A Robust Translation Synchronization Algorithm

Supplementary Material
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Figure 5. This figure shows ||¢;|| sorted by their magnitudes
at each iteration on the Alamo dataset. (a) Iteration 1. (b)
Iteration 2. (c) Iteration 3. (d) Iteration 4. (e) Iteration 5. (f)
Iteration 6.

A. Details on Graph Pruning on Real Data

In this section, we provide more details on the prun-
ing procedure which obtains a sub-graph to perform
translation synchronization. Specifically, given the
current sub-graph, which is initialized as the original
graph, we perform translation synchronization with
edge weights w;; = 1. Let t; be the resulting trans-
lations. If maxt; < , we use the corresponding sub-
graph to perform the alternating procedure of updat-
ing the edge weights and optimizing the image trans-
lations. Otherwise, we remove the image with the
largest value in ||¢;|| and detect the maximum con-
nected component within the remaining vertices to it-
erate this procedure. We set § = \1/—% in our experi-
ments.

Figure 5 shows the iterative procedure on the
Alamo dataset in 1DSFM, which removes x images.
The numbers of images removed from all the datasets
in 1IDSFM are less than 8 images.

B. Spectral Translation Synchronization
Properties

B.1. Proof of Proposition 1
Denote

Eij =e;® ER (15)

Introduce v;;,1 and v;; 2, so that (v, vs5,1, vsj,2) forms
an orthonormal basis. Then we have

L= Z wij Bij(Is — viv];) Ef

(i,5)€€
T T \pT
= E w;j Eij(0ij,10551 + 0ij 2055 0) B = 0.
(i,5)€€

Consider any vector ¢ € R3. Introduce u = 1 ® c.
The i-th block of Lu is

(Lu);

= Z wij<13 — vijv;";)ui + Z —wij(lg — vijvg;)uj
JEN; JEN;

= Z wij(Ig — ’Uijvij;)c - Z wqjj(lzg — Uij’UZ;)C =0.
JEN JEN

Therefore, the first three eigenvalues of L are zero,
and the eigenvectors are 1 ® I3. It is easy to check
that this also applies to generalized eigen-values and
eigen-vectors. O

B.2. Proof of Proposition 2
The i-th block of Lt is

(Lt9");
t gtT t t
= wii (I3 —vivf )t —t)
JEN;
t t t gtT\ gt
= willtf =I5 — vl vl =0.
JEN;

Therefore, t9" is a fourth eigenvector L. If A5 > 0.
Then ¢ is the unique fourth eigenvector.

If A5 = 0. Then there exists a different vector us #
t9" that is a slight pertubration of ¢%%, so that Lus = 0.
Note that

0 = ul Lus
T
= Y ulEy(ls - vijv )Ejus
(i,5)€€
2
= > (IIUM = us;|? = ((usi — us)"0f})”)

(i,5)€€
Therefore, V(i,j) € &,

2
‘2 = ((’LL{M — u5j)Tvig;) .

usi — us;



This means
Us; — Usj

—_— = S ’vqt
lwsi —us;l| "

YR

where s;; € {—1,1}. As us is a slight perturbation of
t9", we have s;; = 1,V(4,7) € €. This ends the proof.
O

B.3. Proof of Proposition 3

As AJ"?P > 0, we can determine the t?"*" on the
plane with normal n, up to a global scale s and trans-
lation. In addition, we have tme # t]g-t’w,V(i,j) eé.
Consider a spanning tree of G. Without losing gener-
ality, we assume for the root r of this tree, we have
n”td = 0. It is easy to see that starting the root r,
we can determine n”t/" iteratively. This is because,
9020 _ té-’mD is given, and n” (t{' — t!') can be recov-
ered from vf; . O

C. Topological Uniqueness Condition

In the following, we present a necessary uniqueness
condition on the topological structure of £. It is also a
sufficient condition in a probabilistic sense.

Definition 1. Introduce a rigidity matrix A = (1 ®
Iyv;B) € RUEH3IX20 of g oraph G with edge set
E.  The elements of v are vg;—1 = cos(if) and
vy; = sin(if) where § = 2X.  The elements of B
are zero except B(; j)2i—1 = cos(w, By j).2i
(Hz],)efB(z:j)zj—l = —cos("H2, and By =
(%. We say G is rigid if rank(B) = 2n.

sin(

—sin

Theorem 4. G is rigid is a necessary condition for 2D
uniqueness of translation synchronization. It is a sufficient
condition in the sense that 2D uniqueness holds with prob-

ability 1 if we randomly sample t9*>"

Proof: Consider an arbitrary set of n vertices p;, =
(zi,y:)T,1 < i < nwith edge set €.

(zi — 25,90 — y;)
V@i — )%+ (yi — y;)?
ol = Wi —y) @i —z))

Y= )2+ (i — )7

Define J € R¥*2?", where J((i,j), (20 — 1) : (20)) = v3j
and J((4,4), (2j—1) : (2j)) = —v;;. When z; = cos(Z*)
and y; = sin(%), it is clear that rank( ) = 2n — 3 if
and only if rank(B) = 2n. When rank(A) < 2n. Then
rank(J) < 2n — 3. This means the rank of L9 = J' x J
is smaller than 2n — 4. In this case, )\? 9t — 0, and 2D
uniqueness does not hold.

vij =

Suppose rank(B) = 2n. We show that rank(J) =
2n — 3 when z;, y; are random samples. It is sufficient
to show that for an edge subset &’ C £ where |£'| =
2n — 3 and rank(B’) = 2n, the corresponding Jacobian
matrix J has rank rank(J’) = 2n — 3. Denote

1 —

J' = diag( N T IEEa T *yj)2)J

where

T((4,4), (20 — 1) = (20)) = (—(yi — 9;), (x5 — ;).
T ((5,5), (25 — 1) = (29)) = ((yi — y5)s — (@i — ;).

Then it is clear that rank(J') = 2n — 3 when z; =
cos(‘Z) and y; = sin(“Z). We show that rank(J') =
2n — 3 when z; and y; are arbitrary. Suppose this is

not true, there exists non-zero coefficients ¢;, 1 < ¢ <
2n—3

2n — 3, so that > ¢;J
z_l

most surely. As T (i
2n—3

that Z cid

( i,:) = 0 for any z; and y; al-
,:) are linear in z; and y;, it means
( i,:) = 0 holds for all z; and y;, including

x; = cos( ) and y; = sin(‘Z).

O

D. Proofs of Theorems 1 and Theorems 2

We begin with an analytic expression of the objec-
tive function f({w;}, {si}, {oi;}) in Section D.1. Sec-
tion D.2 and Section D.3 complete the proofs of Theo-
rem 1 and Theorem 2. Section D.4 presents proofs of
the propositions in Section D.1.

D.1. Analytical Expression of f({w;;},{s:},{0;})

. . T T
inp inp gt __ gt gt
IO andAij = I3 —viv! .

Denote Aij = Ig i Vij

Introduce
t
dAij = Aij — Azgj
The following proposition characterizes an important
property regarding dA;;.

Proposition 4. Consider a symmetric matrix F € R3*3.
Then by dropping third-and-higher order terms, we have

EdA; = *(3”gt oI,
and
‘72 gt gt gtT gt
{G}JEk}dA”FdA”:7(vw y (Tr(F) — 4oy Fof))
T T
+ ol Foll Ly + ool F 4+ FolfofT) (16)



Proof. See Section D.4.1. O
The blocks of the perturbation connection Lapla-
cian matrix dL = L — L9 is given by

ZN Wik d Ay 1=]

ke K3

dLij = —wijdAij (l,j) S 5
0 otherwise

The following proposition characterize an expectation
of dL when dA;; follows the distribution described
above.

Proposition 5. Consider a positive semidefinite matrix
B € R¥3n, Let £t € R®" collect t{" in its blocks. Then

2

o5,
E ¢"dLBdL" = 3wt — ]|
o} ()€€

(Tr(EijBE;‘g) vi'" B, BELw gt)

) ZJ

gt gt T gt T
+ (Y wyodl — e EL) B
(i,7)€€
t t t
(30 wod ey — e 1EGe). (17)
(i,§)€€

where E;; is defined in Eq. (15).

Proof. See Section D.4.2. O
We proceed to analyze the stability of u4. First of

all, all 3n generalized eigenvectors u;,1 < i < 3n sat-

isfy that

1 =y
T _
u; Wu; { 0 otherwise

Note that Z t?* = 0. Without losing generalization,

we assume

n
E S; = 1,
i=1

The first constraint in (18) normalizes the scale of s;.
The second equality in (18) places an additional con-
straint on s;. The following proposition characterizes
the top four generalized eigenvectors of L.

n
D sit!' =0. (18)
=1

Proposition 6. Under the assumptions in (18), we have

9t
(u1,u2,u3) =1® I3, Uy = ——— (19)

n t
> sillt7]?

i=1

The next proposition describes the perturbation in
u4 with respect to the perturbation dL in L.

Proposition 7. Suppose A\5(L9") > 0. Then
duy = — (Ign — U, Ut S)LT (Isn — Susul)dLuy. (20)

where Uy = (uq, ug, U3, Uyg).

Proof: See Section D.5. O

Denote s = (s;) € R”. When o;; and w;; are fixed
and applying (20), we can rewrite the objective func-
tion f as

fls)= E }tgtTdLB(s)stgf (1)
€ijk
where
t9t(St9\T potpotT
B(s) = (-8 ) L1 (s) L (-
> sl > sl
i=1 i=1
where

O(S) = I3, — (]-ST + SlT) ® I3 + nssT ® I3
9 (St 4 Stotgat’ Ll ster(seen)”

n n
3 i8] (32 sillt2"2)2

=1 =1

Note that L(1® I3) = 0 and Lt?" = 0. We can simplify

=L 4+ nLl(ss” @ I;) L1
1212

(2 sille")12)?

i=1

LiC(s)LT

- (LTSI (LTSt9H)T. (22)

To apply Prop. 5 to derive a closed-form expression
of f(w), we compute

t t T
(" —t")(St)
n
> sl
i=1

Stet(d — )T
rreqwi(eg - S L) (23)

> st

i=1

To simplify f(s), we note that for any vector h € R3,

Te((8 — ¢2)R7) — v (82 — 9" R v
“Te((7 — ¢2)hT) — Te((¢0" — t7)RT)
=0.

It follows that we can simplify the objective function
as

0.2
fls)= > ZLudller —¢'|1*(Te(By LTC(s)LTED)
(i,5)€€

— 0" B, LIC(w) L ELv gt) (24)

VY]



D.2. Proof of Theorem 1
According Eq. (22), it is clear that

Lto(s)Lt = Lt?,

and equality holds if and only if s = 1. Therefore,

f&)= >

o2
a8 — 40" (Te( By L ED)

(i,5)€€
vl By L o))
and equality holds when s = 1. This ends the proof of
Theorem 1. O
D.3. Proof of Theorem 2

Suppose s; = 1. In this case, we optimize w;; to min-
imize f({wi;},{s:},{0i;}). L becomes a function of
{w;;}. Define

Z ofwi [t — || EL (15

(i,7)€€

t, gtT
— vtV E,,

and
t t t
Z opwij|[t] — 3| Efvl;.
(i,5)€E

The objective function to be minimized is given by

t 2
Z o2, £ — t§t||2(Tr(EijLT ED)
(m )e€
tT 2 T t
fj ULT Ezg zgj)

- 7Tr(LTfLT>.
2

Apply the chain rule, we have

of - lTr<LT87LLT DL oL L
8wij 2 Wi 4 8w7;j
_ oL LTZLT). (25)
awij

To simplify (25), we introduce G = (G1;G2) €
R2IE1%3n where

T T
G = (Vwivli, Eij), Ga=(ywijvl, Eij).
It is easy to check that
L=G%q, Lt=qgtat’,

and

L=G"DyG, Dy=1I,®diag(w;;o}|[t! —t7'|?)

Moreover,
oL 1 T
s wij G* (I2 ® eije;;)G (26)
oL
GTD4(12 ®e;e])G (27)

6% Wij

Substituting Eq. (26) and Eq. (27) into Eq. (25), we have

of 2 T 17T

2 (1 NG GtDy(1 — GTGT

Ow;; Wiy r(( 2@eiy) G GID(I=GIGT)
* 1 =

When w;; = T we have Dy = Iy¢|. As

at’at = ¢t gtatar,

we have 68f = 0. This means {wy; } is a critical point.
Next, we show that {wy;}isa local minimum.

Proposition 8. Consider any vector x # 0 € RI€!, where

Y. wijwy; = 0. We have
(i,5)€€

0%f
Z Z XijLirjr 8w”8w” > 0.

(,9)€€ (¢,5')€€

Proof. See Section D.5.1. O
Next, we show that {w};} is the only critical point

of f.

Proposition 9. {sw};} is the only solution to V(i, j) € &,

Tr((f2 ®ey) G GID4 (I — GTGT) (I, ® eij)) —0.

(29)
Proof. See Section D.5.2. O
This ends the proof of Theorem 2. O

D.4. Proofs of Propositions

D.4.1 Proof of Prop. 4

Note that We can decompose v} to the orthogonal

n
vectors v¥!, v, v1 P

= 9t in@:.vL-
ij)Vij- Vi = cos 0077 + sin6;v;;



fore

TR 01t ot E ¢9" dLBdLt" =
By’ Foj =3 (Te(F) — o Fol}), (o)
ij
1,17 _ 1 gt, gtT ( tgt tgt QdA,L B”dA,L tlgt — tgt
E_vijvij = 5([3 Vi Vi ) o 1<ZZ<MEZN kA4ik k( k)
E viLijf;T =0. - Z Z wi (¢ — ] dAy Bird A (£ — tzt))
vy 1<i<n keN;
inp inp T .
dE}viijijP = IEP(COS Huvfjvff + sin GUUZJUf; ). mp Z Z Z i #jVk#D)(wirwi)
Vij v, }1<z J<n keEN; lEN;
inp inp T
E dAZ] =E vf; thT ’Uijp’vijp (tigt — tzt)TdAikBijdAjl(th»t — tlgt)).
7] 'U”
t gtT
- —vIEp(sm 0;;)v ”UZLJ + E(sm 0;5)v fj fj We have
E t"dLBdLt" = Y w (¢ — 2T
inp
= 2 3uliol)" 1), i) (id)ee
E dAij(Bii + Bjj — Bij — Bj)dAi;(t]" —t])
It follows that Yij
+ > Ui #VE# Dwigw (] — )T
(i,k),(4,1)EE
dEjdAideAij IEpdAik(Bij + By — By — Bjy) ]@pdAjl(th_t — 9.
v, v .
t T t gtT w it
=E (vfjdvy; + dvy;vf; " + dvydvg; — [[dvi;|*ofv];) (30)
iJ
*'”zggt ”gjt IE‘P sin 921 cos 913” 'F 'U As 'vgt W Applying Prop. 4, we have
v,
T T
+ " Fo?! E sin®0;; cos® 0,05 v o2
77T e ! e E t"dLBdLt = —Lwk ||t — t9%?(Tr(Bii + By
' (€0} 2 v "
+vff f; F E sin?6;; cos® 0;, 'vf]'uij 1 (G.g)€€
v”P . — B BT) — 'Ugt (B“ —+ BJJ Bl] — BZ;)U,‘?;)
gt o, gt
i vEp sin 0y cos” 03jv;j3; FUW i + Z (i # jV k # D) (wipwjio5,07)
Y (i.k), (.)€
023 gt, gtT gtT gt gtT gt gt giNT gt gt
:7(% vij (Tr(F) — vy Fo) + vy Fuils (" — )" ((Bij + By — Ba — Bji)) (1] — 1; ))
gt gt gt gtT) o2,
Frat FEEv ) = Y T - et (Te(B, BED)
(i,5)€€
H gtTE BET %
(%) 17 1)
D.4.2 Proof of Prop. 5 + D wawuogon (! — )T EwBES(#] — ")
(4,k),(5,L)€E
First of all, we have (31)
9" AL BAL#9 = -
Z Z Z wirwi (7 — ) dAyBiydAj (t] —t*). D.5. Proof of Prop. 7
1<i,j<n keN; LEN; Note that

8u;TW’U,4
Note that dA;;, (i,j) € £ are independent. There- on 0.



Since u;,1 < i < 3 do not depend on v, we have
UI'Wduy = 0. (32)

Let the columns of U4 € R37X37—4) collect bases of
vectors that orthogonal to Uy, i.e., Uf Us = 0. Express

duy = Uy + Usx (33)

where y € R?*"~% and € R*. Combining Eq. (33) and
Eq. (32), we have

—(UIWU) U WUy = Ul WUy,  (34)

This means
duy = (I3, — UsUL W)U y. (35)
Consider the equality
Luy = MWuy.

Compute the derivatives of both sides with respect to
v, we have

Lduy + dLuy = dA\ygWuy. (36)
The derivative of the eigen-value is given by
d\y = ul dLuy. (37)
Substituting Eq. (37) into Eq. (36), we have
Lduy + dLug = Wugul dLuy (38)

Multiply both sides of Eq. (38) by UI and combine
Eq. (33), we arrive at

U, LUy + U, dLuy = 0. 39)
Substituting Eq. (39) into Eq. (35), we have

dus = —(Isn—UsUT WU (U LU,) U dLus. (40)

Note that i
=Us(U,LUy) Uy
O
D.5.1 Proof of Prop. 8
We can expand
S Y me o of
(3 Rl 2] . L
(i.5)€E (i',5")€E Owij Oy
=H, — Hy + H3 — Hy + Hs + Hg (41)

where

1 L 4 OL

Owy jr 8ww

Hy = Z Z xljxl/J/Tr(L

(i,)€€ (i",5')€€
(0L 4 0L

+ L
810” awizj/

L")

)

=>. > a:ijxi/j,Tr(L’ffiLLTLLT oL |

Wy 5 ow;
()€€ (i7" EE 3! “

oL OL
LT AN A LT),
Wi 5 6’LUZ/]/
-y (0t O 1t OL 1y
gL’y Dwr D0,
(i,9)€E (i',5")€E vy’ ij
L L
L G G )

8wij 871}1'/3'/

oL oL
_ Tt i O p
Hs = Z Z LijLq J’TF(L LL au)i/j/L 6’(1)”
(i,7)€E (i',5")€E
(oL . oL

+L
awij Gwi/j/

LTLLY),

;L 4 OL

It
Wi j 8wi/j/

H6 = Z Z xija:i/j/Tr(LTfL
(4,5)€E (i,57)€E
oL 4 OL

Owyrjr Ow;j

+ LT LTLLY).

Introduce

Dy = I, ® diag(—2).

Wi

We have

t ¢
Hy =2 E _ z‘Qthf —t 12
(i,5)€€ Wij

t
TI‘(L Eijwij(vigj,lv?jl +”zg2 Z]Q )ETLT)

=2Tr(LIGT DED4GLY) = 2Tr(GT D2D,GT).
(42)

Through similar calculations, we have

Hy = Hy = ATe(G' D,GGTD,D,GHT),  (43)



and
Hy = 2Tr(GTDoGT GTDy = GGTDLGT),  (44)
and
Hs = Hg = 2Tr(G'D4,GGT DG GTDLGHT. (45)

Introduce orthonormal matrix U € R2I€1x(2[€]-3n+4)
where .

I-TUU =GaG".
Substituting Eq. (42), Eq. (43), Eq. (44), and Eq. (45)
into Eq. (41), we have

(Z%ég (1,7]2,):65 TijTirj Gwiajzcul i 2Tr(GTFG’rT)
(46)
where
F =D2Dy — 2Dy(I —UU  )DyDy — 2D;Dy(I —TU ) D,
4 Do(I — UUT)D4(I TU " )Ds»
+ Dy(I —TU \Do(I —TU Dy
4+ Do(I —~TU \Do(I —~TU " )Dy
— D,UU DJUU' Dy — Do(I —TU \DoTUU ' Dy

— DJUU Dy(I—~TU )Ds

When w;; = W, we have D,. As UGt = 0,
we have ’
T(GTFGT) = |GTDUT " |3 = 6T D.T3

It is clear that Tr(GTFGTT) > 0 and equality holds if
and only if Dy = slp¢) O

D.5.2 Proof Prop. 9

We prove a stronger result.

Lemma 1. Consider a unitary matrix U € R?*™*™ where
2m > n. Let ¥ = diag(o;) € R™™ be a diagonal ma-
trix with all positive values. Consider a vector x € R™.
Suppose V1 <i < m,

Tr((Ig®ei)TUZUT(IQ®diag(m))(IfUUT)(IQ(g)ei) —0,

(47)
then x = s1.
Proof. Denote U = (U;;Us). Then Eq. (47) is equiva-
lent to

(@S0 (L = 0UT) + (U220, (I — U2UF)

— (U SU)(UUF) = (UaSUT)(UaU]) ) = 0.
(48)

where A.B is the element-wise matrix multiplication
operation.
Denote

A =(USUT). (I, — D UT) + (U23U7 ).
— (U12U2 ).(U1U2 ) —

I, — UyU])
(U22U7).(UsUY).
We show that 27 Az > 0 and equality holds if and

only if ¢ = s1. Let i-th row of U; and U; as uy; and
us;. It follows that

m m m
2T Ag — Z x? (quulTi + uzq‘,EUQTi) - Z Z
i=1 s

;T ((Ullzuﬂ)(ulzufj) + (u%EUgj)(u%ugj)

+ (uliEugj)(uuusz) + (uQZEuITj)(quulTj))

> ixf (uuzufi + ugiEuzTi) — zm:f:

i=1 i=1 j=1

af + 3 T T T T
((ulizulj)(uliulj) + (u2iXug;) (uzius;)

+ (Sl (wuf) + (Sl (usiuf) )

m

m
= Z xf (uliEui’; + uziEug;) — Z a?? (uliE

i=1 i=1

m m
(Z ulTJulj)ui + UQiE(Z u%;ugj)u;

j=1 =1

m m
T T T T
+ w1 5( E Uy Uzj) Uy, + U2i2(§ ulj“jj)“%)
i=1 i=1

m
§ 2

Z; (’U,ME
i=1

(U1 U1 + Uy Us)ut; + ug S(U{ Uy + Uy Uz)ug;) = 0.

m
E uhEuh + uQZEu22

and equality holds if and only if z; = z;,Vi # j. [

E. Proof of Theorem 3

We begin with key lemmas regarding general-purpose
stability results of eigen-values and eigen-vectors and
matrix-norms in Section E.1. Section E.2 complete the
proof of Theorem 3. Section E.3 presents proofs of the
lemmas in Section E.1.

E.1. Key Lemmas

We first present two lemmas regarding the stability
of eigen-values and eigen-vectors. Suppose that the

measurement with edge (i,7) € & is v}, and the

’L_]’



underlying ground truth is vfjt The edge weight is

w;j € [0,1]. Let w = (w;;). We define

L(’U}): Z wijEij(Ig—Uli?pU;?p )EZ;,

(i,j)€€
L% (w) = 3wy Eij(Is — vio?l EL,
(i,j)€€
. T
= 3 wuBs(ofl) — vl EG,
(i.5)€€
It is clear that L(w) = L9 (w) + dL(w). Consider

L(w)uy = Muy, L9 (w)ud" = A udt,

The first lemma characterizes an upper bound of A4
using dL(w)

Lemma 2. We have,

A < w9 dL(w)ud. (49)

Proof: See Section E.3.1. O
Denote t;; = w4; — ws; and t{; = uf; — uf;. The

next lemma provides an upper bound on ||¢;; — tgt Il

Lemma 3. Suppose || dL(w)]|| <

1L (w) dL(w)|1 + HLW(w)HhtgtTdL(w)tgt <1
Then

|ELLY (w) || ||dL (w)t | o

Iti; — £ <(1 - 5)

(6%
+ Bt |, (50)
and
gt T gt
”t*tgt”oo S(lfﬂ)”L (w) H1||dL(w)t ”oo
(6%
+ Bt oo, (51)
where
dL(w)l|?
pe_ L)) |
200" —uf" dL(w)uf — [[dL(w)])?
T
a=1— (uf" dL(w)uf + |[dL(w)]1) [ L% (w) |1.

Proof: See Section E.3.2. O
We proceed to bound ||LY%(w )|| and

|EL LI (w ) |1 with respect to references || L9 (w ) 1Bt

and ||EJ; L9 (w ) |1 where w is some reference edge
vector.

Lemma 4. Suppose \5(L9 (w)) > 0 and \s(L9%(w)) >
0. Then

L9 (w
1 — || L9t (w) ]| c(dw)
1L Lo (@),
IELL (w) |1 < - (53)
1 — [|L9%(w) " [|1c(dw)
where
c(dw) = lrgla<xn Z |wij — W)
Proof: See Section E.3.3. O
We then provide two L* bounds on dL(w).
Lemma 5.
AL (W)t o < max (c5P(w) + 6" (w) G4
[dZ ()] < max (e 3wyt
jeNm
S willfFelP —olel"l) 65)
jeNou
where
SMw) =Y wi ||
JENn
inp i T
5 w) = > wz‘jH(vf}pv?}p RHCHE
_]E./\/,?ut
Proof: See Section E.3.4. O

Next, we provide two spectral norms of dL(w).

Lemma 6.

9" AL (w)t9t < €

ST owlthP+ D willed )

(i,5)€€m (i,5)€€eut
T
[Pl sty (56)
and
lL(w)| < max (e D wy+ Y- wy
eNm ]eNout
t gtT
lolPol — vt ) 57)
Proof: See Section E.3.5. O

Finally, we present two lemmas which are used to
control w;; during the alternating procedure.



Lemma 7. Consider a hyper-parameters ) < 1. Define

bt viF) = min [0l —oyl?lt; %
T lsy—t2t <ty 2 Y

Then by(n, t9! lnp)

A 0 when

(2 —wiPol® ol <.

Otherwise,
bl 25,00 > 41— )2 P sin?(PL 22
where
Qsl - aCOS( 1np zj) ¢2 = aSIH(n)
Proof: See Section E.4. O

Lemma 8. Consider a hyper-parameter n < 1. Define

by (1, t9%, 0P max o™ — w1212
(77 Zj’ 17 ) Ht”—tZZHS’UHtZéH || 1] UH || Z]”
Then
bl 5, 0i) <dsin®(min(5, 21722,
(14?1 1)?
Proof: See Section E.5. O

E.2. Complete the Proof of Theorem 3

Our proof is based on the eigen stability results in
Lemma 2 and Lemma 3 and the bounds in Lemma 4
to Lemma 8.

As our goal is to show the robustness of our algo-
rithm against outliers, our proof do not aim to provide
tight values of ¢y, c2, c3. Define

r= max Ht H/ mln Ht II-
(i,5)€€

We assume that the value of r is not super big.
We show that the iterative procedure converges to a
local minimum that is sufficiently close to t. Denote

0(e, w) := max ( Z Wi+

1<i<n
JeNm

t gtT
S il — ool )
JENT

Applying Lemma 5, we have V(4, j) € &,
ldL(w)t || e < o (e, w) ||,

and
[dL(w)|| < [|dL(w)t" ||y < d(e, w).

This means « and 8 in Lemma 3 satisfy

o > 1 - 28(e, w)[| L9 (w)" |1, (58)
B < M (59)
= 2(1 = 25(e, w))?’

Applying Lemma 3, we have

ELLY S(e,
”t ” <B+ H (w) " [[10(e, w)

It is clear that we can choose cq, ¢o, c3 so that the
output of the first iteration of our algorithm satisfies

t
[t: — 5511 < *Ilt

ezl
pu— 8 .
Applying Lemma 7 and Lemma 8 and after some cal-
culation, we have that the edge weights w;; converge
to the neighborhood of
2

min

+ Hvlnp

A REA e

mln

Theorem 3 then follows Lemma 3 and Lemma 4.

O
E.3. Proof of Lemmas in Section E.1
E.3.1 Proof of Lemma 2
Note the following variational definition of
Ay = mG]R3”,HmHLnli,r(ll@Ig)Tm:O T L. (60)
As (1 ® I)Tug" = 0, we have
A <ugtTLugt
(th +dL)ul’ =uf dLuZt
O

E.3.2 Proof of Lemma 3

Let UZt € R Bn=4) collect the 5-th to 3n-th eigen-
vectors L. As (1® I3)Tus = (1 ® I3)Tul’ = 0, we
can express

du =uy —ul = —zuf + Uity. (61)



As ||uy|| = 1, we have
(1 -2+ [ylI* =1 (62)

The following proposition describes the formula
for %'y

Proposition 10. Suppose ||dL||+uZtTdLuf{t < A", Then

Uy = —(1—2)(I+LI(\y)dL) ' LT (\y)dLug'. (63)

where

_ T
L) =T (A — 20T

Proof:
First of all, from (L9 +dL)(ug"
we have

+du) = Ay (ud +-du),

(L9 +dL — M\yI)du = (M I —dL)ud’.  (64)
Substituting Eq. (61) into Eq. (64) and multiplying

—gtT
both sides by Uit , we arrive at

—atT — —atT
(A= Xl +T7 dLU )y = —(1 - 2)U5 dLuf’ (65)

which means
wotT =gty —1z=gtT o gt
y=—(1—2)(A=NI+U; dLU,) 'U; dLuf"
Note that
—gt —gtT —gt 71—gtT gt
U, (A— MI+U, dLU,) U, dLuf
_ T
=T (A= D)2 (T+ (A= M\I)"3T3 dLTY

_ —atT
(A= XyD)"2) (A = N I) 2T dLud
=(I + LT(\)dL) ' LT(\)dLul’
O

The following proposition provides an upper
bound on z.

Proposition 11. Suppose ||dL|| < 25 we have
2
. tnun | (@
2(A3" = Ag — [|ldL]))?
Proof: Denote
a=|(I+L(\)dL) " LT (\y)dLug'|,
then 1
(1-2)?= (67)

14 a2’

Note that dL)
LT(\)dL|| < ——"—.
12 O] < o -
It follows that
dL
< it (68)
X — M |ldL]
As [|dL|| 1), we have
1
a< =
-2
Substituting (68) into (67), we have
<1 L«
<l - —— <
T V142 2
dL|]?
<t (69)
278" — A — [|dL])?
O

We have
[t — 5| =l ELdul| < 2| Efuf'|| + (1 — )
IEL LT (A)dL(I + Lt (Aa)dL) "l
<z[tf] + (1 - 2) | E5LY (M)
+oo )
S (—dLLT () dLu |,
1=0
IEL LT () |1l dLuf ||
1 —[|LT(Ag)dL]x
(70)

<[t + (1~ )

Note that

400
IELZLT )l = 1Y EEN(LH
=0

—+o0
ESLY| Z(MHLTIIO

_ IEL LT||1 1)
L — M| LT

IA

Similarly,

+oo

1Y AL L
i=0
|LTdL||y

T 1= M| LT

Substituting (71) and (72) into (70), we obtain

ILT(A)dL ]y

(72)

IES LYl ldLug | o
= M| Lty = [[LTdL]y
(73)

It — 51 < @t + (1 — )1



Similarly, we have

[TAI 220
= ML — [LTdL];
74)

[t =t < =[] + (1 —2)

We now end the proof because

T
A < uf' dLud

E.3.3 Proof Lemma4

We only prove Eq. (52) as the proof of Eq. (53) is very
similar.
Note that both L9 (w) and L9 (w ) share the same

non-trivial eigenvectors denoted as Ty 4 - This means,

— —atT — T
Lt(w)' =T (07 Lo w)?) T

— —atT — T
) =0 (03 L@y U

It follows that,

Lgt(w)T

— ot T — —atT — T

:Uff(UZt L @)UY + T Lgt(dw)UZt) R

—at —aqtT gty 1 = T gt —

U5 (@t @)uy) Y (- O L @)uy)
1=0

T
vy Lo @w)y) T

L)y
— L9 (w z:o( L9 (w Lgf(dw)) .

Applying triangle inequality, we arrive at

1L (w) |y < 29 (w@)" |14 Z (1L (@) 1 || L9 (dw) 1)
_ 127 (w) Iy
— | Lot (@) ||y | L9 (dw) ||y
O

E.3.4 Proof of Lemmas5

We first describe two propositions regarding the non-
empty blocks of dL(w).

Proposition 12. V(i, j) € £, we have

t gtT t
[(wivl" —viv]))td; ||<6||t B (75)
T
[ofjvf]" —vyuli| <e (76)

Moreover, ¥(i, j) € £, we have
t gtT
||('U¢gj Uigj

gt gtT
ij Vij

LI < [I1E5 1, (77)
— vl <1, (78)

— ’U”

[vijv

Proof: Express v;; as

L
v = cos(&)v“?? + sin(@)’vig}5 ,

gta,9tTyy
gtL (13 - vzg U’Lj )UU
CHEES

t gtT ’
||(13_v'igjv%qj Jvij|

Then

t gtT T
'vigj vfj — Vi

t gty . sin(6
oot sinie) ()

—cos(0) gt vgtj_ T
—cos(6) >( )

—sin(0) ARSY
(79)
This means

t gtT
[[vf;v;

Jsin(o)

=| sin(d)|.

Moreover,

— viv)|
sin(6)

AR

—sin(6)

T
([CHIH LAl
cos(0)

“ot ) o)

— v'LJ

=|sin(6)|| ( _Slci(se()H)

= sin(0)]|[;]]-

We complete the proof by noting that When (4, j) €
&, we have |sin(9)| < e. O

We now complete the proof of Lemma 5. Applying
Eq. (75) and Eq. (77), Eq. (54) is true because

[dL(w)t"|| o < [|AL(W)E" || oo + [|dL(dw)t" ||
where
[dL(dw)t?" || oo

< max (Z |dwg; || (v
<
ffél?én( > clduwillgfl + 3 ldwisl e )

JENR JEND

— max (ea;n(dw) +5§’“t(dw)>.

1<i<n

9t gt
7 ’L]

vt

Eq. (55) can be proven in a similar fashion. O



E.3.5 Proof of Lemma 6

First of all, we have

' AL (w)t9t = 9T AL (W)t + 9T dL(dw )t

where
9" AL (dw )t
_ tT, gt gtT t
= Z (wij — W)ty (viv]] *”ij”z?;)tigj
(i,5)€€

Applying Eq. (79), we have

T T
gt gt gt T\ gt
tij (vij vy = 'vwvij)tij

=sin®(6)[tZ] |*
Therefore,

$9 T AL ()t < @S gy — [P
(i,j)€&m

— t
+Y 0w — w12,
(i,5) €€t

which proves Eq. (56).
Moreover,

[dL(w)]| < [|dL(w] + [|dL(dw)]
< [ldL(w]| + [|dL(dw)]:-

The rest of the proof follows that of Lemma 5 in Sec-
tion E.3.4. O

E.4. Proof of Lemma 7

It is clear that the minimum value of ||¢;;|| and the
s inp . -
minimum value of [|v;;” — v;;|| can be obtained in iso-
lation. The minimum value of ||¢;;] is (1 — n)||tfjt|\
When v;r;-p is in the cone specified by Htij' — tff I <
n||tf;|\, the minimum value is given by ||vf}p — v
Otherwise, ||v;;” — vy is given by the difference be-
tween the angle between vE-P and vfj and half-angle

of the cone. This ends the proof.
O

E.S. Proof of Lemma 8

The proof is very similar to that of Lemma 7. The only
difference is that the maximum value of [[v;}" — vy is
2.

O
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