A Technical Proofs

Proposition 1. The distributionally robust tree structured prediction problem based on moment

divergence in Eq. (1) can be rewritten as
min Epgy  min m&pr?lx’QY‘Xﬁ(Y, Y)+0T(p(X,Y) - d(X,Y)) +¢|0].,

Zadv(97(X)Y))

where 6 € R is the vector of Lagrangian multipliers and ||-||. is the dual norm of ||-||.

Proof. Recall the primal problem
(YY),

min max Eg_ _p.
P QeB(pm) XV ¥IX

where B(P™) := {Q : Qx = PSP A [|[Epemw () — Eqep(+)|| < e} withe > 0.

Note the feature function ¢(-) is fixed and given. Since Py x € AandQx y € AN B(P*™) where
A is the probability simplex with dimension omitted, the constraint sets are convex. The objective
function is convex in IP and concave in QQ because it is affine in both. Therefore strong duality holds:

(YY),

max minEg_ _p.
QeB(Pemw) P Qx vPy x

Let C := {u : ||u — Epm(-)|| < €}. Rewrite the problem with this constraint:
UY,Y) — Ic(u)

sup min E]P’exmp@?\xﬂ”mx

Qu
s.t. u= EIPC)“(’P@?‘X ¢(X, Y),
where I¢(-) is the indicator function with I¢(x) = 0 if * € C and 400 otherwise. The simplex
constraints are omitted.

The dual problem by relaxing the equality constraint is

UY,Y) — Io(u) + 0 Epmg, (X, Y) — 0T,

sup min min EPE}‘}‘PQYlX]PY x

Q,u
where 0 is the vector of Lagrange multipliers.

Given X = x, optimization of Qy|,, and PY|m can be done independently. Again by strong duality,
we can rearrange the terms:

min Epgr min max Eqy, r UY,Y)+0Tp(X,Y) + sup —Io(u) — 0Tu.

Y|Xx

The associated dual norm ||-||. of the norm ||-|| is defined as
2]« := sup{zTa : [lz[| <1},
based on which we are able to simplify the optimization over u as
sup—Ic(u) —0Tu =sup —0Tu = sup —O0T(Epma(-) —ce) = —0TEpmp(-) + €0 +-
u

ueC e:|le||<1

Plugging it back to the dual problem, we have

meiIIEIPC)'(“I?Y rrgnm(ng@prmxé(Y, Y)+0T(d(X,Y) — p(X,Y)) +¢/0]..

O

Theorem 2. Given m samples, a non-negative loss £(-, ) such that |£(-,-)| < K, a feature function
&(+,-) such that ||p(-,-)|| < B, a positive ambiguity level € > 0, then, for any p € (0,1], with a
probability at least 1 — p, the following excess true worst-case risk bound holds:

4K B 3 [In(4/p)
R§(63,,) — REO:,) < —= [ 1+ 24/
QG%(?IJ’}‘(’“") Q( emp) @Grg(%”}’{’“") Q( true) = Em < + 2 2 )
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where 8,,, and 0y, are the optimal parameters learned in Eq. (2) under P and P" respectively.
The original risk of @ under Q is Ré(@) = EQx,y,lP";’;, U(Y,Y) with Bayes prediction Pg,lm €

(YY) +07¢(x,Y).

| X

arg minp maxg EQ?‘mP?‘E

Proof. Define the adversarial surrogate risk of 8 with respect to P as
RZ(0) :=Ep,  lu(0,(X,Y)) :=Ep, minmaxEqy e, (YY) +0T(H(X,Y) — d(X,Y)) +<]0]..

Px,v VX

Let 0, € argming R (0) and 6, € arg ming R, (6) be the optimal parameters learned with
PRS- and PY'y- respectively.
Given z, define the decoded prediction by 6 as
qum € arg mﬂ)jn m@xEwapmwf(Y, Y)+0Tp(x,Y).
Let the original risk of loss ¢ under some distribution QQ be
Lip\ . Y

According to Proposition 1, for any fixed P, we have similarly

N - )
Qefgg;g“p)E@xyP?le(Y,Y) = minEpge maxBEq, ,p, , UY,Y) +07(¢(X,Y) ~ (X, Y)) +¢]|8]..

We start by looking at the worst-case risk of ;. and 8

true emp*
L *
penax B (Oeny)
=minEpee . maxE s LY, Y)+0T(p(X,Y) — d(X,Y)) +¢|0].
o XY 0 QuixPyly
SEIP"_;?Y max E 3 Ocmp K(YAVa Y) + O:mp : (¢(X’ Y) - ¢(X7 Y)) + EHo:mp”*v
’ Q Y\xpylx

*
emp

*
true>

YY)+ 65 (d(X,Y) = d(X,Y)) +e]|0 ]l

true true

where the last inequality holds because 6

max RE(O;
QEB(Pre) Q( true

is not necessarily a minimizer. Similarly for 8

< Epre. maxE 0
)< By Q  QuxPy

On the other hand,

E]plrue max E 0 e
XY Q v xPyi%

E(Yv Y) + 0 - (d)(Xv Y) - d)(Xv Y)) + E|‘6{:‘ue||*

true

=min Epge  min m@xE@mpmz(Y, Y)+0T(d(X,Y) - p(X,Y)) +¢0].

= minmin Epge m(SXEQﬂXP?‘XE(Y, Y)+0T(p(X,Y) - p(X,Y)) +¢|0)].

<minEpge maxBy  on, (Y, Y) +0T(@(X,Y) = (X, Y)) +[0].

= Imax R(é(e;ue)a

QeB(Pn’uc)
where the first equality holds according to the definition of 6;;.. The above two inequalities imply
the equality:
L (n* _ Y ¥ * Y *
QGIIBl%P)l(rue) RQ(Btrue) - EP‘)T,Y mgXE mezfl“;e(Y’ Y) + atrue : (¢(Xa Y) - ¢(Xa Y)) + €||0true||*'
Therefore,
L * L *
QGHBl(aI‘P’}‘(f“e) RQ (Oemp) - QE%%P‘}‘(‘“E) RQ(glrue)
SEP‘B?Y max [E . Ocmp Z(Yv Y) + B:mp . (¢(X7 Y) - ¢(X7 Y)) + €||0:mp||*
' Q vixty x
— (Bpge, maxE o (YY) 465 (0(X.Y) = (X, Y)) +[0pcll.). (5
YO QP
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The main idea is thus to use uniform convergence bounds. Firstly, by substituting Q = P"™, note that

mﬁnm&XEQlep?‘xﬁ(Y, Y)+0T(p(X,Y) - ¢p(X,Y)) > mlnEP(me e E(f’, Y) >o0.

YIx

We can get an upper bound of the norm of any optimal solution 6. or 7, as follows:

lrueH* S

* . K
O + 6||9[rueH* S R]?"‘“e (otrue) < R]g"“e (0) S EIP';“:Y mIP}n m(S“XE@y‘xPy‘Xg(Y Y) < K = ”0 ?

Let(X,Y) :=07¢(X,Y) and ¥ := (¢(x,y))yecy. Define
f(6,P) :=E;

Px,v

mﬂgnmngQY‘xp?lxz(Y, Y)+0T(d(X,Y) - p(X,Y))
£ E]T”x,y m(S‘XEQy‘XP%‘Xg(Y’ Y) + 0T(¢(X7 Y) - ¢(Xv Y))
LB, , maxEq, o WY, Y)+(X,Y) —¢(X,Y)

Y|X
2 9(y,P).
Let g € A be the probability vector of lem and e,, be the standard basis vector with y-th entry
equal to 1. We have that for any (x, y),

9%, 0ay)) € Conv({gz —ey 1 g € A}Y) = [I5 -9, 0@y)ll1 < maxige —eyll <2,

0
My 8%
where d (4 4 is the Dirac point measure. g(-, IP’) is therefore 2-Lipschitz with respect to the ¢; norm.
As per the assumption, ||¢(-,-)|| < B. This further implies that

4K B K .
f(0176(w1,y1)) - f(02a6(w2,y2)) < ? V91,02»$1,$2,yl,y2 S.t. ||01||* S ? Vi = 172

We then follow the proof of Theorem 3 in Farnia and Tse [2016]. According to Theorem 26.12 in
Shalev-Shwartz and Ben-David [2014], by uniform convergence, for any p € (0, 2], with a probability
atleast 1 — £,

f(H* Ptrue) _ f(e* Pemp) 455 (1 + ln(4/p)> .

emp> emp> e/m 92

According to the definition of 6., the following inequality holds:
F(Ocmps P™P) + el|Ocp | = f(Ofrues PTP) — | Opre[ [« < 0.

Since 6;,. do not depend on samples, according to the Hoeffding’s inequality, with a probability
1—p/2,
f(atrue’ ]Pe ) f(etrue’ ]P)mle) 6\/>

Applying the union bound to the above three inequations, with a probability 1 — p, we have

* rue rue * 4K B 3 1n(4/p)
f(eemp’]P>t ) +5‘|aemp|| - f( true’]P)t ) EHHLrueH* < % (1 + 5 ) .

As stated by Inequation (5), we conclude with the following excess risk bound:

4KB 3 [In(4/p)
L p* *
max Rg(6;,,) — max RQ(BWC) < <1 + 5 5 .

QeB(Prwe) QEB(Prue) £ /m
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Corollary 3. When € = 0, ,4, is Fisher consistent with respect to £. Namely,

Orrue : y
P € arg Jnin Epg{ UY,Y),

Y|Xx . v Py x
VX

where 0.  is learned with .4, and P as in Theorem 2.

true
Proof. Our formulation differs from Nowak-Vila et al. [2020] in the fact that we allow probabilistic
prediction to be ground truth. By defining y* () as the gold standard probabilistic prediction and )
as the set of all possible probabilistic predictions in Proposition C.2 in Nowak-Vila et al. [2020], we
have

Pl ¢ Conv(arg min Bpue p (Y,Y)).

Y|z N Yz
Y |z

Therefore,

YY)

ottue ]
P~ ¢ arg min Epl;gelm’]py‘m

Y|z N
Y |x

Proposition 4. Let G be a multi-graph. Amary = Aarp.

Proof. We follow the proof of Friesen [2019] for simple graphs. Recall the definition of A,p:
Apar :={2":32 >0
> 2k =1(j #k)Vk,j € VA (6)
a€d=(j)
S Ak =>"ar ki e V) (7)

a€&}; €&

On one hand, given a legal r-arborescence with characteristic vector z", Eq. (6) and Eq. (7) hold by
the definition of arborescences. The equality also holds for a convex combination of the characteristic
vectors of r-arborescences.

On the other hand, given z € Apab. Consider Edmond’s definition of r-arborescence polytope based
on rank constraints:

D wa <[S| -1 VS CVwithS # 0 (8)
acs

Z Ta=1(j#r)VjeV ©)
a€d—(7)
x > 0.

We have Eq. (6) directly implies Eq. (9). According to Eq. (7),
Zzg = Zz?j VSCVAueV.

a€S a€S
Therefore,
Doar=> <> > 2=[S|-1 VSCVAuES,
a€S a€sS JES acd—(j)
which is exactly Eq. (8). O

Proposition 5. Let G be a multi-graph. Apaey = Adep-

Proof. Recall the definition of Amgep:
Amdep :={2" 1 2" € Amarp/\

> oa=1} (10)

ac€dt(r)
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Algorithm 1 Double Oracle Game Solver

Input: Lagrange multipliers 0; feature function ¢ (-, -); initial set of trees { Yinitia }
Output: A sparse Nash equilibrium (7', T,P,Q)
Initialize 7 < 7 < {Yinitia1 }
repeat
(P, ONash) < SolveZeroSumGame (¢, 67, 7. 7T)
(gBr, Usr)  FindBestResponse(/, 0T, P, T
if ﬁNash 71% UBR then
T« T U{ysr}
end if L
(Q, Onash) < SolveZeroSumGame (¢, 07, T, T)
(Y8R, U8r) < FindBestResponse (¢, 0T, Q, T)
if ’[}NaSh 7% vgRr then
T < T U{gsr}
end if
until Onagh = Upr = UNash = UBR

return (7', T,P,Q)

On one hand, given a legal dependency tree 2" € Aqep, it satisfies Eq. (6) and Eq. (7) by Proposition 4.
It also satisfies Eq. (10) by the definition of Agep.

On the other hand, given 2" € Amgep, firstly, 2" must be in A,y by Proposition 4, which implies that

we can write it as a convex combination of k r-arborescences vectors: 2" = att +agt? +- - -4yt
All of them are legal r-arborescences, $0 3, s+ () to = 1foralli € [k]. Now if 30 51, 15 > 1

. .. -
for some 7, we would have a contradiction, Zae 5+ (r) %a > 1.

B Algorithm Details

The pseudo-code of the constraint generation algorithm proposed in Section 3.2 is illustrated in
Algorithm 1.

C More on Experiments

We adopt three public datasets, the English Penn Treebank (PTB v3.0) [Marcus et al., 1993], the Penn
Chinese Treebank (CTB v5.1) [Xue et al., 2002], the Dutch Lassy Small Treebank and the Turkish
Treebank in Universal Dependencies (UD v2.3) [Nivre et al., 2016]. We follow conventions in Chen
and Manning [2014], Dyer et al. [2015] to prepare our data. We make standard train/validation/test
splits. We use Stanford Dependencies (SD v3.3.0) [De Marneffe and Manning, 2008] to convert
dependencies in PTB and CTB. The predicted POS tags with Stanford POS tagger [Toutanova et al.,
2003] are adopted for PTB whereas gold POS tags are adopted for CTB and UD. Punctuation is
excluded during evaluation®.

The pretrained models are trained with the suggested hyperparameters in SuPar. The pretrained
models achieve 97.25%, 91.91% and 94.78% UAS on PTB, CTB and UD Dutch respectively, where
RoBERTa [Liu et al., 2019], ELECTRA [Cui et al., 2020] and XLM-RoBERTa [Conneau et al., 2019]
are adopted as encoders. No BERT embeddings are adopted for the UD Turkish dataset.

For our ADMM algorithm, we adopt the adaptive scheme of varying penalty parameters (Tiper =
Taeer = 1.1, ¢ = 1) in Boyd et al. [2011] and the stopping criterion (e = 10~2) for consensus

ADMM in Xu et al. [2017]. In FW, the learning rate is set to t% The smoothness weight

and ambiguity radius A = 2¢ are tuned using a logarithmic scale on [10~7, 1]. The batch size for
the game-theoretic algorithm is 10. The batch size for Stochastic is 200. The error tolerance in
Game is set to 1072, In stochastic gradient training, we use Adam with Ir = 1072, 3; = 0.9,

SA token is a punctuation if its gold POS tag is space, semi-colon, comma or period for English and PU for
Chinese.
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Bo = 0.999, € = 10~8. In our experiments, for efficiency, we again adopt the FW algorithm for the
outer maximization in Marginal.

Complete main experimental results including all the metrics are shown in Table 2.

D Extension Details

For the dependency tree polytope, recall that the dual problem of projection onto U, := {x : « €
Ur N3 et (ry Ta =1} s

max ha(a, B) — Zaj — B st hye, ) =
acf Jj#r

where 7(; ;1) := a; +1(i = r)3. Following Zhang et al. [2010] similarly, we sort 2w(; ; ;) for each j

wi Ya > 2wa7
WqYa — '72/4 Ya < 2Wq,

and compute the optimal o} with B = 0. Let the sorted w’s be (wy )7 .. ,wSLj )) for each j. We blend
create a set {w;(cj) —aj} forall j and x. Let the sorted sequence be —00 = t; < tg < -+ < t,, = 0.
The derivative with respect to 3 is piecewise-linear in each interval [t, t;+1]. Since the objective is

concave in 3, we can iterate over all the intervals or find the optimal $* with binary search.

For higher-order tree local polytopes, the central problem is the projection onto

Z/{S::{meRg%I:zsgxa Ya € s}.

The only variables of interest are x, and s, given x, the optimal z,, is simply 2 = max(wg, Zs).
We can sort (w,, ws)qes and enumerate the range x5 takes over this set.

E Wong’s Arborescence Polytope

We introduce another extended formulation of the arborescence polytope based on a multi-commodity
flow representation [Wong, 1980, Martins, 2012, Friesen, 2019] as follows, which may be of indepen-
dent interest:

Y wa=1(#r) VeV (1n
a€d(j)

o= > ==k -1(G=r) VkeV\{r},jeV (12)
a€d—(5) acdt(j)

0<fk<z, Vac&keV\{r}. (13)

Thus we have the arborescence polytope:
Ane = {x € RI€! |3f : (x, f) satisfy equations (11) — (13)}.

According to Martins [2012], Friesen [2019], Ay = ALy instead of an outer polytope of Ajp.
We are interested in the following quadratic programming problem with linear inequality constraints:

. _ 2
min o — w3

m

We can reformulate the problem as

. 1 1
min g(z,u) := S|z — w|3 + ;llu — w3 + Ly (x) + Lu(u)
z,u 2 2

st. xT=u
Xi={x: Y a,=1(#1)VjeVAr,>0WacE}
a€d=(J)
Us={u:3f Y fi— D fi=1(i=k-1G=r) VEeV\{r},jeV
a€s—(j) aest(j)

0< fF<u, VEeVv\{r}acé&}.
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Table 2: Comparison of mean UAS, LAS, UCM and LCM under different training set sizes. Sta-
tistically significant differences compared to BiAF are marked with t (paired t-test, p < 0.05). We

highlight in bold the best results among the four methods.

Dataset #train  Metric BiAF Marginal Stochastic Game

UAS 93.48 +2.30 94.51 +£1.711  94.62 +1.601 94.51 + 1.757

10 LAS 92.02 +2.26 93.04 £1.691 93.14 +1.58} 93.04 + 1.731
UCM  47.17+10.28 5230 +8.71f 52.62+8.18} 52.50 + 8.601

LCM 39.73 £ 7.96 43.63 +6.711  43.97 +6.391  43.86 + 6.587

UAS 96.871+0.06 96.81 +0.051 96.81 + 0.05 96.86 + 0.05

50 LAS 95.344+0.06 95.28 +0.057 95.28 £+ 0.05 95.33 +0.05
0 UCM 67.65 + 0.81 67.38 + 0.62 67.18 £0.79 67.73 +0.64

PTB LCM 55.46 £0.59  54.93 &+ 0.567 54.79 + 0.591 55.17 £ 0.49

UAS  96.95 1+ 0.05 96.92 + 0.06 96.93 £+ 0.05 96.92 +0.03

100 LAS 95.4240.05 95.39 + 0.06 95.40 £ 0.04 95.39 +0.02

UCM  68.79 £+ 0.42 68.27 +0.72 68.36 + 0.41 68.29 +0.34

LCM 56.21 +0.14 55.68 + 0.56 55.67 £ 0.45 55.66 + 0.33

UAS 97.16 +0.02 97.12 +0.03 97.14 £ 0.02 97.08 + 0.031

1000 LAS 95.63 +0.03 95.59 + 0.02 95.60 £ 0.02 95.55 + 0.031
UCM  70.99 +0.23 70.59 £+ 0.49 70.61 +£0.32 69.94 + 0.34}

LCM 57.57+£0.09 57.18 +0.28} 57.24 + 0.28} 56.80 + 0.23}

UAS 88.45 + 0.67 89.19 +0.387  89.27 +0.331  89.22 + 0.397

10 LAS 84.79 + 0.62 85.50 +£0.351 85.58 +0.301 85.53 +0.367
UCM 35.21 + 1.67 36.83 +1.20 37.14 £0.941  36.95 + 1.237

LCM 25.86 + 0.87 26.82 + 0.62 26.95 + 0.591  26.95 + 0.63}
UAS 90.89 4+ 0.10 91.03 + 0.05¢ 91.03 £0.05f  91.06 £ 0.057
50 LAS 87.08 £ 0.10 87.20 £+ 0.057 87.20 £ 0.05  87.23 £ 0.06}
UCM 42.54 +0.24 42.92 + 0.24} 42.86 £+ 0.127 42.99 £+ 0.30

CTB LCM 29.70 £0.23 29.69 + 0.36 29.72 +£0.38 29.79 + 0.23

UAS 91.154+0.16 91.27 + 0.08 91.27 £ 0.10 91.22 +0.05

100 LAS 87.324+0.14 87.42 + 0.06 87.42 £+ 0.08 87.37 £ 0.05

UCM 43.414+0.35 43.91+0.277  43.86 £ 0.43f 43.81 £0.22

LCM 30.02 +£0.22 30.27 + 0.25 30.23 £0.28 30.26 +0.26

UAS 91.70 £ 0.04 91.67 +0.03 91.66 + 0.03 91.57 + 0.03}

1000 LAS 87.84 +0.04 87.80 +0.03 87.79 +£0.03 87.70 + 0.03}
UCM 45.80 £0.27 4543 +0.117 45.41 £ 0.12f 45.36 £ 0.27F

LCM 31.144+0.19 31.11+0.18 31.08 £0.17 31.20 +0.11

UAS 90.86 +1.23  92.41 £0.947  92.40 +0.91} 92.32 + 1.03}

10 LAS 86.54+1.26 88.10 £ 0.957 88.08 +0.91} 87.99 + 1.00}
UCM 64.11 £2.18 67.26 +2.167 67.21 +1.917 67.26 + 1.97}

LCM 48.33 +1.88 50.32+1.751  50.48 +1.45%  50.46 + 1.301
UAS 93.80 +0.43 94.22 + 0.26} 94.23 £ 0.181  94.34 £ 0.24}
50 LAS 89.36 +0.33 89.79 + 0.21% 89.79 £0.121  89.89 £ 0.18}
o UCM 70.57 + 1.52 72.42 £+ 0.901 72.05 £+ 0.99 72.60 +1.39
UD Dutch LCM 52.40 4+ 0.61 53.47 + 0.62} 53.40 + 0.59 53.58 +0.76
UAS 94.154+0.18 94.50 + 0.187 94.47 +£0.13 94.59 £+ 0.127
100 LAS 89.69 +0.18 90.04 + 0.157 90.01 +£0.12 90.12 + 0.10}
UCM 71.71+0.92 73.24 £+ 0.88} 73.01 +£0.99 73.63 £ 0.757
LCM 53.01 +£0.81 53.79 + 0.40 53.70 £ 0.55 54.13 4+ 0.447

UAS 94.98 +0.07 95.15+0.107  95.14 £ 0.11} 95.01 4+ 0.05

1000 LAS 90.44 £0.06  90.59 +0.08F  90.59 + 0.087} 90.44 4+ 0.06

UCM 74.73+£0.33  75.87 +0.631 75.64 +0.57} 75.41 £ 0.56

LCM 54.59+0.13 55.21 £0.17f  55.16 £ 0.21} 54.70 +0.22

UAS 17.64 + 2.45 24.85+2.351  25.06 £ 0.587 19.85 + 0.46

10 LAS 4.86 £2.74 5.33 +£2.97 5.40 4 2.85 5.02+£3.04
UCM 7.69 +1.72 9.03 +1.33 7.88 +£2.27 10.03 4 0.54

LCM 1.46 +1.03 1.50 £ 1.07 1.50 +1.07 1.74+1.38

UAS 26.59 +2.37  32.83 £1.507  31.35+ 1.10} 23.18 + 2.03}

50 LAS 10.14 + 0.57 10.73 £ 0.86 10.74 + 0.54 10.10 + 0.69

UCM 10.03 +1.31 10.63 £ 0.50 10.81 + 0.50 10.34 + 0.36

UD Turkish LCM 3.24 £0.31 3.26 £0.24 3.38+0.27 3.43 +0.27
UAS 30.75+1.13  33.75 £ 0.867  33.62 £ 1.49} 27.12 + 1.25¢

100 LAS 10.84 + 0.80 11.48 +£0.75 11.69 £ 0.671 10.48 +0.707

UCM 11.61 £1.22 11.30 £ 0.29 11.34 £0.26 11.08 £ 0.44

LCM 3.53 £0.60 3.61 +£0.31 3.57+£0.23 3.55£0.23

UAS 42.82 +1.82 43.18 £1.73 41.20 £ 2.177 36.30 + 2.791

1000 LAS 18.44+1.00 18.24 + 1.62 18.13 +£1.13 16.38 £ 1.207
UCM  15.86 £ 0.40 15.18 £ 0.81 13.78 £ 0.3071 13.52 £+ 0.437

LCM 4.49 +0.47 4.37 +0.46 4.31 £ 0.41% 4.29 + 0.38%
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The scaled augmented Lagrangian function is
Ly(@,u.y) = gl@,u) + X(@ — ) + e - ul}
P 1 1
=g(@u)+ e —ut ;XH% - %IIA’H%
_ p 2 P 2
= gl@,u)+ Dl — w+ A3 - A3,

1
where A==\,
P

The ADMM algorithm updates the parameters as follows:

' = argmin L, (z, u’, A"
x
1 2 P t )2
= argmin L & — wl3 + Le(@) + 2w — ' + X3
1 ¢
— : - _ At 2
arg miy [l p+1(w+pu P2
1
A b ¢ ¢
= Proj y (——=(w + pu” — pA
i (D7 (W pu = pAT)
u't! = argmin L, (z""!, u, AY)
u

1
— argmin§||u—w||§ + Ir(u) + g”thrl w2
u
i 1 t+1 PN
= - A
argmin [u — —=7 (w + pz* + pX)|I,

. 1
£ PrOJu(ﬁ(w + px!Tt 4+ pAY))

At+1 = )\t + (xt-‘rl _ Ut+1).
Projection onto &’ is decomposable over each 7 € V. And for each 7, the optimal value of the group

can be computed in O(n) in almost closed form via Section 5.5.1 in Zhang et al. [2010] or other
simplex projection algorithms in O(nlogn).

Projection onto ¢/ is a minimum quadratic capacity expansion cost problem for fixed multi-commodity
flows:

. a2
min||u — wll3.
A partially relaxed problem is
. 2 k(rk
maxminjju — w5 + o Jfo — Uq
ocminlu — w]3 + Y0 4572 - )

a,k
st Y fE= > fE=1G=k) -1 =r) VEeV\{r},jeV

a€d=(j) a€dt(j)

fr>0,8>0 VkeVv\{r}acé.
Given 3, the sub-problem for w is

minz uz — U Wy — Zﬁfua,
a k

with an analytical solution

1
u* = w+ 5,8’“.
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Given 3, the sub-problem for f is

: k rk
m;n%ﬁafa
st > fF = T =1 =k) -1 =r)VkeV\{r}jeV
a€s—(j) a€8+(j)

fF>0 VEev\{r}ackt,
which is a minimum-cost multi-commodity flow problem.
With u* and f*, we can optimize 3 with sub-gradient ascent.

Alternatively, another partially relaxed problem is

maxminfu —wl§ + > f3 (i) = Biiw) + DA — B
' k

a,k
st. 0< fF<ug, >0 VkeV\{r},acé&,
where h(a) and t(a) are the head and tail of arc a respectively.

Given (3, the inner minimization problem is decomposed over a:
<2 k( gk k
ril’l}l Ug — 2uqwq + ; fa (Bh(a) - Bt(a))

st. 0< fF<u, VYkeV\{r},
which is a convex continuous knapsack problem for each a.

The above optimization requires sub-gradient methods, which are usually slower than FW (O(E%)).
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