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A Efficient Implementation

In this section, we show how to make Algorithm 1 computationally tractable with negligible effects
in the final regret bound. Indeed, Algorithm 1 is based on a confidence set C;(d) (Equation 7)
that requires evaluating the norm of a difference of operators g;, which is clearly computationally
infeasible. In the following, we discuss how to make both steps of the algorithm computationally
tractable. The resulting algorithm, Eff -GKB-UCB, is provided in Algorithm 2.

Input: Decision set X, confidence level §, confidence sets Dy ()
for ¢ € [T] do

/* Step 1: Efficient Maximum Likelihood Estimate */
a; = argmin Ly ({a, ke (7)) (Equation 3)

acRt—1
/* Step 2: Efficient Optimistic Decision Selection */
x; € argmax max (o, k¢(X))

xcXx oa€eRt-1

st Li({o, ke(4))) < Li({@s, ke(+))) + De(6;H)  (Equation 23)
Play x; and observe y;

end

Algorithm 2: Ef f-GKB-UCB.

Efficient Maximum Likelihood Estimation. Since function m is convex, loss function £:(f)
is convex in f = (o, ¢) € H and, consequently, also in the parameter vector o € RY. However,
optimizing over either f or « is infeasible, being both infinite-dimensional. Nevertheless, thanks
to the generalized representer theorem [27, Theorem 1], we can restrict the optimization to the
functions of the form f(-) = 22;11 ask(-,xs) = (o, ki(+)), where o = (cus);—e[[t_lH and k¢(-) =
(k(-,%s)) [t—17- This allows limiting the problem to the minimization of a convex function on a
vector of ¢ — 1 real variables a € R' ™1,

Efficient Optimistic Decision Selection. To make the choice of the optimistic function, we propose
a different (looser) confidence set based on the evaluation of the loss function only [2], defined for
every round ¢ € [T and confidence § € (0,1):°

Dy(6) = {f €M Lo(f) — Lo(fi) S D8 H) = (1 + 2RSBK)Bt(5;H)}a (22)

We prove in Lemma B.2 that the choice of the confidence radius ensures the inclusion property
between the confidence sets C; () C Dy (). Having fixed a decision X € X,'° the optimistic decision
selection can be formulated, thanks to the generalized represented theorem [27] as the following
constrained convex program:'!

min —{a, ki (X
i (e k(®) .
subjectto  L:({o, ke ())) < Le((@r, ke(1))) + (1 + 2R, BK) B(6;H),

where & are the parameters of the ML function computed in the previous step. Thus, the program
has a linear objective function and a convex constraint, being £;({c, k¢(-))) convex in a.

Computing B (5; H) can be not straightforward for specific choices of kernel & and inverse link function
. In such a case, we can upper bound it using Lemma 5.1 by replacing sup ;5 log det(AVi(X; f))
with max{1, R.g(7)" "'} logdet(A\"'V;(\)). This has the effect of replacing the terms F7(#) with
max{1, R;g(7) " }y7 in the final regret bound.

0As customary in this literature [29, 5], we do not address the issue of optimizing over the decision space
efficiently. This can be surely done efficiently when X’ is finite. When X is continuous, we can resort to a
discretization based on the regularity properties of the kernel function, with a controllable effect on the final
regret performances [21].

"Even if the represented theorem is formulated for unconstrained minimization, it admits costs functions that
take +o0 as value [27]. Thus, we can convert a constrained minimization into an unconstrained one by bringing
the constraint into the objective function and making it take value +o0o when the constraint is violated.
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We now show that the choice of the new confidence set D, () does not degrade the dependence on
the relevant quantities compared to using C;(9).

Theorem A.1 (Regret Bound of Eff-GKB-UCB). Under Assumptions 3.1, 3.2, 3.3, and 3.4, GKB-UCB

with confidence radius (1 + 2RsBK)B.(§; H) and X > 0, for every 6 € (0, 1), with probability at
least 1 — 0, suffers regret bounded as: R(Eff-GKB-UCB,T') = Rperm(T') + Rirans(T'), where:

Ry (1) s (a(), A~ R K22+ 2R, BK) 326 ) (VB 1) +2) 3r ()

*

Ripans(T) <8R, (1+ Ry kx) max {g(1), \" 'R K*} (24+2R,BK)*Br (6; H) (\/BT(& H) +2) Q%(f*).

The bounds of Theorem 7.2 and Theorem A.1 exhibit the same order dependence on the relevant
quantities, but Theorem A.1 has a larger constant, approximately 3 times larger than Theorem 7.2 for
Rperm(T') and 9 times larger for Rians(T').

B Proofs

B.1 Proofs of Section 5

Lemma 5.1. Let H be a RKHS induced by kernel k. Lett € N and let Xy, ..., x; € X be a sequence
of decisions. It holds that 'y (H) < max{1, R,g(7) ' }I'¢.

Proof. A direct application of Lemma C.5. O

B.2 Proofs of Section 6

Lemma B.1 (Freedman’s Inequality). Let (z;);>1 be a real-valued martingale difference sequence
adapted to the filtration F; such that z; < R a.s. for all t > 1. Then, for every A € (0,3/R) it holds
that with probability at least 1 — §:

: A : 9 log 61
VE>1: ;z < CESYIE) ;E[zs [Foal + —=— (24)
This implies that for every v > 0, with probability at least 1 — §:
) i — , Rlog 51 i 9 9
Vi>1: ;zs <wvy/2logd—t + —s o ;E[zsu:s,l] > Ve (25)
Proof. Refer to Theorem 13.6 of [35]. O]

Theorem 6.1 (A data-driven Freedman’s inequality). Let (z:);>1 be a real-valued martingale
difference sequence adapted to the filtration Fy such that z; < R a.s. for all t > 1. Let (vy)>1 be a
process predictable by the filtration F; such that for every t > 1, we have that ZZ:I E[22| Fs—1] < vy
a.s.. Then, for every n > 1 and vy > 0, with probability at least 1 — 6, it holds that:

i 20412 R, m2(l+1)?
VE>1: ZZS < \/Qmax{vo,nvt} 1Og77(67_c|5—) + glog 7T(67j;), (15)
s=1

where [ = max {0, ﬂog,7 (ve/vo)] }-

Proof. The proof makes use of classical Freedman’s inequality [11] combined with a stitching
argument [13]. We start from the version of Freedman’s inequality of Lemma B.1 taken from [35]:

3

s=1 =

: Rlogs~!
Pr <3t >1: Zzs > vy/2logd—! + L, ZJE[Z?\]:S,l] < u2> < 4. (26)
s=1

13



a9 Since vy > ' _ E[22|F,_1] as. forevery t > 1, it immediately follows that:

t

1 —1

Pr<3t21:225>y 210g5_1+%, UtSl/2> <4 (27)
s=1

490 We now proceed by performing a stitching argument with a geometric grid over the values of v > 0
s91  defined as {nvy : ¢ € N} for any choice of 7 > 1 and vy > 0. Thus, we have:

¢ 2 2 2 2
m2 ({41 R ™+ 1
Pr <3€€N, IH>1: ;zs > \/277%010g(65) +§log%, vt §nev0> (28)

: 2(0+1)2 R 200+ 1)2
< ZPr (315 >1: Zzs > \/277%010g7r(6—g) + glogw(6+), v < 0o
LeN s=1

(29)
60
<2 mprae <P ¢

LeN

492 where line (29) follows from a union bound, line (30) is an application of Equation (27) with v = nevo

. 2 R ~
493 and by observing that ), ﬁ = % . Let us now consider the smallest value of £ € N such that

404 vy < nzvo:
7= min{EGN DUy gnevo}max{o, [log77 vt—‘} (3D
Vo

495 For this value of éA, we have:

v v

7721;0 < nmax{o’[log" %] }1;0 < T)max{o’log" ﬁ"'l}vo < max {vg, nvs } - (32)

496 Finally, we prove the inequality:

207 2 207 2
w20+ 1) JrElogW (¢+1)

60 3 66 (33)

t
Pr3t>1: Zzs > \/Qmax{vo,nvt}log
s=1

20412 R, w*(l+1)?

t
< Pr 3t21:223> 2n2volog7r o Jr§10g7r © 7Ut§7]€’00 (34)
s=1

t 2 2 2 2
(I +1 R T +1
< Pr (EMGN, d>1: ZZS> \/277%010%(65)+310g(65),vt<77%0>

s=1

(35)
<9,

497 where line (34) follows from Equation (32) and line (35) from line (30). L]

498 Theorem 6.2 (Bernstein-Like Dimension-Free Self-Normalized Concentration). Let (xt)t21 be a
a90 discrete-time stochastic process predictable by the filtration F; and let (€;)1>1 be a real-valued
500 stochastic process adapted to the F; such that Ele;|F;_1] = 0, Var|e,|F;—1] = 07 = 02(xy), and
501 |es| < Ras. foreveryt > 1. Let ¢ : X — RN be the feature mapping induced by kernel k such that
502 ||o(x)]|2 < K foreveryx € X. Let:

t—1 t—1
Sii= Y ed(xs),  Vi(d) =) 07d(xs)(xs) " + AL (16)
s=1 s=1
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503 Then, for every 6 € (0,1) and t > 1, with probability at least 1 — 6 it holds that:

o m(p+1)? 3RK  w*(p+1)?
||St||‘7tfl(>\) < (\/7310gdet(/\ 1Vt)+\/§> log % + 7 log 55 (17)

504 where p = max {O, [log (M log (1 + Kz’)\Rz))—‘ }

505 Proof. The proof follows similar steps as [6, 36], using Theorem 6.1 as base inequality. For the

so6  sake of this derivation, we will suppress the dependence on A, simply writing Vt(/\) V;.12 Let us
507 introduce the notation Z; := [|Sy||—1, wy = ||p(x¢)|5-1, and Wy = o]|d(x¢)||57-1. We denote
t t t

s08  With i = sup,¢ y ||¢(x)]|2. From the matrix inversion lemma [33], we have:

‘Ziﬁb(xt 1) (X 1)T‘7;57110’371

e T B o7 o
Vol ‘Ziﬁ¢(xt—1f<§>;%—_11)T‘4_ﬁ0?1. (37)
s09 Let us decompose Z;:
Z? = ||StHV_1 =5V, 18, (38)
= (Si-1 + er—10(x¢-1)) TV (Sem1 + r—16(x¢-1)) (39)

= St—l‘z_lst—l + 2€t—1¢(xt—1)—r‘2_15t—1 + 6?_1¢(Xt—1)—r‘2_1¢(xt—1) (40)
< St71‘7;:115t71 + 2€t—1¢(Xt71)T‘~/flSt71 + Eff1¢(xt71)—r‘~/fl¢(xt—1)» (41)

(A) (B)

510 having exploited the fact that Vi = V1. We analyze terms (A) and (B) separately.

511 Analysis of Term (A). From the matrix inversion lemma, we have:

2e10(x—1) "V, 1St = 264 (qs(xt_l)ﬁz—llst_l (42)

o) TV o0k 1)o(xi 1>Tﬁ;_istla?1> @)

1—|—wt 1
2

~ w ~_
=2e <¢(Xt—1)TVt_115t—1 - 1t~;¢(xt—1)TVt_115t—1> (44)
+wi_y
d(x¢— 1>T‘7;7115t71
= 2€;— =: {4. 45
€1—1 T+ a2, ¢ 45)
512 Consider now the event & = 1{0 < s < t : Z; < (3}, being 3; a non-negative non-

513 decreasing predictable process, whose expression will be defined later. Furthermore, let us define

514 ﬁt = min {Bt, (F\%RK } which is non-decreasing as well. Under event &£;, we know that 7, < Et

515 thanks to Lemma C.7. Under &;, we bound the maximum value and the variance of ;. Let us start
516 with the maximum value:

p(xe—1)" Vt 1S
%€, & (46)
t—1 T,

6E < |4&| <

2With little abuse, we will ignore the fact that ¢ is an infinite-dimensional feature mapping to avoid excessive
technicalities. We refer the interested reader to [32] that shows that all passages we do are indeed legal when ¢
is the feature mapping induced by an RKHS.
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517

518
519
520

521
522

523
524

525
526

527

529

2R

< ?Hfb( =) lg-2 [1Se-1lly—1 & 47)
2R||p(x¢—1)lIa-118t-1

<= i, )
2RK

<= 49

= \/X ﬂh ( )

where line (47) follows from the application of Cauchy-Schwarz inequality and recalling that |e;—1| <

R a.s., line (48) is obtained by observing that ‘N/t,l > Al and by exploiting event &, and line (49)
comes from the bound on ||¢(x¢—1)|| < K and the monotonicity of 3;. Let us move to the variance,
recalling that ¢; is zero mean, i.e., E[{|F;—1] = 0:

~ 2
x; 1) VLS,
E[2|Fi1] =E <2q_1¢( tlliwt; 11 ey AV (50)
40?_1||¢(Xt—1)|\2~71 [Se-11%

< tLe 51
< (0t a2 1) t (51)

2wy 2
Bttt 2
< <1+1~Et21> Bi_1 (52)
< min{1, 2@, }*B7_,, (53)

where line (51) follows from Cauchy- Schwarz inequality and recalling that Ele;—1|Fi—1] = 074,

line (53) follows from the inequality 1 we obtain:
t t _
S E[2|Fa] < min{l,2w,1}?67 (54)
s=1 s=1
" t
<467 min{l, @, 1}?, (55)

s=1

where we bounded Bt,l < Et and min{1,2w,_;}?> < 4min{1, ws_1}?. From a standard elliptical
potential lemma (Lemma C.6 with M = 1), we obtain:

det(V)
et(Vo)

where 170 = M. By Theorem 6.1, setting = e, vo = 1, vy = 832 log det(/\’l‘N/t), we have that
with probability at least 1 — §:

me{1 We_1}? <210 = 2log det(A~'V), (56)

m2(p+1)2 2RK 2 (p+1)*
1

o taaltle e

(57)

t
Vt>1: ZES < \/2max{1,86ﬁt2 logdet()\*l‘N/t)}log
s=1

with p = max {0, [log (8% log det(/\’lf/t))—‘ } having bounded 3; < f, in the inequal-

ity and Et < % in the expression of p.

Analysis of Term (B). We proceed again by using the matrix inversion lemma:

& 10(xe1) V  o(xem1) = €74 <¢(Xt—1)T‘7t_l1¢(Xt—1) (58)

16



(xi-1) T Vio(a1)p(xe 1) TViZ g(xi1)o
- (59
1+wf 1
e loGei-1)IZ
_ _ ,—1' 60
. (60)
Let us define:
6%71||¢(Xt—1)||‘27;11 6%71“¢(Xt—1)”37t—11
Et = 1 —5 — — E — |]:t71
+wi_y 1+wt 1
530 Let us start bounding the maximum value:
2 2
& ot} page
¢ < < ; (61)
1+ w2 A
st where we bounded [|¢(x;—1)[% - < [¢(xe-1)[3-1; < K2
ss2  Concerning the variance, we have:
allote DI
Varll;| F;—1] =V — L\ F 62
ar[t\ t 1] ar 1+wt2_1 t—1 (62)
2 2 2
6t71||¢)(xtfl)||‘7—1
<E ) F (63)
1+wt 1
2 2
R2K2 Et—1||¢(xt—1)||‘7—1
< E L\ Fl 64
= T e, | Fi1 (64)
e
DY 1 = 65
+wt 1
R2K2 ~2
— L (66)
A l1+w?
2 12
< min{1, @;_1}?, (67)

533 where line (64) derives from applying Equation (61), line (67) follows from the inequality H% <
53 min{1,2}. Summing and applying the elliptic potential lemma (Lemma C.6 with M = 1), we have:

ZVar [0s]| Fs—1]

s=1

2

K2 ~
log det(A™1V}). (68)

s35  Furthermore, following the same steps from Equation (64), we obtain:

t o [ealloxe-n)lE N
> E[|Fea] =) E Vi |Fio1| < 2logdet(\"1V}). (69)
pat 1+w?

s=1

536 We now apply Theorem 6.1, settingn =e, vg = 1, vy = QRiKZ log det()\_lfft), we have that with
537 probability at least 1 — :

t
VE>1: Z T =L < 2logdet(A V) (70)
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538

539

540

541

542
543

544
545
546

60 3A 66
(71)

2R2K2 . 2(% 1)2 R2K2 2(% 12
+\/2max ¢ logdet(/\—th)}logW (p+1) + logﬂ (p+1)

with p = max {O, {log (ﬁ log det()\*lfft))—‘ }

Putting All Together. We observe that p > p, and that log det()\_lfft) < (t—1)log (1 + %)

from Lemma C.7, we define p := max {O, [1og (w log (1 + @))-‘ } Putting to-
gether the two bounds, we have to find /3; in order to satisfy the following condition:

m2(p+1)2 2RK 2 (p+1)?
log “\P T 1)
65 3V felog =55

~ 2 2 . 2 2
+2log det(\™'V;) + \/2max {1, 2eR)\Klogdet(>\1Vt)} log % (73)

(A) + (B) g\/Q max {1, 8ef3? log det(/\—lIN/t)} log (72)

R2K2 7T2(,0+ 1)2
1
T T 6

We proceed by bounding the maxima in the left-hand-side as max{a,b} < a + b for a,b > 0 and
using the subadditivity of the square root to get a stricter condition:

2 2 N 2 2 2 2
\/2 log TP L \/16e5,? log det(\-17;) log T D* | 2RK o T D" 55

< B (74)

60 60 3V 60
~ 2 2 22 - 2 2
+2log det(A\"1V;) + \/2 log = ('06; D \/46RAK log det(A\~1V;) log % (76)
2172 2 2
LR et < B2 77

3\ 66

This is a second-degree inequality in the variable ; and, thus, we have to find the minimum value
of f3; fulfilling such an inequality. Using the polynomial inequality of Proposition 7 of [2] (i.e.,
22 <br+c=0 = x <b+/cwhenb,c>0), we have:

~ 72(p+1)2 2RK . 7w%(p+1)2
< 1/16el -1y)1 1
B < \/ 6elog det(A~1V;) log 3 + 3 og %

2 1)2 _
+ (2\ /2log 71'(067;) + 2log det(A™1V}) (79)

(78)

Nl

deR?K? . 2p+1)? | RPK? m(p+1)°
+\/e/\ log det(A~1V;) log = (p65 - 3 log = (p65 ) ) 50
< <(\/ 16¢e + ﬁ)\/logdet()\*lfft) + \/2\/5) log w (81)
2 1\ RK._ m%(p+1)?
2702 ~ 2 2\ %
+ (A ogaen(n 1 1og =LA ) >
< <<\/16e ) \/logdet A1) + \/2\[) w (84
2 1 RK . 7 (p+1)?
+<3+ 3 )ﬁl 85 (85)
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547

548
549

550

551

553
554

555
556

557

558

559

560

561

562

563
564

where line (82) follows from the subadditivity of the square root and recalling that log M >1
fort > 1, to get line (85), we apply Young’s inequality for products as ab < a?/2 +b%/2 for a b>0

to get:
RK m2(p+1)%2 1 ~
——/log ———— 4+ =1/ -1V,).
< \/E\A og % + 5 ogdet(A\~1V})

4 2K2 . 2 1 2
(eR log det(A\~17}) log 7T(p+)>
(86)

NG

A 66

To obtain more manageable constant, we write:

= m2(p+1)2 3RK_  7(p+1)2
< -1 .
B, < (\/73logdet()\ Vi) + \/5) log — "=+ 7 log —* (87)

A simple inductive argument allows to conclude that, with probability at least 1 — 24:

~ m2(p+1)2  3RK 7r2(p + 1)2
2 -1 (p .
Z; (\/73 logdet(A=1V;) + \/§> log % + Y log 3 (88)

Notice that, as requested, 5; is a non-decreasing sequence of ¢, since p is non-decreasing with ¢
and det (A 1‘/,5) is non-decreasing as well. Indeed, since Vt Vt 1+ o 16(x41)p(x¢-1) T, we
have that thanks to Wey!’s inequality for eigenvalues \; (Vt) >\ (Vt 1) for all i € N, being A; the

i-th eigenvalue [30]. It follows that det(A~'V;) > det(A~'V,_;). Rescaling § < &/2, we get the
result. =

B.3 Proofs of Section 7
Lemma 7.1 (Good Event). Lett € N, f € H, and § € (0,1), define the confidence radius as:

By(8; f) = fB+ (\/73logdet()\ W\ f)) )\/ﬁJrg?gf\%bgW?(pS;rl){

ﬂ} Let & = {Vt > 1 : f* € C,(6)}
1—0.

where p = max {O {log (M log (1 + K R2

Under Assumptions 3.1, 3.2, and 3.3, it holds that Pr (&s)

g:(f*) — gt(ﬁ)
t € N and let us define ¢, '= —y; + p(f*(x¢)). We have:

ge(f*) = gt<ﬁ> (89)
—Zg T (x4))0(xs) + Ao —Zg “L(Fo(xs))b(xs) — A (90)

Proof. First of all, we observe that &5 = {Vt >1:

N f) By (6; f)} Let

= Zg —ys + n(f* (%)) B(%5)) + A 1)
Z 0(r) 7 (—ys + 1 Fi (%)) B (x0) + At 92)
VLt(ﬁ):O
t—1
=—g(1) 7" ) ed(x.) + Ao, (93)
s=1

having exploited the first-order optimality condition for the loss evaluated in the maximum-likelihood
estimate, i.e., V.L.(f:) = 0 and the definition of €, = y, — pu(f*(xs)). Now, by computing the norm,
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565 we have:

Joetsy =0y oy < Zesqs x,) S O TR CYS
Vo )
se6 We can immediately bound the second term under Assumption 3.1:
o™ [[5-1 (xpe) = (@) TVTH O f9)a” < A7 M| |P < AT1B?, (95)

567 since 17,5_1 (A; f*) = AI. For the first term, we resort to the self-normalized concentration inequality
ses  of Theorem 6.2, recalling that the variance of the noise is Var[es|Fs_1] = f(f*(xs))g(r) . O

s69 Theorem 7.2 (Regret Bound of GKB-UCB). Under Assumptions 3.1, 3.2, 3.3, and 3.4, GKB-UCB
570 with the confidence radius By (0; f) as defined in Lemma 7.1 and \ > 0, for every ¢ € (0, 1), with
571 probability at least 1 — 6, suffers regret bounded as R(GKB-UCB,T') = Rperm (1) + Rians(T), where:

Rperm(T) < 8(1 + 2R5BK)BT(57 H)\/ma“x {g(T)a AilR;’LKQ} :Y'T(f*)\/fy (19)
Ruans(T) < 32R,(1 + Rpkx)(1 + 2RBK)*Br(6; 1) max {g(7), A" 'R, K>} 7(f*).  (20)

572 Proof. We start by performing a second-order Taylor’s expansion of the regret:

D () = p(f*(xe))) = > (x0)) (FF(x7) = £7(x4)) (96)

=:R1(T)

T 1
+ Z (/_ (1= 0)fi((1 = v) f*(x¢) +vf*(x*))dv) (f5(x*) = f*(x))?. 97)

t=1

=:Ro(T)

573 We know that f, € C;(8) and if the good event &5 holds, we also have f* € C,(8). Using the optimism,
574 we know that fi(x;) > f*(x*). We start by analyzing R, (T), recalling that j1(f*(x;)) > 0:

M=

Ry(T) (f () (FF (7)) = 7 (x4)) (98)

~
Il
—

Il
N

A o)) (£767) = £ xo) £ o)) ©9)

ﬁ
Il
—

fu(F* (%)) (fe(xe) — f*(xe)) (100)

M=

“
Il
—

i(f" (%)) (e — a7, d(x4)) (101)

Il
M=

~
Il
—

<

™=

L(f*(x¢)) HOét « ”V,()\ ) ||¢(Xt)HV T(apf*) (102)
(a) (b)

~
Il
—

575 where we decompose the functions as inner products and the Cauchy-Schwarz’s inequality. For term
576 (a), we apply Lemma C.4 with f < f,, ' < f*, f « f; and exploit the good event:

oy — HVt(Af o < < (14 2R:BK) (103)

(Hgt IRYIA] 1(”*)) (104)

oy o) =@
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1+ 2R,BK)(By(5; fo) + Bi(5; 1)) (105)

<(
< 2(1 4 2R,BK)Br(5; H), (106)

577 having observed that A7 (8; 1) > B:(8; 1) > max{B(8; f;), B¢(6; f*)}. For term (b), we apply
s78 Cauchy-Schwarz’s inequality:

Zu (XD )51 (o9 (107)

s\/g(ﬂJZu(f* \JZS FrolleGoly sy oy (108)
t=1

579 Recalling that g(7) ! (f* (xt))||<;5(xt)||2 - = ||p(xe; f )||2 To1(agey W Can apply an elliptic

(A5 f*)
ss0  potential lemma (Lemma C.6 with M = max {1, A\"*g(7) 'R, K?}), where A"'g(7) 'R, K? is
ss1 a bound to the maximum value ||¢(x;; f )||2 1 (pge) SAN take as:

16Gee S 31 (xiey = 80T AU GDISOIT 1y, oy < 00T T RGEPATY - (109)

sz as V, '(\; f*) = AL Thus, we have:

Z||¢ X3 /) F1 ey < 2max {1LA7 a(7) T RLK Hlogdet A TV(f7)  (110)
< 4max {1\ "g(r) "R K} 0 (f). (111)

583 The remaining term can be treated as follows, by means of a Taylor expansion:

S Al ) = 3 Z ( / (1= v)f* (") +vf*<xt>>) (F*(xe) — £ (x))

(112)
< TR(f () + R, Z ([ =06+ o)) (576) = £ 050)
(113)
T

+RS > (u p(f*(x2))) (114)

T
= ) + RsR(GKB-UCB, T) (115)

T

= — + R R(GKB-UCB,T). (116)

Kx

s« where we exploited f*(x*) > f*(x;), the self-concordance property (Assumption 3.4) and mean-
585 value theorem. Putting all together, we get:

Ru(T) < 4v/a(1)(1 + 2R, BK) B (6; ’H)\/Z + R, R(GKB-UCB, T) (117)
- fmax {1, A-1g(r) "1 R K2} () (118)

586 Let us move to the second term, using optimism and proceeding with the same rationale as before:

) < RuR Z I (x¢))? (119)
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T
Z fe(xe) = 17 (x0))? (120)

< Rﬂz 6 — I3, (xpy 1O KOG 1 5. (121)
T
< 4R;R,(1+ 2R, BK)*Br(5; H)* ; [CICT AP (122)
T
< 49(7) Ri Rtz (1 + 2R, BE)?Br(5:H)? ) a(r) il £* (e o (x5 .-
t=1
(123)
T ~
< 49(T) Ry Rakix (1+ 2R BE)?Br(8;H)* Y _ Nl0(xe: [ 1150 (124)
t=1
< 16g(7)RpRskx (1 + 2R, BK)?Br(8;H)? max {1, A" 'g(7) "R, K>} Ao (f*), (125)
s87 having, in addition, exploited the fact that £y > f1(f*(x;))~'. Putting all together, we have:
R(GKB-UCB,T) = Ri(T) + Ry(T) (126)
<4\/g(T)(1 4+ 2RSBK)5T(5;H)\/maX{1, A Lg(T) TR, K2} A (f*) (127)
T
- <,/H + \/RSR(GKB—UCB,T)> + Ry(T). (128)

ss8  Using the polynomial inequality of Proposition 7 of [2] (i.e., 2> < bz +c=0 = x < b+ /c
589 when b, ¢ > 0), we have:

/R(GKB-UCB, T) < 4/g(7)(1 + 2RSBK)BT(5;H)\/maX{1, A~1g(7) " R, K2} 30 (f*)V/Rs
(129)

—|—\/4\/g(7')(1 + 2RSBK)BT(5;”H)\/maX{1, A—lg(T)—lRﬂKQ}iT(f*)\/Z—&— Ro(T).

(130)

590 Squaring both sides and bounding the square as (a + b)? < 2a? + 2b%, we obtain:
R(GKB-UCB, T) (131)

<2 (VAL + 2R BB (65 s (LA 0(0) TRk ) e VL) 32
+2 (4\/g<r><1 2R BI)31(5:H) e (1A Ta(7) R () [+ Rz(T)>

(133)
— T
< 8v/a(T) (1 + 2R, BK)Sr(5; 1) /ma {1, A~ a(r) RuK2} (7)) — (134)
+32R, (1 + Rukx)g(7)(1 + 2R, BK)?Br(8;H)? max {1, A\~ 'g(r) 'Ry K} 3o (f)
(135)
so1  We get the result by defining Rperm (") and Rians(T) as in the statement. O
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B.4 Proofs of Appendix A

Lemma B.2 (Confidence Set). Lett € N, f € H, and § € (0,1). Then, it holds that C;(§) C Dy(9).
Furthermore, under the good event Es, for every f = (o, @) € D1(0), we have:

lo = g, ey < 24+ 2R, BE)VB(H) (VB H) +V2) (136)

Proof. Following the same derivation of Lemma 2 of [2], based on Taylor’s expansion and using the
definitions of G; and G, in Appendix C. We have:

Lo(f) — Lo(fo) (137)
1 ~ o~ o~
(0T VL) +a— )T ( JAEO A ft>>dv) (a— @)
T =0
(138)
= [l = @llg, 7.1 (139)
< o=@, g.p (140)
e 2

= [ a0 . s, (141)
< (14 2RBK) ||lg:(f) — g:(f2) T (142)

where we used Equation (162) and (167). Thus, let f € Ci(6), we have that
loe(5) = au(F)|| ., < Bu(6:f) < Bi(5:H) and. consequendly. f € D, (0).

Vitoah) T
For the second part, suppose the good event £ holds and consider f € D;(¢), we have via Taylor’s
expansion:

Li(f) = Le(f7) (143)
1 ~
— o= @)L + o= a) ([ a0l bolr = ) (o - o)
v=0
(144)
= (a—a") ' VL(f*) + a—a"|E, ., (145)
> (@ —a")TVL(f*) + (2 +2RBK) o — a*||?~/t()\;f*), (146)
where we used Equation (168). Thus, we have:
la—a™ (I3, 1o, (147)
< (24 2RsBEK)(Li(f) — Li(f*)) + (2 + 2R,BK)(a — o) " VL () (148)
< (24 2R.BE)(Li(f) = Li(f2)) + (2 + 2R BK) (L (f7) = Luo( 1)) (149)
+ (24 2R BE)|la = & [[g, 05y IVLe(F ) 51 (a0 ) (150)
< 2(2+4 2R,BK)(1 4 2R, BK)By(5; H) + (2 + 2R, BK) | — a" |5, (5, py Bi (6 7).

(151)

where we used the fact that £,(f) > L;(f:) A Le(f*) > Lo(f2), that f* € Co(6) C Dy(5) under the
good event and f € Dy(6), and that:

HVEt(f*)”\Z_l()\;f*) = llg:(f*) — gt(ﬁ)H\Z_l()\;f*) < Byi(05 7). (152)
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609
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612
613

614

615

616
617
618

619
620

621

622
623

holding under the good event. By the choice of confidence radius and bounding B (J; f*) <
Bi(8;H) < Bi(; H), we have the second-degree inequality:

< 2(2+4 2R,BK)(1 + 2R,BK)B,(5; ) (153)
+ (24 2R BEK)|lor = 0 [[g, (5. Bt (0; H). (154)

* (|12
||C¥ - ||‘7t(/\;f*)

Using the polynomial inequality of Proposition 7 of [2] (i.e., 22 < br +¢c=0 = z < b+ \/c
when b, ¢ > 0), we have:

lae = a* [, (xpey < V2(2+ 2R,BK)(1 4+ 2R,BK)S3,(0; 1) + (24 2R, BK)B,(6;H) (155)
< @+ 2R,BE)VEGH) (VB(EH) +2). (156)

having bounded 1 + 2R;BK < 2+ 2R;BK. O

Theorem A.1 (Regret Bound of Ef£f-GKB-UCB). Under Assumptions 3.1, 3.2, 3.3, and 3.4, GKB-UCB
with confidence radius (1 + 2RsBK)B.(§; H) and X > 0, for every 6 € (0, 1), with probability at
least 1 — 0, suffers regret bounded as: R(Eff-GKB-UCB,T') = Rperm(T') + Rirans(T'), where:

Ry (T) <4y /mac {a(r), A= Ry 212 + 2R, BK) /B (6 1) (v/Br (5 H) +2) \/'iT(f*)\/g,

Rigans(T) <8R, (1+ Ry kx) max {g(1), A\ 'R K?} (24+2R, BK)*Br (6; H) (\/BT(& H) +2) Q%(f*).

Proof. The proof follows the same steps as Theorem 7.2, with the only difference that we exploit the
bound of Lemma B.2:

loe = @[, 5y < (2 4+ 2R BK)\/Bi(5; H) (mw; H) + x/ﬁ) : (157)

O

C Technical Lemmas

In this section, we introduce some technical concepts and lemmas to be used in the analysis. We
consider x € X and f = (o, @), f' = (o, ¢') € H, we define the following quantities, analogous to
those of [2]:

et )= [ 1_0u<<1 )0 + vf(x))de, (158)
.. )= | 1:0<1 —u)((1 = ) F(x) + vf (), (159)
Gulf, 1) = Ef L) o) T 4 (160)
Gulf. f) = Zi Wﬂxs)aﬁ(xsf + AL (161)

We have that ¢(x, f, ') > g(x,f, /') and, consequently, we have that G¢(f, f') = ét(f, .
Thanks to the mean-value theorem and the definition of function g;(f), we have that:

9:(f) = ge(f)) = Gu(f, ') (@ = o). (162)
Using Assumption 3.4, we can easily extend Lemmas 7 and 8 of [2].

Lemma C.1 (Extension of Lemma 7 of [2]). Let Z C R be any bounded interval of R and let
f + Z — R be a monothonically non-decreasing function such that |f| < Rsf. Then, for every
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630

631

632
633

634
635

636

637

638

z1,29 € Z:

O
(z1 +v(z2 — 21))dv > Vz € {21, 22} 163
/ f1 22 1)) f1+R|Z1_2| {21, 22} (163)
Proof. Immediately follows from the same steps of [2, Lemma 7]. [

Lemma C.2 (Extension of Lemma 8 of [2]). Let Z C R be any bounded interval of R and let

f: Z — R be a monothonically non-decreasing function such that | f | < R, f Then, for every
21,%9 € Z:

' : F(z1)
/v:o(l —v)f(z1 +v(z2 — 21))dv > Gy p— (164)

Proof. See [17, Lemma D.1]. O

From Lemma C.1 and Lemma C.2, we immediatly have:

£, £ = [ = 0170+ 0 o > e for e (09,1760,
N (165)

y A ' — )/ — o) f(x v (x))dw M(f(x))
€t f) = [ =01 =)0 +of (oo > g HES o (a6

Moreover, under Assumptions 3.2 and 3.1, we have that | f(x) — f/(x)| < 2||f|lcc < 2BK. This
allows us to write:

Gi(f, f') = 1+ 2R,BK)'Vi(\; f),  for f € {f, '}, (167)
Gi(f, f') = 2+ 2R, BK) "'V (X; f). (168)

Lemma C.3. Let f € H, ‘Z(/\; f) and Vi () defined as in the main paper. The following semidefinite
inequalities holds:

min{1,g(r) R, }Vi(A; £) < Vi(N) = max{1,g(7)kx (£)}Ve(X; ), (169)

where kx (f) = sup,ey m

Proof. For one inequality, we have:

Vi) =Y ’“g((j_‘;))qb(xwxﬁ + A (170)
s=1
t—1
= () TR ()TN Yo(x)p(x) T+ AT (171)
s=1
= min {1,9(7) ka(f) "} <Z¢ Ty /\I> (172)
=min {1,9(7) 'kx(f) "'} Vi(N). (173)
For the other inequality, we have:
t—1 .
Vi f) =) “(g((f;))wxw(xf + AT (174)
s=1
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640

641

642

644

645
646
647

648

649

650

651

652
653

654

t—1
<9(r) 'Ry Y p(x)p(x) " + A (175)
s=1

< max{1,g(r) 'R} (Z P(x)p(x) " + )J) (176)
=max {1,9(7) 'R} Vi(\). 77
O

Lemma C4. Let f = (a, ¢), f' = (&, ¢) € H, then for every f"' = (", ¢) € H, it holds that:

*lla = allg gy < (4 2RBE) (I = 90 lgm gy + 1900F) = 9t ) )

+ o= o/flviny < (1+ 2R BE ) max{1, a(r)rx ()}
(e = 9l + M9 = a1y )

Proof. From the mean-value theorem (Equation 162), we have:

9:(f) = g (f') = Gi(f, ') = &). (178)

The first statement follows the same derivation of Proposition 4 of [2], with the only care of applying
Equation (167). The second statement starts from the following intermediate passage of the proof of
Proposition 4 of [2]:

||a - O/”f/t()\;f/) S V 1+ 2ReBK (Hgt(f) - gt(f//)|‘G;1(f7f/) + Hgf(f/) - gt(f”)”G;l(f’f/)>
(179)

< (14 2R.BE) (l90() = 9005 Mgy + 19t = 5 F g1 ) -
(180)

Then, we use the semidefinite inequality V;(\; f/) = max{1, g(7)rxx(f')} *V;()) (Lemma C.3):

loe = @[l 5y = max{1, g(7)ra (f)} Vil = o [lv, () (181)
19:(f) = 96 (F Mgy < max{1, g(r)ex (f)3 2 1ge(f) = ge(f Mlymrpy - (182)
O]

Lemma C.5. Lett € N, f € H, K; and IN(t( f) defined as in the main paper. It holds that:

log det(I; + A K, (f)) < log det(I; + A" Rug(r) " 'Ky) (183)
< max{l, R,g(7) '} logdet(I; + \"'K;). (184)

Proof. We can look at matrix K, (f) as follows:
K,(f) = ()" M() K M(f) 2, (185)

where M(f) = diag((/1(f(xs))se[t—1]) is a diagonal matrix. Using Horn’s inequality for eigenval-
ues [34], we have that for every i € [t — 1]:

M) < () max (foe))a(m) ™ < MK Bya(r)™ (186)

Furthermore, using Weyl’s inequality for eigenvalues, we have for ¢ € [t — 1]:

(L 4+ ATTK(f) < 14+ ATIN(K(F) (187)
<TH A Rug(T) " N (Ky) (188)
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655
656

657

658

659
660

661
662

663

664

665

666

<1+ A ' max{1, Rug(t) "IN (Ke) (189)
cal(r) L

< (14 A Ir(Ky))m Rnem (190)

< M1+ ARy e (191)

where we exploited the inequality 1 + ab < (1 + b)® for b > 0 and a > 1. The statement is obtained
passing to the determinant and to its logarithm. O

Lemma C.6 (Elliptic Potential Lemma (slightly extended)). Let (y;);>1 be a sequence, let M > 1,
and V;(\) = 22;11 Ysyd + M. For every T > 1, it holds that:

T
> min{M, [lyelly-1 ()} < 2M log det(A'V;(N). (192)

t=1

Proof. We follow the steps of Lemma 12 of [2]. Using the inequality min{1, u} < 2log(1 + u) for
every u > 0, we have:

T T
> min{M, lyelly, 10} = M > min{1, M7 gill2 0} (193)
t=1 t=1
T
<2M > tog (14 M7yl s ) (194)
t=1
T
<2M > tog (1+ lwill? 1y ) - (195)
t=1

having exploited that M > 1. Now the last equation can be bounded following the usual steps of [2],
to obtain:

T

;bg (1 el 5y ) < logdet(A 1V (N)). (196)
O
Lemma C.7. Let Sy and ‘N/t()\) defined as in Theorem 6.2. The following inequalities hold:
t—1)2K2R? ~ K*R?
||St||%7—1(>\) S %, log det(A™'V;(\)) < (t — 1) log <1 + ) . (197)
Proof. For the first inequality, we proceed as follows:
— Y- 1)PKPR?
HSt”%/;l()\) < Sell3-ap < AT (Z |€s|||¢(xs)|> < N (198)
s=1
For the second inequality, we proceed as follows:
det(A"TV(A)) = A0 det(K, (M) (199)
1 B t—1
<A~ (D (tltr(Kt()\))> (200)
< A D\ K2R%)(-D (201)
K2R2 (t—1)
= (1 + \ > . (202)
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es7 having applied the identity of Equation (1), the determinant-trace inequality and bounded

ses tr(K;(\)) < (t — 1)(\ + K?R?), since the diagonal elements of K;(\) are of the form
869 A+ o(x)k(x,x)o(x’) < A+ R2K?, being the variance bounded by the square of the range. [
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