A  Proof of Lemma 2.2

Lemma A.1 (Concentration for heavy-tailed S-mixing sum, Lemma 2.2). Let {W; };>1 be a sequence
of zero-mean real valued random variables satisfying conditions (a) and (c)-(ii) of Assumption 2.1,
for some ng > 2. Then for any positive integer N, 0 < dy < 1, and d3 > 0, and for any t > 1, we
have,

F (f‘sf; 2

Wij=t) = dy log ¢) 72 LN =1 T8 o) t2¢ ’

om2+3 N N £2—24d1 (dg log t)1/M
>t < - ON

where ¢’ > 0 is a constant.

Proof. [Proof of Lemma 2.2] Let W; 5, denote the truncated random variable W; such that W; r =
max(min(W;, M), —M). Then define ¥ := Zfil W;. Consider the partition of the samples into
blocks of length A, I; = {1+ (i —1)A,--- ,iA} fori = 1,2, -+ ,2u; where u; = [N/(2A4)]. Also
let I5,, 41 = {201 A+ 1,--- , N}. Define for a finite set I of positive integers, define X 1/ (I) =

> icr Win. Then we can write, for j < N

Wi (28)
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J
(Wi = Wint) + > Wi (29)

i=1
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-
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Wi =Wine)+ > Svar(lai) + Y En(lzi1) + Z Wi,M~ (30)
i<[j/A] i<[j/A] i=Alj/Al+

Then we have,

J
IS5 <> Wi =Wl +| Y. Swvar(loi)| + | D Svau(laion)| +24M (31)

i<[5/A] i<[j/A]

sup|2 | <Z|W Wi7M|+sup Z ZN,M(I%) +$up Z EN,M(I22'—1) +2AM
i=1 e TN i</
(32)
Now we will establish concentration for each of the terms in the above expression. Using Markov’s
inequality,

N N
1
P<Z|Wi—WiM|zt>th1E[|W Winml] < Z/ (W] > x)da
i=1 =1
< ﬂ Oozf’”dx = 72N M=, (33)
U Ju t(n2 — 1)

Using Lemma 5 of [DP04], we get independent random variables {27\/, w (Z2i) hi<i<p,, where
N a (Z2:) has the same distribution as X as(12;), such that,

E [|2n,0(I2i) — Ex ar(T20)]] < AT(A). (34)

Then, using Markov’s inequality we have,

P | sup Z Ena(lz)| >t
I=N i<iisa)

<P [ sup| Y (Snar(Tai) = Siar(la)| +sup | D S a(f2i)| >t
TSN i<iia) T=N i<lisa)
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t t
<P (sup| > (Enula) = Siar(l))| 2 5 | +P | sup | Y Sha(lei)| = 5
<N |, = ’ 2 <N |. ' 2
1=V li<ljia) = i<lsA
2E [sup, < | gy a) (S (Tai) = S (120))| ‘
< i< 1<[j/A] ) 4P| sup Z ENM(Im) > L
t <N | = 2
I=i<li/A]
2E |:Sup'<N Zi< 1 ’EN,M(I%) - Xy M(I%)” t
< = = : + P | sup Z Ena2)| 2 5
i R 2 2
=7 i<li/A]
QA/J,lT(A) t
<———=+P P L) > =
-t i N Y Shall)| 2 5

i<[j/A]

The same results holds for {27\[,1\/[([2i—1)}i:1,2,~~ k- So for any t > 2AM, we have,

2N 4A A
P(sup |%;] 2615) §7M17"2+M17T()+P sup Z S (L2i)] >t
<N t(2 — 1) t ISNlicha)
+P | sup Z Shvom(l2im1)| >t ] (35)
TSN li<ti/a

Now, for A > 0

P { sup Z Shoa(l2i)| >t < e ME |exp Asup Z SN (12:)
TN i<iiza) IENi<ij/a

< e ME |exp | A Z ‘X?V,M(Izi)‘

1<

< e NI E [exp (A[Sn e (T21)])] -

We have |Xn s (I2:)] < AM. So |En p(I2;)] is a sub-gaussian random variable and consequently,

22,4202
Plsup| 3 Sia(la)| >t | <e M5
ISN |i<lj/A]

Optimizing over A > 0 we have,
+2

P | sup Z SyaT2g)| >t | <e 2eaamvz, (36)
TN i</

Similarly, we also obtain

t2
P | sup Z Syoalaic1)| >t ] <e 2eaa?®, 37
TN i<tz

From (35), (36), and (37) we have,
4Ap7(A) ¢2

+ 267 21 AZMZ

2N

P (sup %] > Gt) <—— M 4
JEN t(n2 — 1)

Condition (a) in Assumption 2.1 implies that the process {Z;}5° ___ is exponentially 7-mixing

[CG14], i.e., for a constant ¢’ > 0, 7(k) < e~<*™ Then we have
24 Apyexp(—c A™) 2

_ t
+ 2¢e 72u1 AZM2 .

12N
P (Sup %] > t> <——— M
J<N t(n2 — 1) t
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As2Ap < N < 3Au; andny > 2,

12NM'—" 8N —cAMm 02
¥ (Sup 1% > t> < + exp(—c ) + 2e” senam?
J<N t t
Now choosing
th 1
M=————, A=(d2logt)™, 0<di <1, dy>0, (38)
2(dz logt)
we have, 2AM < t, and
+3 . ”
P <sup |Ej| > t) SLWNtf(Hdl(m*l)) n g~ (tdac) L 267,,2 2d1(d921\170gt)1/ 1
J<N (dologt) ™

B Proofs of Section 3

B.1 Proofs for squared error loss

Similar to the decomposition (1), for squared loss we have

&i(f = f1)(Xa),

=
M=

N
PyLy= %Z(f — [2(X0) +
i=1

=1

Since F is convex, we also have

E[g(f =) X)) = 0.
Then,
1 2 &
Paly 2 3 (=P X0 + 53 (6 = M) —El6( -/ 69
Now our goal is to establish a lower bound (Lemma B.1) on the first term of the RHS of (39), and

a two-sided bound ((67) and (69)) on the second term when || f — f*||1, is large. Combining these
bounds we will show that if || f — f*||1, is large then PyL; > 0 which implies f cannot be a

minimizer of empirical risk because for the minimizer f we have Py L 7 <0.

Lemma B.1. Let Condition (a) and (b) of Assumption 2.1 be true. Given f* € F, set H = F — f*.
Then, for every p > w,(H,T7Q4(27)/16), with probability at least 2, if || f — f*||1, > p, we have,
NQxn(27)

5 1(F = £ 2 7 = £t = =22, (40)

The proof of Lemma B.1 follows easily by combining the results of Lemma B.2, and Corollary B.1
which we state next.

Lemma B.2. Let S(Ly) be the Lo(m) unit sphere and let H C S(Ls). Consider the partition
NQu(@nem for some

in (6). Under conditions (a) and (b) of Assumption 2.1, by setting p = T
49 (N)m

G(N) < OQH(QZ#’ if,

TQu(27)N
R < — 41
1 a
then with probability at least 1 — 2exp < 2(51\[—625,{(%2;2 (%(CN)> n > _ wexp(—g(l\f)),
49 (N)m

we have

. . NQxu(27)

F 100 (X)) > 7} > e H T 42
inf [fi: h(x,)| 2 7)) =Y @)
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Remark 5. We have the following illustrative instantiations of Lemma B.2:

1. Ifone sets 9(N) = klog N < W, then the statement of Lemma B.2 holds as
long as,

klog N)a1
3, () < TFloe N7 jgl) : 43)
cn

with probability at least

L —2exp | — e < : >"11 —Nl*kQH(QT)Cﬁ
2(4 — Qu(27))? \klog N oz )&

2. If one sets 9(N) = N" < ”Q“(%f#, for some 0 < r < 1, then the statement of
Lemma B.2 holds as long as,

with probability at least

NQyu(27)° ( ¢ )"11> _ Wexp(—Nq.

2(4 = Qu(27))* \N" ;

1 — 2exp (—
4(N)m

Proof. [Proof of Lemma B.2] Let ¢, : Ry — [0, 1] be the function

1 t > 2u,
Yu(t) =9 L -1 w<t<2u
0 t<u

Similar to (6), let us define sequences of i.i.d blocks {Z; a)} * ,»and {Z, (b)} *_, where the samples
within each block are assumed to be drawn from the same $-mixing distribution of {Z, (a)}z 1> and
{Zi(b)}i:l. Let S, = (Z%a), I Z,Sa)), and Sy = (Zib), e ,Z,Sb)). Now let us concentrate on the
term | Py tpy, ([h[) = Pipu(|R])].

[Pntpu([h]) = Piu((R])]

1 N
& 2 Culh(1XiD) = Prou(hl)

IN

1 L& 1 & b
<y Zzwu(|h(X(i—1)(a+b)+j)|) + 3 ZZ (X -1 (asb)rass]) — Pou(lh])
i=1 j=1 Pt
1 12 a b
< N ZZ (Vu(h(I X (i—1)(a+b)+51)) — Pou(lh]))| + Nu 45)

i=1 j=1

Using (45) and Corollary 2.7 of [Yu94], for some a, b, i to be chosen later such that (a + b)pu =
we have,

P (1Pwbulnl) - Pou(i) = 1+ 5% (6)
<P ii y (Yu(h(| X 1) = Pu(|hl])) T (47)
> N o u (i—1)(a+b)+j u N = N

1 o=
=E |1 ( ¥ 2 2 WAl X -ty arty i) — Peu(h])| > ¢ (48)
i=1 j=1
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( FEX (a1 %@y as)) = P} 2 t)] +(p-1B0) @)

( ~ ZZ( P X1y @siy4i) = Pru(ln))) | = t) + (1~ 1)B) (50)
=P ( 12&( 2| > Nt) +(n—1)B(b), (51)
[t H

a

SZ) =3 (Bulh( K@iy +) = Pea(h))

=1
and 1(-) is the indicator function. Observe that the function

/L
W™, 25, Z0) = Y (Z)

has bounded difference with coefficient 2a/p. Then using Mcdiarmid’s bounded-difference inequality

on W(Z\, Z{ .o Z8) we get,
2,2
> 31 <o (500). (52)
7 a’p

e (|2
K =1
P (1P 1) = Pl = ¢+ 5 ) < 2exp (=5 ) + G- 150)

~ 2
> 0(Z")
Combining (51), and (52), we get

which implies
4p bu t
P (|Pwu<|h|> Puu(lh)] = g, (1) + % )

2
N2 (AR, (H) + F
Nu " H
<2exp | — ( o Q + (1 — 1)B(b).

Also note that, for any ¢, we have |Py.,,(|h|) — P, (Jh|)| > t which implies that we also have
suppey | PNYu(|h|) — Pty (]h])| > t. Hence,

P (sup |Pntbu(h]) — Py (|h])
heH

4 b
>“&mw“+)

— Nu N /N
N2 (F£R,(H) + )
u VN
<2 - — 1)B(b). 53
<2exp o + (= 1)) 53
. . N (R )
In other words, with probability at least 1 — 2exp prEm — (1 —1)B(b), we have
i bu t
sup |Pnty(|h]) — Py (b)) < —Ru (H) + - + —=. 54
heg\ NYu(lh]) = Pyu((hl)] < F7-Ry(H) + Vi 54
Hence, we have
PyLyp>ey 2 inf P(Jh| 2 2u) — sup [Pntu(|h]) — PYu(lh])] - (55)
heH heH
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N2 (LR, (H)+— 2
So, combining (53), and (55), with probability at least 1 — 2exp <— ol Za(2#) W) ) — (-

1)5(b) we have

. 4p by
Pn1 > inf P(|h| > 2u) — —R —
N1{hizuy 2 inf (|| > 2u) Nu u(H)

N

=)

Now, setting

VNQn _ (A- Qu(2n) (@)™ bZ(%(N))ni o NQu(erjen

u=7 t=—-"7- a=

4 Qu(27)cT ¢ 49(N) 7
(56)
and using the condition 4 (N) > ¢, we get, with probability at least
1 1
NQH(QT)?’ ( C ) n .Z\/v627.1(27')cH
1—2exp | — ——————exp(—¥(N)),
( 24— Qu2n)? \F() s P
we have
2T
Pn1{jnzu} 2 Hi !
|

Corollary B.1. Let Condition (a) and (b) of Assumption 2.1 be true. Let H be star-shaped
around 0 and assume that there is some T > 0 for which Q#(27) > 0. Then for every
p > wy(H,7Q2(27)/16), with probability at least

e [ NQuED? (e \W\ _ NQuenew
st p( 204 - Qur)? (%(N)) ) wnh T

Sor every h € H that satisfies ||h||1, > p,

i 10X 2 nl Y > N 22D 57)

Proof. [Proof of Corollary B.1] Let p > w,(H,7Q+(27)/16) and as H is star-shaped around 0,

2
R, (H N pD) < TQT—éT)p. (58)
Consider the set,
V={h/p:heHNpS(La)} C S(La). (59)
Clearly, Qv (27) > Q/(27) and
1 <& h(X; 2 2
mu(v) — ]E sup - € ( ) S TQH( T) S TQV( T). (60)
heHNPS(Ly) | M i—1 P 16 16
Using Lemma B.2 on the set V, we get with probability at least &1, for every v € V
: , NQv(21) _ NQu(27)
f : X,L > > > .
jof [{i:o(Xi) 2 7l}| 2 ——F— > —
Now for any h with ||h||L, > p, since H is star-shaped around 0, we have (p/||h||z,)h € HNpS(L2)
which implies, h/||h||z, € V. So we have (57). ]

Theorem B.1 (Restatement of Theorem 3.1). Consider the LS-ERM procedure. For 19 <
1

72Q3(27)/8, setting u = w
have, for any N > 4,

, for some constants c,c’ > 0, and 0 < r < 1, we

20



1. under condition (a), (b), (c)-(i), and (d) of Assumption 2.1, for 0 < v < 1,

([ rran)” =1 = £l < max (V44407 = 7@z s(2r) 1)}
(61)

with probability at least

NT” ) 3 L NT 9 1 Nl—‘,—?L "
1—2exp <_ Qu(27)%cm ) _ Qu(27)c™ eXp(_N(l—r)m) — Nexp (_( 217)

24— Qu(27)? s c
1+4. -2 41,2 %J’,QL 77(12—71)
e ( NTo)) e (N B <(1 B WM» |

702(1 + NV Cs Cy2n
(62)

where V is defined in (8) and C1, Cy, C3 are some positive constants.

2. under condition (a), (b), and (c)-(ii) of Assumption 2.1, for 0 < 1 < (1 —1/n2)/4,
T N L TIU )

with probability at least

T 3 = r L 2n n
1~ 2exp (— NG (27) on ) VTN NGy g T - 2

2
2(4 — Qu(27)) 4
272 1,1 . 1/m1
1-np 202 7o 72 [ 10g 7'01\72+2”2+2 /2 40
2772“1‘36/ T T+m2 4ino N1+z]22
— 0 N T2 — 2¢ 9c/ 1/

(1og (rorvt* 52 2) 7
(64)

Proof. [Proof of Theorem B.1] We first prove Part 1. We will denote the class F — f* by H. From
Lemma B.2 it follows that if p > w,,(H,7Q - #(27)/16), then with probability at least

_ NQyu(27)° ¢ \7\  NQu(2r)ci
I (‘2(4 e ) ) " TaganE YA

for every f € F that satisfies || f — f*[|z, > p,

N 2| f — F*||? 2T
%Z(f—f*f(&-)z I7 fleQ”( ) (65)
=1

So, with probability at least &2, for every f € F that satisfies || f — f*||z, > p,

N 2 £ _ £%|2 9
PNﬁf22(;;Zfi(f—f*)(Xi)—E[S(f—f*)]>+T V2 FILOED - (g
=1

When ||f — f*||lr, > «/(N) > 2(N7o)~ /2, we have log(Nol|f — f*3,) < 2(N7olf -

I ||2L2)(1’")/2/(1 — ). Under Conditions (a), (c)-(i), and (d) of Assumption 2.1, using Lemma 2.1,

we get
P (

<Nexp

N
% oG = )X) =R = )| =7l f - f*||iz>

=1
(_(NTollf—f*llig)") +ex (_N2702|f—f*|i2>
C; P Co(1+ NV)
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RN B 1 i P O G e 9 i
P Cs P\ Callog Vo1 7 = F712,)7

<Newp (DI SN o, (A f*lﬂ)

¢ Cy(1+ NV)
NT02||f7.f*||%2 (1 —n)n(NTOHf7f*||%2)77(12—77)
+exp | — Cs exp Co
<N (N7 (N)?)" N272e/(N)?
<INexp <_C1) + exp (_C’2(1+NV)>
n(1—n)
+exp (_Wexp <(1 — n)"(Ng;(N)?) ; )) . o
where

i>0

{B;} is some sequence such that B; € [0, 1], E [B;] < () and Cy, C3, C3 are constants which
depend on ¢, n, 71, 2. Observe that,

V<E [(&(f - /X)) 4B [Bi@(f - (X))
i>0
[glf f)(X1)) +4Z\/ E [B|E El(f f)(Xl))}
>0
<E |(&(f - (x| + 4\/E (@ = )0 Y VEIBI
i>0
<E [(&(/ - ) x))°] + 4\/E (& = )] 32 VBG)
>0
<E[(&a(f - £)(X0))°] + \/ (s = X)) Y expl—cim /2)
i>0

<27 + 4t

Combining (66), and (67), with probability at least &, — PP, for every f € F that satisfies
Hf - f*HLz > maX(ﬂ?’Q{(N))’ we get

T2\ f = fIIL, Qn(2r)
0 :

PyLy > =2m||f = 77, +
Choosing 79 < 72Q%/(27)/8, we have,
PNLf > 0.
But the empirical minimizer f satisfies Py L j<0. This implies, together with choosing &/ (N) =
N—1/4+¢ that with probability at least 2 = 22, — Py,
1f = f* . < max(w,(F = F,7Qr—x(27)/16), / (N)),
where

g (L NQu@n® (e W\ NQuenem
P=1-2 p( 20— Qy(27)? (g(zv)> ) o p(—¥(N))

(N%+2LTO)7] N1+4LT3 N4LTO2 (]\/'%+2L,7_0)T
_N S S VAN S S _ 1op)yt- 00 7
exp ( cr exp GO LNV exp s exp | ( n) Cran
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Choosing 4(N) = NU=m for some 0 < r < 1, we get,

1
N™Qyu(27)3 e N"Qw(27)cmr .
P =1 — 2exp ( 2 HQH )2 > - Hfl ) exp(—N{1=)m)
N2+2L7_0 N1+4L7_2
— N — -0
exp( > exp( 02(1+NV))
1 n(l—mn)
0 o, (N2T2070) 75
— exp <_C’3€Xp ((1 —n)" o))
and
N"™Qy(27)cr

z i (68)
We now prove part 2. Since Lemma B.1 only depends on Condition (a) and (b) of Assumption 2.1,
Lemma B.1 remains unchanged in this case. To deal with the multiplier process we need a concentra-
tion result similar to Lemma 2.1. So we use the concentration inequality we proved in Lemma 2.2.
When ||f — f*||L, > «/(N), using Lemma 2.2 we have

N
1
Pl |=
(N_

Z&(f — )X) —E[E(f — )]

27t (14+d1(n2—1)) (14-dac’)
< N(N7ollf = f*II7,)~ +8N(N7ollf — f*II7,)~

&
(dzlog No|lf — f*I|7,)

(N7l f=F*117,,)2 7241 (dz log(Nro I F = F* I, 0/

>0l f - f*||i2>

+ 2e” N
2n2+3 2 1+d 1 2 1ddoc’
= o N(Nroe/ (N)?) =+ (2=1) 4 gN (N (N)?) = ()
(d2 log(NTos? (N)2)) =
+ 26_(N70d(N)2>2—2d1(dgzl\}og(NrOd(N)?))l/ﬂ1 _ @2. (69)

We will choose d; suitably to allow <7 (V) to decrease with NV as fast as possible while ensuring
limy_ o0 &2 — 0. Combining (66), and (69), with probability at least &1 — s, for every f € F
that satisfies || f — f*||z, > max(p, & (N)), we get

T2\ = £ NZ, Qu(2r)
PyLy > =2mlf = £, + - :

Choosing 19 < 72Q4,(27)/8, we have,
PnLy > 0.

But the empirical minimizer f satisfies Py L F < 0. This implies, together with choosing <7 (N) =

N_(l_l/WQ)/4+L, dy = 1/(1 + T]Q), dy = (7’]2 — 1)/(’[72 + 1), and ¢ < (1 — 1/7’]2)/4, that with
probability at least & = H; — P,

1f = f* 2. < max(w,(F = F,7Qr—7(27)/16),  (N)),

where

P =1-—2exp (— NQu(27)” (g ¢ )>m> _ wexp(_g(N))

2 1
2(4 — Qu(27)) (N 49 (N
272 1/m
+oi 2.
2n2+3 117,32 . - o 1+"72 <log <'roN 2 277 )/2) 4ino
- — N T — 87 TN T — 2¢” 5 NiFna

(log (TON§+%+2L) /2> "
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Choosing 4(N) = NA="m for some 0 < r < 1, we get,

1 1
N” 27)3¢em N" 27)cm
2(4 — Qu(27))? 4
272 1 1 1/m
27 i+ 5 toyy T2
2’72+3TO_1+I”22 _ dumy —g  aump o <IOE<T0NZ i )/2> NI
_ N TR — 87y T NT TG — e 9 :

(10g (TON%“Fﬁﬁ'Z,) /2) o1

and

= N Qu2rjem (70)

Proof. [Proof of Corollary 3.1] Note that Assumption 3.1 implies Condition (b) of Assumption 2.1
as shown in Lemma 4.1 in [Men15]. Under Assumption 3.1 with p = 8, using Cauchy-Schwarz
inequality we have,

v <E[(&(f - 1)x0))] + 4\/E (&0 = )| D exp(—cim /2)

i>0

<VEE B[ - )] +40\/ Ve[ - M)
<MP|If — 112, (\/E [€i] +4C (B [5?])‘1‘)

<M3|f = f*II7,
for some constant M. Then, from (67) we have,
> 7ol f - f*|2L2>

dl
(N7ollf = f*13,)" N2\ f = oL,
<Nexp (‘ Cy ) +exp (‘ Co(L 1+ NV) )

o (NI = £ (NTolf = )
v G o\ Cullog vl f - P

(Nmllf - f*||%2>"> ( N7 = I, )
SNeXp( o + exp CQ(1+NM22||f—f*||2L2)
o (NN £ (Ol = 710
C3 Cy(log(N7ollf = fIZ,)0)" ) )
If N||f — f*H%2 > N/ (N)? > max(1/M3,1/7p), then

|

N
N D6 = X B~ 1)

N
EIE(f - )X ~ B - £
=1

> 7ollf - f*||%2>

Nt _rx|(12 \n N7'2 |2
cep (- UL | o (BT T 1
2
N72|f — |4 1— (N N)2) 2
. (_ To|f03f ||L2€Xp<< )" cf( ?) 7

and the second term dominates the third term in the above expression. Now if choose <7 (N) =
N~1/2+¢ then with probability at least

N2L7_2 N4L717_2 (1 _ n)n(NQLTO) 77(12—77)
- 1— o 0 . . 0
7 P < 202M22) P < Cy P ( Ca2n ’
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we get

1f = Fllze < max (N7Y24 w0, (F = F,7Qr-7(27)/16))

B.2 Proofs for convex loss
Recall the decomposition (1)
1 al s *\2 1 al / *
PxLy > oo > L&) = £ (X0 + 5 D@ = )(Xa).
i=1 i=1
Since F is convex, we also have
E['(€)(f - f)(X)] >0.
Then,
1 T rs *\2 1 T / * / *
PyLy > 6N ZE &) = )7 (X:) + N Z(f (&) (f = (X)) —E[E)(f — f)X))).
i=1 i=1

(71)

Now our goal is to establish a lower bound (Proposition B.1) on the first term of the RHS of (71),
and a two-sided bound ((93) and (94)) on the second term when || f — f*| 1, is large. Combining
these bounds we will show that if || f — f*||z, is large then Py L; > 0 which implies f cannot be

a minimizer of empirical risk because for the minimizer f we have Py L 7 < 0. Let plty,ta) =

inf{l"(x) : x € [t1,t2],0 < 1 < t2}. First we prove the following extension of bounded difference
inequality to the S-mixing sequence which we will use frequently in our proofs.

Lemma B.3 (Bounded difference inequality for strictly stationary 3-mixing sequence). Let {U;} Y,
be a sample from a strictly stationary [3-mixing sequence, |U;| < M, and E[U;] = U*. Let

N > a,b, ;> 0 be such that (a + b)p = N. Then with probability at least 1 — exp (— (21‘,;(12217161)22) —
2M (pn — 1)5(b), we have ¥t > 2by,

N
ZUZ- < NU* +t.
i=1

Proof. Consider the partition as in (6). Then, using Corollary 2.7 of [Yu94], we get Vt > 2bu,

N
P (Z(Ui -U*) > t)

i=1

Lo oa

<PY D (Ui=U") 2t —2bp

i=1 j=1

a

<P D0 Utarpyimys — U") =t = 2bu | +2M (= 1)B(b).
i=1 j=1

where Z?:l(ﬁ(a+b)(i_1)+j —U*)isaniid sequence fori = 1,2, -, u. Using bounded difference
inequality,

N 2
P (Z(Ui -U*) > t) < exp (—(;;ﬁb]\%) +2M (u — 1)5(b).

So with probability at least 1 — exp (~ 42407 ) — 2M (1 — 1)B(b),

N
Y Ui < NU* +t.

=1
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Lemma B.4-B.6 are needed to prove Lemma B.7 which is the main result needed to prove Proposi-
tion B.1.

Lemma B.4. Let X;,i = 1,2,--- | N be a sample from a sequence for which condition (a) of
Assumption 2.1 is true. For every 0 < Qu(27) < 1, we have that with probability at least

1 14+-L 1
1—c1Qxny (27)1_WN"l/(Hm)e*C?Q“(%) N/ Ml),for some constants c1,cay > 0, there is a
subset S C {1,2,--+ , N} such that |S| > N(1 — Qu(27)), and Vi € S,

2|| Xillz,

| X;| < . (72)
T VQu(2n)
Proof. Let(; = 1 <|Xl| > \2/%) Then, by Markov’s inequality,
2[| Xillz
E[G] =P |Xi| > ——== | < Qu(27)/4
Qu(27)
. . . —2bu)?
Then using Lemma B.3, we have with probability at least 1 — exp (—%) —2(p—1)8(b),
N
N 2
S Xl
; 4
=1
Now, setting
1 1 n 1 np—1
,_3NQu(2r) (4= Quen)NTE | Quen)nNTE  NT e Qu(2r)
= a = = =
4 CﬁQH(QT)l_% i g 4
(73)
we have Zfil ¢i < NQ/(27), with probability at least
1— ClQH(zT)l—ﬁNm/(1+m)6702QH(2T)N"1/(1+"1).
[
Lemma B.S. Let X;,i =1,2,--- N be a sample from a sequence for which condition (a) and (b)

of Assumption 2.1 is true. Then with probability at least with
1 — e1Qp(27) !~ N/ (m) gmea@uu(an) N/ 0k,
there is a subset S C {1,2,--- | N} such that |S| > 3NQ#(27)/4, and Vi € S, | X;| > 27| X;|| £,-

Proof. Let ¢; = 1(|X;| > 27| X;]|1,). Using condition (b) of Assumption 2.1, we have E [(;] >
(#(27). Then using Lemma B.3, with probability at least

1 — e1Qu(2r) 177 N/ () gmea@uu(am) N/ 0k,

we have
N
BNQwu(27)/4 <> G <BNE[G] /4.
i=1
L]
Lemma B.6. Let X;,i =1,2,--- , N be a sample from a sequence for which conditions (a) and (b)

of Assumption 2.1 is true. Then with probability at least with
1— CIQH(QT)l—ﬁNm/(1+m)e—02Qn(2T)N"1/(””1),
there is a subset S C {1,2,--+ , N} such that |S| > NQ«(27)/2, and Vi € S,
2[| Xl

27| XL, £ X £ —/—=.
’ Qn(27)

26



Proof. The proof is immediate from Lemma B.4, and Lemma B.5. [

Lemma B.7. Let H be a class of function which is star-shaped around 0 and satisfies condition

(b) of Assumption 2.1. If (1 ~ 27Qx(27)%/2, (o ~ 27Qy(27), and v = ||h||1, > wo((i,Ca),
there is a set V., C H N rS(La) such that there is an event A with probability at least

1- CGQH(QT)l_”%Nm/(1+"1)6_C7Q”(ZT)NM/(HW we have:
1
V2| < exp(chQa (2r) N/ (4 /2), (74)
where ¢, < 1/1000

2. Foreveryv € V, there is a subset S,, C {1,2,--- , N} such that |S,| > Q«(27)N/2, and
for everyi € S,

27 < [u(X;)| € ——2L

T V/Qu(2r)

3. Forevery h € HNrS(Lz) there is some v € V,., and a subset Ky, C S, containing at least
3/4 of the coordinates of S, and for every k € K,

(75)

1
h < |h(Xw)| < 2 _— h 76
T[hllL, < [h(Xk)| < e ( T+ QH(%)) 1ALy (76)

and h(Xy) and v(Xy) have the same sign.
Proof. Let r = ||h||1, > wq((1,¢2). Let V. C H NrS(L2) be a maximal p-separated set such that

V| < exp(chQp (27)N™M/(Fm) /2)

where ¢, = min(cq, 1/500). Applying Lemma B.6 on all the elements of V;., using union bound we
obtain that with probability at least

1 — 1 Qay(27) 70 N/ () gmeaQu(2m) N/ 0010 /2.
for every v € V. there is a subset S, such that |S,| > NQ/(27)/2 and for all ¢ € S, we have
csl[o(Xi) |z,

27(J0(X5)|| L, < |o(X5)| < : (77)
: V/Qu(27)
Since we have assumed r > w1 ((1), from Sudakov’s inequality we have,
V2E [[Gllsnrs(Ly)] o _&Gr (78)

P JeaQnen) N m) — JQn(2r)

where ¢5 = v/2c4//C2. Forall h € HN1S(Ls), let hy, € V, so that ||h — hy||r, < p. Now let
on = 1(ja—h,|>rr) and put

A, = {(5h theHHnN TS(LQ)} (79)

Define a function ¢4 (t) = max(min(¢/(77), 1), 0). Observe that §,(X) < 11 (|h — hy| (X)). Now
we want to show that the number of points where |h — h,| > 71 is small.

1 N
E | sup Zéh(xi)]
i=1

ShEA, N i

r N
1
<E sup  — > ¥i(lh— hy| (Xy))
| hernrs(La) NV ; '
r N

<E| swp S (@ Aol (X0) ~ E (b — o] (X))

| heHnrs(Ly) IV

+E

ReHNTS (L)

27

sup B[ (b —hy| (X

I



where X ~ 7. Consider the partition introduced in (6). Then

sup 725,1 ]

opEA,
1 &
<E sup N Z Z (1/’1(|h = ho| (X(atpyi-1)+5) = E[¥1(|h = hol (X)])
heHNrS(La) ~Y ;24 554
2 1
+ 22 LR sup E[lh—hy| (X
N T heHNrS(L2) H |( )}‘|
a r M
i 1
<=V E sup U1(lh = ol (Xatoyi-1)+5)) = E [Yr([h = ho| (X
3 heHﬂrS(Lz)luzZ;( 1(] | (Xatv)(i-1)+5)) = E [¢(] [(X)])
2o p
TN T
.| Ly
< E sup P h — hy (a i— ) —E h—h
95 e e (9108 = el Recyioay ) = B (1= el ()
2bu
F2(p = DBlat b+ 50 + L

Now using symmetnzatlon, we get

Z(Sh ] g%iE

Jj=1

sup Qu(27)it01 (Jh — hy Xa i
heHﬂT-S(Lg).U; 1(| l( (a+0)é 1)+j))

2op  p
20 Nt

Since 1 (]+]) is a 1/(7r)-Lipschitz continuous mapping, using properties of Rademacher complexity

FlalR N
1)8(a+b)

|

(80)

81

n1—1

Nn1/(1+771)cn1 Q'H(QT) n1

we have
E| sup ZQH 27)it1(Jh = hol (X(ast)-1)4+5))
heHNrS(Ly) M 5
1
<—E sup Qu(27)i(h—h atb) (i—1)+i)) | -
Tr hEHﬁrS(LQ) ; )( (a+2)( 1)+]))
Since we assumed r > wg(@) and using (78) we have
CQ,LL 2bp c5(1
sup on( < +2(p—1DpBla+b) + — + ———.
snen, N Z w(X ] (k= Dplat b+ T/ Qn(27)
Choosing
4 — 27)) N/ (+m)
G~ 27Qu(27)% (o ~27Qu(27) a~ (4= 9ul i)
cm
27 N1/ (1+m) N/ (4m) gar
b Qu(27) and i~ e
cn 4
we have,
Q(27)
sup — On( < .
Pl N Z X)) S T
Now we use Lemma B.3, with the followmg choice
L NQu(27) _ (4— %62"))]\[1/(1+771) _ QH(QT)ﬁNl/(ler) e
32 ¢ QH(QT)lfﬁ 32¢71
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With probability at least 1 — cgQy (27)" 71 N/ (14m) g=erQu 2N/ 41 o phaye,

N

izN: sup 0p(X;) <E —Z sup 0p(X;)| + < @n(27)
N~ s.ea, A = oneh, ' N~ 16
Then Vh € HNrS(Ly),
2
(i s |h — ho| (X3) < 71}| > (1—62”1(67)> N. (82)
Recall that h,, € V;,, and |Sh, | > NQ(27)/2. Let
Kh:{ki|h—hv‘(Xk)§T'f‘}ﬂShv. (83)
Then | K| > 3N Q4 (27)/8 > NQy(27)/4. Also, ¥k € K,
[h(XE)| > [ho(XE)| = [(h — ho)(Xg)| = 277 — 77 = 77, (84)
This also implies that h(X}) and h, (X} ) have same signs. Similarly, using (77) we get
1
|R(Xk)| < [ho(Xi)| 4+ [(h = ho)(Xk)| < (27 + ——=—==)||h| L, (85)
n(27)
Combining (84) and (85) we have (76). This also implies that h(X},) and v(X}) have the same sign.

Lemma B.8 ([Men18, Lemma 4.8]). Let 1 < k <m/40 and set ¥ C {—1,0,1}"™ of cardinality at
most exp(k). For every d = (d(i)), € D put Sq = {i : d(i) # 0} and assume that |S4| > 40k. If
{€;} are independent, symmetric {—1,1}-valued random variables, then with probability at least
1 — 2exp(—k),

inf [{i €Sy : d(i)) = ¢} > k/3.
Inf |{i € Sq: sgn(d(d)) = ei}| 2 k/
Lemma B.9. Conditioned on the event A as mentioned in Lemma B.7, with probability at least

1 — 2exp(—c2Qu(27)N) we have: for every h € Hy« .= F — f* with ||h||, > r, there is a subset
S1n C{1,2,--- , N} such that |S1,| > Qu(27)N/24. and for every i € Sy p,

1
T, < (X)) <o | 27 + ———= | Nl L. sgn(h(X;)) = €, (86)
Qn(27)

where {€;}¥ | are independent, symmetric {—1,1}-valued random variables.

Proof. Fora h € H, let ||h||, = r and let h, be as in Lemma B.7. Recall from (76), that there is a
subset K}, C S, containing at least 3/4 of the coordinates of Sy, for which,

1
Tr S ‘h(XJ)| S Cg <27‘ + CMQT)) r,

and h(X;) and h, (X;) have the same sign. Define
dn, = {sgn(ho(Xi))1s,, (X} Ly,  D={dn, +h, € V;}.

Using Lemma B.8, on the set D = {d,, : dp, € V,.} for k = NQ4/(27)/1000, and observing that
every dp, € D, [{i: dp, (i) # 0} > NQx(27)/2 > 40k (recall that | Sy, | > NQ(27)/2), we get
with probability at least 1 — 2exp(—c2Q(27)N), for every h,, € V., dp, (i) = ¢; on at least 1/3 of

the coordinates of Sy, . Then it follows that on at least 1/12 of the coordinates of Sy, , h(X;) = ¢;.

Since H ¢+ is assumed to be star-shaped the same result holds when |[|A||, > 7. |
Proposition B.1. With probability at least 1 — 09QH(27)“ﬁN”l/(H”l)e*ClOQH(ZT)NM/(H’“),
for every f € F which satisfies ||f — f*||L, > 2wg we have
N
1 s * *
S CENS — X 2 @u(2n)p(0, 1) - IR, (87)
i=1
where to = c11(27 +1// Q2 (27)) (l€llL, + [If = f*llz.)-
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Proof. [Proof of Proposition B.1] Recall the decomposition of Py Ly (1). For every (X,Y) the
midpoint £ belongs to the interval with end points —¢ and (f — f*)(X) — £ where f € F. So,

il < &l + 1(F = £)(X)] -
Let || f — f*||L, > 2wg. Now from Lemma B.9, with probability at least
1— 09627_1(27—)17ﬁA]\/'771/(1-‘r771)6—010C21-L(27')N"1/(Hm)7
we have a subset Sy, C {1,2,---, N} such that |Sy 5| > Q(27)N/24, and for every i € Sy »,
[(f = [)X)| < o7 + 1/ QuO)ISf = [ .-
Using Markov’s inequality,

P(I&]| > 10]1€]| 1, //Qn(27)) < %

Now taking U; = 1 (|§Z| < \;‘%), and using Lemma B.3, and choosing parameters as in (73)
H (24T

we get, with probability at least 1 — leH(27')17ﬁN"l/(“r’“)e_CQQH@T)N"l/(H"l),

1] < 69”5”132
T L

This implies that with probability at least 1 — c16Qy (27)" 71 N1 /(1+m) g=e1rQu (2r) N/ CH) g
have,

> N(1 - Qu(2r)/50).

il < 1 (27 +1/V/Qu(27)) (I€llza + ILf = f¥1z2) -

Settg = c11(27 + 1//Qun(27)) (l€llz, + IIf — f*IlL,). Using Lemma B.9, with probability at
least 1 — CQQH(2T)1_%Nn1/(1+771)e—010QH(27)Nn1/<1+n1)’

N
S EN — FX) 2 s@u(2r)o0, )7 f ~ £ (38)
i=1

Using Proposition B.1, and proving the two-sided bounds for the second term on the RHS of (71) in
(93) and (94), we have Proposition B.2.

Proposition B.2. Consider ERM with loss functions that satisfy Assumption 3.2. For 19 <

2Qr—7(27)p(0,t0)7% to = O((21 + 1/v/Qu(27))(I€llL. + If — f*llLo)). setting p =

N/(H+m) | for some constants ¢, ¢’ > 0, we have, for any N > 4, the following:

1. Under conditions (a), (b), (c)-(i), and (d) of Assumption 2.1, for 0 < 1 < %,

1f = £ llee < max {NTH, 200(F = F N, Qur)2,Quer) ) 69
with probability at least (for V is defined in (8) and some positive cg, 10, 6’3)
O ~
1 CgQH(QT)l—ﬁNm/(ler)efcloQu(%) mN CsNexp (—(N%”LTO)"/C&) ]

2. Under conditions (a), (b), and (c)-(ii) of Assumption 2.1, for 0 < 1 < (1 —1/12)/4,

(A—1/m3)

1f = £l < max { N0 2w (F = FLN, Qu(20)2,Qu(@r) } . (90)

with probability at least (for constants cy, c19, Cy > 0)

2n2

i L
1— CgQH(QT)l_ﬁN771/(1+711)e*010QH(2T)1+"1 N7/GAn 647_0_ Tz N—%' 1)
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Proof. [Proof of Proposition B.2] We first prove part 1. We will denote the class F — f* by H. From
Proposition B.1 it follows that for every f € F which satisfies || f — f*||z, > 2w¢q with probability
at least

1+
Pr.=1- CQQ’H(27')1_%N771/(1+7]1)67C10QH(27) u N/ ()

3

we have
1L
S CEN — FX) 2 Qa0 )7 f ~ £
i=1
So, with probability at least 2 ., for every f € F that satisfies || f — f*||z, > 2wq,
;&
ks 2 <16N S UEN ~ X ~E @ - f*)]) + e16Qu(20)p(0, 12)72 N — £,
i=1

92)

When ||f — f*|l, > «/(N) > 2(N7)~*/2, we have log(N7o|f — f*[3,) < 2(Nwolf —
f ||2L2)(1_")/2/(1 — ). Under Conditions (1), (3), and (4) of Assumption 2.1, using Lemma 2.1, we

get
1 N
P ( 5 V@ — X)) ~EL© — )| = 7ollf - f*||i2>
=1
N *
SNeXp( mnf fHL2 >+e ( ”f+z\{v|i )
e NTSIIf fHLZex (N7ollf — f*||2 yn(=n)
P P\ Cullog NToIIf FEIZ )
NToIIf fHLQ ||f £,
<NeXp< ) ( (1+NV) )
NTSIIf fHLZ NToIIf )
+exp Cro
(Nro./( N34/ (N)
e (- a)*exp< e )
) 4 - 9 n(lgn)
e <_NTO?3(N) exp<<1 n)"(Ng);fn(N)) ))Ey o)
where

V<E[(¢€)( - X)) 4D E [Bi (&) - rx))]

i>0

{B;} is some sequence such that B; € [0,1] and E [B;] < (i), and Cy, C3, Cs are constants which
depend on ¢, n, 11, n2. Observe that,

v <E [(C€)(f ~ £)(X0))] +4 3 E [B (C€(f - (X))
<E (&) - r(x) +4Z\/ B [BE [(C(6)(f - 1)(X0)]

<E |(¢'(&)(f - (X)) +4\/E (s - a3 VELB]

>0

E {(W&)(f - f*)(Xl))ﬂ +4\/E {(M&)(f f*) } )| > VBG)

>0
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<E |(¢'(&)(f - f*)(Xl))Q} + 4\/E [(e/(.gl)(f - f*)(Xl))4] 3 exp(—ci™ /2)

i>0
<om + 4t

Combining (92), and (93), with probability at least &, . — ., for every f € F that satisfies
If = f*llz. = max(2wq, # (N)), we get

PyLg> =270l f — f*112, + c16Qu(27)p(0, t2) 72| f — f*[12,-

Choosing 79 < c16Q# (27)p(0,t2)72 /4, we have, PyL; > 0. But the empirical minimizer f
satisfies P L ;<0 This implies, together with choosing .7 (N) = N~/4+¢_that with probability
atleast Z = P, . — P,

I1f = f*llz, < max(2wg(F — F, N, Qu(27)3, Qu(2r)), o (N)),

where

1
P =1- CQQ'H(QT)l_%an/(1+771)67510QH(2T)1+ n1 N/ ()

1 1 n(—mn)
(N§+2L70)n N1+4LT02 N4LTg (N§+2L7_0) 5
—N —_ | - —_ | — — 1-y)— .
P ( o CP\T Ny ) TP o, o (=m Cu2n

We now prove part 2. When || f — f*||z, > </(IV), using Lemma 2.2 we have

N
. <|;[Zz’(§i)( F )X~ - ]

27]2+3 * — - * - c
< ——N(N7ol|f — £*I3,) " OTH =) L 8N (N7l f — f*|I7,) )

(dalog Nro|l f — f*12,) ™

(Nrollf=5*12 )2~ 24 (g log (Nl £ = £* 13, )L/ ™

+ 2e 9N
27lz+3

= 7ol f - f*||i2>

N(Nroa/ (N)?)~(Hhm=1) 4 N (Nroe/ (N)?)~(HHdee)

(ds log(N7oe? (N)2)) 71

_ (Nrgez(N)2)27 241 (dg log(N7g ez (V)2 )1/ ™1
9N

+ 2e = P (94)

We will choose d; suitably to allow 7 (V) to decrease with IV as fast as possible while ensuring
limy 00 2, — 0. Combining (66), and (69), with probability at least &, . — &5 ., for every
f € F that satisfies || f — f*||z, > max(2wq, &/ (N)), we get

PyLy > =270|f — f*|I, + c16Qu(27)p(0,t2)7°| f — F*|12,-

Choosing 79 < c16Q# (27)p(0,t2)72 /4, we have, PyL; > 0. But the empirical minimizer f
satisfies Py L ; < 0. This implies, together with choosing &/ (V) = N-Q=t/m)/4+e g —1/(1 +
n2),d2 = (n2—1)/(n2+1),and ¢ < (1 —1/m2)/4, that with probability at least 2, = 1 . — P .,

If = e, < max(2wq (F — F, N, 1, Co), N~ 71/m2)/4+ey

where

_ 2m2
2U2+37—0 T+n2 4umy

1
P =1 — coQuy(27) 1 7 N/ (m) g=er0Q (2n) 1 v /Gt

1—no

(log (ToN%+ﬁ+2L> /2) m

124:'2 1,1 4, 1/m
75 "2 (log| rqN 2 " 212 /2 4
2n9 0 tng

— _ Awng s
— 87 2 NT TRz — 2e” 9 Nz
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Note that Proposition B.2 is exactly same as Theorem 3.2 except for the fact one needs ¢ to be strongly
convex in [—tg, to] instead of [—tq, 2] where ¢ is of the order O((27 + 1/1/Qw(27))|1€]|L,)- So

now we will show that empirical minimizer f € F satisfies || f — f*||z, < max(||¢]|L,,2we) with
high probability. One has the following result from [Men18]:

fh=friheF b= flle, =Ry C{Af =)A= L feFNf = flle. =R} (95
Lemma B.10 ([Men18, Lemma 5.6]). When (87) is true, if || f — f*||z, > max(||{||z,,2wq), and
A > 1, then

N
N @A — £P00) = \erw@u(2r)p(0.to)r? max (], 4u3) . ©6)

Lemma B.11. With probability at least 1 — D5 . with 7o = c16Q# (27)p(0,t0)72 /4, we have
If = f*lle. < max([[€]|L., 2wq).

Proof. From (93), with probability at least 1 — &5 . we have,

<mollf = f*I2..

N
S SHEN - X —ERE© - £

To make the dependency of &5 . on Ty explicit, we use the notation & . -, to denote &, .. for this
proof. If || f — f*||L, < max(||¢||L,,2wq), choosing 7o = c16Q2(27)p(0, to)72 /4, with probability
atleast 1 — P25 ¢ .0 (27)p(0,t0)72 /4» TOr the same A > 1 as in Lemma B.10, we have,

CIGAQH (QT)p(O, t())T2
4

< max(|[¢]|z,, 2wq)*.

N
T S EN — FNE) —ER OO - )

If | f — f*|l, = max(||€||L,,2wg), and A > 1, we also have

1L
N 2@ = )X -

S S HEN = I —ER QN )

c16AQ3(27)p(0, 1) 72

- masx((€]] 2., 240)°

> AJers@n (27)p(0, to)r® maxe (€]}, 4) —

>0.

So by (95), and Lemma B.10, the empirical minimizer f satisfies,

1 = f*llzs < max(|€]lz., 2wq)-

Proof. [Proof of Theorem 3.2] Combining Lemma B.11 with the two parts of Proposition B.2 gives
us Theorem 3.2. -

Corollary B.2. For the convex ERM procedure, under Assumptions 2.1, with condition (b) replaced
by Assumption 3.1 with p = 8, for some 0 < 1 < % and r, i and 1o same as in Theorem 3.2, for
sufficiently large N, we have

1f = £lie < max (N34, 200(F = F, N, Qu(2n)}, Qu(2r) ) 97)
with probability at least (for some constants cg, c1g, Cy > 0)
1— CQQH(QT)lfﬁNm/(1+771)e—01oQu(27—)1+% N/ Q) C‘gNexp (_(NQLTO)U/MI) )

Proof. [Proof of Corollary B.2] The proof is same as Corollary 3.1 and hence we omit it here. ]
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C Details of Section 4.1

C.0.1 Verification of Assumption 2.1 for Example 4.1

[WZLL20] showed that the time series given by (19) is stable, strict sense stationary, with X; ~
SW(nx), for some 1 > nx > 0. As shown in [WLT20], {(X;, Y;)} is a strictly stationary sequence;
thus, we obtain that is also a S-mixing sequence with exponentially decaying coefficients as in
condition (a) of Assumption 2.1. Now we verify the small-ball condition (b) of Assumption 2.1. Let,
forany 6 = (01, -+ ,604) # 0, d; denote the set of non-zero coordinates of 6. W.l.o.g lets assume

T = 1,2, cee ,dl. Let E [XE} = 0'1»2 and og = minlgigdl g;. Then E |:(0TX)2] = Z;jil (9120'22 >

o2]|0]|3. Since X; ~ SW (nx), we have |0, X;||s < K1]0;|87%. So,

K1)10]):18™* Ki+/d 8%
ool|0]]2 o0

Then using Lemma 4.1 of [Menl15], for any 0 < u < 1, we have P (IHTX’ >ull0" X ,) >

(1 —u?)/(K38% "X+1))4/ ? . So condition (b) of Assumption 2.1 is true here. This also implies that
Assumption 3.1 is true in this case for p = 8. As an immediate consequence of [VGNAZ20, Proposition
2.3], we have that condition (c)-(i) in Assumption 2.1 is valid here with 7, = max(nx,n¢) < 1.
Since 1/7m2 > 1, condition (d) holds true.

Proposition C.1. Consider the learning problem described above. Then with probability at least

107 X5 < K1[|6]l:87 < 17 X1 < 167 X[ (98)

1-— 5’1NTQH(QT)cﬁeXp(—N(lfr)m) — égNeXp (—(NQLTO)"/Ml) ,

we have 1

2C3R10g(ed)l" N-b+e n-be L
Qw(27)c

The proof of Proposition C.1 could be found in the Appendix C.0.1.

If = f*le. < maX{

Remark 6. In a related setting (i.e., assuming 0* is exactly s-sparse) [WLT20, Corollary 9] presents
parameter estimation error which is of the same order as || f—r ||, (indeed, for simplicity R could
be thought of being at the same order as s) since we assume X has finite variance. So with slightly
better probability guarantee, we recover the same rate (v can be arbitrarily close to 0) as [WLT20,
Corollary 9] in the above proposition.

Lemma C.1 (Lemma 6.4 of [Men15]). If W = (w;)%_, is a random vector on R, then for every
integer 1 < k < d,

E| sup (W)

teVkB{nBY

s\
om (Z w> |
=1
d

where (w})L_, is a monotone non-increasing reaarangement of (|w;|)%_;.
Lemma C.2. Let wy,wo, -+ ,wq are independent copies of a mean-zero, variance 1 random variable

w ~ SW(n). Then forallp > 1 A,
1<k<d,

1
wl|z, < Kip7 for some constant Ky > 0. Then for every

k 3
E <Z w;‘2> < V2kK; (log(ed))"/".

Proof. [Proof of Lemma C.2] For 1 < j < d,and p > 2,

gz (om0 () ()"

Setting t = ukK; (log(ed/j))l/" and p = log(ed/j), we get

] >j lo(ed/5)

P@%zqug(u , 99)
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where K5 = K3 (log(ed/j))l/". Using (99) we will bound E [wf]. For some v,

E [w}fz} :/000 ]P’(w;f2 > u)du

= [ Pw] 2 > w)du —|—/ IP>(w;f2 > w)du

v

<v+/ (w > u+v)du

jlog(ed/4)
) du

u+v
|:(u+v)1 JlOg(Ed/j)/2:|oo

=V — " "
| jlog(ed/j)/2 -1 |,

o [ e
Ui L’log(ed/j)/2 - J '

To minimize the upper bound on E [ ] we choose

[where K5 = Kg log(ed/j)]

2
v =K = K = K7 (log(ed/))*/".

and get

E [w;?] < 2K (log(ed/ )"

For any 1 < k < d, using Jensen’s inequality,

" 3 " 3 3
(wa) s(ZE[wﬂ) s(ZzK%(log(ed/i))2/”> < V2kK; (log(ed)) /"

i=1
u

Proof. [Proof of Proposition C.1] In order to provide a bound on || f — f*||,, we need to compute
the order of w,(Fr — Fr, TQ2,(27)/16). Based on Lemma C.1 and C.2 it is easy to see that, in a
similar way to [Men15],

E sup

fEFRNSDpx

1R e KR (oged)®  (R/s)? > d/4,
\/N;&(f f )(X’L)‘| S {CzKls\/& US(R/S)QSd/4,

where c1, co are constants. Hence, following similar steps as in the proof of [Men15, Lemma 4.6],
we have

C3R % 1
log (ed)n if p < c1d,

wu(fR_fRaTQHR(2T)/16) S VH (100)
0 if > c1d.

From (100), choosing » = 1 — 2. by Theorem 3.1, for sufficiently large N, we have with probability
at least

B N1—2L 2 % B N2L n
1 _ Cl QZ( T)C 1 eXp(_NQLnl) _ CQNeXp (_( MTO) ) ,
1

we have

1
) o Flon(ed)d . 1
17 = f7llL. < max (Caf%g(eﬁNﬁ’NW) |

V@ (27 )Cﬁ

35



D Proofs of Section 4.2

Lemma D.1. Let {X[}/"| be an iid sample with independent coordinates X[ ; ~ L(n3,d;) and let
w be a random vector with coordinates

1
Wi = —— X/ j=1,2,--- ,d. (101)
J \//-7/ ; »J
Then we have
P (fuwy| > 1) < Gy (a2 =% gm =2 4 427 (102)

for some constant C3 > 0.

Proof. [Proof of Lemma D.1] Using the symmetry of the distribution of w; we can write,

P (jw;| > t) < 2P (w; > t). (103)
Setting p = 13 — 0.5¢, using Theorem 2.1 of [Che07] we get for any £ > 0
p d2t?
P(w; > t) < Cpt P max (Tu »(t), (14 2(16))5) +exp [ ——L5 , (104)
' ' 160% 5

where
Oy, = 227" max <pp,p”/2+le”/ P27 (1 — x)pdx> ,
0

and for any k € {p, 2},

~ X" (1Xx1 | 302
r”7k(t):ZE ‘ Lil g ‘ i,] > );,2 '
i=1 vz Vi tdj
Now,
B || Xy \XZ{”' > Bk | /. = Pyl s 30ka ) _m(lzld)m
vir| “\[vil = e o VEL T\IVEL S T8 ) 200 ()

td?2
J

p—n3
< 3 3‘7.%(,2
CdTT L (py—p) \

SCodP T g, (105)

where (' is a constant which depends on 73 and p. Then
Fup(t) < Cod P72t g,

The term 7, »(t) can similarly be bounded as follows:

2
1 ‘ s
Vi

P (|wy] 1) < Cy (dp 727 = gm0 g ar2yr),

m

rua(t) =Y E||—2
=1 \/ﬁ

Using (105), and (106), from (104) we get

/

30x,2 0%
> : < = 106
> td? )] < d? (106)

for some constant C3 > 0. ]
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Lemma D.2. Let wq,wa, - - ,wq are independent copies of a random variable such that (102) is
true forall j = 1,2,--- /d, ie.,

]P)(|U]]| > t) < 03 <d773*2p*1‘u1*%3t773*2p + d72t7p) .] = 17 2a e 7d7

Jorns > 2+ 21, and p = n3 — 0.50. Let {w} }9_, be the non-increasing arrangement of {|w;|}9_,.
Then for every 1 < k < d,

1

k
E <Z w:2> < 06\/% (dng/(2p)—1/2+1/pd;I3/2—P—7IS/p+3/2—2/PN1/2—7]3/4 + dl/Pdl_2/P> ,
i=1

[N

for some constant Cg > 0 which depends on n3 and p.

Proof. [Proof of Lemma D.2] First note that we have
d
P(wi® 2 t) =P (wi > Vi) < 3P (lwyl = Vi) < Cy (a0 ul =/ 2m /20 4 g 20/
=1

Now, using (102), for any v > 0 (to be chosen later), we have

E [wﬂ :/OOJP(w;2 > 1)dt

0

§v—|—/ P(w{22t—|—v)dt
0

<v+ / Cy (A= =2 (¢ o) /20 4 dd T (4 0) )
0
<v+ 04 (dd717372p71,u1—173/2vn3/2—p+1 + ddf2vl_p/2) ,

where Cy = Csmax(1/(p —1—n3/2),1/(p/2 — 1)). Choosing v = d2/pd1_4/p, we get
E {w{ﬂ < Cs (d%/p—1+2/pd717372p72n3/p+374/p/l1—n3/2 n d2/pd;4/p> 7

where Cs = C4 + 1. Using Jensen’s inequality, we have

1
2 2
1

k k N

B> w?] | < XE[w?]] < (k8 [u?’])”
j=1 j=1

< CsVk (dns/(2p)—1/2+1/Pd;73/2*17*’73/P+3/2*2/PM1/2—713/4 + dl/deQ/P) ’

where Cs = 1/Cj5, thereby completing the proof. L]

Proof. [Proof of Proposition 4.1] We start by obtaining a bound on the term w,(Fr —
Fr,TQ,(27)/16). Let w be a random vector with coordinates

1 |2
w; = X j=12--.d (107)
J \/ﬁ; »J

d : - d
Let {w} }$_, be the non-increasing arrangement of {|w;|}¢_,. Then, we have

1 & 1 &
E| sup |—=) &(f—f)(X)|| <E sup — D Xt
feFrnsDy | VI ; teBL(2R)NBI(s) \ VH ;
(2R/5)* 5
=E sup (w,t)y| = sE sup w't| < 2sE Z w;fQ
teB¢(2R)NBY(s) teB¢(2R/s)NBL(1) J=1
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If (2R/s)? < d, using Lemma D.2 we get

E <4CR (dns/(2p)*1/2+1/Pd¥3/2*17*’73/P+3/2*2/PM1/2*U3/4 + dl/pdpr)

sup w't
teB{(2R)NBYL(s)

§C7Rd1/p+‘/8,

when dy > C{ for some constants C§, C7 > 0.
If (2R/s)? > d,
E l sup th] < 230X’2\/&.
)

teB{(2R)NBY(s

So when (2R/s)? > d,

POSCUEISIES

El sup ] <1s,

fEFRNsD g

for all s > 0. When p < Cgd'*+2/P+4/4 we have (2R/s) < /d for
C7Rd1/p+L/8
VI
When p > Cgd'+2/P+4/4 we have (2R/s) > +/d for
C7Rd1/p+L/8
YV
1

N"Q3 (27)et

Combining the above facts, and choosing . = 4

,and r = 1 — 2: we get
CoR dl/p+L/8N—1/2+L lflff < C d1+2/p
_ < 1 7@, 23 =8 ’
WulFR = PR, TQus(27)/16) < {o " if 1> Cgd!+2/7,
where Cy = 32C+/c*/ () Then using part 2 of Theorem 3.1, we get,

R _1(q_ 1 CoR
- fr < N 4 (1 n2 )ﬂ 9Tt M/phe/8 N —1/24
Hf f HLZ — max{ ) TQ’,L[R(2T)3/2 b

with probability given by at least (14). |

E Proofs of Section 4.3

Proof. [Proof of Proposition 4.2] Since we assumed X to be Gaussian, Fr is a Lg-subGaussian
function class for some constant L, > 0. So as shown in Section 6.5.2, we have,

sl | Nog(ed/N) ifN < c¢i(Ly)d,

VN
wo(F = F,N, G, G) < { aft ifer(Lg)d < N < ea(Lg)d,
0 iN > eo(Ly)d,

where ¢;(Lg),% = 1,2, 3,4 are constants dependent on only L,. Then using Corollary B.2, we have
; L,)R
1 = £, < max (N—%+z 203(\/%) log(ed/N)> |

with probability at least (for some constants cg, ¢1g, Cy > 0)

141 ~
1-— 0961_%Nﬂ1/(1+n1)67c105 i N/ C2Nexp (_(N2L7_O)77/M1) .
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F A Note on Condition (c) in Assumption 2.1 and o’} (7, ) in [Men15]

In this section, we discuss the relationship between Condition (c)-(i) of our Assumption 2.1 and
the multiplier process based assumption in [Men15, Equation 2.2 and o’} (y, §)]. For simplicity, we
consider the following simple model. Let { X, };c7+ is an iid sequence of symmetric, zero-mean,
random vectors. Let ivY}lew, Y, € R denote the sequence given by Y; = 0*TX; + §7, where
0* € Bi(R) and {¢;}Y, is an iid sequence and independent of X;, Vi, and & ~ N(0,07). The
function class F we con51der is F:=Fr = {(0,-) : 0 € B{(R)}. Now let us assume Zfil X
is heavy-tailed random vector, with the tail lower bounded by Nexp(—M (Nt)), for some positive

increasing function of ¢, M(¢), i.e., P (’N‘1 vazl Xigi’ > t) > M3Nexp(—M(Nt)) for some

Ms > 0. Specifically setting M (t) = t",n > 0, and M (¢) = nz2logt, n2 > 2 one recovers (9) and
(10). Now, recall from [Men15] that,
<'ys>21—5}. (108)

ayn(y,0):=inf¢s>0:P sup
0eBi(2R)NB}(s)
min(2R, s).

Z@X@

Note that, for s > 0,

sup
0eBL(2R)NBL(s)

N
N7 6Xi6| =
=1

| 12@

We also have,

N
Then, from (108), when s = a’y (7, 9),

d > N Msexp (—M (*yNa}‘V(%(S)2/min(2R, a*N(’y,é)))) .

X;| < vs*/ min(2R, s)) <1-— M3sNexp (—M (WNSQ/min(2R, s))) .

Hence, if we want a non-trivial bound on the generalization error, we need o’y (7, 6)2 < N~™o for

some mg > 0. Set 2R > N~"0/2_ When M(t) ~ 172,45 > 0, % Zfil & X; has a sub-weibull tail.
If it has a polynomially decaying tail, i.e., M (t) = M, logt for some constant M, > 0, then

6 > N Msexp (—M4 log ('le_m"/2)) = Mgfy_M4N1_(1_%)M4.

This implies that if + Nl ZZ 1&iX; hasa polynomlally decaying tail, one getsa polynomial probability
statement on the rate using complexity measure oy, (7, 9). Note that, since we are considering iid
setting, choosing my < 1 would allow o’ (7, d) to be of the order of N~ 1/24¢ where t > Ois a
small number. Recall that the rates we obtain in Theorem 3.1, and 3.2 are for S-mixing case. Indeed
the worse rates are due to the presence of the third terms on the RHS of (9), and (10) — one needs to
choose A(N) (used in the proofs of Theorem 3.1,and 3.2) suitably so that the third terms on the RHS
of (9), and (10) decay to 0 as N — oo.
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