hlog(ih
< o (MO (s gl + wit)) o

In particular, we only need to consider values of 3 in the following range,

\ 28I 23 \/ (75

since otherwise the bound holds trivially as Lp o(f,,) < 1 by definition. To see this, if 5 <

37
then for any (X, A) and any j € N}, we have,
. 1
o AV < (X, Ay = |10 Hi Wi
1
< ClnHial2[Will2
< [Willo max[Hi—1 3, ]|
< B(l = 1)Cy|[Wil2[[ Wi (Use Eq. (48))
< B(l—-1)ACy (Use definition of \)
< BIjB? (Use definition of 3)
~
7 76
5 (76)
Therefore, based on the definition in Eq. (4), we always have Lg . (f,) = 1 when § < 5. It
it hence sufficient to consider Bz > ﬁ > 46'};[2 > B&I-HP which means the condition in Eq.

(73) is indeed satisfied. Alternatively, if 5 > 2*2;, the term inside the big-O notation in Eq. (74)
would be,

B2B4(I + 1)4hlog(1h)52|wlz +log 2 \/ (L+1)thlog(ih) 2 1 (77)
S = A2 -

where the first inequality hold since 8 > >z . The last inequality uses the fact that we typically choose
h > 2 in practice, [ > 2, and |w|3 > min (HW1|| W%, [Wi|%) = ¢2. Since we only need to
consider /3 in the range of Eq. (75), one sufficient condition to ensure |5 — B\ < % B always holds
would be |§ — B| < %\/% . Therefore, if we can find a covering of the interval in Eq. (75) with

radius %\ / ﬁ and make sure bounds like Eq. (66) holds while B takes all possible values from the
covering, then we can get a bound which holds for all 3. It is clear that we only need to consider a

covering C with size |C| = <m4 - 1)
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Statistics

Max Node Degree
d—1

Max Hidden Dim
h

Spectral Norm of
Learned Weights

VC-Dimension
(Scarselli et al., 2018)
Rademacher Complexity
(Garg et al., 2020) Case A
Rademacher Complexity
(Garg et al., 2020) Case B
Rademacher Complexity
(Garg et al., 2020) Case C

Ours Case A
Ours Case B

o (dH 1og(dl*1))

O (a1 /log(d2))

o) (d(lgl)l(F?))

O (h?)
O (h)

O hy/log Vh

1% <d’*1\/lmg;(dw> O ( hy/log VA

O (VATogH)
O (VATogH)

0 (Aceiog (3¢5))
0 (rceyIog (%))
0 (Acgy/Tog (TW2]67))

O (¢4 /WATE + TWa % + Wil
O (Ntett IWATE + Wall% + Wil )

T3 L]

Table 3: Detailed comparison of Generalization Bounds for GNNs. “-” means inapplicable. We only
consider the general case dC||Ws|2 # 1 and simplify the Rademacher complexity based bounds
(w.r.t. spectral norm of weights) based on the assumption that Cy < dC& which generally holds

1-1_ .
in practice. Here C = C3C,Cy||Wa||2, & = C¢%, ¢ = min (||W1]2, [|W2ll2, [[Wi]|2), and

(1+1)(1=2) 2y

A = |[Wil2|Wilz. Note that d““F= < g = @l-1.

Hence, with probability 1 — § and for all w, we have,

B2B5(1 + 1)4hlog(lh) w3 + log ™Il
Eoo(h) < Lan(fa) 4.0 \/ (+1)hog(1h)ul3 + log
¥2m

B235(1 + 1)*hlog(lh)|w|3 +log 2 + Llogm

:LS,’Y(fw)+O \/ 2 2 2 1
¥2m

B2 max (g—6, A3cg) (I + 1)4hlog(lh)|w|2 + log =

=Lsy(fuw) + 0O 2 (78)
¥2m
which proves the theorem for the case of dC = 1.
O

Remark. Note that our proof applies to both homogeneous and non-homogeneous GNNs.

A.5 BOUND COMPARISON

In this section, we explain the details of the comparison with Rademacher complexity based gener-
alization bounds of GNNs.

A.5.1 RADEMACHER COMPLEXITY BASED BOUND

We first restate the Rademacher complexity bound from (Garg et al., 2020) as below:

Lpo(fw) £ Lsy(fuw)

log (Blm max (Z, Mv/hmax (BB, RB2)))

7*m

log 1
s | (19
m

1— _ _
where M = Cy{CeZ2ll) 21 7 — €y (BBy + RB2), R < C,Cydmin (bVh, BBIM ), b
is the uniform upper bound of ¢ (i.e., Vx € R”, ¢(x) < b), and By, By, B are the spectral norms

+ol|l Ly hBlZ\J
')’m
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of the weight matrices Wy, Wy, W;. Note that the numerator of M has the exponent [ — 1 since we
count the readout function in the number of layers/steps, i.e., there are [ — 1 message passing steps
in total.

A.5.2 COMPARISON IN OUR CONTEXT

For typical message passing GNNs presented in the literature, node state update function ¢ could be
a neural network like MLP or GRU, a ReLU unit, etc. This makes the assumption of the uniform
upper bound on ¢ impractical, e.g., b = co when ¢ is ReLU. Therefore, we dot not adopt this
assumption in our analysis®.

Rademacher Complexity Based Bound Based on the above consideration, we have R <
C,CydBB1 M. We further convert some notations in the original bound to the ones in our con-
text.

(CyC,CydBy)~t — 1

M=o 6,CodBy — 1 ¢ A
R < C,CydBBIM = C,CydB||[W1||2¢ (81)
Z = Cy (BB1 + RB;) = B|[Wi5 (Cy +dCY), (82)
where we use the same abbreviations as in Theorem 3.4, £ = Cd)%, A = ||[Wi|l2l|Wil|e,

C = CyC,Cy[[Walf2.

We need to consider three cases for the big-O term of the original bound in Eq. (79) depending on
the outcomes of the two point-wise maximum functions.

Case A If max (Z , M/hmax (BB, RBQ)) = 7, then the generalization bound is,

o (wlz 1og<BWZ>>

m

o (thl” B |2 (Cy + dCe) woguwnmmnwm (Co +dcs>>>

m
1 BA d
—0 (hBA (Cy + dCE) \/ og (vim ni% + CO)) . (83)
Case B If max(Z MVhmax (BB, RB;)) = MvVhmax (BB, RB;) and BBy =
max (B By, RB2), then the generalization bound is,
log (BlmM\/EBBl)
o | Bz
m
tog ([ Willav/mgVAB|Wil2)
= O [ h|Wi||B|[Whll2 (Cy + dCE) —
log (\/ﬁ)\f\/ﬁB)
=0 | nBX(Cy + deg) — (84)

8If we introduce the uniform upper bound on ¢ in our analysis, we can also obtain a similar functional

dependency in our bound like min(b\/ﬁ, -). But as aforementioned, it is somewhat impractical and leads to a
more cumbersome bound.
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Case C If max (2, MVhmax(BBy, RB;)) = Mvhmax(BBy, RB:) and RBy —
max (BB1, RB:), then the generalization bound is,

log (Bl \/FnM\/ERBg)

m

O| hBZ

[Willa v/ VRC,Cod B[ Wi 2] Wal

log(
= O | h||W,||B||W1]|2 (Cy + dCE) -

AWmVAC,CodBE| W |2)

m

log
= O | hBX(Cy + dCE) ( (85)

We show the detailed dependencies of the Rademarcher complexity based bound under three cases
in Table 3. In practice, we found message passing GNNs typically do not behave like a contraction
mapping. In other words, we have dC > 1 and £ > 1 hold for many datasets. Therefore, the case C

happens more often in practice, i.e., max (Z, M+v/hmax (BB, RBQ)) = MVhRB,.

PAC Bayes Bound For our PAC-Bayes bound in Theorem 3.4, we also need to consider two cases
which correspond to max ((*1, ()\5)%) = (7! (case A) and max (Cil, ()\5)%) = ()\5)% (case

B) respectively. Here ¢ = min (||Wq||2, |[Wall2, [|[Will2). We show the detailed dependencies of
our bound under three cases in Table 3. Again, in practice, we found dC > 1, & > 1 and { < 1.
Therefore, case B occurs more often.

VC-dim Bound (Scarselli et al., 2018) show that the upper bound of the VC-dimension of general
GNN s with Sigmoid or Tanh activations is O(p* N?) where p is the total number of parameters and
N is the maximum number of nodes. Since p = O(h?) in our case, the VC-dim bound is O(h8N?).
Therefore, the corresponding generalization bound scales as O(%) Note that NV is at least d and
could be much larger than d for some datasets.

A.6 CONNECTIONS WITH EXISTING BOUNDS OF MLPS/CNNS

ReLU Networks are Special GCNs  Since regular feedforward neural networks could be viewed
as a special case of GNNs by treating each sample as the node feature of a single-node graph, it
is natural to investigate the connections between these two classes of models. In particular, we
consider the class of ReLU networks studied in Neyshabur et al. (2017),

Hy=X (Input Node Feature)
H;, = oy, (kalwk) (k-th Layer)
H, = H_ W, (Readout Layer), (86)

where o, = ReLU. It includes two commonly-seen types of deep neural networks, i.e., fully con-
nected networks (or MLPs) and convolutional neural networks (CNNs), as special cases. Comparing
Eq. (86) against Eq. (1), it is clear that these ReLU networks can be further viewed as special cases
of GCNs which operate on single-node graphs, i.e., L = I.
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Statistics \ COLLAB IMDB-BINARY IMDB-MULTI PROTEINS
max # nodes 492 136 89 620
max # edges 80727 2634 3023 2718

# classes 3 2 3 2

# graphs 5000 1000 1500 1113

train/test 4500/500 900/100 1350/150 1002/111

feature dimension 367 65 59 3
max node degree 491 135 88 25
Table 4: Statistics of real-world datasets.
Statistics \ ER-1 ER-2 ER-3 ER-4 SBM-1 SBM-2
max # nodes 100 100 100 100 100 100
max # edges 1228 3266 5272 7172 2562 1870
# classes 2 2 2 2 2 2
# graphs 200 200 200 200 200 200
train/test 180/20 180/20 180/20 180/20 180/20  180/20
feature dimension 16 16 16 16 16 16
max node degree 25 48 69 87 25 36

Table 5: Statistics of synthetic datasets.

Connections of Generalization Bounds Let us restate the PAC-Bayes bound of ReLU networks
in Neyshabur et al. (2017) as below,

l

B212hlog(lh)

||\|Wi\l2p
LD,O(fw) S LS/y(fw) + @) =

1
1HW1||% Zl Wi I2 +10ngl
1=

y2m

(87)

Comparing it with the bound in Theorem 3.2, we can find that our bound only adds a factor d'~! to
the first term inside the square root of the big-O notation which is brought by the underlying graph
structure of the data. If we consider GCNs operating on single-node graphs, i.e., the case where
GCNs degenerate to ReLU networks, two bounds coincide since d = 1. Therefore, our Theorem
3.2 directly generalizes the result in Neyshabur et al. (2017) to GCNs which is a strictly larger class
of models than ReL U networks.

A.7 EXPERIMENTAL DETAILS

Datasets We create 6 synthetic datasets by generating random graphs from different random graph
models. In particular, the first 4 synthetic datasets correspond to the Erd6s—Rényi models with
different edge probabilities: 1) Erdés—Rényi-1 (ER-1), edge probability = 0.1; 2) Erd6s—Rényi-2
(ER-2), edge probability = 0.3; 3) Erd6s—Rényi-3 (ER-3), edge probability = 0.5; 4) Erd6s—Rényi-
4 (ER-4), edge probability = 0.7. The remaining 2 synthetic datasets correspond to the stochastic
block model with the following settings: 1) Stochastic-Block-Model-1 (SBM-1), two blocks, sizes
= [40, 60], edge probability = [[0.25, 0.13], [0.13, 0.37]]; 2) Stochastic-Block-Model-2 (SBM-2),
three blocks, sizes = [25, 25, 50], edge probability = [[0.25, 0.05, 0.02], [0.05, 0.35, 0.07], [0.02,
0.07, 0.40]]. Each synthetic dataset has 200 graphs where the number of nodes of individual graph is
100, the number of classes is 2, and the random train-test split ratio is 90%/10%. For each random
graph of individual synthetic dataset, we generate the 16-dimension random Gaussian node feature
(normalized to have unit /5 norm) and a binary class label following a uniform distribution. We
summarize the statistics of the real-world and synthetic datasets in Table 4 and Table 5 respectively.
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l=2 | PROTEINS  IMDB-MULTI IMDB-BINARY COLLAB
11.80 £0.18 16.66 £+ 0.04 17.37£0.02 21.26 £0.07

Rademacher

PAC-Bayes 8.45+0.28 15.26 + 0.07 15.44 + 0.03 19.37 +0.17
=4 |

Rademacher | 24.04 £0.23 29.94 £0.10 31.38 £0.09 41.03 £ 0.33

PAC-Bayes | 22.10+0.23 28.35+0.11 29.53 £0.08 40.31 £0.36

Table 6: Bound (log value) comparisons on real-world datasets.

=2 ‘ ER-1 ER-2 ER-3 ER-4 SBM-1 SBM-2

Rademacher | 17.37£0.16 17.98+0.13 18.15+0.15 1835+0.10 17.884+0.11 17.714+0.09
PAC-Bayes | 15.38 +£0.12 15.13+0.13 14.86+0.25 14.69+0.24 15.23+0.12 15.35=+0.10

=4

Rademacher | 27.92+£0.02 29.57+0.12 30.64+0.18 31.34+0.20 29.35+0.14 28.87+0.07
PAC-Bayes | 27.00 £0.04 28.32+0.07 29.18+0.12 29.70+0.14 28.14+0.05 27.74+0.04

1=6 |

Rademacher | 37.10£0.29 40.22+£0.19 42.00+£0.26 43.08+£0.39 40.044+0.25 39.024+0.19
PAC-Bayes | 36.85+0.25 39.656+0.14 41.30+0.22 42.244+0.34 39.50+0.17 38.63 £0.17

=8

Rademacher | 46.72+0.51 51.16£0.21 53.44+0.39 55.06+0.38 50.60+0.17 49.294+0.34
PAC-Bayes | 46.794+0.48 51.024+0.21 53.10+0.36 54.67+0.38 50.44+0.16 49.22+0.36

Table 7: Bound (log value) comparisons on synthetic datasets.

Experimental Setup For all MPGNNSs used in the experiments, we specify ¢ = ReL.U, p = Tanh,
and g = Tanh which imply Cy = C, = C, = 1. For experiments on real-world datasets, we set
h = 128, the number of training epochs to 50, and try 2 values of network depth, i.e., | = 2 and
I = 4. The batch size is set to 20 (due to the GPU memory constraint) on COLLAB and 128 for
others. For experiments on synthetic datasets, we set h = 128 and try 4 values of network depth,
ie,l=21=4,1=06and! = 8. Since these generated datasets essentially require GNNss to fit
to random labels which is arguably hard, we extend the number of training epochs to 200. For all
above experiments, we use Adam as the optimizer with learning rate set to 1.0e~2. The batch size
is 128 for all synthetic datasets.

Bound Computations For all datasets, we compute the bound values for the learned model saved
in the end of the training. We also consider the constants of both bounds in the computation. In
particular, for our bound, we compute the following quantity

2
42232 (max (c<l+1>, (Ag)“%)) 121 log(41h) [w]2

88
o (88)
For the Rademacher complexity based bound, we compute the following quantity
3log (24Bl\/ﬁmax (Z, M+/h max (BB, RBQ)))
2 x 24hB,Z ; (89)

y2m

where the variables are the same as Eq. (79).

Experimental Results In addition to the figures shown in the main paper, we also provide the
numerical values of the bound evaluations in Table 6 (real-world datasets) and Table 7 (synthetic
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datasets). As you can see, our bound is tighter than the Rademacher complexity based one under all
settings except for one synthetic setting which falls in the scenario “small d (max-node-degree) and
large [ (number-of-steps)”. This makes sense since we have a square term on the number of steps [
and it will play a role when the term involved with d is comparable (i.e., when d is small). Again,
all quantities are in the log domain.
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