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Supplementary Material

A Restatement of Algorithms

For the convenience of reference, we restate our algorithms under both finite-horizon case (Algorithm

and infinite-horizon case (Algorithm . In both finite and infinite horizon cases, we provided
Bayesian regret bounds on both general prior and Dirichlet prior distributions. The reward function
under finite-horizon case is set to be random and bounded within [0, 1]. The reward function under
infinite-horizon case is set to bee known and also bounded within [0, 1]. However, the result can
also be generalized directly to random reward under infinite-horizon case, as long as the reward
function is bounded. As a matter of fact, in our simulation, we set reward functions under both
settings drawn from random normal distribution. Here we give the posterior distribution updating
principle for transition probability distribution with the Dirichlet prior and also the random normal
reward functions with random normal prior for the mean parameter.

Posterior Distribution Update: For each pair of state-action s, a, the transition probability
P, ,(i),i € S is a categorical distribution over state space S. Dirichlet distribution is a con-
jugate prior for the categorical distribution which has the following property: given a prior
Dirichlet(ay, as, . . ., ag) for P, 4, after observing a transition from s to ¢ when taking action a, then
the posterior distribution of P; , becomes Dirichlet(ay, ..., a; +1, ..., ag). Hence when we update
posterior distribution of transition probability P , after time ¢ (and before time ¢ + 1), the posterior is
Dirichlet({ V! ,(s") + 1} ¢s), where with a little bit abuse of notation, N ,(s’) denotes the number
of times that s jumps to s” under action a by (including) time ¢. For reward posterior, since we model
the reward of each (s,a) as 7 ~ N (u, 1) and start from a prior p1 ~ N(0,1), after observing n
i.i.d. samples from N (u, 1), the posterior distribution for parameter z is N'(fin, 1/(n + 1)), where
[ = % >, 75 is the sample average of the observed rewards, and note that fig is just 0.

Algorithm 3: Concurrent PSRL
Data: prior distribution ¢,Hf = 0, Vp € [n]
for episode k = 1,2,...do
forp=1:ndo
Sample MDP M, ~ ¢(-|Hk—1)m )3
Compute 1y, € arg max, Vl%’“p;
for period h=1,...,H do
take action af;, = fkp(shy,, h);
update ka_l)HJrh = ka_l)H+h_1 U {8k @ons Tons Si<h+1>}
end

end
Hig = ngl’}-[ﬁ ;5 Update posterior distribution ¢(:|Hyr);

end
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Algorithm 4: Concurrent Infinite-Horizon Posterior Sampling MDP under Dirichlet Prior

Data: State space S, Action space A, starting state vector across all agents s; € ST, reward
function r, time horizon T', 7 = () for p € [n].
for epochs k =1,2,...do
Sample transition probability vectors: For each s, a generate sample probability vectors Q};a
as follows: '
Posterior sampling: use samples from the posterior sampling:

oo ~ O(1Fi-1)

Compute policy 7*: as the optimal gain policy for the sampled MDP MP constructed using
sample set {Q% . s € S,a € A}.
Execute policy 7
for time steps t = 1, 71, + 1, . . ., until break epoch do
for agentp=1,2,... ., ndo
(This block can be implemented in parallel)
Play action af = 7y (s?).
Observe the transition to the next state s} ;.
Update Fy = F, U{st,a;, 7}, st 1}
end
If szj}lf > 2N§ o for some p, (i.e. for some (sf,a})), then set 741 = ¢ + 1 and
break epoch.
Fr = Up_, F Update posterior distribution ¢(-|F%);

end

end

B Worst-case Bound of Infinite-Horizon Case under Dirichlet Prior

In this section, we provide a worst-case bound on the concurrent infinite-horizon posterior sampling
method under Dirichlet Prior based on [3].

Theorem B.1. (Worst-case Infinite-Horizon Regret Bound Under Dirichlet Prior) With high
probability, Algorithm is bounded by

R(T, M,n) <O (DS\/ATn)
Proof. As defined before,

n T
R(T,M,n) =Tn\* — Z Zr(sf, al)

p=1t=1

A* is the optimal gain of MDP M. Algorithm proceeds in epochs k£ = 1,2,..., K, where
K < SAlog(T). Now we define

Tk+1—1 n

Ry = (Tp+1 — TE)RA* — Z erfﬁf

t=71, p=1

So we can write R, as

Tek+1—1 n

Ry = Z Z[A**rsf,af}

t=71 p=1

Tk+1—1 n

= 30 ST =)+ O =7 ar)]

t=71 p=1
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Algorithm 5: Concurrent Infinite-Horizon Posterior Sampling MDP under Dirichlet Prior
Data: State space S, Action space A, starting state vector across all agents s; € S, reward
function 7, time horizon T', parameters p € (0, 1], ¥, w, K, 7.
Initialize: 7, = 1, M}, = wl.
for epochs k =1,2,...do
Sample transition probability vectors: For each s, a generate ¥ independent sample
probability vectors Q7 arJ =1,2,...,9 as follows:
* (Posterior sampling): For s, a such that NJ% > 7, use samples from the Dirichlet
distribution:

Qg’; ~ Dirichlet(MZ, )

* (Simple optimistic sampling): For s, a such that NJ% < n, use the following simple
optimistic sampling: let

P\;a = Ps,a -A
A . N ' . 3P, . (i)log(4S 3log(4S) B .
where Ps o (i) = NTE ( ) ,and A; = min{, / 3P, (N)&g( ) 31}\%% ),Ps,a(z)}, and let z
be a random vector plcked uniformly at random from {1,...,1g}; set

S
QU =P, + (1= P
i=1

Compute policy 7*: as the optimal gain policy for extended MDP M¥ constructed using
sample set {Q7: a,j =1,2,...,¢,s € S,a € A}.
Execute policy 7*:

for time steps t = 1y, 71, + 1, . . ., until break epoch do
for agentp =1,2,...,ndo S
(This block can be implemented in parallel)
Play action af = 7y (s}).
Observe the transition to the next state s¢, ;.
end
Set NI H1 (i), M (i) foralla € A, s,i € S as defined.

If N:g' (11? > 2N§§,af for some p, then set 75,41 = ¢ + 1 and break epoch.

end
end

where )y, is the optimal gain of the extended MDP M*. From Lemma (2.1) we know that for any
state s, optimal policy 7, for communicating MDP MP¥, action a = 75(8), /\k =Tsq+ PT h— h( s
where Ps,a = Qs,a for some j. So we have

Tk+1—1 n Tk+1—1 n
Do 2 Cu=rga)= >0 Y (Pgap = Papar + Py = 1) "h
t=1, p=1 t=1, p=1
Tk+1—1 n Tk+1—1 n
= E E (Pspap Psp p h+ E E sP.aP — Th
0t 1@ 0t
t=1, p=1 t=71 p=1

Similar to [3] we have the following result:
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Lemma B.1. Fix any vector h € R such that |h; — h;/| < D for any 4,7’ € S, and any epoch k.
Let the parameters in AlgorithmE] take the following values:

InTS
n= nT+12wS4,/<;:12010g(N;’;/p),w:72010g(N;’;/p)

Let ® be the normal cumulative distribution function, then

1-2)1/2)"

¥ = Cnlog(nd/p),C > T32/% ¢ = ( )t

Then for every s, a, with probability 1 — 2 there exists at least one j such that

; SA
7,k\T T _ 2 QA
(QU4)h > PI,h = O(Dlog*(Tn/p)y | =)

Nk +wS

P >

Proof. When N7k > 7, we know that Q7% ~ Dirichlet(mps, . .., mps), where m =

5y = % From [3]] we know that with probability Q(1/S) — 85p,
DSlog(N{%/p)
Ngh

s,a

( ik Ps,a)Th > —O(w ) > —O(DlogQ(Tn/p) %)

When n < 7, with probability at least 1/(25), (Q%% — P, )" h > 0. So we have that with probability
Q(1/S — 5p).

, SA
JEN\T s pT p, _ 2
(QLa) h > P h O(Dlog (Tn/p) Tn)

for at least one sample j. And the rest of the proof follows similarly as in [3] Lemma 5.3. O

Similar to [3], the above Lemma directly leads to the following result:

Lemma B.2. With probability 1 — p, for every epoch k, the optimal gain A of the extended MDP
MF satisfies:

Ak >\ — O(D log?(Tn/p) i—?)

where A\* is the optimal gain of MDP M and D is the diameter.

Proof. The proof follows in the same way as in Lemma 5.4 of [3]. O

Lemma B.3. (Bound on number of epochs). When T'n > S A, the number of epochs K of Algorithm
is upper bounded by
8T'n
K < SAlogy(——

= OgQ( SA )
Proof. We use the technique similar to [4] to give the upper bound for the number of epochs. Define
N(s,a) ={t <T+1:s = s,a = a} be the total number of observations of the state-action
pair (s, a) up to time step 7. Let vi(s, a) be the number of observations of state-action pair (s, a)
within epoch k. For each epoch & < K there exists a state-action pair (s, a) with vy (s,a) = N, or
vk (s,a) = 1, NJ%, = 0. Let K(s,a) be the number of epochs with vy,(s, a) = NJ% and N7% > 0.
If N(s,a) > 0, then vy (s, a) = NJ% implies NJa™ = 2N[%,. so that

K K(s,a)
N(S,a)zzvk(87a)21+ Z N;*;LZI—F Z 21?1:21((5,(1)
k=1 kivg(s,a)=Ngk, =1
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If N(s,a) = 0, then K (s,a) = 0, hence N(s,a) > 2K(5:¢) 1 for any state-action pair (s, a). It
follows that

Tn=> N(s,a)>>» (2K —1) (B.1)

In each epoch k, note that there exists a state-action pair (s, a), such that it’s visited with either
Nk =0or NJk = vi(s,a). So we have

K<14+SA+Y K(s,a)= Y K(s,a)>K—1-5A

s,a s,a

This implies
S oK) > G420 K0)/S5A > g Ap"st =
With we have:
Tn> SAQ2%a 1 —1)
So we have

K<1+25A+ SAlogZ(g—Z)

So when Tn > S A, we have

T
K < SAlogy( )

O

Lemma B.4. (|3] Lemma 5.5). In every epoch k, with probability 1 — p, for all samples 7, all s, a,
and all vectors h € [0, H]®,

b )0 (SAT/p))

Lemma B.5. (Diameter of the extended MDP). Assume Tn > CSAlog*(SATn/p) for some
constant C' sufficiently large. The bias vector of the extended MDP M* satisfies

max hs — min hg < D(J\;[k) <2D
with probability 1 — p.
Proof. The proof follows that of Lemma 5.7 in [3]. O

Lemma B.6. With probability 1 — p,

K n
. - T AT
>3 Qg — Papar) " < O( DSVAT(0g(34) + ooy g 1 ) og* (2
k=1p=1 )
8Tn SAT
342 2
+ DS A gy (g 1) log* (% ))

18



Proof. From Lemma and note the fact that N %™ — N, ok, < N{* for any pair of (s, a), we have

- V'S S o SAT
— Pyar)"h < DY (NI = NZ, — + =) log
> (@ V< DY NG = NI e + g o' (50

< O((DVSY_V/Nik + DS?A) log (S’;‘T))

So if we use the fact that N5 < 2N7+  we have

s,a’

S = SAT
D (@~ PR < O( Do (DVE S /NI + DS ) log? (25

k=1p=1 k=1 s,a

< O((DVS10g(K) " \/NT& + KDS*A) log (S?TD

Also by simple worst case analysis, using the fact that EM Ng% < T we have that. with probability
at least 1 — p,

> V/NIE < VSAT

s,a

So using Lemma we have that with probability at least 1 — p

K n
DD (QFy —Poa)h< O((Dﬁlog(K) > V/Ni§ + KDS?A)log (S?T))

k=1p=1
8TP SAT
< O(DS\/ AT (log(SA) + log log2(57)) log2(7)
8TP SAT
342
+ DS° A% logy( <A ) log?(——— ))
O
Lemma B.7. With probability at least 1 — 24
Tk+1 N
SN (P —10)7h < O(D\/n Tor1 — Tk)log(n/5)> (B2)
t=71 p=1
Proof. We expand the left hand side of as
Tk+1—1 n Tk+1—1 n _
> 2P —1)Th= 3 Y [Py =L, +1a, — 14"k
t=1r p=1 t=7 p=1
Tr41—1 n Tet+1—1 n _
> D P =t )Th+ 30 D (L, —1a)"h
t=T1r p=1 t=1, p=1
¢Y) )
Bound on part (1):
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Let Z, = /F'~ 1(P Par = lszth)Tﬁ for each p. Let & be the event defined as

t=T1g
&5 = {12y < DV/8(741 — ) log(4n/5), Vp}

Let )
Tk+1— n 5 \/%
A6 ={ Z Z sP,al — 1sf+1)Th > 4D/ n(Ti41 — i) log(——
t=71, p=1
Thus

Tk+1—1 n

PLYSY S Py — Ly, )T = 4D/lrys = mdlog( o] = B(AL. £6) + B4 (61))

t=71, p=1
P(A5,E5) +P((65)°)

Note that for any p, ¢,

E[1§+1ﬁ|ﬁ'k,]~l,st] Pp ph (B3)

S3,a3

On event £f we have that

P(AF, £5) = P(AG]EP(E) < P(AF|ES)

Note that by the fact that Vab < ‘%Lb for a,b > 0, we have

e
)

log(3) log(*5") < 5 (log(5) + loa(5")) = los(

By , (Psf’ag — 1sf+1 )Tﬁ is a martingale difference sequence for each p. So by Hoeffding-Azuma
inequality,

Tk+1 1 n

~ V&n
P(ASIES) =P( D> Y (Paar — L, ) h > 4Dy/n(rg1 — 7)) log(~——

t=71 p=1

Tk+1—1 n

dn
<SP Y D (Pyar—1g,,)"h > 4DVn(n — ) log ) log(~))

t=71 p=1

<

N

Again by Hoeffding-Azuma inequality and the fact that the diameter of the extended MDP is bounded
by 2D, Z, are i.i.d. across p, we have

P
d )
< P(|Z,] = D\/B(7ks1 — i) log(4P/d)) < 2P 5 =5

Hence

) . 5§ 6
B(A) < P(AFIER) + P((E))) S S+5 =19

+

Bound on part (2):
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Tk+1—1 n

Z Zl(lstrl - 1sf)TiL
p=

=Tk

t=r

n ~
Z(ls£k+1 B 1521@ )Th
p=1

~—
©

>
|

Note that (1Sgk+1 — lsgk)TfL are. i.i.d. across p = 1,2, ..., n, and that

(L —1p)"h|<2D

STh41
Hence using Azuma-Hoeffding inequality, we have that for all € > 0,

P(Z(lsfk_H - srk)Th > 6) < eXp( Sn.D?2
p=1

)

Taking e = D+/8nlog(1/6) in the above, then we have that with probability at least 1 — 4,

n

> (g —1p)"h < Dy/8nlog(1/5) (B.4)

STht1
p=1

So from Lemma , , , we have the following bound on the regret of Algorithm
Theorem B.2. With probability at least 1 — 5p,

SAT

R(T, M,n) < O(D\/SAlogQ(Tn/pHDS\/ﬁlog (221 DS3A% 1o g(SA Jog( L 1) "+ D\/nTlog( n/p)

This indicates that With high probability
R(T, M, n) < (DS\/ATn)

Proof. Note that

K
ZTk-i-l_TkST and Z\/Tk-i-l_TkSVKT
k k=1

From Lemma (B.2), (F2), {(G.2), we have that with probability at least 1 — 5p,

SAT

R(T,M,n) < O(D\/SAlogQ(Tn/p)wLDS\/ﬁlog (—=)+DS3A? log(SA )1og A JrD\/nTlog (n/p) )

So we have the bound as indicated above. O

C Simulation Results

In both finite and infinite horizon cases, we use an MDP with transition probabilities drawn from
Dirichlet(1,1,1,...,1) and deterministic reward functions drawn from A/(0,1). When we model
the posterior of the MDP, we start from a Dirichlet(1,1,1,...,1) as the prior distribution of the
transition probabilities, and a (0, 1) as the prior distribution of the mean (1) of the i.i.d. Gaussian
rewards r ~ A (u, 1). For infinite horizon case, the epochs are defined using doubling epoch strategy
as defined in Algorithm (2).
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Under both settings, the policy at each episode or epoch is computed using value iteration from
transition probabilities sampled from a Dirichlet distribution with parameters being the number of
visits to each of the state, action, and next states tuples. The discount for value iteration is set to 0.99
and tolerance 0.01. All experiments were run using CPUs, either through a desktop computer or
Google Cloud Platform. Due to page limitation, we put the experiment results in the appendix.

Hyperparameters and Results: For finite horizon case, we run our experiments with different
settings as in the Table We sample 10 environments and average over their per-agent total regrets
to approximate the Bayesian per-agent regret. For infinite horizon case, we run our experiments
with the settings as in Table[2] Again, we sample 10 environments and average over their per-agent
total regrets to approximate the Bayesian per-agent regret. We plot the Bayesian per-agent total
regrets against the number of agents for both finite-horizon and infinite-horizon settings. Figure
shows finite-horizon results under two different K and H settings, i.e., K = 30, H = 75 and
K =20, H = 10 respectively. The @( —) trends are plotted as dashed curves for reference. We can
see that under all 4 settings, the Bayes1an per-agent regrets from simulations fit well the Bayesian
regret bounds given by our theory. Figureshows infinite-horizon results under two different settings
of total time steps, i.e., T' = 1000 and T' = 2000 respectively. Again, the simulated Bayesian
per-agent regret fits well the 6( —) trend given by our Bayesian regret bounds.

Table 1: Finite-Horizon Settings

S (state space size) A (action space size) K (number of episodes) H (horizon)

5 5 20 10
5 5 30 75
20 10 20 10
20 10 30 75

Table 2: Infinite-Horizon Settings

S (state space size) A (action space size) T (total time steps for running)

10 5 1000
10 5 2000

Concurrent UCB Comparison: = We compare our concurrent PSRL to a baseline concurrent UCB
algorithm to verify its effectiveness. For concurrent UCB, we parallelize UCB action selection on a
TD-based reinforcement learning algorithm by syncing the experience of all agents at the end of each
episode similar to concurrent PSRL. For the infinite horizon case, we again split training based on
epochs and break the current epoch when the number of times an action is selected for some action is
greater than two times in the previous epoch. For the finite horizon case, we ran experiments for all
settings in Table 1, and for the infinite horizon case we ran experiments for all settings in Table 2
to compare our concurrent PSRL to concurrent UCB. The results show that across all settings for
both finite-horizon (Figure[4a}[4b] [3c|[3d) and infinite (Figure[d) cases, concurrent PSRL outperforms
concurrent UCB in terms of Bayesian regret.

D Proof of Finite-Horizon Case under Dirichlet Prior

Decomposition of the Regret: Note that we have
BayesRegret(T, w, ¢) = E[Regret(T, mw, M*)|M™ ~ ¢]
[T/H] n
= > D ED a5 (Va(s) = Vil 1 ()M ~ ¢]
k=1 p=1 se8
And we can write

VA (s) = Vol = VM (5) = VI (5) + VI (5) = VAT (s)

Tp,l Thp,1 Thp,1

opt A\conc
ANH kp
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Figure 3: Bayesian regrets for Finite-Horizon Concurrent TS versus Concurrent UCB method with
Dirichlet Prior for Transition Probabilities and Gaussian prior for rewards.
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Figure 4: Bayesian regrets for Infinite-Horizon Concurrent TS versus Concurrent UCB method with
Dirichlet Prior for Transition Probabilities and Gaussian prior for rewards.

Note that conditioned upon any data H ;,_1)z, the true MDP M™* and the sampled My, are iden-
tically distributed. This means that E[AZ‘;] < 0 for all k,p. Therefore, we just need to bound

,z/lH] 25:1 E[A}°|H(k—1)m]. For the convenience of notation, we write kaff’ = WJZI:Z
Now we rewrite the regret via the Bellman operator, with wf(z) = 7y, (z) — #¢(x), wl (z) =

(Prp(@) — () TV

E[A%;m‘%(k—l)H] =E[(Tkp — ) (2},) + Pkp@Zl)TkaQp - P (xil)vk*ﬂH(k—l)H]
= E[(Tp — 7)(2%) + (Pap(afy) — Pe(a)) Vid + E[(VF — Via)(s)] s ~ P* (2} H(e-1)n]

H H

=E[Y_(Frp(fy) = 7 (27)) + D {(Pup(ahy) — Pulaly )V HH 1]
h: ; h=1

<SER (@)l + Y wr (2] )M a]
h=1 h=1

D.1 Useful Lemmas

Lemma D.1. (Posterior Sampling [16]). For any H _1)-measurable function g,

Elg(M*)[H—1yu] = Elg(Mi)|Hx-1)m]
Lemma D.2. (Confidence Interval [4]) For any ¢ > 1, the probability that the true MDP M * is not
contained in the set of plausible MDPs M, at time ¢ (as given by the confidence intervals in the
below) is at most 15%, where M; is define to be the set of all MDPs with states and actions as in
M*, and with transition probabilities p(:|s, a) close to px(+|s, a), and rewards 7(s, a) € [0, 1] close
to 7(s, a):

[7(s,a) = (s, a)| < \/

Tlog(2S5 AT /9) _ o 145 1log(2A7k/0)
Qmax{l,Nk(s,a)}’ Hp( |S7CL) pk( |5,Q)H1 S maX{l,Nk(S,G;)}

where py, is the empirical distribution by time 73, and 7, is the observed average accumulated rewards,
which will be given more clear definitions in the following.

Lemma D.3. (Empirical Distribution Deviation [31])The L*-deviation of the true distribution and
the empirical distribution over m distinct events from n samples is bounded by

ne2

P(|P() = PO, = 0 < (2" —2) exp(— ") ®.1)
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Lemma D.4. (Sub-Gaussian tail bounds [21]) Let z1, ..., z, be independent samples from sub-
Gaussian random variables. Then, for any § > 0,

7‘2 il > /2log 2/5))_(S

Lemma D.5. (Gaussian-Dirichlet dominance [21]]) For all fixed V € [0,1]", a € [0,00)" with
aT1>2,it X ~N(aTVaT1,1/a’1)and Y = PTV for P ~ Dirichlet(c) then X =, Y.
Lemma D.6. (Transition Concentration [21]) For any independent prior over rewards with r € [0, 1],
additive sub-Gaussian noise and an independent Dirichlet prior over transitions at state-action pair
Trh, then

. 2log(2/0)
Wp, (xkh) S QH\/max(nk(l’kh) - 27 1)

with probability at least 1 — 4.

D.2 Proof of Theorem

Proof. Let ]55 (+|s) denote the empirical distribution up to period ¢ of transitions observed after sam-

pling (s,a), let B! (s) denote the empirical average reward. Define Ny, (s,a) = ;% ! 1 H(s¢,a¢) =
(s,a)} to be the number of times (s, a) was sampled prior to time ¢, where ¢}, = (k —1)H +1is
defined to be the start time step of period k. Empirical estimate of rewards and transition probabilities
at each (s, a) are defined as

Ry (s,a)
max{1l, Ni(s,a)}

Pk(87 a, S/)
max{1l, Ni(s,a)}

R} (s) = Pye(s'|s) =

where

tp—1
= Z r-1l(s; = s,a, = al; Py(s,a,8") = #{r <tr:s;, =s,ar =a,5.41 =5}

Note that Ny, (s,a) = t’“ ! 1 1{(s¢,at) = (s,a)} can take values in {0,1,2,..., P(ty — 1)}.

Define the confidence set for eplsode k:

My = {M : | Bi(1s) = PY(ls)|| < Bua, 1R (5) = BY(5)] < Bz ¥(s,0)}  (D2)
where
145 2Aty,
B = ]
h \/max{l,Nk(th,wkp)} o8(=5~)
7 25 At,
B = ]
k2 \/2max{1,N(s£h77rkp)} og( 5 )

From Lemma tb we know that M, is H ,_ 1)y -measurable, and that

E[1{M} ¢ My }[Hx—1yu] = E[L{M" ¢ My} H-1)n] (D.3)

We rewrite our previous bound here:

H H
E[AS [ He-1ya] < ERY [l (@)l + D lwh (2] e )IH -1y 1] (D.4)
h=1 h=1
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where

(@) = Tap(2) — ()

wh (z) = (Pip(z) — Pu(2)) "V,

Trp(@hy,) = E[r|r ~ RM (s, mp)], Tr(ahy,) = B[P (shy, mp) [H (k1) 1]

kp

M, B *
Pkp(sihvﬂkp) = Pry, ('|S£h)a Pk(szhawkp) =E[P (5£ha 7"'kp)‘r}'[(lc—l)H}

For & = {M* € My, My, € My}, we will condition on event £} and (£F)° to bound (D.4).
From Lemma (D.3), form = S, t = t;, let

2 259208 At7 \/145 2At
=4/= il B it =
€ \/n log( ) < - log( 5 )

5
From Lemma (D)),
. 148 2A¢t n?2 25208 At”
P([|PCls.a) = PrClsia)| = /7 los(555)) < 2 exp(—5 = log(—————))
P
< -
= 20t7SA

where P is the empirical distribution, and P is the true transition distribution.

P( 7 QSAt)> < 0

~t - > o Iadiaind _
r (S? a) 7”(57 a/)| — 2N log( 6 — 60t7SA

where 7t is the empirical mean reward, and 7 is the true mean reward. Hence a union bound over all
possible values of N = 1,2,... n(t — 1) gives

n(t—1)
A 148 2At 6 nd
. — p( > 2 1oe(ZE0)) < mi _9 inf 2
]P)( HP( |3,0) = P( |S’Q)H1 - \/maX{LN(&a)} Logf 1 )> < ming ; 20t7SA’ 1< mm{20t65A’1}

n(t—1)
7 25 At 5 nd
p( |7 o > ] < mj —1 in{ ——-—1
(.0 -r(e,1 2 \/QmaX{LN(&a)} o8(—5)) < mind Nz::l corrsar = mimGgmsa

So if we condition on the event that £ = {M* € My, M € My}, we have

H H
(AR H o1y, €1 S EDY_Jw (@) + D lwp (@ ) [ Hee—y, EF]

h=1 h=1
H
145 2At, 7 25 Aty
< 2 1 1
—h; (\/max{LNk(sgh,%)} o8(=5 H\/zmax{LN(szh,nkp)} 85 )

where N (s, Thp) = 2221 Nji(Shy,: Thp) is the accumulated number of appearing times for the
state-action pair (s}, , mxp) across all n agents before period k.

Since 7 € [0, 1], so that Ay, < H. Hence
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H

B[AS Mk —1yar, EF) < min{H, > Br(sh,, mep) } (D.5)
h=1

where

145 24ty 7 25 At;,

P p) =2 1 1
Ol ) (\/max{LNk(sih,m)} 5 )Mzmax{l,ka(sih,wkp)} o5 =5)
(D.6)

Let K = [T/H]. Now in (D.6), we let

Then

705 log(2S AK tn)
max{1, Ny, (s5,, Trp)}

Br(shy, Ten) < 2\/

For this choice of § and S, by summing over all state-action pairs, we have that

. né né né
PM™ ¢ Mj) < ;(2()&4 o054 " 15

Using the fact that Ay, < H we can decompose regret as follows:

n

n K K n K
SN Ak <)Y AR LMY € My, ME € Mp)+H D S [1(ME ¢ My)+1(M* ¢ My))]

p=1k=1 p=1k=1 p=1k=1

Using (D.3) and (D.5)), we get that

n K
E[Agp (M} € My, M* € My)|+2H Y > P(M* ¢ My)

p=1k=1

NE

K
D> Al

1k=1

Ms

p

IN
T
<!

3
Il
(- T

H
M
> min{Bi(sh . mip). 1] +2HKn15K _

3

Il
NERINE
Nl

. 4
mln{ﬁk(sfk+h,7rkp), 1} + EH

I

|
IS
(]

=
Il
-
E
I
-
>
Il

1

Also note that under the constraint that reward € [0, 1], we have that

n K
zz:jz:zﬁkp S nT

p=1k=1

So we are interested in providing a bound on

n K H 4
min{H » > " min{B (s, mkp), 1} + T} (D.7)

p=1k=1h=1
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Now consider the event Ay(s,a) = {N, (s,a) < Hn}. This event can happen less than or
equal to 2Hn times per state-action pair of each agent throughout the whole process and across
all agents. Suppose one state-action pair (s,a) has appeared in the process for some agent, i.e.
(s,a) = (s}, mkp) for some k, h, p. Note that t, = (k — 1) H + 1 is the start time step of episode k
and Ny, (s, a) is the number of times that (s, a) appears before t. Suppose (s, a) has appeared for
a number of times less than or equal to Hn, prior to the start time of episode k, and also note that
(s, a) appears at most Hn more times within the new episode k. And once (s, a) appears more than
(>) Hn times by the end of episode k, then event A, (s, a) doesn’t happen if j > k + 1. And in this
way the event will happen less than or equal to 2Hn times across the whole process and all agents.
Therefore,

n

K H
Z Z (NP (shy, Tep) < Hn) < 2HnSA
p=1k=1h=1

Now we look at the complement event of A(s,a) where {Ny,(s,a) > Hn}. Then for any
t € {tk,...,tgr1 — 1}, Ne(s,a) +n < Ny, (s,a) + Hn < 2Ny, (s,a). Therefore by a similar
analysis from [16] we have

n K tkr1—1 n K trgy1—1
1(N, Hn) 2
Y Y 1(Ny, (st mhp) > Hn) SHID S (D.8)
p=1k=1 t=t) N (575 ) p=lk=1 t=t, Ni(st, Thp) + 1
n T
=V2) Y (N(s, mhp) + )2 (D.9)
p=1t=1
Nri1(s,a) Nri1(s,a)
SOMDIEREIO W
s,a j=1
(D.10)
§\/ZSAZNT+1(s,a):\/2SAnT (D.11)

Note that all the rewards and transitions are absolutely constrained in [0, 1]. Using (D.5)), and also
using the fact that n < O(S?AT log(SAnT)), (D.7) is bounded by:

n K H
4 4
min{Hz Z Z min{ By (s}, Trp), 1} —|— H nT} < min{2H?nSA + 2H\/7052AnT log(SAnT) + 15H Tn}
p=1k=1h=1

< V2H2SAnT + 2H /7052 AnT log(SAnT) + Au

15
< 12HS+\/AnT log(SAnT) + TSH

< O(HSVAnT)
O
E Proof of Finite-Horizon Case under Dirichlet Prior
E.1 Proof of Theorem (3.2)
Proof. From Lemma 1.' and l under Dirichlet prior, by a union bound at each z, =
(s, a) for some state- actlon palr s, for a) and R(s, a), we have that for each p, with probability

at least 1 — n—T,
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u ul 2log(4SAnT)
R/ .p P/ p
E[h;“w (xkh)‘ + fwp, (xk,h+1)‘}|H(k71)H] < }; 2(H + 1)\/max{Nk(x£h) —2.1} (E.1)

Let A = {(s,a)|N(s,a) < 2} be the set of (s, a) pairs which have only appear less than or equal
to 2 times throughout the whole process. Note that for (s,a) € A, when these pairs appear, since
the reward function is strictly in [0, 1], and there are at most S A appears in total. So the total regret
regarding these pairs is upper bounded by 25 A + 1.

For the z}, ¢ A we may use to bound as

H
2log(4S AnT
B[S () + [l o) ] < S 20 4 1), 210BESAND)
h=1

h=1 Ni(zy,) — 2
So we have
[T/Hl n H
2log(4SAnT 1 SAT
BayesRegret(7T', 7, ¢) << Z ZZQ M+QSA+1>(1M)+ Tnn
k=1 p=1h=1 E\LEp
[T/H] n H
2log(4SAnT
< S 2(H +1) 2ogSAnT) g4 41
k=1 p=1h=1 Ni(x kh) 2

s,a) < Hn}. Then again for any ¢ € {tg,...,tg+1 — 1},

We again define A (s,a) = {Ng(
n < 2N(s, a). Then similar to , forn >4

Ni(s,a) + n < Ng(s,a) + H

n [T/H]tgy1—1
XH: L(Ni (52, tirp) > Hn) <Z(f < 2
pooub)y—2 = Ni(st, pep) +n —4

Ni (S Hin) p=1 k=1 t=ty
T
= V23S (NS5, aap) + 1 4) 72

Nry1(s,a)—4 Nryi(s,a)—4

< ﬁz Z 12 < \[2/ =1/20

Jj=1

S,a

\/ZSAZ Nryi(s,a) —4) < V2SAnT

3

NE

H
Zl C(shy s ep) < Hn) < 2HnSA
1h=1

—
b
I

p=

Also for 2}, = (s},,a},) € Ay,

Bl + lwp (2} 1)) < (H + 1). Hence we have

/ n H
21og(4SAnT)
BayesRegret(T, 7, ¢) < ———= +25A+1
,; - 1; Ny () — 2
< 2(H +1)\/4log(4SAnT)SAnT + 2H(H +1)SnA + 2SA 4+ 1
<O(HV SAnT)
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F Proof of Infinite-Horizon Case under General Prior

In order to prove Theorem (4.1), we provide the following lemmas:

Lemma F.1. (Bound on number of epochs). When T'n > S A, the number of epochs K of Algorithm
is upper bounded by

T
K < smogﬂ%)

Lemma F.2. Conditioning on prior distribution ¢,

K n
EY 3 (Q% 1 — Pap.ap)Thlé] < O(DVSATn)

k=1p=1
Lemma F.3. With probability at least 1 — 26,

Tk+1 n

> Y (Parar = 1)"h < O(DV/nlrss — ) log(n/9) )

t=7 p=1

F.1 Proof of Lemma (E.I)

Proof. We use the technique similar to [4] to give the upper bound for the number of epochs. Define
N(s,a) = {t <T+1: s = s,a; = a} be the total number of observations of the state-action
pair (s, a) up to time step T'. Let vg(s, a) be the number of observations of state-action pair (s, a)
within epoch k. For each epoch k < K there exists a state-action pair (s, a) with v (s,a) = NJk, or

vk (s,a) = 1, NJ% = 0. Let K(s,a) be the number of epochs with v, (s, a) = NJ% and N7% > 0.
If N(s,a) > 0, then vy (s, a) = NJ% implies N = 2N7*,. so that

K K(s,a)
N(s,a) = wop(s,a) =1+ > N1+ Y 271 =Kt
k=1 kv (s,a)=NJk, i=1

If N(s,a) = 0, then K(s,a) = 0, hence N(s,a) > 25(%9) — 1 for any state-action pair (s, a). It
follows that

Tn=> N(s,a)>>» (2K —1) (F.1)

In each epoch k, note that there exists a state-action pair (s, a), such that it’s visited with either
N7k =0or NJk = vi(s,a). So we have

K<14+SA+Y K(s,a)= > K(s,a)>K—1-5A

s,a s,a

This implies

ZQK(S,(L) > §A25 00 K(5,0)/SA 5 g pofsst—1

s,a

With we have:
K-1_4
Tn > SA(2°53 -1
So we have

Tn

So when Tn > S A, we have
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K <SA logz(%)

F.2 Proof of Lemma

Proof. Similar to the proof of Theorem , define P!(-|s) as the empirical distribution up to time
¢ steps after sampling (s, a), define R’ (s) as the empirical average reward. Define Ny (s,a) =

tl;l 1[(st,a+) = (s, a)] to be the number of times (s, a) was sampled prior to time 7, where 7,
is the start time step of epoch k. Empirical estimate of rewards and transition probabilities at each
(s,a) are defined as

Ri(s,a)
max{1l, Ng(s,a)}

Pk(S, a, S/)
max{1, Ni(s,a)}

R7k(s) = Prr(s']s) =
where

Tk,fl

Ry(s,a) = Z r-1l(s; = s,ar = al; Py(s,a,8)=#{r <7p:8.=s,a, =a,8,41 =5}
T=1
Define the confidence set for episode k:

My = {M : |[P7(1s) = P (Js)

< Byii, |RZ(s) — RM(s)| < Bra V(s,a)} (F2)

where
148 2AT1,
B = !
ki \/max{l,Nk(Sl;;hzﬂkp)} o 0 )
7 QSATk
B = !
k2 \/2max{1,]\7($zh7ﬂkp)} el 5 :

One key step for analyzing the Bayesian regret bound of posterior sampling is to notice that condi-
tioning on F_1, we have
" D
M |}—k71 = M,furk,l Vp

where M* is the true MDP, and M} is the sampled MDP by agent p. Similar to the proof of Theorem
, at time step ¢, Ny (s, a) takes possible values over 1,2, ..., n(t — 1), where n is the number of
agents. Define

E ={M" € My, M} € My}

So by a similar union bound idea in the proof of Theorem and equation (F.2), we have that

R N 145 25 ATy,
E[(QF » — P NTh|F._1,EP] < 2D 1 E3
[( 51,0y St7at) |fk hgk] B \/max{l’Nk(si)aaf)} Og( 0 ) ( )
A ~ 148 2S5 ATy,
E[(P% , — P o) h|Fu_1,E] < 2D 1 F4
It st ,af o) PIFk &l < \/max{l,Nk(Sf7af)} og( ) ) (E4)
And 5
BOM" ¢ M) < T

31



Also note that for any t € {7, ..., 7x+1 — 1}, Ni(s,a) < 2Ny (s, a), so we have that for fixed 6 > 0
in the range where the probabilities above are well defined,

K

> E[(Qk o — Pop.ap) B Fe-nyu) =ED Y (Qk o — If’jg,a?)T?zlfk_l]
p=1 k=1p=1
K

E[Z Z(Ps?,af - Ps?,af)Tm}—k*l}
k=1p=1 )
K
25

145 25 ATy, 4Dnéd
4D 1
k=1p=1 ( \/max{laNk(Si),af)} Og( 5 ) + 5 )

QSAT n Tr+1—1 2 4DKTL2(S
<4D4/1451
\/—Z Z Z max{1, N;(s7,a})} " 15

k=1p=1 t=Ty

QSAT S 2 4DKn?$
=4D4/14S log(—— *
;;\/max{l,m(s%af)} 15

NT+1(S a 2
2SAT 4DKn2§
< 4D4/14S1o 2 joVr e I
\/ 145 log(—5— f; Z 15
2
< 4D4/148 log(T)\/2SAnT + %

K
k=1

M:

Taking § = then we have

2K’

K n
S S TENQY o — P ar)ThIFio1] < O(DSVATR)
k=1

p=1

So we have the regret bound when conditioning on prior distribution ¢.

F.3 Proof of Lemma
Proof. We expand the left hand side of as

Tr+1—1 n Tr+1—1 n
T3 T3
> D Py —1g)Th= > Y [Poay—La, + 1, —1agl"h
t=71, p=1 t=7, p=1
Tk+171 n Tk+1— 1 n
T -
Z Z Péf ay = 13p+1 h+ Z Z 5t+1 - ‘St h
t=T1r p=1 t=1, p=1
(1) (2)
Bound on part (1):
Let Z, = Z’”J;; 1(Psf:,at — 1S?+1)TiL for each p. Let &, be the event defined as

&5 = {1Zp| < D\/8(7s1 — 1) log(4n/6), Vp}

Let

Tk+1—1 n

- Van
Ay ={ D" > (Poar — 1o )'h>4D/n(ren — ) log(~——

t=71, p=1



Thus

Tk+1—1 n

PLS S (P — Ly, )Th = 4D/lrgs = midloa( )] = B(A%. £5) + B(4L. (61))

t=71, p=1

<P(A5,E5) + P((&5)°)

Note that for any p, ¢,

E[1y; Bl h,s}) = Py b (F5)

On event £ we have that

P(A}, EF) = P(AS|E5)P(EY) < P(A§|E5)
Note that by the fact that Vab < ‘%b for a,b > 0, we have

lox( ) o8 < L(108(2) + loa(22) = log( 1)

By i , (Psf,af — 1s§’+1 )Tﬁ is a martingale difference sequence for each p. So by Hoeffding-Azuma
inequality,

Tk+1—1 n

PASIED) =B( D D (Par =1, )'h> 4Dmlog<@>)

t=71, p=1
Tk+1—1 n ~ B an
SBOYD S (Pyar —1y,) 2 ADalm - 7m0y log(3) log(5)
t=71 p=1
é
< Z
-2

Again by Hoeffding-Azuma inequality and the fact that the diameter of the sampled MDP is bounded
by 2D, Z, are i.i.d. across p, we have

PUER) < Y2 B(1Z| > Dy — 7 log(@n o) < 2 =

Hence

P(4%) < P(AKIED) + B((ED)) < 3

Bound on part (2):

Tk+1—1 n

@= 3 Y, -1
t=71, p=1
= Z(lsgk+1 57k )Th
p=1
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Note that (lsz;k+1 — lsz;k)TfL are. i.i.d. across p = 1,2, ..., n, and that

(1

- 1s£k)Tﬁ| < 2D

Tt
Hence using Azuma-Hoeffding inequality, we have that for all € > 0,

n 2
~ €
P() (e, — 1o )Th>e€) < eXp(—W

p=1

)

Taking ¢ = D+/8nlog(1/4) in the above, then we have that with probability at least 1 — 0,

n

> (L, — L) < DV/ETToR(1/8) w6)

p=1

F.4 Proof of Theorem

Proof. Note that
K
ZTk+1*Tk§T and Z\/Tk+1*7_k§VKT
k k=1

From the above Lemmas in Appendix C, and by taking § = 1/(T'n) in Lemma , we have
that conditional on prior ¢

BayesRegret(T, M, n, ¢) < O(DSVATn)

G Proof of Infinite-Horizon Case under Dirichlet Prior

G.1 Useful Lemmas

Lemma G.1. (Azuma-Hoeffiding inequality [12]) Let X;, X5, ... be a martingale difference
sequence with | X;| < ¢ for all i. Then foralle > O andn € N

n 2
€
P(Z Xi>e) < eXP(—W)

i=1

Lemma G.2. (Transition concentration). Let s , = ];,a in Algorithm Let ]55,,1 = E[Ps o Hi1),
then for any independent prior over rewards with » € [0, 1], additive sub-Gaussian noise and an
independent Dirichlet prior over transitions, then for any state-action pair (s, a) in episode k, with
probability 1 — 4,

|(Ps.o — Pau)Th] < O(D\/nlog(2/5)/Ni(s, a))

)

G.2 Proof of Theorem

Proof. As defined before,

n T

R(T, M,n,¢) =E[Tn)" =3 > (s}, af)| M* ~ ¢]

p=1t=1

A* is the optimal gain of MDP M. Algorithm proceeds in epochs k = 1,2,..., K, where
K < SAlog(T). Now we define
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Tk+1—1 n

Ry = (Thy1 — To)nA" — Z Z’rst7at

t=71, p=1

So
R(T,M,n,¢) = ZRklM ~ ¢]

k=1
We can write R}, as

Tk+1—1 n
= 2 > Vel
t=71 p=1
Tk+1—1 n

Yo DI =)+ k=)l

t:‘f'k p:l

where ), is the optimal gain of the sampled MDP MP*. From Lemma (2.1) we know that for any

state s, optimal policy 7, for communicating MDP MP¥, action a = 75(8), /\k =Tsq+ PT h— h

k

where Ps,a = Qg o

One key property of Thompson sampling is that, conditional upon the data F},_1, the transitions are
independent of the transitions sampled by Thompson sampling. Let

Ps,a = E[Ps,a‘fkfl]
By Lemma|G.2} for any fixed (s, a) in episode k, with probability at least 1 — 4,

[(Poa = Poa)"hI < O(2D1/2108(2/3)/Ni(5,0) )

Which indicates

[El(Pya — Poa) hIFi1]l < O(2Dv/2108(2/8)/Ni(5,0))

By the proof of Lemma 5.4 in [3]], we can have that with probability 1 — d, for every epoch k, the
optimal gain A\, of the MDP M}, satisfies:

E[(\ = M)l Fi1) < 0(2Dy/210g(2/0)/Ni(s,a)

where Ny (s, a) is the sample size of some pair of state-action pair (s, a). Hence by Cauchy-Schwarz’s
inequality, with probability 1 — 4,

Tr+1—1 n K Tk+1—1 n 210g 2/5)
IEDIDIEIHEIED b o wINE e
t=1 p=1 k=1 t=1r p=1

<2D,/210g(2/d) [>  Ni(s,a)

< 2D+/2log(2/6)VSATn

Hence
STEL D D (N = M)|Fe—1] < O(DVRTSA) (G.1)
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Again, we use Azuma-Hoeffding inequality to obtain that with probability 1 — 2p,

Tk+1 n

> Y (P — 1)7h < O(Dy/nl(rers — m) log(n/p))

t=7 p=1

Similar to previous proof, by noting that

K
ZTk-_;,_l—TkST and Zmé VKT
k k=1

And similar to Lemmal|F.1|

8Tn
K <SA 10%2(57)
So
K Tk+1 n
>3 (Pawr — 1) h < O(Dy/nTSAlog(nT) log(n))
k=1t=T1 p=1
Hence

K Tk+1 n

ZZZP? P — SO(D\/’I’LTSA)

k=1t=T1 p=1

As for 3/t 570 (ng ar — P q7) Th, by Lemma we have
(Pyg.ar — Bup.ap)Th < 2D/2108(2/6) /Ny (s, a)

Again by Cauchy-Schwarz

N3 S (Byup — Py p)Th < O(DVATSA)

Which indicates
K Thtl n o .
D EY D (Paay — Py ar) h|Fi-1] < O(DVTSA)
k=1 t=rp=1

Thus

2)|Fr-1] < O(DVnTSA)

nMx
M
M:

(G.I) and (G.3) indicate that

BayesRegret(T, M, n, $) = O(DVSATn)
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G.3 Proof of Lemma (G.2)

Proof.
|(ps,a - ps,a)TB| S D|(ps,a - ps,a)'

By Gaussian-Diricplet dominance theorem (Lemma 2 in [21]), for any o € R, with aT1 > 2, the
random variables P; , ~ Dirichlet(a) and X ~ N(0,0% = 1/a®'1) are ordered,

X tso ps,a - fjs,a = ‘XlD iso |ps,a - ps,a|D
So this result follows from Lemma 1 in [21], also Lemma (D.4) O
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