A Additional Experiments and Detailed Setup

Our experimental goals were to understand the performance of our algorithms relative to the state
of the art methods in practice. We present numerical results on benchmark psuedo-games that
were studied empirically in previous work [[104]: 1) two-player zero-sum bilinear pseudo-games
with jointly affine constraints; 2) two-player zero-sum bilinear pseudo-games with jointly convex
constraints; 3) monotone games with affine constraints, and 4) bilinear games with jointly convex
constraints. The first two set of experiments can be found in this section, while the two other
experiments can be found in Section

We compare our algorithms to the accelerated mirror-prox quadratic penalty method (AMPQP,
Algorithm 1 [78]), the only GNE-finding algorithm with theoretical convergence guarantees and
rates [78]@ For the AMPQP algorithm, we use the hyperparameter settings derived in theory when
available, and otherwise conduct a grid search for the best ones. We compare the convergence rates
of our algorithms to that of AMPQP, which converges at the same rate as EDA, but slower than
ADA, in settings in which it is guaranteed to converge, i.e., in monotone pseudo-games.

Computational Resources Our experiments were run on a MacOS machine with 8GB RAM
and an Apple M1 chip, and took about 1 hour to run. Only CPU resources were used.

Programming Languages, Packages, and Licensing We ran our experiments in Python 3.7
[106], using NumPy [107], and CVXPY [108]. All figures were graphed using Matplotlib [109].

Numpy is distributed under a liberal BSD license. Matplotlib only uses BSD compatible code, and
its license is based on the PSF license. CVXPY is licensed under an APACHE license.

Common Experimental Details All our algorithms were run to generate 50 iterates in total.
In particular, we had T' = 50 for EDA, T, = Tp = 50. For AMPQP, we ran the main routine
(Algorithm 1, [[78]) for 50 iterations, i.e., T = 50. As the iterates generated by AMPQP are not
necessarily feasible, we projected them onto the feasible set of actions, so as to avoid unbounded
exploitability. This heuristic improved the convergence rate of AMPQP significantly. The first
iterate for all methods was common, and initialized at random.

Code repository The data our experiments generated, as well as the code used to produce our
visualizations, can be found in our code repository.

In what follows, we present two additional set of experiments comparing the empirical convergence
rates of all three algorithms in zero-sum games.

Bilinear Two-Player Zero-Sum Game with Jointly Affine Constraints We consider the
following two player pseudo-game with m € N, pure strategies: uj(a) = a;7Qa, =
—uz(a),g(a) =1 =3 icin) 01j = Diem] O2;>Ar = A2 = [-10,10]"™, where uy, us are payoff
functions of the players, g is the joint constraint function for all players, and A;, A, are the
players’ strategy spaces. A game version of this pseudo-game was explored by Gidel et al. [110] and
Raghunathan, Cherian, and Jha [[104]. Current convergence guarantees for GNE-finding algorithms
are known only for the type of jointly affine constraints g that we consider in this example [78].

For EDA, we use a constant learning rate of 7 = 1/)|Q|| as determined by our theory (Theorem 3.4).
Similarly, for ADA, we use the theoretically-grounded constant learning rates of 7, = 1/)|Q|+1<L=
and 77, = 1/|Q|, together with a regularization of o = 0.1, which was determined by grid search.
In our implementation of AMPQP, grid search led us to initialize 8y = 0.01,7 = 1.05,« = 0.2

In these experiments, the initialization seemed to have little impact on the algorithms’ performances.

°We note that we are not reporting on our results with the Accelerated Mirror-Prox Augmented Lagrangian
Method (AMPAL), another method studied in the literature with the convergence rates as AMPQP, because we
found this algorithm to be unstable on our benchmark pseudo-games.

' As suggested by Jordan, Lin, and Zampetakis [78], we replaced the convergence tolerance parameter §
in Algorithm 1 of Jordan, Lin, and Zampetakis [78], with a number of iterations for which the accelerated
mirror-prox subroutine algorithm [105] was run. which at eachFor every iteration of AMPQP, this parameter
was increased by a factor of v of AMPQP.

18


https://github.com/denizalp/exploit-min

—-- EDA
-=-- AMPQP
-2

-4

-6

Exploitability

-8

0 10 20 30
a Number of Iterations

(a) Sample phase portrait for m =1 (b) Sample exploitability convergence for m = 10

Figure 2: Convergence in zero-sum bilinear pseudo-game with jointly affine constraints.

In Figure [2| we plot the phase portrait of a randomly initialized one-dimensional pseudo-game,
as well as the convergence rates in a higher-dimensional pseudo-game. We see that all methods
converge sublinearly, with EDA and AMPQP at similar rates, and ADA slightly faster. Interestingly,
the three methods find distinct GNEs (Figure2a). This outcome can be explained by the fact that the
three algorithms have different objectives. In the next set of experiments we will see that although
AMPQP converges to a different GNE than that of EDA and ADA when the constraints are not
affine, EDA and ADA (which have similar objectives) converge to the same GNE.

Bilinear Two-Player Zero-Sum Game with Jointly Convex Constraints Next, we consider
the same setting as above, replacing the affine constraints with convex l2-ball constraints, i.e.,
gla)=1—|a ||§ This setting is of interest since AMPQP is not guaranteed to converge in pseudo-
games with non-affine constraints. Nonetheless, we observe that AMPQP converges, although
this requires a change in the parameters we use, namely we chose 3y = 0.01,7 = 1.05, a = 0.2
using grid search. Additionally, we observed that changing the EDA regularization parameter to

a = 1 resulted in faster convergence. This suggests that the convexity of the constraints affects the
structure of the regularized exploitability, and points to a need for additional theory.
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Figure 3: Convergence in zero-sum bilinear pseudo-game with jointly convex constraints.

Once again, we observe in Figure 2b|that all three algorithms converge at a sublinear rate, with

AMPQP and EDA at a similar rate, and ADA slightly faster. Interestingly, in Figure [3a, the GNEs
found by ADA and EDA are the same in these experiments, although ADA seems to find a more

direct path to there. This could be a result of the regularization, which penalizes large deviations
from the players’ best-responses at each iteration of the algorithm.
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B Omitted Proofs

Preliminaries A min-max Stackelberg game, denoted (X, ), f, g), is a two-player, zero-sum
game, where one player, who we call the x-player (resp. the y-player), is trying to minimize their
loss (resp. maximize their gain), defined by a continuous objective function f : X x Y — R,
by choosing a strategy from a compact strategy set X C R" (resp. ) C R™) s.t. g(x,y) > 0
where g(z,y) = (g1(z,y),...,g4(x,y))" with gy : X x Y — R, forall k € [d]. A strategy
profile (z,y) € X x Y is said to be feasible iff gi(x,y) > 0, for all k& € [d]. The function
f maps a pair of feasible strategies taken by the players to a real value (i.e., a payoff), which
represents the loss (resp. the gain) of the x-player (resp. y-player). The relevant solution concept
for Stackelberg games is the Stackelberg equilibrium (SE). A strategy profile (z*,y*) € X x Y
s.t. g(x*,y*) > 0 is a Stackelberg equilibrium if max,cy.gz+ >0 f (2%, y) < f(z*,y*) <

mingex MaXyey.g(z,y)>0 [ (T, Y).

Theorem 3.4 (Convergence rate of EDA). Consider a pseudo-game G with convex-concave
cumulative regret that satisfies Assumption Suppose that EDA (Algorithm (1) is run with

n < ey, and that doing so generates the sequence of iterates (a't), b(t))tT:O. Let oD =
1/TZtT:1 a® and b1 = 1/TZtT:1 b). Then the following convergence rate to a VE, ie.,
to zero exploitability holds: maxpecy1(aD),b) — maxqex ¢ (a,b@) < Yr (dlyy), where
d = max(q pyexxx | (a,b) — (a0, b(o))Hz. If, additionally, v is p-strongly-convex-p-strongly-
concave, and the learning rate n = 1/as,, then the following convergence bound also holds:

maxper ¥(aD,b) — maxger ¢(a, b)) < de/u (1 — njae,)".

Proof. The results follow from the results of Nemirovski [21]. O

Lemma 3.1. Given a pseudo-game G, for alla € A, p(a) > 0. Additionally, a strategy profile
a* € X(a™) is a GNE iff it achieves the lowerbound, i.e., p(a*) = 0.

Proof. We first prove the second part of the lemma.

(GNE = No-Exploitability): Suppose that a* € X(a*) is a GNE, i.e., for all players i € [n],
a;” € argmaxy, ¢ x,(q+ ) 4i(bi,a’;). Then, for all players i € [n], we have:

a wlbiat,) —ula) (1

i

Summing up across all players i € [n], we get:

Z<bi£§§i§*i>“< a’;) — ui(a >> @

i€[n]
Z biei(ax) (us(bi,a%;) — wifa,",0%,)) = 0 (3)
i€[n]
Z b; Erz'rl’lf%z(’ji) Regreti (ai*a bu a*_z) =0 (4)
1€[n]
x> Regret;(a;”, biza’;) = 0 )
1€[n]

*, b) =0 ;

b ¥(a70) ©

(No-Exploitability = GNE):
Suppose that we have a* € X(a*) such that p(a*) = 0, then:

20



p(a®) =0 (7)

bgy{(i;(*) Z Regret,(a;*, b;;a*,) =0 (8)
i€[n]
Z b,erﬁrflf%fz{ 1-) Regret,(a;*,b;;a* ;) =0 9)
i€[n]
Z bleI.}(lL%zl(ii) (U,L(b“ a*_i) B ui(ai*’ ati)) =0 (10)
i€[n]
i(bi,a”;) —ui(a”) | =0 1

We remark that since a,* € Xi(a_,), we have foralli € [n], maxy, cx,(ax ) ui(bi,a” ;) —ui(a*) >
u;(a*) —u;(a*) > 0. As a result, we must have that for all players i € [n]:

i(a®) = i(b;,a’ i 12
ui(a’®) bien)gf(gii)w a’;) (12)
The first part of the lemma follows from the previous remark. O

Theorem 4.1 (Parameteric Moreau Envelope Theorem). Given a > 0, consider the parametric

Moreau envelope ¢, (a) = maxpex {w(a, b) -5 |la— b||§} and the associated proximal operator

{b*(a)} = argmax,c y {w(a, b) -5 lla— b||§}, where 1 is Uy, -Lipschitz smooth. Then @, (a)
2

is (va + %) -Lipschitz-smooth, with gradients Vo9, (a) = Vatb(a,b*(a)) — a(a — b*(a)).

Proof of Theorem|[4.1. For notational clarity, let Vo (a,b) = ¢(a,b) — 5 |la — b||3. First, note
that arg max, ¢ x {w(a, b) -5 |la— b||§} is singleton-valued because it is the proximal operator
associated with ¢ [101]. The differentiability of ¢, and its gradient then follow directly from
Danskin’s theorem [111] (or an envelope theorem [112,[113]). Let {b} = arg max, ¢y ¥a(@,b),
{b} = arg maxyc y Yo (@, b). Now, notice that 9, is strongly-concave in b as it is the sum of ¢

which is concave in b, and ||a — ng which is strongly concave in b [97]. Then, by the strong
concavity of ¥, in b, we have:

- N o~ “ - ~12
Ya(@,b) < Ga(@,b) + (Vova(ab).b—b) ~ T b~ 5| (13)

. . o 112
Va(@,b) < (@, b) + (Vova(a,b).b—b) ~2 [b—b| (14

<0 by FOC for b
Summing up the two inequalities, we obtain:
~ ~ 112 A~ ~
_ < e _

aHb bH2 < <Vb¢a(a,b),b b> (15)

Additionally, since <Vbz/Ja (a, 5)7 b— l;> < 0, we can substract it from the right hand side of the

above inequality and obtain:
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ob- BH2 < (Vota(@,6),b ~ b) — (Vyta(a, b),b — b) (16)
= <vb¢a(d,6)—vb¢a(a,6),5713> 17)
< Hvb%(&, b) — Viiba(a,b) ]2 ‘ b—b|_ (Cauchy-Schwarz [114]) (18)
< lyy, la—al, Hb - 6H2 (Lipschitz-smoothness of 1)
(19)

Dividing both sides o HE -b » We obtain:
HE—B 2_% a—al, (20)

We now show that the parametric Moreau envelope of 1, ¢, (a) = maxpex ¥o(a, b), is Lipschitz-
smooth. For any a, a € A:

[Vea(a) = Veal(a)ll, (21)
= Hvbwa@iai))*vbwa(&ai)))L (22)
= | Vota(@.5) = Vova(@.b) + Vova(a.b) - Veva(ab)| (23
< |Voval@.5) = Vowa(@.b)|| + | Vota(@.b) = Vova(a,b)| (24)
<Uyy, lla—a|y+ vy, Hl; — BHQ (Lipschitz-smoothness of 1)
(25)
62
< lyy, |6 —al, + 2= ||a — al, (Equation (20)) (26)
62
5 (em . w) ja - all, @)
«
]

Let ¥, (a,b) = ¥(a,b) + ¢/2]la — ng The following theorem summarizes succinctly impor-
tant properties of the a-regularized-exploitability, ¢, (a) = maxpex o (a,b), which we use
throughout this section:

Theorem B.1. Given o > 0, the following properties hold for ci-regularized exploitability and its
associated solution correspondence B*(a) = arg maxy ¢y Yo (@, b):

1. g is o strongly concave in b, and for all a € A, the set B*(a) is a singleton.

2. For any SE (a*,b*) of mingcx maxpex ¥o(a,b), a* = b*. Additionally, a* is a SE
strategy of the outer player iff a™ is a VE of G.

2
3. @a(a)is (vaa + ZV%) -Lipschitz-smooth with gradients given by for all i € [n]:

Vaigoa(a) = Z [Vaiui(bf(a),afi) - vaiui(aivafi)] —a(a; — bj(a))

i€[n]

where {b*(a)} = B*(a)

Proof. (1) Notice that 1/(a, b) is concave in b for all @ € A, hence, since § |la — b||§ is a-strongly
convex in b, ¥, (a, b) is strongly concave in b, and arg maxy ¢ y Yo (@, b) must be singleton-valued.
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(2) First, note that a Stackelberg equilibrium of ming c ¥ maxpex Yo (@, b) is guaranteed to exist
by continuity of ¢, and compactness of the constraints.

(SE <= VE): Suppose that a* € X is a VE of G, then for all b € A we have:

* * a *
wa(a ab) = Q/J(G 7b) - 5 ”a’ - b||§ (28)
o * 2
= Z ui(bi,a_;) —ui(a;,a_;) | — b) la™ —bll; (29)
i€[n]

<0 by GNE definition

« *
< -5 [la” - bll; (30)

Taking the max over b on both sides of the final inequality, we obtain
* « * 2
[e% 7b < - = - b < 0 .
max o (a”, b) < max -7 fla” —bl; <
Note that for all @ € X, maxpex Vo (a,b) > 4 (a,a) =0, hence we must have that a* is the SE
strategy of the outer player and the SE strategy of the inner player b* must be equal to a*.

(SE = VE): Let (a*,b*) be an SE of mingcy maxpex ¥o(a,b). Note that for all @ €
X, maxpex Yo(a,b) > ,(a,a) = 0. Since under our assumptions a GNE is guaran-
teed to exist, there exists @’ such that maxpeq¥q(a’,b) = 0, we must then have that
ming ey maxpe 4 Yo (a,b) <0, ie:

* o ok * _ g * 2
max Ez[:] [us(bi, a®;) —ui(a;”,a”,)] 5 lla” =bl; 0 <0 (31)
i€[n

We will show that the exploitability of a* is zero w.r.t. the pseudo-game G, which will imply that
a* is a GNE. First, by the above equation, we have for any b € A:

> [wibiay) —ula; a*)] = 5 lla” = bl <0 (32

i€[n]

For A € (0,1), and any a € A, let b; = Aa;* + (1 — \)a, in the above inequality, we then have:

0> [wi(ha;" + (1 - Na;,a”;) —ui(a;, a,)] - % la® —[Xa* + (1= Nall;  (33)
i€[n]

= Z [ui(Aa;* + (1 = Na,,a* ;) —ui(a;",a*,)] — % [(1=Na* —(1- A)al\g (34)
i€[n]

=Y [wla;” + (1= Nag,a®;) —ui(a;",a”,)] - %(1 ~A)?lla” —all; (35)
i€[n]
> Z [)‘ui(ai*v a”;)+ (1 - Nui(a;,a”;) — ui(a;”, a*—iﬂ - %(1 - A)?|la* - az'”g (36)
- 37)
Taking A — 17, by continuity of the /3-norm and the utility functions, we have:
0> Z [ui(a;*, a*;) — ui(a;*,a*;)] (38)
i€[n]

which implies that a* is a GNE, additionally for > ., [ui(bi,a* ;) —ui(a;*,a* ;)] —

Slla* — ng < 0 to be minimized by a*, we must have that b = a*.

(3): Follows from Theorem|4.1|
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Before we move forward, we introduce the following definitions. A function f : A — R is said to be
u-Polyak-Lojasiewicz (PL) if forallx € X, 1/2 ||V f(x) Hg > pu(f(x) —mingex f(x)). Afunction
f: A — Ris said to be p-quadratically growing (QG), if for all x € X, f(x) — mingcx f(x) >

n/2||la* — x||* where 2* € arg mingc y f(x). We note that any ;-SC function is PL (Appendix A,
[103]]), and that any p-PL function is 4u-QG, we restate the following lemma for convenience as we
will use it in the subsequent proofs:

Lemma B.2 (Corollary of Theorem 2 [103]). If a function f satisfies is u-PL, then f is 4u-
quadratically-growing.

In order to obtain our convergence rates, we first bound the error between the true gradient of ¢,
and its approximation by ADA:

Lemma B.3 (Inner Loop Error Bound). Let ¢,(a) = maxpeatVa(a,b), let ¢ =
max(q pyexxx (Vala,b) —Ya(a,0)), and defineVqp, asin Theorem Suppose that ADA is run

on a pseudo-game G which satisfies Assumption with learning ratesn, > 0 andn, = ﬁ,for any
i o)
! )

where e > 0. Then, the outputs (a‘*), b(t)) , satisfy || Vapa(a®) = Vaiia(a®,b®)]| <e.

number of outer loop iterations T € N 1, and for Ty > total inner loop iterations,

Proof. Note that arg maxyc 4 ¥o(a,b) is singleton-valued by Theorem [B.1] - Let {b*(a)} =
arg maxpe 4 Ya(@, b).

Since 1, is a-strongly-concave in b and {v ., -Lipschitz-smooth (Theorem [B.1), we have from
Theorem 1 of Karimi, Nutini, and Schmidt [[103]]:

t
pa(a®) —pa(a®,b®) < (1 - o‘) (soa(a“)) — ala®), 0)) (39)

£y
Then, since ¢, is a-strongly-convex, by Lemma [B.2] we have:

pala) = ga(a®),b0) > 2a][p*(@®) — b

(40)

Combining the two previous inequalities, we get:
7 (pala®) —ha(al®),0
| S(a)\/«o(a);ﬂ(a,)) "
2

EV Yo «
Finally, we bound the error between the approximate gradient computed by ADA V1, (a®), b(*))

b*(a®)) — p®

and the true gradient V¢, (a®)) at each iteration t € N, :

[Veala) = Vea(a60)| = |[Ve(a, b (@) = Var(a®,50) | (42)
< lyy, H (@®,b"(a®)) - (a(t),b(t))H2 (43)
e I NI
:év%’b*(a(t))—b(” i (45)
< tvy, (fvo;a)g \/(%(a(t)) ;;ba(a(“,()))
(46)
< fou (e;p) \/maxwem(w;éa,b) — Va(a,0))

(47)

Let ¢ = max(q pyexxx (Ya(a,b) —a(a,0)), we obtain:
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VS

|Vea(@®) = Vea(@®,60)| < boy, (=) /5= (48)
« gv o 2c
2log( —t—4/ 22
Then, given € > 0, for any number of inner loop iterations such that 7, > g(z(vw‘;)C), for all
8\ T g,
t € [Ty, we have:
|V oa(a®) = Via(a,60)| <« (49)

O

Lemma B.4 (Progress Lemma for Approximate Iterate). Suppose that ADA is run on a pseudo-game
G which satisfies Assumption with learning ratesn, > 0 andn, = ﬁ, for any number of outer

. . 21°g(evz \/QTQ) . . .
loop iterations T, € N, and forTy > Tl ey total inner loop iterations wherec > 0. Then
o8 B2
@ pnT (t+1) ) byt Fta @y
the outputs (a'"), b\")), 2 satisfy oo (a ) —palal’)) < | reg—— — G (a +
2

ézvﬂfa
((26% +¢) (Wga — ni) + 5%) €

Proof of Lemma|B.4. Note that by the second projection/proximal theorem [[115|101], we have for
alla € A:

(a9~ 1, Vatio(@®. ) —al*),a —a*V) < (50)

<va¢(,(a<t>, b)), q a(t+1>> > L <a<t> _at+) g a<t+1>> (51)
77

a

by setting @ = a*), and applying Cauchy-Schwarz [[115] to the right hand side of the above
inequality, it follows that:

a<t>>

<V1/) (@™, b®), alt+D) — a(t)> <L lat+n — g’ (52)
T N 2
1 2
<Vgpa(a(t)), alt+) _ a(t)> < - at+D) _ q® L+ <V<pa(a(t)) — Vata(a®, b)), qt+D) —
(53)
(Veala®),aH) ) < —Lla®0 —a®| + (Veala®) = Vatra(a®,b0),a+D) — o))
— na 2 1 )
(54)
Define err(!) = V, 0, (a)) — Vi, (a®,b®), we get:
<v<pa(a(t))7a(t+1) _ a(t)> < 1 Ha(t+1) — a(t)H2 n <err(t),a(t+1) _ a(t)> (55)
Na 2
<L a(t)H2 n err(t)” Ha<t+1) _ a(t)” (56)
T 2

Let po(@) = maxpea Yo(a,b) and Vy @, asin Theorem By Theorem we have that @,
2
is (vaa + Zvj“ )-Lipschitz-smooth. Hence, for all t € [T,]:

2

14 4 e 2
0o (@) < pu(a®) + <va%(a<t>)7 at+D) _ a(t>> + mfa Ha<t+1> _ a(t)H
2
(57)
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which combined with Equation (56), yields:

2

15y
(t+1) 0y _ L |lqt+1 _ g0 O || qt+D — g® | 4 EF¥a T T2 || g _ g
vala ) < pala )—77— a —a 2+ err a —a —&—f a —a||
(58)
€2V1/104
< ou(a®) + EW% _r Haml) —a®| 4 ler® Ha<t+1> Ca®
Na 2
(59)
loy, + Fxa 2
< pula®) 4+ [ et Tt 1 Ha<t+1> _ a(t)H n Hm(t)H Ha(t+1> _ a(t)”
2 Na 2
(60)
Re-organizing expressions, we obtain:
2
Uy, + 2= 1 2
@a(a(t+1)) - LPa(a(t)) < V%fa - 77 at+t — q® ) + ||err® Ha(tH) —a®
(61)
vy, + e 1 Yo l(-b®) 2 o (-b1))
< | T Ta D) | guats (a(t))H 1 err® HGna : (aa))H
2 Na e 2 e
(62)
Uy, + % 1 Do (-b)) 2
< | ——2=—-—] |Gy (a(t))H + Ly, Herr(t)H (63)
2 Na 2

. p®)
where the last line follows from the fact that ‘G:Z},;( b )(a) H < ||[Vatba(a)| (Proposition 2.4,
2

[116])) and the Lipschitz-smoothness of 1),,. Additionally, note that we have:

HG;]p:c,b“))(a(t))HQ — Iy [a® — Wavaw(a(t);b(t))} _a® . (64)
= 1 :a<t> T (va%(a“)) + Vap(a®,b®) — va%(au))ﬂ _ a(t>H2
(65)
< M [ = 14 (Vaga(a™)] = a | + | Vav(@®,5") = Varal@®)
(66)
< fosztan], o] &
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where the penultimate line follows from Proposition 2.4 of Hazan, Singh, and Zhang [116]]. Going
back to Equation @), we have:

Pa(al™V) — pa(al) (69)
22
1 e ] 2
< [T o L) (e @]+ e )7+ e o] )
a
14 +LW"’ 1 2 2
< Mfa*a (HG;’;:(G(“)HQ+2HG;‘;:(a(t))H2 err® || + |lerr® 2>+€% err®)
(70)
Uy +82Vw” 1 2 2
< =g o) (Jos@+ 2t e |+ fonO[) + o Jont?] 00
Na “
T = Nk ol (Lot S 1 *)
5 o (o) (2255 ) ) o
< 5 " H b (a )2+ oo +||erT 5 0 + Ly, | ||err
(72)

The conditions of Lemma are satisfied by our lemma statement and hence we have for all
t € [Tal Herr(t)H < g, giving us:

2 22
Y/ 4+ NMia 1 2 Y/ 4+ Mo 1
Pala) —po (@) < | e o - HG’V;G (a(t))H + | (2, +¢) NYa T a2 Ly, | e
2 Na a 2 2 Na
(73)
O
Theorem 4.2 (Convergence to Stationary Point of Exploitability). Suppose that ADA is run on a
pseudo-game G which satisfies Assumption|3.3 with learning rates n, > # andn, = ﬁ,
09 o+ o

— 2108 (755 V%) .
for any number of outer loop iterations T, € N4 and for Ty > ﬁ total inner loop

o

Y o

2
iterations where ¢ > 0. Then the outputs (a'*), b)) satisfy min;—o__ 7, 1 HG%’: (a(t))H <

2
[2
1 ‘Pa(a(())) I o 4 Yo T V(;Pa 1
ﬂv%< m— te| (v, + 2= +e) [ g = | Tl

1 tveat—g
Na 2

Proof of Theorem[4.2. By Lemma B.4} we have:

02 02
bz, + Lo 1 2 / + Sua 1

t+1 t Yo a a(n(t Vipa o

fa(@®*) — pala®) < | Frefma - loge @)+ | @t v) | Tregee - ¢
(74)

Summing up the inequalities fort = 0,...,7T, — 1:
Pa(al™)) — pa(a®) (75)

b, + Fva | 2 2 byp, + Foa

L e S Y (YR (L B
= ) N fz:% Mg ( ) 9 ( Pa ) 2 N Ya
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After re-organizing, we obtain:

by, + ZW” 1) el 2
_ o _ = o (t)
2 Na Z HGﬁa (a )H2 g
t=0
T fvw + Sua 1
< @a(a(o)) — gpa(a( “)) +Tq | (20, +¢) % — TT +ly, | e (78)
a
¢ p A 1
< goa(a(o)) + T | (205, +¢) mf“ —— | +4ly, | (79)

szw
bvpa+—3
2

Since — ni < 0 by the assumptions of our theorem, we can divide by

Zvaa 2
ev%% — na> on both sides, and then take the minimum of ’G‘ﬁa (a®) H across all

2

t € [T,), to obtain:

ra (i, oz @) @

62
boy, + == 1
< - 0al@) + T, (20, +o) [ et e — | 40, || G1)

a Vaa 2 "la
Na —— 2

Dividing by T, on both sides, we obtain:

Gre a® ?
. N )
o ez @) (52
1 o(a® by, + 2= 1
< L I (C/E ) i B I I
P S Ts 2 Mg
Na 2
O

Theorem 4.3 (PL Exploitability Convergence). Suppose ADA is run on a PL-pseudo-game g

73 2z
which satisfies Assumption |3.3 with learning rates 1, € VV% R A e 2#}

and 1, = Yegy,, for any number of outer loop iterations T, € Ny
log( == \/27(,"

and for Ty > M total inner loop iterations. Then the outputs
log(v%7)

Ry Ta
(@®, 6O satisfy pa(@T) < [142p (’*—)] ¢ala®) +

2
&, O gt 2t 1
<(£wm+vj +e) ( ratze® L) 4oy,

Proof of Theorem[4.3. By Lemma B.4] we have:
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2 e2
boy, + == 1 ON[E by, + =3 1
< (foey ) oo (o (S L) v )
(85)
( _|_ [%wa 1 g _|_ [%wa 1
Vo “a . Vo “a
< 2u ”’f o <gpa(a(t)) - glelg}gpa(a)> + | (20, +¢) ”’f o + Ly, | e
(86)
l + v 1 Y] + By 1
<op| e - — (@) + | (2, o) | s = — | 4y, | e
2 Na 2 Na

(87)

where the penultimate line is obtained from the projected-PL property combined with the fact that

ezv Yo
<va"§“ - ni < 0 by the theorem’s assumptions. The last line was obtained from the fact

that ming e x ¢o (@) = 0. Re-organizing expressions:

02 02
boy, + == 1 loy, + == 1
pa(@l™)) < paal) +2p | TSt = (@) 4 | (2, o) | S | e
2 Na 2 Na
(88)
log, + Foa (ay, + o
< igop| et o 2 ) pn(@) 4+ | (20, +o) [ Lo~ ) 4y, e
2 Na 2 Ma
(39)

Telescoping the sum fort = 1,..., T4 — 1, since HG%” < HVagoa (a) H (Proposition 2.4, [116]),
a2

2
and HV,I vala) || <Ulyy, + ZV% by the Lipschitz-smoothness of ¢, (Theorem , we obtain:

2 22
/¢ 4 Yo 1 ¢ + Mo 1
pala™) < [1op | o — 0 (@®) 4 | (2, o) | gt = |y, |
2 MNa 2 Na
(90)

O
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