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PROVABLE BENEFITS OF MULTI-TASK RLL UNDER NON-
MARKOVIAN DECISION MAKING PROCESSES
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ABSTRACT

In multi-task reinforcement learning (RL) under Markov decision processes
(MDPs), the presence of shared latent structures among multiple MDPs has been
shown to yield significant benefits to the sample efficiency compared to single-task
RL. In this paper, we investigate whether such a benefit can extend to more gen-
eral sequential decision making problems such as predictive state representations
(PSRs). The main challenge here is that the large and complex model space makes
it hard to identify what types of common latent structure of multi-task PSRs can
reduce the model complexity and improve sample efficiency. To this end, we posit
a joint model class for tasks and use the notion of n-bracketing number to quantify
its complexity; this number also serves as a general metric to capture the similarity
of tasks and thus determines the benefit of multi-task over single-task RL. We
first study upstream multi-task learning over PSRs, in which all tasks share the
same observation and action spaces. We propose a provably efficient algorithm
UMT-PSR for finding near-optimal policies for all PSRs, and demonstrate that the
advantage of multi-task learning manifests if the joint model class of PSRs has a
smaller n-bracketing number compared to that of individual single-task learning.
We further investigate downstream learning, in which the agent needs to learn
a new target task that shares some commonalities with the upstream tasks via a
similarity constraint. By exploiting the learned PSRs from the upstream, we de-
velop a sample-efficient algorithm that provably finds a near-optimal policy. Upon
specialization to some examples with small n-bracketing numbers, our results
further highlight the benefit compared to directly learning a single-task PSR.

1 INTRODUCTION

Multi-task sequential decision making, or multi-task reinforcement learning (MTRL) is a subfield of
reinforcement learning (RL) that extends the learning process across multiple tasks. Many real-world
applications can be modeled by MTRL. For instance, in robotics and autonomous driving, different
types of robots and vehicles in a shared environment can have different observational capabilities
based on their sensors and learning goals. Other applications include personalized healthcare, weather
forecasting across different regions, and manufacturing quality control on different types of products.
The fundamental idea behind MTRL is to leverage the inherent similarities among a set of tasks in
order to improve the overall learning efficiency and performance. For Markov decision processes
(MDPs), a line of works (Pathak et al., 2017} [Tang et al., |2017; |Oord et al., [2018; |[Laskin et al.,
2020; [Lu et al} 2021} |Cheng et al.| 2022; |Agarwal et al., 2022} [Pacchiano et al.| [2022) have explored
multi-task representation learning and shown its benefit both practically and theoretically.

However, it is still an open question whether such a benefit can extend to more general sequential
decision making problems, even in partially observable MDPs (POMDPs), let alone more general
predictive state representations (PSRs). In this context, it is even unclear:
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When can latent similarity structure encompassed by multiple PSRs be potentially beneficial?

The challenges mainly emanate from two aspects. First, the large and complex model space makes
it hard to identify what types of common latent structure of multi-task PSRs can reduce the model
complexity. The non-Markovian property of these problems implies that the sufficient statistics or
belief about the current environmental state encompasses all the observations and actions from past
interactions with the environment. This dramatically increases the statistical complexity. Even for a
finite observation space and action space, model complexity can be exponentially large in the number
of observations and actions. Such a complex parameter space makes it difficult to identify what
types of latent similarity structure of multi-task PSRs reduce the model complexity. Second, reduced
model complexity does not necessarily result in benefit in statistical efficiency gain of RL. In RL,
model learning and data collection are intertwined. The agent has to choose an exploration policy
in each iteration based on the model learned in the past. Such iterative process introduces temporal
dependence to the collected data, which makes the analysis of multi-task PSRs complicated.

In this paper, we answer the question above with upstream multi-task learning and downstream
transfer learning. We summarize our contributions below.

1. To deal with the first challenge, we propose a unified approach to characterize the effect of task
similarity on model complexity by introducing the notion of the n-bracketing number for the
Jjoint model space of multiple tasks. Regardless of whether the concrete form of task similarity is
implicit or explicit, desirable task similarity should contribute to reduce the n-bracketing number
compared to that without similarity structures. This significantly generalizes existing studies of
multi-task MDPs that considered only specific task similarity structures.

2. We deal with the second challenge in both upstream and downstream learning. For the former, we
propose a novel multi-task PSRs algorithm called UMT-PSR, which features a pairwise additive
distance-based optimistic planning and exploration as well as confidence set construction based
on the bracketing number of the joint model class. We then prove that if the bracketing number
of the multi-task model class normalized by the number of tasks is lower than that of a single
task, UMT-PSR benefits from multi-task learning with these novel designs. We then provide
several specific multi-task POMDP/PSR examples with low bracketing number to demonstrate
that UMT-PSR is often more efficient than single-task learning.

3. We further employ the upstream learning to downstream learning by connecting upstream and
downstream models via similarity constraints. We show that the downstream learning can identify
a near-accurate model and find a near-optimal policy. Upon specialization to the examples used
to elucidate the n-bracketing numbers, our downstream results further highlight the benefit in
comparison to directly learning parameters of PSRs without upstream information. Our analysis
here features a novel technique of using Rényi divergence to measure the approximation error
which guarantees the sub-optimality bound without requiring the realizability condition.

Our work is the first theoretical study that characterizes the benefits of multi-task RL with
PSRs/POMDPs over its single-task counterpart.

2 RELATED WORK

MTRL under MDPs: Multitask representation learning and transfer learning have been extensively
studied in RL, particularly under MDPs. |Arora et al.[(2020) demonstrated that representation learning
can reduce sample complexity for imitation learning. |[Hu et al.| (2021) analyzed MTRL with low
inherent Bellman error (Zanette et al., | 2020) and known representation. [Zhang & Wang| (2021)
studied multi-task learning under similar transition kernels. In contrast, Brunskill & Li|(2013)) studied
the benefit of MTRL when each task is independently sampled from a distribution over a finite set of
MDPs. Recent studies have also considered the case where all tasks share a common representation,
including |D’Eramo et al.| (2020) which demonstrated the convergence rate benefit on value iteration,
and|Lu et al.[(2021) which proved the sample efficiency gain of MTRL under low-rank MDPs. Some
recent work further took the impact of sequential exploration and temporal dependence in data into
account. Considering sequential exploration with shared unknown representation, Cheng et al.| (2022);
Agarwal et al.|(2022)) studied reward free MTRL under low-rank MDPs as upstream learning and
applied the learned representation from upstream to downstream RL. [Pacchiano et al.| (2022) focused
on a common low-dimensional linear representation and investigated MTRL under linearly-factored
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MDPs. |Lu et al.|(2022)) explored MTRL with general function approximation. There also exist a few
papers studying multi-task POMDPs from theoretical (Li et al., 2009) and practical (Omidshafiei
et al.||2017) side. Note that all the above studies considered specific common model structures shared
among tasks, whereas our paper proposes a unified way to characterize the similarity among tasks.
Further, none of the existing studies considered model-based multi-task PSRs, which is the focus of
our paper.

Single-task RL with PSRs and general sequential decision making problems: A general decision
making framework PSR (Littman & Sutton, [2001)) was proposed to generalize MDPs and POMDPs.
Since then, various approaches have been studied to make the problem tractable with polynomial
sample efficiency. These methods include spectral type of techniques (Boots et al.l 2011; [Hefny et al.|
2015 Jiang et al., 2018;Zhang et al., 2022}, methods based on optimistic planning and maximum
log-likelihood estimators together with confidence set-based design (Zhan et al., 2022} [Liu et al.,
2022]), the bonus-based approaches (Huang et al.,[2023)), value-based actor-critic approaches (Uehara
et al.,|2022), posterior sampling methods (Zhong et al.,2022). |Chen et al.|(2022) further improved
the sample efficiency for previous work including OMLE (Liu et al.| [2022), MOPS (Agarwal &
Zhang} |2022), and E2D (Foster et al.|[2021).

3 PRELIMINARIES

Notations. For any positive integer N, we use [N] to denote the set {1,--- , N}. For any vector z,
the i-th coordinate of x is represented as [x];. For a set X', the Cartesian product of N copies of X
is denoted by X' For probability distributions P and Q supported on a countable set X, the total
variation distance between them is Dry (P, Q) = > |P(z) — Q(x)|, and the Rényi divergence of
order o, for a > 1, between them is Dy o (P, Q) = =15 log Ep[(dP/dQ)*!].

3.1 THE NON-MARKOVIAN DECISION MAKING PROBLEM

We consider an episodic decision making process, which is generally non-Markovian, with an
observation space O and a finite action space .4. We assume that the process is episodic and each
episode contains H steps, i.e., with horizon H. At each step, the evolution of the process is controlled
by an underlying distribution P, where P(op |01, . ..,0n—1, 01, .. .,an—1) is the probability of visiting
oy, at step h given that the learning agent has observed o; € O and taken action a; € A for previous
steps t € [h — 1]. And the learning agent receives a reward at each episode determined by the reward
function R : (O x A) — [0,1]. We denote such a process compactly as P = (O, A, H,P, R).
For each step h, we denote historical trajectory as 7, := (01, a1, ..., 0n, ap), the set of all possible
historical trajectories as H;, = (O x A)", the future trajectory as wy, := (0p+1, @ht1,-- -, OH, G )s
and the set of all possible future trajectories as 2, = (O x A)H =",

The agent interacts with the environment in each episode as follows. At step 1, a fixed initial
observation o; is drawn. At each step h € [H|, due to the non-Markovian nature, the action selection
and environment transitions are based on whole history information. Specifically, the agent can choose
an action ay, based on the history 73,1 and the current observation o, with a strategy (probability)
7h(an|Th—1,0r). We denote such a strategy as a policy, and collect the policies over H steps into
7 = {m, }}_,, and denote the set of all feasible policies as I1. Then the environment takes a transition
to 0p, 41 based on P(0p,41|7x). The episode terminates after H steps.

For any historical trajectory 75,, we further divided it into 70 = (01, ..., 05) and 7 = (a1,...,an)
which is observation and action sequences contained in 7, respectively. Similar to 7, for the future
trajectories wy,, we denote wj as the observation sequence in wy,, and wj as the action sequence
in wy,. For simplicity, we write 7(7,) = 7(an|on, Th—1) - - - m(a1|o1) to denote the probability of
choosing the sequence of actions 77 given the observations 75, under the policy m. We denote P™ as
the distribution of the trajectories induced by the policy 7 under the dynamics IP. The value function
of a policy 7 under PP and the reward R is denoted by Vi"p = E.,, p~ [R(7pr)]. The primary learning

goal is to find an e-optimal policy 7, which is one that satisfies max, Vg'p — VP’TR <e.
Given that addressing a general decision-making problem entails an exponentially large sample

complexity in the worst case, this paper focuses on the low-rank class of problems as in|[Zhan et al.
(2022); |Liu et al.| (2022); |(Chen et al.[(2022). Before formal definition of the low-rank problem, we
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introduce the dynamics matrix Dj, € RI#rXI2u] for each h, where we use 75, € M, and wy, € Qj, to
index the rows and columns of the matrix Dy, respectively, and the entry at the 75,-th row and wy,-th
column of Dy, equals to the conditional probability P(wy,, 77|77, wi).

Definition 1 (Rank-r sequential decision making problem). A sequential decision making problem is
rank r if for any h, the model dynamics matrix Dy, has rank at most .

As aresult, for each h, the probability of observing wj, can be represented by a linear combination of
probabilities on a set of future trajectories known to the agent called core tests Qp, = {q}L7 R q;il" } C
Q,, where dj, > r. Specifically, there exist functions m : €, — R 1) : H;, — R% such that (4)
the value of the ¢-th coordinate of v(7;,) equals to the conditional probability P(of, 7¢|al , 7{*) on
(a4, 1), where o} and a¥, to denote the observation and the action sequences of g, and (i7) for any
wp, € Qp, T, € Hp, the conditional probability can be factorized as

P(wy, 7|7, wit) = m(wn) (7). (1

Predictive State Representation. Following from Theorem C.1 in|[Liu et al.| (2022), given core tests
{ Qh}thl, any low rank decision making problem admits a (self-consistent) predictive state repre-

sentation (PSR) 6 = {(¢y, Mh)}le, such that Eq. can be reparameterized by 6. Mathematically,
For any h € [H], 7, € Hp,wp, € Qp:

m(wp) " = ¢ Mp (o, an) - Mpg1(0n41,ang1),  $(Th) = Mp(on, an) - - My (o1, a1)to,
and 35, 0 )coxA ®n 1M (0n, an) = ¢, . For ease of the presentation, we assume 1 is known

The following assumption is standard in the literature (Liu et al., 2022; (Chen et al., 2022).

Assumption 1 (y-well-conditioned PSR). We assume any PSR 0 = {(¢n, M)} | considered in
this paper is y-well-conditioned for some v > 0, i.e.

@

T 1
Vh € [H], max, cpay, |||, <1 MAXrel MAXr, eH), Dy, cq,, T(Wh|Th)m(ws) 2] < 3
In the following context, we use Py to indicate the model determined by the PSR 6. For simplicity,
we denote Vi  as V", Moreover, let o = {afl}?; , be the action sequence set from core tests

which is constructed by eliminating any repeated action sequence. The set Qﬁ is also known as the
core action sequence set. The set of all rank-r and ~y-well-conditioned PSRs is denoted by ©.

3.2 UPSTREAM MULTI-TASK LEARNING

In upstream multi-task learning, the agent needs to solve N low-rank decision making problems
(also known as source tasks) at the same time instead of only one single problem (task). The set of [NV
source tasks is denoted by {P,,}2_,, where P,, = (O, A, H,Py-, R,,), and 0}, € @EI In other words,
all N tasks are identical except for their model parameters 67, = {(¢,"*,M;"")}}__,, and reward
functions R,,. Moreover, we denote the model class of multi-task PSRs as ®,, (the subscript stands

for upstream), a subset of oN.

The goal of the upstream learning consists of two parts: (i) Finding near-optimal policies for all
N tasks on average. Mathematically, given an accuracy level e, the set of N policies that are

produced by the algorithm {7*, ..., 7"} should satisfy + ij:l(maxﬂ Vit g, — Ve’if r,) < € (i)
Characterizing the theoretical benefit of multi-task PSRs learning in terms of the sample complexity,
compared to learning each task individually.

3.3 BRACKETING NUMBER OF JOINT PARAMETER SPACE

One critical factor that affects the efficiency of multi-task learning compared to separate task learning
is the presence of shared latent structure among the tasks, which yields a reduced model space in

'The sample complexity of learning 1 if it is unknown is relatively small compared to the learning of the
other parameters (Liu et al., [2022).

2For simplicity, we assume all tasks have the same rank and -y, but have different core test sets. The extension
to different ranks and ~’s is straightforward.
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multi-task PSRs learning, as compared to separately learning single tasks over the Cartesian product
of N model spaces (see Figure[I] for an illustration in 2 dimensions). Consequently, this reduction in
model complexity can ultimately lead to improved sample efficiency. Unlike the specific shared model
structures among multiple tasks that the previous works studied, such as shared representation in
Cheng et al.|(2022)) and similar transition kernels in|Zhang & Wang|(2021), here we focus on a general
shared model space and use the notion of the n-bracketing number to quantify the complexity of
the joint model space. Such a notion plays a central role in capturing the benefit of multi-task PSR
learning over single-task learning.

We start with a domain X" and a single task function class F, P2
in which each element f : X — R . For the multi-task case, [
the function class is a subset F,, of FV. 8. [

o °
Definition 2 (n-Bracketing number of vector-valued function g é (e p(2))
class Fy w.rt. ||-|]). Given two vector-valued functionsland g% :

g : X — RY, the bracket [,g| is the set of all functions
f € Fysatisfyingl <f < g. An n-bracket is a bracket [, g] '
with ||g — 1|| < n. The bracketing number N,)(F, ||-||) is the
minimum number of n-brackets needed to cover F |

model class P
of task 1

In this paper, we are interested in the bracketing number of (a) Independent learning of each task
the joint model space, i.e., distribution spaces over (O x A)H e joint model class is P>
parameterized by ©,,. For simplicity, we use N, (©,,) to de-

note the 7-bracketing number of {(Py,,...,Pp,)|0 € O} F. C P2
w.r.t. the {5 policy weighted norm |-||% , where the /o .
policy weighted norm between two vector-valued functions
1={li,...,Iy}andg = {g1,...,gn} defined on (O x A)H
is equal to [|g — 1]|2, = max;e(vy maxy,en Y, |li(Ta) —
9i(Te)|mi (T ). As we will show later, a lower 7-bracketing
number of the joint model space results in a lower sample
complexity in multi-task PSR learning.

model classP

of task 2

In practice, it is common tasks share certain common model model class P
structures and hence their joint model space will have a much of task 1

lower 7)-bracketing number compared to the product of model  (b) Joint learning of tasks with shared la-
spaces (i.e, treating the model of each task separately). We tent model structure. The joint model class
provide several such examples of non-Markovian decision is JFy, a strict subset of P

processes in Section[#.3] We provide more examples of MDPs Figure 1: Reduction in 7)-bracketing
with their 7-bracketing numbers in Appx. [} Notably, there  pymber when F,, C P2

can be much richer scenarios beyond these examples.

3.4 DOWNSTREAM TRANSFER LEARNING

In downstream learning, the agent is assigned with a new target task Pq = (O, A, H, Py, Ry),
where 0 € O, which shares some similarities with source tasks to benefit from upstream learning.
Here, we capture the shared structure between upstream and downstream tasks via the similarity
constraint C(0y,07,...0%) < 0 where C : O+l — R" n, € N. The similarity constraint
establishes the relationship between the downstream target task and the upstream source tasks. Hence,
the downstream model class is given by ©f = {0y € ©|C(0y,0%,...0%) < 0}. We note that
the similarity constraint is general enough to capture various relationships between upstream and
downstream tasks. For example, |(Cheng et al.| (2022)) consider the case when the downstream task
shares the same representation as upstream tasks, which is equivalent to assuming [C(fp, . .., 0% )]n =
0™ — ||z, where n € [N] and ¢(*™) is the representation of task n. However, the similarity
constraint allows much richer beyond the above example, for example, downstream tasks can have
similar but not the same representations as the upstream, or may share only some representation
features, but not all of them.

3We write that two vectors a, b satisfy a < b if b — a is coordinate-wise nonnegative.
*We say that a collection of sets S ..., S, coveraset S if S C U™, S;.
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The goal of the downstream learning is to find a near-optimal policy, by exploiting the constraint
similarity with upstream tasks and utilizing upstream knowledge to achieve better sample efficiency
compared with learning without upstream knowledge.

4 UPSTREAM LEARNING OVER MULTI-TASK PSRS

We present our upstream algorithm in Section 4.1} characterize its theoretical performance in Sec-
tion[4.2] and present examples to validate the benefit of upstream multi-task learning in Section

We use bold symbol to represent the multi-task parameters or policy. Specifically, @ = (61,...,0x),

and m = (m,...,7n). We define Q4 = max, maxy, |QZ”A\, where QZ’A is the core action
sequence set of task n at step h. The policy, denoted by vy, (7, 7'), takes  at the initial h — 1 steps
and switches to 7’ from the h-th step. Lastly, uy represents the uniform distribution over the set X

4.1 ALGORITHM: UPSTREAM MULTI-TASK PSRS (UMT-PSR)

We provide the pseudo-code of our upstream multi-task algorithm called Upstream Multi-Task PSRs
(UMT-PSR) in Algorithm [I] This iterative algorithm consists of three main steps as follows.

Algorithm 1 Upstream Multi-Task PSRs (UMT-PSR)

1: Input: B; = © model class, estimation margin 4(™), maximum iteration number K.
2: fork=1,...,K do

3: Set 7wk = arg MaX,cy Maxg ¢/ cB, ZRG[N] Dy (Pg:, Pg,n)
4: for n, h € [N] [H] do
5: Use 7" to collect data 7%
6: end for
7: Construct By1 =
n,t n,t
. vl t,h 2 &R N
{0 €@, Y logPyt (rpptt) > Jnax S logByr (- )} N B,.
te[k],he[H] te[k],he[H]
ne[N] ne([N]
8: end for

9: Output: Any 0 € By 1, and a greedy multi-task policy 7 = arg max, Y onein Vi R,

Pairwise additive distance based multi-task planning (Line 3): To promote joint planning among
tasks, a natural choice to measure the distance between two multi-task models is the distance between
the two product distributions P’g' x - - - x IP’”N and IP”” - X IP’g,N However, such a “distance between

product distributions” is not sufﬁ01ent to guarantee the accuracy 7 of the individual models of each task,
which is needed in the analysis of the sum of the individual value functions. Hence, we propose to use
the “pairwise additive distance” for our planning, defined as D (0,6') = 3" €[N DTV(IP’g: , ]P’g: ).
More specifically, at each iteration k, UMT-PSR selects a multi-task policy ¢ = (7%* ...
that maximizes the largest pairwise additive distance maxg ¢ D (6, 0") within the confidence set By,
(which will be specified later). An important property of By, is that it contains the true model 8* with
high probability. Using this property, the largest pairwise additive distance serves as an optimistic
value of the uncertainty D (6%, @) for any multi-task model 6 € By,.

)

Multi-task exploration (Line 5): Building upon the planning policy 7*, for each task n and each
step h, UMT-PSR executes the policy 7™* for first b — 1 steps, and then uniformly selects an action
sequence in A X QZ’A for the following H — h+ 1 steps. In particular, at step h, UMT-PSR uniformly
takes an action in 4, and then uniformly chooses a core action sequence a;, such that regardless
of what the observation sequence is, UMT-PSR always plays the action in the sampled core action
sequence. In summary, for each (n, k) € [N] x [H], UMT-PSR adopts the policy v, (7%, u , Q;L.A)

n,k,h

. n,k
to collect a sample trajectory 7,7 . We abbreviate v, (7 u A Q:,A) as vy
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Confidence set construction via bracketing number of joint model class (Line 7): Given the
sampled trajectories, UMT-PSR calls a maximum likelihood estimation oracle to construct the multi-
task confidence set. A novel element here is the use of the bracketing number of the joint model class
to characterize estimation margin S(™), which is an upper bound of the gap between the maximum
log-likelihood within ®,, and the log-likelihood of the true model. Such a design provides a unified
way for any MTRL problem and avoids individual design for each problem in a case-by-case manner.

4.2 MAIN THEORETICAL RESULT

The following theorem characterizes the guarantee of the model estimation and the sample complexity
to find a near-optimal multi-task policy.

Theorem 1. Under Assumptionl], for any fixed § > 0, let ©,, be the multi-task parameter space,
BN = ¢, (log K N o4 log V,,(©y,)), where ¢1 > 0 and n < KHN Then with probability at least

1—9, UMT- PSRﬁnds a multi-task model @ = (01, ...,0x) such that

N L— ~ [rH|AINBN)
> n—q Maxzn ey Dry (]P’gn ,Pg:) <0 (Q,YA T|Kﬁ> )

2 (N)
In addition, if K = % for large enough co > 0, UMT-PSR produces a multi-task policy
7 = (71,...,7N) such that the average sub-optimality gap is at most ¢, i.e.
N ="
% s (maxnen Vit g, — Vi'p, ) < 3)

Benefits of multi-task learning: Theorem shows that with the sample complexity
Oz —
known sample complex1ty of a single-task PSR RL is given by O(M) in|Chen et al.| (2022),

where 5(1) = O(r2|O||.A|H?) scales the logarithm of the bracketing number of a single-task PSR
with rank 7. It is clear that as long as (") < N3(1), then UMT-PSR enjoys multi-task benefit in the
sample complexity. In Section[d.3] we will provide several example multi-task POMDPs/PSRs to
illustrate that such a condition can be satisfied broadly.

), UMT-PSR identifies an e-optimal multi-task policy. As a comparison, the best

Next, we make a few comparisons concerning ﬂ(N ) () IFN =1, Theorem matches the best
known sample complexity given in |Chen et al.| (2022). (ii) If none of tasks share any similarity,
ie., ®, = OV, we have S(M) = NS, and the sample complexity does not exhibit any benefit
compared to learning the tasks separately. This coincides with the intuition that in the worst case,
multi-task learning is not required. (iii) The benefits of multi-task learning are more evident when
s /N decreases. An extreme example is that when all tasks also share the same dynamics, leading
to SV) = (1) In this case, multi-task learning reduces to the batch setting and as the batch size
increases, the iteration number decreases linearly in V.

4.3 IMPORTANT EXAMPLES OF MULTI-TASK PSRsS

As shown in Section [3;2] and Theoremﬂ], for multi-task models with low n-bracketing number, i.e.,
satisfying (V) < NB(1), UMT-PSR exhibits better sample complexity than single-task learning. In
this section, we provide example multi-task POMDPs and PSRs and show that their n-bracketing
number satisfies the condition. Detailed proofs for these examples can be found in Appendix [E.2]

Muli-task POMDPs. We consider tabular POMDPs, which is a classic subclass of PSRs. Specifically,
the dynamics in POMDPs consist of H transition distributions {T}, : Sx Ax S — [0,1]}:L |, and H
emission distributions {Qy, : S x O — [0, 1]} |, where S is a finite state space. The states capture
the entire system information, but are not directly observable. In POMDPs, at each step h, if the
current system state is sj, the agent observes o, with probability O, (op|sp). Then, if the agent takes
an action ay, based on previous observations oy, . . ., 01 and actions ap—_1, ..., aj, the system state
transits to sp41 with probability Tp, (sp+1|sn, arn). We use the notation P, = (O, A, H,S,T,0, R)
to represent a POMDP instance. Note that the tuple (S, T, @) in POMDPs determine the general
dynamics PP in PSRs. If all tasks share the same state, observation, and action spaces, then P, =

(O, A, H,S, T O™, R) represents the model of task n.
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Example 1 (Multi-task POMDP with common transition kernels). All tasks (i.e., all POMDPs)
share the same transition kernel, i.e., there exists a set of transition distributions {T} }L | such that
Ty = Tj foralln € [N] and h € [H)]. The emission distributions can be different. Such a scenario
arises if the agent observes the same environment from different angles and hence receives different

observations. Then, SN) is at most O(H (|S|?|A| + |S||O|N) log W) whereas the single
task B is given by O(H (|S|?|A| + |S]|O|) log W) Clearly, BN) < NBW,

Multi-task PSRs: We next provide two example multi-task PSRs, in which tasks do not share
common model parameters. In these examples, the similarities among tasks could alternatively be
established via implicit connections and correlations in latent spaces, which reduce the complexity
of the joint model class, hence the estimation margin and the sample complexity of algorithms
significantly compared with separately learning each single task.

Example 2 (Multi-task PSR with perturbed models). Suppose there exist a latent base task Py, and a
finite noisy perturbation space A. Each task n € [N] is a noisy perturbation of the latent base task
and can be parameterized into two parts: the base task plus a task-specified noise term. Specifically,
for each step h € [H] and task n € [N], any (0,a) € O x A, we have

MZ(O}“G,}L) = ME(O}“ah) + Aﬁ(oh,ah), AZ € A.

Such a multi-task PSR satisfies that fN) = O(r?|O||A|H? + HN log |A|), whereas 1Y) for a
single task is given by O(r2|O||A|H?). Clearly, BN) < NS holds if log |A| < O(r2|O||A|H),
which can be easily satisfied for small-size perturbation environments. Hence, the multi-task PSR
benefits from a significantly reduced sample complexity compared to single-task learning.

Example 3 (Multi-task PSR: Linear combination of core tasks). Suppose that the multi-task PSR lies
in the linear span of m core tasks {P1,...,P.}. Specifically, for each task n € [N|, there exists a
coefficient vector a™ = (af,--- ,a”)" € R™ s.t. forany h € [H| and (op,,an) € O x A,

O (on, an) = Y201 aj' ¢ (on, an),  Mj(on,an) = Y0 af M}, (on, an).

For regularization, we assume 0 < of for all | € [m] and n € [N], and 3", af' = 1 for all

n € [N). It can be shown that SN) = O(m(r?|O||A|H? + N)), whereas (1) = O(r?|O||.A|H?).
Clearly, BN) < NBW holds if m < min{N,r?|O||.A|H?}, which is satisfied in practice.

5 DOWNSTREAM LEARNING FOR PSRS

In downstream learning, the agent is assigned a new task Py = (O, A, H, Py, Ry), where 6 € O,
and Of is defined in Section[3.4] As explained in Section[3.4} upstream and downstream tasks are
connected via the similarity constraint C(6y, 07, ...6%) < 0. Therefore, the agent can use the
estimated model parameter 6, . .., Ay in the upstream to construct an empirical candidate model
class for the downstream task as OF = {f, € ©|C(6y,0;,...,0y) < 0}. Then for downstream
learning, we adopt the standard OMLE (Liu et al., [2022; |Chen et al.,|2022) for the model class C:)B.

The sample complexity of downstream learning will be determined by the bracketing number of

e 4, which is nearly the same as that of the ground truth ©f. Since the similarity constraint will
significantly reduces the complexity of the model parameter space, the bracketing number of é)g
should be much smaller than that of the original parameter space ©. In this way, the downstream can
benefit from the upstream learning with reduced sample complexity. In the following subsections,
we first characterize the performance guarantee for downstream learning in terms of the bracketing
number of (:)8, and then show that the similarity constraint reduces the bracketing number for the
examples given in Section[4.3]

5.1 THEORETICAL GUARANTEE FOR DOWNSTREAM LEARNING

One main challenge in the downstream learning is that the true model may not lie in (:)8. To handle
this, we employ Rényi divergence to measure the “distance” from the model class to the true model
as follows, mainly because its unique advantage under the MLE oracle: the Rényi divergence of order
a with o > 1 serves as an upper bound on the TV distance and the KL divergence, and thus has more
robust performance.
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Definition 3. Fix o > 1. The approximation error of @8 under a-Rényi divergence is defined as
eq(0f) = mineoeég maxX ey DR7Q(IP”§6 ,PG,)-

Theorem 2. Fix o > 1. Let 60 = ea((:)o) Bo = co(log Ny (O8) + eo K H + (1{‘0;“” +1)log &)

for some large co, where n < 7. Under Assumptwnl wzth probability at least 1 — §, the output of
Algorithm 2] satisfies that

maX, 1 Dy (]P’go,]P’gg) <0 (%A\/ 7““4}?[30 + \/5) .

Benefits of downstream transfer learning: Theorem shows that when €y < €2 /4, with sample
complexity at most O(%), OMLE identifies an e-optimal policy for the downstream task.
As a comparison, the best known sample complexity for single-task PSR RL without transfer learning
is O(M) where 8 = O(log NV, (©)) (Chen et al., 2022). It is clear that as long as 3y < f3,

then downstream learning enjoys transfer benefit in the sample complexity.

Notably, in the realizable case when €o = 0, i.e. 6 € 64, we must have By = O(log N,,(0})) < B,
since G)u C ©. In the non-realizable case when ¢y > 0, compared to the realizable case, the
estimation error of 6 has an additive factor of O(y/eg + \/1/(K(a — 1))) after hiding system

parameters. We remark that this factor shrinks if the approximation error of Of decreases and the
order of Rényi divergence grows, which coincide with the intuition.

5.2 EXAMPLES IN DOWNSTREAM LEARNING TASKS

We revisit the examples presented in upstream multi-task learning, specifically Examples|1|to |3} and
subsequently extend their application in downstream tasks under the realizable setting. With the prior
knowledge obtained from upstream learning, these examples exhibit reduced n-bracketing number,
and hence benefit in the sample efficiency. Detailed proofs are in Appx.

Example 1 (Multi-task POMDP with Common transition kernels). Suppose T is the output from
UMT-PSR. In this case, the downstream @ is constructed by combining T and all possible emission
distributions. Then By = O(H|S||O|). However, for POMDP without prior knowledge, 3 =
O(H(|S|?|A| + |S]|O))). Clearly, By < f3, indicating the benefit of downstream learning.

For PSRs without prior knowledge, we have S7SR = O(r2|O||A|H?).

Example 2 (Multi-task PSR with perturbed models). The downstream task Py is a noisy perturbation
of a base task Py, Specifically, for each step h € [H|, any (0,a) € O x A, we have

QZ)O = ¢b M?L(oh,ah) = M‘Z(oh,ah) —+ AY (oh,ah) AO € A.

Then, Bo = O(H log |A|), which is much lower than f°S? iflog |A| < O(r2|O||A|H).

Example 3 (Multi-task PSR: Linear combination of core tasks). The downstream task P lies in the
linear span of L upstream tasks (e.g. the firs L source tasks). Specifically, there exists a coefficient
vector a® = (o), -+ ,a9)T € RY s.t. for any h € [H] and (op,a) € O x A,

L
O =S el MY (on,an) = 31, a¥MY (on, an).

For regularization, we assume 0 < o for all | € [L], and lel oY = 1. Then By = O(LH), which
is much smaller than ST if L < min{N,r }.

6 CONCLUSION

In this paper, we study multi-task learning on general non-markovian low-rank decision making
problems. Given that all tasks share the same observation and action spaces, using the approach of
PSRs, we theoretically characterize that multi-task learning presents benefit over single-task learning
if the joint model class of PSRs has a smaller 7)-bracketing number. We also provide specific example
multi-task PSRs with small 5-bracketing numbers. Then, with prior knowledge from the upstream,
we show that downstream learning is more efficient than learning from scratch.
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Supplementary Materials

A  MULTI-TASK MLE ANALYSIS

The following lemma shows that the true model lies in the confidence set with high probability.

Proposition 1 (Confidence Set). For all k € [K], and for any 0 = (61,...,0y) € O, letn <

1/(NKH), BN) = clog (N,,(®)N K H/§) for some ¢ > 0. With probability at least 1 — 6, for any
k € [K], we have

)IPID IS AINCADED D) DS DI LN UL B L

n<N t<k h<H n<N t<k h<H

Proof. Consider a set of n-brackets, denoted by ©,,, that covers ®. For any 6, we can find two
measures in ©, parameterized by @ and 0 such that

VTL,TH/]T, ]P)gn (TH) Z Pgn (TH) Z IP)Qn (TH)v (5)

Vn, Dy (Pgn (tu),Pg (TH)) <.

Note that the above two inequalities imply that ) | PZ (tm) <+, P (tu) <1+
Then, we have

ot
Vh n,t,h
™)

(
exp ZZZlog WM wih

n t=1 h P (H)

Lt ek _
Yh (7-71 )ty h) ]P)zh (Tn,k,h)
0, H
=E e ZZZlogﬁ )y po——
i n t=1 h PQ* T}_lI ) n h ]P)ag (TIT_}’ ) |
- 7{77?( n,t,h) -
v n,k,h
T Zzzl%«"fih [T X # et
noet T;l[ ' ) n h Tz,k,h )
- Z,’{ﬂ,t (TZ,t,h) .
‘gn
oo o e [ o i)
L not=l 0 (TH ) n h
1 NKH
1+ —— <e.
( * NKH) =€
Therefore, by Chernoff type bound, we have
”an’ Tn,t,h)
On H
]P)y;{n“ n,t,h E €Xp Et<:g}l§H 10g ]pl',’fnf( n,t }L)
0 H gt .
P Z IOg:nti >log(1/9) | < o
t<k,h<H ]P)O}*} (TZ’t’h) 1/(5

n<N
Taking a union bound over all (9, k) € ®. x [K] and rescaling §, we have for any § € ©,

_ ]P)g’:'rm (Tg’t’h
P|WcO, ke[K], > log—2———

ot

> log(e KN, (©)/d) | <.

tg:,ShEH ]P)eib (T}}’t’h)
The proof is finished by noting that 6 is an optimistic measure (see Equation ). =

13
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The following lemma establishes the relationship between the Hellinger-squared distance and the
difference of log likelihood functions between true parameters and any possible parameters from the
model class.

Proposition 2. Letn < 1/(N2K2H?), V) = clog (N,,(@)NK H/§) for some ¢ > 0. Then, with
probability at least 1 — 0, we have, for any 8 = (01, ...,0n) € O, the following inequality holds.

ﬂ_n,t
Pot (")

ant ant
74 %4
E DH <P Z 7P9§ > < E log it h
t<k,h<H t<k,h<H [F’ h (TZ’ ) )
n<N n<N

+ /M.

Proof. By the definition of 7-bracket, for any multi-task parameter 8, we can find 6 within a finite

set of 7-brackets such that > ’Pgﬂ (tu) — P} (TH)‘ < 7. Then, for any n and 7, we have

DZ (P PG )

—1—2 o (TH)

1 Z\/ (1 )P5- (i) + (PG, (i) = 5 (711) ) PG, (i)

LY B G+ Y
TH TH

Py, (tu) = PG (TH)‘ Py ()

P, (i) ~ P1 (7n)|

(6)

where (7) follows from the fact that v/a + b < \/|a| + 1/|b], (#¢) follows from the fact that 1 — x <
logx for x > 0 (the first term) and the Cauchy- Schwarz mequahty (the second term), and (4i7)
follows from the definition of n-bracket.

Then, for any fixed 6,,, we have

V;’;" ! ( n,t, h)
B Jexp ZZZbg —ZZlog E
n<N t<k h<H IP’Q nopent TG
B Janit
P Yh (TH)
E L <n Ilec Inam | 2mm—
]P’ei‘ (tH)
- r st =
P_" (tH)
E HngN Htgk thH %
IP’QQ (tH)

Hence, by taking union bound over the finite set of 7-brackets and k € [K], with probability at least
1 — 4, we have for any k € [K]

DD DA

n<N t<k h<H

14
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< NKH\fn—k% SN log

n<N t<k h<H

n,t

S5 g Fip i) |, KN(©),

where (i) follows from Equation (6)), (i) follows from Equation (7)), the Chernoff’s method and the
union bound, and (#i) follows from that n < 1/(N2K2H?).

The proof is finished by noting that §,, is an optimistic measure.

O
B PROPERTIES OF PSRS
First, for any model § = {¢p, Mp,(on, ar)}, we have the following identity
M, (on, an)(Th—1) = Pg(on|Th—1)0(7h). (®)

The following proposition is adapted from Lemma C.3 in|Liu et al.|(2022)) and Proposition 1 in[Huang
et al.[(2023)).

Proposition 3 (TV-distance < Estimation error). For any task n € [N], policy ©r, and any two
parameters 0,60 € O, we have

Dyy (P, P5) ZZ|m wn) " (M, (on, an) — My, (o, ap)) ¥ (th_1)| 7(TH).

h=1 Ty

C PROOFS FOR UPSTREAM LEARNING: PROOF OF THEOREM 1]

In this section, we first prove two lemmas, and then provide the proof for Theorem [I]

First, by the algorithm design and the construction of the confidence set, we have the following
estimation guarantee.

Lemma 1 (Estimation Guarantee in Upstream Learning). Let n < 1/(N2K?2H?), 3\N) =
clog (N,,(@)NKH/$) for some ¢ > 0. With probability at least 1 — 6, for any k and any

0= (91...,én,) € By, we have

> > () o

n<N t<k—1h<H

Proof. The proof follows directly by combining Proposition [Iand Proposition 2] and the optimality
of the confidence set B. O]

Then, we show that estimation error can be upper bounded by the norm of prediction features.

By Lemma G.3 in|Liu et al.| (2022), for any task n, and step h, we can find a projection A% € R4n-1x"
such that

(i) = "™ (th-1) = AR(AD) Y™ (1), (id) - [|AR]I < L. ®)
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Lemma 2. Let A} € R~1XT be the projector satisfying Equation @) Fix k € [K]. For any

6% = (0% ...,6%) € By, and any multi-task policy © = (w1, . .., 7,), we have
TTn TTn n Tk 2
Z DTV <P0k a]P ) S Z Z ]E . |:H(Ah)1"(l) s (Th,l)H(Ugh)_l},
n<N n<N h<H Th—l"’]-pe:; h
where

U =M+ AN E [ (me)™ (1) ] (AR T

t<k Th-1~Pg"
Proof. By Proposition EL we have

Dry (]P’g:,]P’”"> Z Z} ™k (w ( VI* (op, ap) — MZ’*(Ohvah)> 1/1”’*(%71)’ T (TH )

h=1 T

For ease of presentation, we fix a task index n. Index 71,1 by 4, wy_1 by 5. Denote (AZ)T&"**(Th_l)
by a1 )T (NI (01, 1) — MG on, 1) ) Afim(won 171 by ().
Then, we have

2 i )T (M (o an) = M (on,a1) ) 07 (7)
( ) Z
- ZPS:’{ M (G

Tn(TH)

0" (wy) " (MZ’IC(Omah) - M”’*(Omah)) V" (Th—1)mn (Wh—1|Th—1) Por (Th-1)

— n \T P
= Ei/\/Pg;:: E wg|zsgn ]|1,) i )

< Erngy (el - [ st ,

Ul
where (¢) follows from the property of the projection A} and definition of the prediction feature
™*, and (i) is due to the Cauchy’s inequality.

Fix an index i = io. We aim to analyze || > Wik sgn((w;.’“g) HUZL;L ) . We have

2

Zwﬂzosgn ﬁzo)—r i )

n
Ukh 1

=MD sen((wf,) "af wl;, +Z E | D sen((w),) «h) (why,) "ot

j t<k7NIp> 7{ j

I I

For the first term /7, we have

VI = \/X max ZSg ;I|zo 10)(w?\i0>—r$

z€ER™:||z||2=1

<V)  max Z T (wWh_1]i0) ‘ﬁl”’k(wh)T (MZ’k(oh, ap) — MZ’*(O}L,CL}L)> Aﬁa:‘
IGRT:HxHQ:lw
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<VA max Z T (Wh—1li0) |rh”’k(wh,1)TAZx|
z€RT:||z]2=1 ot

VA s 37 malenlio) ) TG (ons ) A
Wh—1

@) VA VA ‘

< Y2 max  [Apal+ 20 max Y ma(anlon.io) [IM™* (o, an) Al
Y zeR™|z]2=1 v weR:al=1 =

(z) 2\/ )\TQA

> Ta

where (i) follows from Assumption [1} and (ii) follows from the property of A} stated before
Lemma[2]

For the second term I, we have

2
LY E Y malenilio) [ en) T (NI (on, an) — M (on, an) ) 7 ()|
t<k Th=1~PG " \ Wi
< E D2 mulwonalio) [ (wn) TN (on, an) (67 (7a-1) = 67 ()|

N
t<k Th=1~Pg Wh—1

3 mnlwnalio) [ (wn) T (NI (on, an)d (7h1) = M (o, an) B (7o) )|

Wh—1

22 5 (e - drtman),

n,t
Th—1~Ppy’
t<kTh 0%

2
+ Y mlanlon,io) Hpég (Onl a1 )" (1) — Pp. (0h|Th1)1/J"’*(Th)H1>

Oh,Qh

<2 & e -t eo|]

Lt
t<k Th-1~PgY

121

2
. %Z E (Z Tulanlon, io) [Py (onlm—1)9™* () — mﬁohml)&”’*(m)Hl) ’

ATt
t<k Thfl'”Po;; Oh,Gh

Ia2

where (a) is due to Equation (8) and Assumption [1}

Recall that the /-th coordinate of a prediction feature 1(73,_1) is the conditional probability of core
test Oﬁfl' Hence, for the term 157, we have

dp_y 2
_ n,l n,l n,l n,t
I = E . § : P (01| Th-1,2,7" ) — Po- (o 1 |mh—1,2,")
‘rh71~P§£" =1 "
2
<@Q%4 E Eau E ’Pés (on—1|Th-1,2) — Ppx (0h71|7_h7173~)‘
h—1 :

At
Thfl'“Pe;; Op—1

U_nA U_n,A

on o
= Q4 E D% (]P’ék " 1(wh—1‘7—h—1)7]1)9;h 1(Wh—1|7'h—1)>

n,t
Th—1~Pg.
n
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@ o (mien o
< QalA| E E Dy | Py " " (wh1lmn-1),Py. """ (wn—1|7h-1)

Th—2,0h— 1NP"nt Fh—1™UA
SR S ity
< QalAJDy P@ﬁ (TH)aPa;; (ta) |,
where (a) and (b) follow from Lemmal7]

In addition, we can bound I55 as follows.

2
In<2 E (Z T (anlon, Th—1) ‘Péﬁ(ohhh—l) Pox (on|mh—1 ‘W (Th |1>

n
B
Th—1~PGe Oh,an

+2 E <Z Tn(an|on, Th-1)Pox (0n|Th—1)
Th_1~P 2

Oh,Qh

&mewﬂw

(%)
<20Q% E DZ, (Pgﬁ (Oh,|Th—1),P9*(0h\Th—1))

ke
Th—1~Pgx
n

u_n,A u_n,A
+2Q% E E E Dy (Péf'l (wnlTh), Py

T;L,lwpg"’t on~Pox (+|Th—1) AR ~Tn

(Wh|Th)>

)
<244 E E  DF (Pgy (onlmu-1), Po- (on|m-1))

n,t qp_1~u
Th—2,0p—1~Pg, " @h=170A
b4

unA

un A
1OQ3A E BB o (B ) B )

Tho1~PE" ! 0n~Pox (|Th—1) AR ~IA

n,t ATt

(i) " o et
< 20311 (o8 (B () B o)) 08 (B ) ).

where (7) follows from that the coordinate of ¢ takes the value on the conditional probability over
core test, (ii) and (i) follow from Lemmal7]

n,t

Substituting the upper bounds of I5; and I, into I, we obtain that
6 ./4 v nlf wa,lt Vﬂ_n,t Vﬂ_n,t
o< SBAS (o (B . B o)) 02 (B o)) )
t<k n

n,t

P st
Denote D2 (]P)g: (tu), Pyt (TH)> by ('), Therefore,

o (P ) S8 || Ot e+ Z G D' g -
h

t<k t<k

Summing over n, we have

ZDTV (Pg;,Pﬂ")
< Z Z \/CA + Z Ctﬁhfl + Z Cgh]ETh,—w“IP’g%: [H(AZ)Tin’*(le—l)H(U,’;ﬂlh)71:|
n  h '

t<k t<k
_ 2
< \/Nch S S G+ c;m\/ZZ (B inege | AR )| 7, )] )
n h t<k n h

(i) A|B(N) 7 ’
< W ZE,; (B ey (AR il ])
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where (7) is due to the estimation guarantee Lemmal

O

Theorem 3 (Restatement of Theorem[I). For any fixed 6 > 0, let @ be the multi-task parameter
space, BN) = ¢; (log KHN +1log NV, (©)), where ¢ > 0 and n < KHN Then, underAssumpnon

with probability at least 1 — 8, UMT-PSR finds a multi-task model @ = (01, .. .,0x) such that

N

n n ~ QA T‘H|A|N5(N)
> maxDy (Pj ,Pj. ) <O (\/ . (10)
1 ™ ( ”) ’y K

f 2 g g(N)
In addition, if K = % for some cy, UMT-PSR produces a multi-task policy m =
M)

such that the average sub-optimality gap is at most €, i.e.

(7,7
1 N

+ 2 (max Vit g, — Vi, ) < (1)
n=1

Proof. Note that @ € By, for all k € [K + 1]. Therefore, by Lemma we have

K> Dy (Pg: , ng)

<QZZ max DTV( g::)

6k By,
8 AlpW
25 QAW Y E, g [|| (ARt (11 H Up - 1}
k<K n<N h<H

(n 8 K|A (N
QA\/W Z Z Z ThN]P”rnk [H (A7) YEpm* (17,1 ||(Un f}

k<K n<N h<H

(i44) /
< W VrNHlog(1+ rK/)),

where (i) follows from the fact that §,, € By, for all k € [K], (ii) is due to the Cauchy’s inequality,
and (iii) follows from Lemma 9]

Hence,

o5 < o avTANFE g AT
2o (7573 =0 ( WK ) |

D DOWNSTREAM LEARNING: PROOF OF THEOREM 2|

In this section, we first provide the full algorithm of OMLE. Then, we prove a new estimation

guarantee under the presence of approximation error of @8. Finally, we provide the proof of
Theorem 21
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D.1 OPTIMISTIC MODEL-BASED ALGORITHM

In this section, we provide the full algorithm of OMLE (Liu et al.||2022; |Chen et al.,2022) given a
model class © and an estimation margin 3y, for the completeness of the paper.

First, OMLE seeks a exploration policy 7* that maximizes the largest total variation distance between
any two model parameters 6 and 6" within a confidence set By. Then, OMLE uses policies adapted
from 7% to collect data. Finally, using the collected sample trajectories, OMLE constructs a confidence
set which includes the true model parameter. The pseudo code is provided in Algorithm 2]

Algorithm 2 Downstream multi-task PSR (OMLE)

1: Input: B, = € 4, estimation margin (.
2: fork=1,..., Kpown do
3:
ok
= Dy (PG, Py,
= gy, ay, O (. F7)
4: for h € [H] do
5: Use V}fk to collect data lei"h.
6: end for
7: Construct confidence set By 1 :
Bk+1:{¢9€9 ZZlogPh >maxZZlogPh ’ ﬁo}ﬂBk
t<k h Ot<k h
8: end for ~
9: Output: Any 0y € Bk,,..+1, and a greedy policy 7o = arg max, Vé’; Ro’

D.2 ESTIMATION GUARANTEE OF OMLE

Recall that ¢y = ea((:)}j) = min, coy Maxy DR, (ng , Pgo) is the approximation error of the model
class ©f. In this section, let 65° = arg ming g Maxy DR,O&(ng P5.)-

The following lemma is from Proposition B.1 in|Liu et al.| (2022).

Lemma 3. Letn < ﬁ With probability at least 1 — 9§, for any 0y € (:)8 we have

Vh t,h

ZZlog 90 (i) < log(N,(0})) + log %.
Po (15"

t<k h b H

Then, we show that the log-likelihood of model 6;° is sufficiently large.
Lemma 4. With probability at least 1 — 0, we have

Pyt (")
ZZlogeiti <eKH+ {Eo;ﬁo} lo g
I t,h

t<k h IP’GED TH 0
Proof. By the definition of 6:°, we have
P ,( ) a—1
e TH
log Bpr_ | [ -2~"% < €. (12)
1 0 <IP”920 (th)

If g = 0, then the proof is trivial. In the following, we mainly consider the case when ¢y > 0.
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By the Markov’s inequality, for any = € R, we have

Pp." (rii")
(S S0

t<k h
th, oty @1
Pg* (7-7 ) a—1)x
=P HH(,M n > ela=1)
i<k n \Paeo (1)
]Pmt h t h) -1 Pﬂ_k h( k, ;) a—1
<e (o— l)xE HH 0* ) E < o+ \Tg ) ’/Tk’h
Tty h ak.h o _kh
Peéoh i ) Peﬁkoi ( )

t<k h H

(2 ef(afl):ce(afl)KHm

_ e*(&*l)(erH€0)7

where (i) follows from Equation (12)).

By choosing z = 9K H + -1 log(K/§) and taking union bound over k, we conclude that, with
probability at least 1 — 4,

> tog i)

t<k h 9‘0

th)
) <€0KH+

K
1og 5
O

Combining Lemma and Lemma we immediately obtain that with probability at least 1 — 6/2, the
following bound holds.

ZZlogP ) > max ZZlogPyh ’

i<k h 0008 17 T,

A 4eK ¢ 4K
- <logNn(93) +10g€T +eKH + { 07&0} log 5 ) ,

where n < =

Setting By = log/\f (©8) + log 4K 1 eo KH + l{o‘f’%‘” log 4, we conclude that 6 € By, for all
k € [K]. Based on this fact, we have the following estimation guarantee.

Lemma 5. With probability at least 1 — §, for any k € [K] and 0y € By, we have

ZZDTV< ”ﬁ; Z}i > < 2Bp.

t<k h

Proof. We follow the same argument as in Proposition except setting N = 1 and ®, = @8. Then,
we obtain that, with probability at least 1 — §/2, the following inequality holds.

l/;:t t,h ~
) i o: (T5) KN, (68)
ZZD@WJ)ZZWQmﬁWga -
t<k h t<k h Por (")

Since 6y, 05° € By, by the optimality of By, we further have

S5k (v )

t<k h
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t,h

<ZZlog ;+ﬂo+logK'/v5(®8)

t<k h Peéo TH

(i) 1g, K K. u
< egKH + 70{[ "fi} log 5 + By + log KNy (98)

< 2[307
where (i) is due to Lemmal[d]

D.3 PROOF OF THEOREM[Z]

Theorem 4 (Restatement of Theorem' Fixa > 1. Let ¢g = ¢,(0}), fo = O(log £2 +

log NV, (@0) + eoKH + {5‘)#0} ), where n < KH Under Assumptzon with probability at least
1 — 4, the output ofAlgorzthmlsatzsﬁes that

maxcr Dry (Pgo,lpga) <0 (Q;w/’“*‘}fﬂﬂ + \/5) : (13)

Proof. First, we follow the proof in Lemma[2] except setting N = 1. We obtain that

- QalA .
DTV(P%(TH),P%(TH))_ Qa4 e, #32G Y Er oy [IADTE -l

t<k

(QAWZEM ez, (AN )l D’

where
A 2
0y = r@alAl
v
_ ¥*Bo
QA Al
A | "
vy h Vi h
i =2 (P i) i)
UL, =M+ (A9 S B 1Npg*1/70’*(Th—l)%ﬁo”"(Th—l)T((AQ)T)T
t<k
and () is due to the estimation guarantee.
Therefore,
KD (5, Pj;)
< KDy (]Pg ,Pgm) + KDpy (ngo , ng)
Us 7'|']c
R (75 P3;) + KV
< g
229{:’163,;1 Dy <P9k,]P) ) +K\/a
Qay/IAIGo + oK H + 715 log(K/9))
< VrHK log(1+rK/\) + K\/e.
v
O
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E BRACKETING NUMBERS OF EXAMPLES AND MISSING PROOFS IN
SECTION AND SECTION

In the section, we present bracketing numbers of examples and missing Proofs in Section[4.3]and
Section Because ¢, = >y, anyeoxa Pny1Mn(on,ap) for each b € [H — 1], ¢, can be
decided by ¢ and {Mh}thl. For simplicity, in this section, we reparameterize the PSRs parameters

as 0 = {ony, {Mh}thl}. Without loss of generality, from Theorem C.1 and C.7 in|Liu et al.| (2022),
we assume for any (0,a) € O x A, My, (0,a) € R™*", and the rank of My, (0, a) is 7.

E.1 BRACKETING NUMBERS OF BASIC SINGLE-TASK PSRS
For completeness, in this subsection, we first present the analysis of bracketing number of basic
single-task PSRs.

Lemma 6 (Bracketing number of single-task PSRs). Let © be the collection of PSR parameters of all
rank-r sequential decision making problems with obseration space O, action space A and horizon
H. Then we have
O||A
log ;,(©) < O(r*H?|0|| A| log(|n|)).

Proof. We assume 1) is known and ||1o||, < +/|A|#. By Corollary C.8 from Liu et al. (2022), the
PSR model class have following form:

0 ={0:0={on {Mn};1},IMy(0,a)|, < for(o,a) € O x A [|¢nll, <1}.

Denote é(; as the d-cover of © w.r.t {,.-norm with § = W for some large ¢ > 0. Mathemati-

cally, for any 6 = {¢, {M}, }L,} € ©, there exists 6 = {¢p, {M},}2_,} € Oj, such that for any
(0,a) € O x A,

|on - ‘%HHOC <5, ||Vee(My(0,a)) — Vee(Mn(o,0))| <.

oo

Next, we show that é(; can constitute an 7-bracket for ©. For any policy 7, we have

Z ’PQ(TH)—PQ”(TH>‘ ><7T(TH)

THE(OXA)H

Em

(@) (M (0 an) = Mi(ons a1) ) ¥n-1(ma-1)| x 7(71r)
THE(OXA)H h=1

(i) ul —
< Il || (M (0 @n) = Ma(on,ai)) |, s (mu-)lly x (7

THE(OXA)H h=1
H (Mh(oh’ an) = Mh(oh,ah)) Hz \/W X (T )
H

(z‘;) 5 y

rHE(OXA)H h=1

(i)

M=

INE;

ra€(OXA)H h

(m(oh, ap) — Mh(oh,ah)) Hoo \/W X 7(TH) (15)
< > i\/ﬁ

rHE(OXA)H h=1

‘(Vec(idvh(oh,ah)) — Vec(My, (op, ah))) HOO \/W X m(TH)

< H\[r3] A6 <,

3Such assumption does not influence the order of bracketing number since the model complexity related to
W, does not dominate.
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where (i) follows from the property of operation norm of matrix, (i¢) follows from the fact that
[mp(wn)lly < lloally [Ma(om, am)lly - [IMatr(0nt1; ans1)ll, < 1 and [[gp(ma)l| <
IMp_1(0on—1,an-1)ll5---[[Mi(o1,a1)|l5 [|¥olly < +/|A|¥, and (ii) follows from the relation-
ship between the operation norm induced by ¢5 norm and /., norm.

By Lemma(I0]

_ 149 r+r2x H|O|| A OllANH r+r2x H|O||A|
@53( 5%) (\ﬂ [14) )

and
I(’)IIAI

log |85] = O(r* H?|O||A| log(— ),

which equals to the log n-bracketing number.

E.2 BRACKETING NUMBER OF UPSTREAM EXAMPLES

Example T(Multi-task POMDP with same transition kernels): The multi-task parameter space is

{(Th,m@}l, ., ON) Ty, € RISIXISI 0 e RIOXMI v; ¢ [N]} .
h€[H],a€A

Note that the value of each coordinate of these matrices are probabilities, and thus are bounded within
[0,1]. Therefore, the n-bracketing number in this case is O(H (|S|?|A| + N|0||S|) log W)

Example 2(Multi-task PSR with perturbed models): Suppose there exist a latent base task Py,, and
a noisy perturbation space A. Each task n € [N] is a noisy perturbation of the latent base task and
can be parameterized into two parts: the base task plus a task-specified noise term. Specifically, for
each step h € [H]| and task n € [N], any (0,a) € O x A, we have

MZ(Oh,ah) = M};(Oh,ah) + AZ(Oh,ah), AZ c A.

Such a multi-task PSR satisfies that 3V) < O(log £ + 12|O|| A|H? log =22 ),
whereas (1) for a single task is given by O(r2|O||.A|H? log % + H(N —1)log|A|). Clearly,

BWN) « NBW holds if log |A| < O(r?|O||.A|H), which can be easily satisfied for low perturbation
environments. In such a case, the multi-task PSR benefits from a significantly reduced sample
complexity compared to single-task learning.

Proof of Example[2] Suppose there exist a latent base task model space:
= {0:0={6m. {M1}{L,}, IMi(0,a)], < for(0.0) € O x A, [ b, < 1}

A base task model is selected: 6° = {¢?, {MP>}L_ }. The parameters of each task n in multi-task
PSR models are as follows:

={0:0= {0y {M; + AT HL AL € Ao ], < 1}

where A?(+,+) : O x A — R >*dn-1 for any h € [H], and n € [N], and A is the noisy perturbation
space with finite cardinality.

Let ©F be the §-cover of OP w.r.t /o,-norm with § = oy From Lemma@ we have |OF] =

¢ 2r+r2 X H|O||A|
(W) . For each n € [N], denote

—eb+A
= {0:0= (5 VI + A1YL) < (T, (ML) € Bh:af € A}
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r+r2x H|O||A| .
) x |A|H. Then denote the multi-task J-cover

Obviously, [©7] = (3\/;W
as (:55 = (:)(1; X oee X C:)fsv Following from Lemma@ for any task n > 1, ég can constitute

an 7-bracket for ©", so ©; can constitute an n-bracket for ©. By noticing that each ©F has
a common part, and the changing part is only related to A}. The corresponding n-bracketing

_ w7 x HIO| Al
number is (3\/77%)

0(r2|(9\|A|H21og%+H(N—1)1og|A\). O

x |A[N | and the log n-bracketing number is at most

Example 3(Multi-task PSRs: Linear combination of core tasks): Suppose that the multi-task PSR
lies in the linear span of m core tasks, i.e., there exist a set of core tasks indexed by {1,2,...,m}
such that each PSR can be represented as a linear combination of those m core tasks. Specifically, for
each task n € [IN], there exists a coefficient vector a™ = (af,--- ,a” )" € R™ s.t. forany h € [H]
and (op,apn) € O x A,

o (on,an) = X2 af'dp(on, an),  Mi(on,an) = Y af M}, (on, an).

For regularization, we assume 0 < o]* < 1 foralll € [m]andn € [N],and > ;" af = 1foralln €

[N]. It can be shown that 5V) = O(m/(r?|O||A|H? + N) log %), whereas 3(!) for a single task
is given by r2|O||A|H? log %. Clearly, (V) < NBM holds if m < min{N,r?|O||.A|H?},
which is satisfied in practice.

Proof of Example[3] Denote the core tasks model class @° = ©%! x - .. x ©%™ and the multi-task
model class ® = O! x --- x O, where for any n € [N], ©" is defined as:

m m H
o =1 D aidl, {Zarmz} Lat = (- al)T € R™ (ol (ML) € 0%
=1 =1

h=1

For any 6 > 0, we first consider the §-cover of the model class of core tasks oY= ég’l X oo X ég’m,
where for each base tasks [ € [m], © is a §-cover for ©™. Similar to proof of Lemma@ |62’l =
(3y/F x 1101l and | B9 = (37 x 4y IOIAIm,

Then we consider the cover for multi-task parameter space. Denote C}" as a §-cover for the unit
ball in R™ w.r.t. £; norm. Mathematically, for any n € [N] and vector ™ € R™, there exists an
&" € CJ" such that ||a" — &"||; < 4. In addition, the cardinality |C}"| = (£)™.

Define the multi-task model class é5 = (:)}5 x - x O , where for any n € [N], é? is defined as
H

p=9 2o ardh {Z aer} PGt = (ay e san) T e O (O (ML, ) € 6)
=1 =1

h=1

‘We next show that (:)5 is a -bracket of @ .
By definition, for any model of base task [ € [m]: ' = (¢4, {M,}}_,) € ©, there exists
o' = (Jsﬁq, {l\N/Iﬁl}le) € 64, such that for any (0,a) € O x A,

| = _ <o

Vec(M), (0, a)) — Vee(ML, (o, a))Hoo <.

Then, for any ! € ©!, @™ € R™, there exist § € O} and &@" € Cj such that

m

m
l ~n 7l
Z o' Py — Z &' by
=1 1=1
m
<Y lof|
1=1

oo

m
l Py ~ Y
oy — S|+ D" 1ar — api]| k|
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m m

<> afs Z n—al| < 26,
=1 =1

and for any (op,,ap) € O x A
St - S
1=1
<> laf|
=1

m
m

<Za?f5+2floq —af|

=1 =1

= Vb + V[ —a”ll, < 276

o0

m
I Nrl ~
’Mh - MhHoo + Z g’

o0

h) — Vech H +Z|al

Similar to the analysis in the proof of Lemma@ specifically, Equation ( . @t can constitute an
n- -bracket for Gt with § = W

The cardinality of the cover of multi-task model class is |©s] = \@ I|Cs|N = (3yr x
%)rsz\OHAhn % (%)mN'

In conclusion, the log n-bracketing number is O (r2H2 |O]|Alm log(%) +mN log(m)) :
O

E.3 BRACKETING NUMBER OF DOWNSTREAM EXAMPLES

Example Note that the model class for downstream learning is C:)b1 = {On}hem)- Thus, we
immediately obtaint that log AV, (O4) = O(H|0O||S| log @]ﬁ)
Example2(Multi-task PSR with perturbed models): Similar to the upstream tasks, the downstream
task 0 is also a noisy perturbation of the latent base task. Specifically, for each step h € [H], any
(0,a) € O x A, we have

Y = Oy, My (o, an) = My (on, an) + A (on, an), A) € A. (16)

The log n-bracketing number is at most H log |A|.

. i SRR
Proof. Suppose the estimated model parameter of the base task is 0° = {¢%, {M,, }}_,}. Because
the downstream task model parameters satisfy Equation (T6), the empirical candidate model class
can be characterized as

={6: 9_{¢H7{M }h 1} ¢H—
MY (op, ap) = Mh(o;“ah) + AY(on, an), (on,an) € O x A;A) € A}

If 0" is given, then the candidate model class is decided by A. Then for any 7 > 0, the n-bracketing
number is |A |7 O

Example [3(Multi-task PSRs: Linear combination of core tasks): Suppose the downstream task 0
also lies in the linear span of m core tasks same as the upstream. Moreover, assume the upstream
tasks are diverse enough to span the whole core tasks space. As a result, the downstream task can
be represented as a linear combination of a subset of the upstream tasks. Specifically, there exists a

constant L satisfying m < L < N and a coefficient vector a’ = (af,--- ,a%)T € RE s.t. for any
h € [H] and (op,an) € O x A,
= ity 0ol Mf(onan) = Y1, o M, (o, an). (17)
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For regularization, we assume 0 < of < 1 forall/ € [L], and ZzL:1 o = 1. It can be shown
that By = O(LH log(%)), whereas 5(!) for learning without prior information is given by
O(r?|0||A|H? log 1AL Clearly, By < B holds if m < min{N,72|O||A|H?}, which is
satisfied in practice.

Proof. Suppose for the upstream task [ € [L], the estimated model parameter is 6, =

- — . . ..
L {M, V1 1. Because the downstream task model parameters satisfy Equation (17), the empiri-
H> hJh=1 p Y Eq p

cal candidate model class can be characterized as

L

95 = {600 = {6, AMRHL }i 6 = D andly;

=1
L
MY (op, ap) = Za?ﬁi(oh,ah), (on,an) € O x A;a® € RV Y.
=1

Then we consider the cover for ©}. Denote C¥E as a §-cover for the unit ball in RY w.r.t. /; norm.
Mathematically, for any vector a® € RE, there exists an &° € C} such that Hao — 6‘0H1 <46.In
addition, the cardinality |CF| = (£)~.

Define
~ L —
§=1{0:0={6% {Mn}_ };0% = a7 dh;
=1

L
MY (on,ar) = Y &M, (0n, an), (on,an) € O x A;&° € CEY.
=1

Then, for any #° € Oy with a® € RZ, there exist § € ég with &° € CF such that

L L

07l ~071
E 041¢H‘§ Py
=1 =1

L
<> lad = all[|ékl < o &, <,

o =1
and for any (op,,ap) € O x A
L L l
Zal M, (on, ap) — Zd?Mh(oh,ah)
=1 =1 00
L !
<> Jof - afl||My(onan)|| < vrla® - &% < V7.
o0

Similar to the analysis in the proof of Lemma@ specifically, Equation 1| é}; can constitute an

n-bracket for ©F with § = W.
The cardinality of the cover of multi-task model class is |(:)§| = |CF| = (2)". In conclusion, the log
n-bracketing number is O (LH log(%)). O

F EXAMPLES OF MULTI-TASK MDPS FROM PREVIOUS WORK

To demonstrate that our framework encompasses multi-task learning under MDPs, we provide several
examples of MDPs from previous work in this subsection. Suppose S is the state space, there exist
N source tasks, and P™ : & x A x S — R is the true transition kernel of task n.

Cheng et al.[(2022) studied multi-task learning under low-rank MDPs in which the transition kernel
P has a d dimension low-rank decomposition into two embedding functions ¢™*) : S x A —
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model class
oftask2 P

Dy (PO s, a), P1(-[s,a)) < e

model class
oftask 1 P

Figure 2: Supplementary illustration of joint model class in two dimensions for MDPs. A concrete
example of tasks with similar transition kernels, i.e., any point (P°, P1) in the joint class J, satisfies
max(s q)esx.a Drv(PY(-|s,a), P(-|s,a)) < € for a small positive constant e.

R, u=m) 2 8§ — R% as P (s,a,s) = (™) (s,a), p*™(s")) for all (s,a,s) € Sx Ax S
for each task n. In this setting, (Cheng et al.| (2022) assume the N source tasks share common
representations ¢(*) and for each task n, ¢*) € ®,u*™) € U for finite model class {®,¥}.
Consequently, the n-bracketing number for the multi-task low-rank MDPs model class is at most
O(H|®||¥|Y), which is much smaller than the one of the individual single-task with O(H|® |V |¥|V)
if |®| > |7 .

Zhang & Wang|(2021)) studied multi-task learning under tabular MDPs with an assumption that for
any two tasks ny,n2 € [N], it holds that max( 4)esx.4 Dry (P (s, a)|P*72)( [s,a)) < €
for some small ¢ > 0. Then the multi-task model class is much smaller than the model
class of N individual single-task (see Figure |2| for an illustration when N = 2). Conse-
quently, the n-bracketing number for the multi-task low-rank MDPs model class is at most

O(H|S|?| A|(log W + (N —1)log w)) This is smaller than that of each individual

n

single-task, which is O(H N |S|?|A| log W) ife<mand N > 1.

G AUXILLARY LEMMAS

The following lemma characterizes the relationship between the total variation distance and the
Hellinger-squared distance. Note that the result for probability measures has been proved in Lemma
H.1 in|Zhong et al.|(2022)). Since we consider more general bounded measures, we provide the full
proof for completeness.

Lemma 7. Given two bounded measures P and Q defined on the set X, let |P| = 3" _, P(x) and
Q| = > cx Q). We have

D3y (P, Q) < 4(|P|+ |Q)Di(P, Q).

In addition, if Py|x, Qy|x are two conditional distributions over a random variable Y, and Px y =
Py xP, Qxy = Qy|xQ are the joint distributions when X follows the distributions P and Q,
respectively, we have

EP D7 (Pyx (-] X), Qv x (-|X))] < 8DF(Px,y,Qx.y).

~

Lemma 8. Suppose P and Q are two probability distributions. For any o > 1, we have the following
inequality.

Drv(P, @) < /3 DaelP, Q).
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Proof. By Pinsker’s inequality, we have

Dy (P,Q) < \/ %DKL(HDv Q).

By Theorem 5 from |[Van Erven & Harremos| (2014), we have
Dx.(P,Q) = li%l Dp,o(P, Q) < infl Dr,o (P, Q).
@ a>

O

Lemma 9 (Elliptical potential lemma ). For any sequence of vectors X = {x1,...,x,,...} C RS,
let U, = M\ + Zt<k xkka, where X is a positive constant, and B > 0 is a real number. If the rank
of X is at most r, then, we have

K
Zmin{“ka?]k,l,B} < (1+ B)rlog(1 + K/\),
k=1

K
Zmin{\|kaU;17\/§} </ (1 + B)rKlog(l + K/\).
k=1

Proof. Note that the second inequality is an immediate result from the first inequality by the Cauchy’s
inequality. Hence, it suffices to prove the first inequality. To this end, we have

K . K
(i)
. 2 < ( 2 71)
k§l:m1n{||xk||Uk ,B} < (1—|—B)k§7l:log L+ [l

K

= (14 B) Y log (1+ trace (Urt1 — Ux) Uy "))
k=1

K
= (1+ B) Zlog (1 + trace (U,;l/2 (Upg1 — Up) U};1/2)>
k=1

< (1+B) Y logdet (Ly+ U/ (Unss = U U7

det (Uk+1)
det(Uk)

det(Uk+1)
det(Ul)

K
1
= (14 B)logdet (I + N Z:vkx,l—>
k=1

R

=(1+B)>» log

=~
Il

1

=(1+ B)log

: (1+ B)rlog(l1+ K/)\),

i
<

where (i) follows because © < (1 + B)log(l 4+ z) if 0 < « < B, and (i¢) follows because

rank(X) <. O

To compute the bracketing number of mulit-task model class, we first require a basic result on the
covering number of a Euclidean ball as follows. Proof of the lemma can be found in Lemma 5.2 in
Vershynin| (2010).

Lemma 10 (Covering Number of Euclidean Ball). For any € > 0, the e-covering number of the
Euclidean ball in R? with radius R > 0 is upper bounded by (1 + 2R /€)%
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