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A Additional background and discussion from the main text

A.1 Setting and Definitions

We first recall the definition of a “IP versus Q"' task mentioned in the Introduction. Under the planted
distribution P = E,P,,, a signal v is drawn from a prior distribution 7 supported on © C SNV~ and
one observes m independent samples Y7, . ..,Y,, ~ P,. Under the null distribution Q, the samples
are drawn independently from Y7, ...,Y,, ~ Q. The goal in the detection task’ is the so-called
strong detection task to distinguish between these two hypotheses based on the observed data, that is
to find a test statistics with vanishing Type I and Type II errors, as n grows. We will also be interested
in the weak detection task, which is that the sum of type I and type II errors is at most 1 — ¢ for some
fixed € > 0 (not depending on n). In other words, strong detection means the test succeeds with
high probability, while weak detection means the test has some non-trivial advantage over random
guessing.

Throughout, we will work in the Hilbert space L?(Q) of (square integrable) functions RV — R

with inner product (f, g)g := Ey ~o[f(Y)g(Y)] and corresponding norm || f|lo := (f, f)é/z. We

will assume that PP, is absolutely continuous with respect to Q for all u € supp(7), use L,, := ‘il%

to denote the likelihood ratio, and assume that L,, € L?(Q) for all u € supp(r). The likelihood
ratio between P and Q is denoted by L := % = Ey~puLy. Observe that for m samples, we denote

by Ly, = Ey~uL, the m-sample likelihood ratio. Finally, for a function f : RN — R and integer
D € N, we let f<P denote the orthogonal (w.r.t. {-,-)g) projection of f onto the subspace of
polynomials of degree at most D.

An important identity between the (squared) norm of the likelihood ratio with m samples and the
chi-squared divergence x*(P®™ || Q¥™) is
2
IZIG = EunpLullg = X*(P Q) +1 > 1.
This quantity has the following standard implications for information-theoretic impossibility of
testing, in the asymptotic regime n — co. The proofs can be found in e.g. [34, Lemma 2].

« If | L||3, = O(1) then strong detection is impossible.
« If | L] = 1 + o(1) then weak detection is impossible.

A.1.1 Low-Degree Lower Bounds

On top of GFP-hardness and SQ-hardness, defined in the main body, we also introduce here the
definition of a low-degree lower bound. The definition is based on the low-degree likelihood ratio
L=P where we recall that L= denotes the projection of the likelihood ratio onto the subspace of
degree-at-most-D polynomials.

Definition 8 (Low-Degree Likelihood Ratio). For m samples, define the squared norm of the degree-
D likelihood ratio (also called the “low-degree likelihood ratio”) to be the quantity

my <D||? m m
LD(D) = |LEP|2 = ‘(IEUWL;? ) HQ:EWM [(LE™)<P (LE™)<PYg] . (10)

For some increasing sequence D = D,,, we say that the hypothesis testing problem above is hard for
the degree- D likelihood or simply D-degree hard if LD(D) = O(1).

While we direct the reader to [6, Section 1.2] a relation between the Low-degree likelihood ratio and
the performance of low-degree algorithms we highlight some key conjectures in the community.

* We expect the class of degree-D polynomials to be as powerful as all exp (é(D)) -time

tests (which is the runtime needed to naively evaluate the polynomial term-by-term). Thus,
if LD(D) = O(1) (or 1+ o(1)), we take this as evidence that strong (or weak, respectively)

detection requires runtime ef2(P); see Hypothesis 2.1.5 of [26].

"The associated estimation problem consists in recovering the planted signal u from Y3, ..., Y,, ~ P.,.
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* On a finer scale, we expect the class of degree-O(logn) polynomials to be at least as
powerful as all polynomial-time tests. Thus, if LD(D) = O(1) (or 1 4 o(1)) for some
D = w(logn), we take this as evidence that strong (or weak, respectively) detection cannot
be achieved in polynomial time; see Conjecture 2.2.4 of [26].

We emphasize that the above statements are not true in general (see for instance [39] for some
discussion of counterexamples) and depend on the choice of P and Q, yet remarkably often appear to
hold up for a broad class of distributions arising in high-dimensional statistics.

A.1.2 Low Samplewise Degree Lower Bounds

In multisample settings like ours, a similar notion of “samplewise" low degree lower bounds have
been considered in [8].

Definition 9. For d,k € N U {oo} a function f : (R™)®™ — R has samplewise degree (d, k) if
it can be written as a linear combination of functions which have degree at most d in each x; and
non-zero degree in at most k of the x;’s (if d < oo the function is therefore a polynomial).

Notice that the notion of (d, k)-low degree hardness is then the natural generalization to (10). Also
note as a point of comparison, dk-degree polynomials contain all (d, k)-degree polynomials and
(d, d)-degree polynomials contain all d-degree polynomial.

Remark A.1 (Explaining Remark 2.2). A nice property of the low samplewise-degree degree
projection is that it is easy to relate it to d-degree projections. Indeed, using a binomial expansion
argument (see [8, Claim 3.3.]),

m

X X m
HLrSn(d’k)Hé = Eypr ((Lf?m)é(d’k), (L?m)é(d’k)>(@} — Z <t )Eu,v~7r [(<L§d,L§d)Q _ 1):&.]

t=0

In particular, if k = 1,d = oo, since By ymr [(Lu, Ly) — 1] = x*(P, Q) we have
L2V =1+ mx* (P, Q).

In particular, notice that the condition m?(P, Q) = O(1) discussed in Theorem 2 and Remark 2.2
is equivalent with a samplewise (0o, 1)-degree lower bound for the task, i.e., a lower bound against
function that are linear combination of functions of one sample at a time. In [8] the authors prove
that SQ lower bounds are (almost) equivalent with sample-wise degree lower bounds, therefore it is
perhaps no surprise that the condition my?(IP,Q) = O(1) can be also explained as a (very) weak
consequence of any SQ lower bounds against m samples. Indeed, assume a P versus QQ detection
problem is (g, m)-SQ hard for any ¢ (even ¢ = 1). Then setting A = support(7)®? we have that it
must hold mE,, y~x [[(Ly, Ly)g — 1|] < 1 and therefore

A.2 Connection of the FP criterion with statistical physics

We begin by discussing the connection between the Franz-Parisi (FP) criterion and statistical physics
methods. For a more detailed overview and additional references, we refer the reader to [6, Section
1.3].

A natural algorithm for solving the estimation problem of recovering v fromY = (Y3,...,Y,,) ~ P,
is to run some “local" dynamics (e.g., Langevin or Glauber dynamics) to sample from the posterior

PulY) o« 7(v)P(Y|v) = 7(v) HIP’U(Yi), v € B,

where Y = (Y71, ...,Y,,). In statistical physics, a powerful heuristic exists for predicting the success
of local dynamics in sampling from random distributions of the form py (v)v(v),v € © where v is a
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reference measure and Y ~ p is a “disorder". The heuristic approach is to check the monotonicity of
the so-called Franz-Parisi potential defined as

F(t) = Bunp,y~op [10g Bory [py ()1 (d(v,u) = )]] ¢ € [0,1],

where d(-, -) is some notion of (normalized) distance between the states u, v in agreement with the
operations of the loca dynamics on the state space. The prediction, introduced by Franz and Parisi in
[21], is that local dynamics can efficiently sample from the distribution if and only if the potential
is monotonic, i.e., it lacks “bad" local minima. Remarkably, this prediction has been empirically
validated across a range of problems in statistical physics, often yielding accurate forecasts of
algorithmic tractability. For instance, when d is the Euclidean distance, this criterion has proven
effective in the study of spin glasses [21]. Other, more intricate distance functions have also been
used successfully in non-spin glass settings, such as binary fluids [22].

Now, returning to statistical estimation settings, researchers in statistical physics have applied this
rule for py (v) := P(Y|v) = [, P,(Y;) and v := 7 to arrive at a prediction of success for “local"
algorithms based on the geometry defined by the distance d. The prediction [40] is then based on the
monotonicity of the curve

F(t) =Eypy~p, [0gEyur (P(Y|v)1[d(v,u) =t])],t € [0,1],

or equivalently for

F(t) = EuNpYNPu

log By (1_[1 %’((g))l(d(v,u) = t))] te0,1], an

Interestingly, when d(+, -) is the Euclidean distance, recent mathematical works have indeed produced
one-sided results linking the potential to the performance of local methods for estimation tasks in the
context of the so-called Gaussian additive models (e.g., [3, 4, 6]). This connection with the choice of
the Euclidean distance can be perhaps cast as natural by a well-known analogy between spin glasses
and GAMs, where GAMs often take the form of "spiked" spin glass models. Now, given the above
successes, both heuristic and rigorous, it is natural to conjecture a potential link between general
algorithmic hardness and the monotonicity of F'(t). However, this connection remains unproven in
general, and known counterexamples exist. For instance, in sparse tensor PCA [10], there are regimes
where the FP potential is non-monotonic (suggesting hardness), but some polynomial-time methods
do succeed.

Despite the above issue, [6] used the Franz-Parisi potential to arrive at a different criterion, but now
for algorithmic hardness of detection. Following an application of Jensen’s inequality described in [6,
Section 1.3] one get the following “annealed" upped bound for any ¢ € [0, 1] F(¢) < log F'(¢) for,

F(t) = By pmp, [(LE™, LY™ 1 [d(v,u) = t]],t € [0,1]. (12)

Then by focusing on the Euclidean distance d (or equivalently the Euclidean dot product (u, v)) they
suggested the Franz-Parisi (FP) criterion Definition 1, restated here.

Definition 10 (FP hardness). We say a problem is (q, m, e)-FP hard if

FP: E[(LE™, L3™) - 1(|(u,v)| < 8(q))] <1+, where (13)
0(g) = sup{d : 7*({u,v) > 8) > ¢ 7}, (14)

Notice that the FP criterion says that to check for “hardness" of detection one should integrate
the annealed FP curve is an (1 — g~ 2-typical overlap t-region. Moreover, as we elaborated in the
Introduction, one should understand ¢ in the above definition as a proxy for ¢ run-time. In that light,
[6] roughly proved that for any GAMs is a (g, m, O(1))-FP hard if and only if D = log ¢-degree
polynomials fail to detect between P and Q with m samples. We remark that, albeit this is an
equivalence for detection, this is a first-of-a-kind result for GAMs as it is mathematical connection
between the FP curve and a rigorous form of hardness. However, [6] also presented counterexamples
where this equivalence breaks down when we move away from GAMs.
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The central idea of this work is to optimize over the integration region in the FP criterion, rather than
fixating on the Euclidean dot product. This leads us to propose the Generalized Franz-Parisi (GFP)
criterion (see Definition 2). Our motivation arises from the observation that while the Euclidean
distance is natural for GAMs (and spin glass models), it may be inappropriate in other statistical
settings (see Section 4). This echoes insights from statistical physics, where non-Euclidean distances
are used in models beyond spin glasses [22]. Satisfyingly, this generalization enables a broad
equivalence with statistical query (SQ) lower bounds, as shown in Theorem 3.

A.3 Necessity of assumptions in main theorem

In this section, we comment on the necessity of our assumptions for the GFP-hardness and SQ-
hardness equivalence.

A.3.1 Necessary 1: a non-trivial information-theory threshold

First, we claim that some bound on myr is necessary for the connection between these notions of
hardness; the problem should be information-theoretically impossible for some diverging number
of samples. Indeed, consider the following multisample problem over graphs n € N and p =
1 —n~ Y4 k = n'/3+°() the Planted Sparse Model where

e Under P we choose a u being a k-clique in K, chosen uniformly at random (we see u as a
k-vertex set). Then under P, one sample consists of the union of a G(n, p) with a k-clique.

 Under Q one sample is a sample from G(n, p).

This is a variant of the classic planted clique model [29].

Now, even for m = 1 the problem is information-theoretically solvable; indeed under Q there is no
k-clique with probability 1 — o(1), and a brute force method can search for it. Indeed, by a union
bound the probability there is a k-clique under Q is at most

nk(1 — n71/4)(§) < exp (n1/3 logn — @(n2/371/4)) = exp (—@(n2/371/4)) = o(1).

Moreover, the model satisfies Assumption 1. One can see this because the model is a PSM. Also, one
k

can just directly observe that for any u, we have L, (G) = 1(u is a k-clique in G)p_(2). Hence, for

any u, v

|uﬁv\)
2

(Luy Ly)g = p("2") = (1 = n =1/~ ("2") > 1,

Now, the interesting fact about this PSM is that it is not SQ-hard even for m = 1 and ¢ = 1, but it is
GFP-hard even for m = n®®-samples.

Not (1,1)-SQ-hard Now for (1, 1)-SQ hardness is equivalent with E[|(L,, L, )g — 1|] < 1. But
E[[(Lu, Lo)g = 1] > [(Lu, Lu)g — 1|7 (u = v)

= (1 — n~ /400 (Z)
= exp (@(k2n_1/4) . @(klogn))

= exp (@(n7/12)) =w(1).
(e”"” n'/8,0(1))-GFP-hard Fix m samples. Notice that for i.i.d. u, v ~ , the overlap |u N v|
follows an (n, k, k)-Hypergeometric. Hence by [6, Lemma 6.6.] for any ¢ > 0 if § = log(k?q) > 0

it holds
m(luno| >6) < k(k*/n)° <k27° =q¢72
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Hence, to prove GFP-hardness it suffices to prove that E[(L,, L,)g'1(lu Nv| < §)] = O(1).
Therefore for ¢ = exp (n®) for some o > 0, and m = n'/8+o(1)

E[(Lu, Lo)g1(Ju o] < 6)] < E[(1—n~ Y4~ 1(lun o] < 6)]

(1 _ n—1/4)7m(2)

= (1 — p~1/4)~©(m(los(kg*))*
< exp (@(mn_1/4(log(kq2))2>
= exp (n*1/8+2°‘) =o0(1),

for any o < 1/16.

A.3.2 Necessary: Assumption 1

To connect the two notions of hardness, also some lower bound on min,, ,,(L.,, L, )g is necessary.
Indeed, one can easily find counterexamples when min,, ,,(L,,, L,)g = 0.
For instance, one can borrow the following model from [6, Section 4.2.] (assume for simplicity
n € 10N in what follows):

* Under P, sample a u ~ Unif({z € {—1,1}" : }_2; = 8n/10}). Then under P, each

sample equals to u.

¢ Under Q for each sample we sample a u ~ Unif ({—1,1}") and output wu.

It is easy to see that for any u,v € {—1,1}", we have for all u,v € {x € {-1,1}" : > x; =

8n/10},
(Ly, Ly)g = 2"1(u = v).

Not (1, ) SQ hard Clearly the model is not SQ-hard — similar to above (1, 1)-SQ hard implies
E[|(Ly, Ly)g — 1]] < 1, but

E([(Lu, Lo)g = 1] = [(Lu, Lu)g — 1*(u =)

=@ =) (%710)1 =«

(e" ", 00,0(1))-GFP-hard Yet, the model is (m, ¢, O(1))-GFP-hard for any sample size m and

q= (971710) vz, Indeed, we have 72(u # v) = 1 — ¢~ 2 and therefore to prove (m, q)-GFP hardness
it suffices

o)

El(Ly, L)31(u # v)] = O(1).
But in fact it even holds E[( Ly, L)@ 1(u # v)] = 0 completing this proof.
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B Equivalence between LD, SQ, and GFP

In this Appendix, we discuss the equivalence between GFP, SQ, and LD criteria. In Section B.1,
we define an Unconditional Statistical Query (USQ) hardness criterion, which is equivalent to SQ
and often appears as a convenient intermediate step in proofs. In Section B.2, we recall the result
from Brennan et al. [8] that shows equivalence between SQ and LD hardness under noise robustness.
Finally, we use this equivalence to state the equivalence between all three (GFP, SQ, and LD) hardness
criteria in Section B.3.

B.1 Unconditional SQ hardness

The following hardness measure appeared, often implicitly, in several prior work (e.g., [8]):

Definition 11 (Unconditional SQ hardness). We say a “P versus Q" detection problem is (m,t)-
unconditional SQ hard for some even t if

USQ: E [xo(Pu,P,)"] <m™". (15)
The USQ criterion removes the conditioning on event A from the SQ criterion, which makes it much

easier to manipulate. USQ hardness is essentially equivalent to SQ hardness as stated in the next
proposition:

Proposition 1 (Equivalence USQ and SQ hardness).
(i) If a model is (m, t)-USQ hard, then it is (¢, m/q*'*)-SQ hard for all integers q > 1.

(ii) If a model is (q,m/q*/*)-SQ hard for all integers q > 1, then it is (m/,t')-USQ hard for all
t' < tandm' <m 27Vt — ")V,

For simplicity, for ¢ > 4, we can set ' = t/2 and m’ = m in Proposition 1.(ii).

Proof of Proposition 1. This equivalence was proven in [8]. We sketch their proof below for com-
pleteness:

USQ hardness implies SQ hardness. By Holder’s inequality,
(B [{Lu, Lu)g — D" (B [A[(u,0) € A

E [|<LuaLv>Q - 1| |A} <

w2(A)
_ (Ell{Lu, Lo)g — 111\
m2(A) '
Assuming that we have (m, t)-USQ hardness, this implies that for any ¢ > 1,
¢/t
sup E[|<LU7LU>@—1\ |A] < s

Asw2(A)>q~2
which establishes the (¢, m/q?*/*)-SQ hardness.

SQ hardness implies USQ hardness. For convenience, introduce the random variable X =
|(Lu, Ly)o — 1| with (u,v) ~ m2. Assume that we have (g, m/q?/*)-SQ hardness for all ¢ > 1. In
particular, for all A, we have

1
EX|Al < ———+~—.
Using [8, Fact 4.3], we have for every t >t/ > 0,
. ) A ety
BX] < (2owpr(a) BLXWAL) g < 2o
which establishes (¢/, m’)-USQ hardness for any ¢ < t and m/ = m - 2=/t (t — )1/t O
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B.2 Noise-robust models and SQ-LD equivalence

This section is adapted from [8].

An advantage of USQ is that it is directly related to low degree lower bounds. Recall the samplewise
low degree lower bound introduced in Section A.1.2. Let’s state the hardness criterion associated
with this framework:

Definition 12 (Low Degree (LD) Hardness). We say a “P versus Q" detection problem is (m,d, k, £)-
LD hard if
LD:  E[{((L&™)=tk (LE™)SERY] <1 4. (16)

USQ hardness is related to LD hardness with d = oo, that is when we do not constrain the degree for
each sample in the projection.

Proposition 2 (Equivalence between USQ and LD hardness with d = oo).
(i) If a model is (m, 0o, k,£)-LD hard, then it is (m', k)-USQ hard with m’ = m/(ke'/*).

(ii) If a model is (m, k)-USQ hard, it is (m, 00, k,e — 1)-LD hard. More generally, it will be
(m’, 00, k,em’ /m)-LD hard for all m’ < m.

Proof. Assume that the model is (m, 0o, k, £)-LD hard. Then

k

8= = 108 = 3 (7 )EunlxoPus Pl <

s=1

and in particular, for k£ even,
_ m
[Eu[(LE™) =K — 1[[3) — B [(LE™) =1 = 1)I3 = Euo[Xq(Pu, Py)*] < &
Q Q k

This implies that E,, , [xq(Pu, P)*] < /(') < ek*/m". On the other hand, (m, k)-USQ hardness
implies that
k S
I [(L™)=>F] = 113 < Z Euolxe(Lu, Lo)°] < (e = 1).

More generally, we will have for m’ < m

k s
’ 1 /m m/
E,[(L&™ )= — 1 Buo[Xo(Lus Lu)*] <> = — —,
[Eu[(Ly™) I3 < [xe ] < > Se—

s=1

which concludes the proof. O

Combining this equivalence of USQ and LD(d = co) with the equivalence between USQ and SQ
in Proposition 1, we can directly state an (unconditional) equivalence between SQ and LD(d = o0)
hardness. In order to transfer this equivalence to LD with d < oo, one can assume that the model
with d = oo and d < oo are close to each other: this assumption is equivalent to being noise-robust
(in some sense, see discussions in [8]).

Assumption 2 (Noise robustness). We say a “P versus Q" detection problem is (d, k, &)-noise robust
if
B (LD 2q) < O (17)

Under this assumption, one can state the equivalence between LD and USQ:

Proposition 3 (Equivalence between LD and USQ Hardness).

(i) If the model is (m,t)-USQ hard, then the model is also (m/,d, k’,em’ /m)-LD hard for all
m <m, k' <tandd > 1.
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(ii) If the model is (m, d, k, €)-LD hard and we further assume that it is (d, k, §)-noise robust,
then the model is (m’, k)-USQ hard with

/ m

T ek 1 kel/h

Proof of Proposition 3. Part (i) is directly implied by Proposition 2.(ii). For part (ii), following the
same argument as in the proof of Proposition 2.(i), we get

k,k
E[{Ls L5 — 1% < eyt

Then using [8, Lemma 3.4], we obtain
E[|(Lu, L) = 1F]Y* <E[(L5?, L) — 1FY* + BI(L74, Ly 4 F1V*
kel/k 4 met/k

)

conk g
m m

which concludes the proof. O

Then, the equivalence between LD and SQ hardness in [8] is obtained by combining Proposition 3
and Proposition 1. We state it below for completeness:

Theorem 5 (Equivalence between LD and SQ hardness).

(i) If the model is (q,m/q*/*)-SQ hard for all ¢ > 1 (with t > 4, for simplicity), then it is
(m/,d, k', em’/m)-LD hard for allm’ < m, k' <t/2. andd > 1.

(ii) If the model is (m,d, k, )-LD hard and we further assume that it is (d, k, §)-noise robust,
then the model is (q,m’ | ¢*/*)-SQ hard for all ¢ > 1 with

’ m

T mol/k i kel/k
B.3 Equivalence of GFP, SQ, and LD hardness for noise-robust models

Based on the SQ-LD equivalence stated in the previous section (Theorem 5) and the equivalence
between GFP and SQ (Theorem 3), we can state an equivalence between GFP and LD hardness for
noise-robust models.

Theorem 6 (LD and pg-FP Equivalence). Suppose a “P versus Q" task satisfies Assumption 1 for a
group G.

(i) If the model is (m,d, k,€)-LD hard and we further assume that it is (d, k, 0)-noise robust,
then the model is (¢, m/, e|G| = q?/* /)-pa-FP hard for any integers ¢ > 1, ¢’ < q/V/2,
and m' < m/2, with

m

T ekt kel/R
(ii) If a task is (q,m,e)-pe-FP hard for some q, m integers. Assume that there exists an
r = r(q) > 0 such that 7*(pg(u,v) < r) = 1 — q~2 and m is even. Then, for all even
integer 4 < t < log(q)/log(m), the model is also (m’,d, k', em’/m)-LD hard for all
m' <mand k' <t/2, and d > 1, where
m

t(1+ &)1/t + 2 (P24 || Q24

m:
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115 C  Details of examples and proofs

1116 C.1 Gaussian Additive Models

1117 We here properly define what is a Gaussian additive model.

1118 A IP versus Q task is a Gaussian additive model if it satisfies:

1119 1. Under the null model, Q = N/(0, I,,).
1120 2. Under the planted model P,,, for some signal-to-noise ratio A > 0 we set Y = A\u + Z for
1121 some Z ~ Q.

1122 The following theorem holds.

1123 Lemma 2. Consider any GAM with symmetric 7, i.e., v = —v,v ~ m. For any u,v € support(rw),
1
Z((Lu; L'U>Q + <L7ua L'U>Q + <Lu7L7'u>Q + <L7ua L*’U>Q) 2 1.

1124 This is to say, any GAM satisfies Assumption 1 for G = Zs acting by flipping the sign of .

Proof. The proof follows from the standard identity (L., L,)q = exp (A%(u,v)) [6, Proposition
2.3] and therefore

i((Lu)L’U>Q+<L7u7LU>Q+<LU7L7’U>Q+<L7U’L7U>Q) = %(exp (A% (u, v))+exp (=A*(u,v))) > 1.
1125 [

1126 C.2 Planted Sparse Models

1127 We start with the definition of a planted sparse model [6].

1128 A P versus Q task is a planted sparse model (PSM) if it satisfies:

1129 1. Under the null model, the one sample is given by ¥ = (¥3,...,Y,,) ~ Q, each entry
1130 Y;,i =1,...,nis drawn independently from some distribution Q;,7 = 1,...,n on R.

1131 2. Under the planted model P,,, we associate u with a set of planted entries ®,, C [n]. Then on
1132 sample is generated as follows.For the entries ¢ ¢ ®,,, we draw Y; independently from Q;
1133 (which is identical as in the () measure). For the entries in ®,, we draw from an arbitrary
1134 joint distribution P, |, with the following symmetry condition: for any subset S C ®,,, the
1135 marginal distribution P, |4, (S) does not depend on « but only on S, i.e. P,|s = Ps

1136 The following theorem holds.

1137 Lemma 3. Consider any PSM. For any u,v € support(m), (Ly, Ly)q > 1. This is to say, any PSM
1138 satisfies Assumption 1 for the trivial group.

1139 Proof. The proof follows from [6, Proposition 3.6] for D = 0. O

1140 Multiple well-known detection models satisty this definition, see e.g., [6] for a well studied model of
1141 sparse regression [24], or [11] for Bernoulli group testing [1].

1142 C.2.1 Symmetric mixed sparse linear regression

1143 The symmetric mixed sparse linear regression (mSLR) setting, is a P versus QQ detection task defined
1144 as follows. Given k,n € N with k < n and 62 > 0, we have:
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* Under the planted model, we first sample v ~ 7 uniformly from set v € {0,1}" with
lu]lo = k. Then, the sample (x;,y;) ~ P, is generated by

yi~ (k+0)" [z 0 (@i, u) + (1= 2) © (25, —u) + wy],

for independent w; ~ N (0,02), z; ~ N(0,1,) and z; ~ Bern(1/2). Following [5] we
also denote SNR. := k /o>

¢ Under the null model, the sample (y;, ;) ~ Q is generated by y; ~ N(0, 1) and indepen-
dently z; ~ N(0,1,).

To see that mSLR is a PSM, set for any u, ¢,, := suppport(u) U {n + 1}, that is the coordinates of
((24) ) jesupport(u) and of y;. Then it is easy to confirm that for any subset S C ®,,, the marginal
distribution P,|4, (S) does not depend on u but only on S; the choice of suppport(u) \ S does not
alter this distribution.

It is known that the information theory sample size threshold of the problem is

~ k
MSTATS = Q(T)a
10g(28NR+1 +1)

see e.g., [19]. Also in [5] it was proven that in the similar mSLR setting where u’s coordinates can

take values in {—1,0, 1}, if

(SNR+1)% ,

oz k)
SNR

then the problem is O(log n)-degree hard. Here we prove that with sample size 6(%1@2) the

problem is also GFP-hard, and hence via Theorem 3 also SQ-hard. Our result holds under a very
mild assumption on SNR being not exponential in k. Interestingly, the proof is relatively short.

m = o(

The first step is to calculate the inner product (L™, L) which accounts to a calculation over the
Gaussian measure.

Lemma 4. For any sample size m and any u, v binary k-sparse vector, the following holds for the
mSLR model:

(L L™ = (1 - (kfi??)?) B < exp <(k + Z;<)Z7U><2u,v>2) '

Using Lemma 4 one can prove the GFP-hardness and the SQ-hardness.

Theorem 7. If n*(Y) = k2 = o(n) then for any m = o(——£——), it holds

SNR2
log(zsNRyr 1)

X2(PE™,Q%™) =1+ o(1).

(SNR+1)2 ;2

Moreover, for any constant T > 0, for any m = O(W 2z ) and ¢ = O(exp ((log n)T)) then
mSLR is (q,m, O(1))-GFP hard.

In particular, if SNR < eklfa, for some a > 0, then from Theorem 3, it is also
2
(e®(og m"), (7(81;151—{21) k2)1=°1))-SQ hard.

C.2.2 Omitted proofs for the mSLR hardness

Proof of Lemma 4. Let A = \/k/o? + 1 and since (L™, LY™)q = ((LY™, L¥™)q)™ we focus
on the case m = 1.
LetY = Y;, X = X;. By definition and Bayes’ rule,
P(Y|X,u)
L,=L,(X,)Y)= —F—F
XY ="aw)
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1175 Under Q we have A\oY ~ N(0, \20?), while under P conditional on (X, u) we have

AoY =V + 02V ~ %N(<X, u), 0%) + %NHX» u),0%),

1176 and so
P(Y|X,u)
Q(Y)

_1 b — 2 L 2 1 b 2 1 2
= 2)\exp< 2()\UY (X,u))* + 2y 5(AdY) >+2)\exp< 202(A0Y+<X,u>) + 2y 5 (AgY)

L, =

2

1177 Now a standard integration argument using the MGF of the x? distribution (see e.g., the proof of [6,
1178 Proposition 6.8.] for an almost identical argument) gives for any u, v binary k-sparse vectors,
A2 1
=— " Ex~ e [(1 = ) ({(X,u)? + (X, 0)?) + 223 (X, u)(X
o =30 — iz el <202(2)\2 =y L7 (0 () + 22X ) (X o)

(13)

=20 (e (25 20— g t?) e (- - 2y - x?)).

(Lu, Lu)

+ exp (202(2;_1) (1= 2) (X, u)® + (X,0)?) = 20*(X, u><X,v>})) (19)

1179 Now of course the pair ({(X, u), (X, v)) follows a bivariate Gaussian law with variances equals to k
1180 and covariance (u, v). Hence, some standard manipulations (see again the proof of [6, Proposition
1181 6.8.] for an almost identical argument) allow us to derive that for Z € R'*3 with i.i.d. A(0,1)
1182 entries and

1 1 1
T 202202 — 1) 202(2k/o® +1) 4k + 202 0)
1183 it holds
>\2m
(Ly, Ly)g = WEZ(exp (KM, Z7 Z)) + exp (H{M2, ZT Z))) (1)
1184 where for £ := (u, v),
2/ Ak —10) Ak —10)
My =M (¢) := Uk—0) (1-=X) (k-1 A2(k—1)
Lk —10) N2(k— 1) (1 =A%) (k—1)
1185 and
2(1 —2X2)¢ (1 —2X2)\/l(k —0) (1 —2X2)\/l(k 1Y)
My = My(l) := | (1—=2X2)\/l(k—1) (1—-22)(k—1) A2k —1)
(1 —2X2)\/l(k — ) ~X2(k — 1) (1 -2 (k—10)
1186 The eigendecompositions of My, M of the form Z?=1 )\1% are, first for M1,
;=0 1 =1 A= (1—=2)%)(k—1)
uy =(Vk—0 —I =) Ao =0 (22)
=2Vl VE—1 k=1 Ay =Fk+ 1.
1187 and for My,
ul =0 1 —1) M=k—/
ug = (Vk— \f —V0) A2 =0 (23)
uy = (2V/1 \/ N Az = (1=2X\3)(k +0).

1188 Ast < 1/(4k) we have 2t max{HM1||0p, 1Mz)lop} < (k+£)/2k < 1. Hence, using [6, Lemma
189 A.5.] for B(U) = R™*™, we have
/\2

LuaLv = S7aN9  av1/0
< o 2202 — 1)1/2

(det(Is — 2tMy) Y2 4+ det (I3 — 2tMy) /). (24)
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Using (20) and (22), (23) the eigenvalues of the matrices Is — 2t My, I3 — 2t M, are

k+/¢ k—/
_ _ —oN2Y(F _ /)] — _
{1, 1 =2t(k+£), 1 —2t(1 —2X*)(k — )} {1, 1 2202 1)’ 1+ o2 }
and
k—1¢ k+¢
— — — — 2 p— —
{1, 1=2t(k—0), 1 —2t(1 —2X°)(k+ 0)} {1, 1 o2(202 = ) 14+ 2 }

Since A\? = k/o? + 1 we have

A2 k4t E—e\] V2
— = det(I3 — 2tMy) V2 =22 (202 — 1 — 1
202 — 1 et(l3 ) o2 * o2

5L+
14 55t

—1
ST T
( k+02)

and by symmetry,
A2 ¢ N\
et (I3 — 2tMy) Y2 = (1 :
e s 2) Trro?
Combining the above,
1 ¢ N\! ¢ \!
e =51 555) (1) ) @5
-1
, 2
me?
< exp <W) ) (27)
where for the last inequality we used that logz > 1 — 1/x, for > 0. [

Proof of Theorem 7. We have from the first part of Lemma 4,

X2(P® ,Q® ) — 1 = Eu,v~ﬂ<L§ 7L;® >Q S ]Eu’v,\,ﬂ— (1 — m (28)

But, in this setting (u, v) follows an Hypergeometric distribution with parameters n, k, k. Hence, by
[6, Lemma 6.6],

2 m® ® : 2 R,
X~ (PP, Q )_1<§(1_(k+02)2> (n—k)

Lk/2] Iy tlog(255)
< —£log( "> R
< 3o () e 3

1=|k/2]

2
 (k+0?)

Lk/2] (£ k )
Z 6Zm/(k £)—Llog( "5~ )+I€( o2

e+ 1)me— Ok loa(54)
o2

where for the last inequality we used logx > 1 — 1/« for z > 0.

Since k2 = o(n),m = o(———=£>——),SNR = k/c? we have for large enough n,
lo (m+1)
k \2
k( (52) + 1)mef@(klog("k72k)) — ¢ O(klog("5")) _ o(1).
2% +1
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Moreover, since k? = o(n), m = o(k) we have for large enough n,
Lk/2] Lk/2] Lk/2]

Z ot/ (k—£)—Llog nk) < Z p2tm/k—tlo

Now as (L, L,)g is an increasing function of (u,v)? we know that for any ¢ > 0 there exists
So(q) > 0 such that {p;q(u,v) > r(q)} = {(u,v)? > o(q)}. But, notice that for any ¢ =
ez if we choose § := log(kq?) = O((logn)T+1), then for large enough n, by [6, Lemma 6.6]
T®2((u,v) > 6) < k(% ®)8 < k279 = 1/¢2. Hence, o < 6. Moreover, from the second part of
Lemma 4,

—Elog( )/2 -1+ (1)

B (L8 L)1 (010) < 00) < Bperenp ( (i ) 10} <)

mo?
S exp (k+ 02)2 — §2

(log n)2(T+1)
= exp (m@(kz) =0(1).
The SQ-hardness follows from Theorem 3 for myp = (logn)”, which is permissible to use using our
+2 bound and that SNR < ¢*'* for some o > 0. O

C.3 Non-Gaussian Component Analysis

Borrowing terminology from single-index models [12], we define the generative exponent of the
NGCA model:

Definition 13 (Generative exponent). The generative exponent of the NGCA model in Definition 5 is
defined as
s* :=min{s > 1: A # 0}, with As = E.opufhs(2)],

where h is the (normalized) degree-s Hermite polynomial.

We can write the Hermite expansion of the likelihood function
z) =1+ > Ahs((u,2))  (n L*(Q)),
and the inner-product of the likelihood ratios for any u,v € S"~1

(L, Ly) =14 ) A2+ ((u,0))°, (29)
i=s5*
where we used that E[h,((u, z))hi((v,z))] = dks{u,v)®. It is not true that for any w, v it holds
(Ly, Ly) > 1, as in Planted Sparse Models. Yet, our main result still applies for all NGCA models as
Assumption 1 is satisfied, but now under the action of the group of order 2.
Lemma 5 (Nonnegativity of NGC Model). Consider any NGCA model in Definition 5. For any
(u,v) € S" tandk € N

E51,52~Rad(1/2)®2 [XQ (I[DE1U7 ]P)sgv)k] > 1
This is to say, any NGC model satisfies Assumption 1 for the group Z.

Proof. Note that (L_,,,L_,) = (L., L,) and (L_,,, L,) = (L, L_,). Hence, we only need to
show the resultfork =1,as X +Y >0 implies X* 4+ Y* > 0forall k > 1. We have simply

Eal,f;‘g <L81ua sgv —-1= Z )\2 61,62 51“, 5jv>)s] >0, 30)
as for all odd s by symmetry E., ., ({(g;u, 5jv>)s =0. [
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Hence, under symmetric prior (that is m(—u) = 7(u)), we have equivalence between GFP and SQ
hardness by our main theorem. We illustrate this equivalence for two standard priors: the uniform
prior m = Unif(S™~!) and the k-sparse prior m = Unif({u € iﬁ{& 137 ullo = k).

Theorem 8 (GFP hardness of NGCA, uniform prior). Consider a NGCA model with generative
exponent s* and the uniform prior 7 = Unif(S"~'). For any ¢ € (0,1/2), the NGCA model is
(exp (©(n%)) ,m, O(1))-GFP hard with

1 s*/2—O(e
2o

m =

Moreover, via our equivalence theorem, the model is (exp (n@(s)) 7mlfe(e))-SQ hard.

Theorem 9 (GFP hardness of NGCA, sparse prior). Consider a NGCA model with generative
exponent s* and the k-sparse prior 1 = Unif({u € iﬁ{O, 1} : |ullo = k}). Foranye € (0,1/2)
so that k = nS¥®), the NGCA model is (exp (©(n?)) ,m, O(1))-GFP hard with

1
)\2

s*

m = 1rnin(ns*/2_®(5)7 ]f“"*n_@(e)).

Moreover, via our equivalence theorem, the model is (exp (ne(s)) ,ml_@(s))—SQ hard.

The SQ lower bound in Theorem 8 was proven in [16] by a direct argument: here, we prove this SQ
hardness via equivalence to GFP hardness. The sparse prior was not considered previously and we
include it to illustrate the broad applicability of our equivalence. We prove these two theorems below.

Proof of Theorem 8. Let us prove that the model is pz,-FP hard and conclude using the implication
in Theorem 2.1. Note that pz, (u, v) = (Lu, Lign((u,v))0) — 1, that is

pza(u,0) = Y X(u, 0,

s5=s5%*

and pz, (u, v) is an increasing function of | (u, v)|. Thus, pz,-FP hardness is equivalent to FP hardness.
Using that (u,v) under the uniform prior is distributed as the first coordinate of z ~ Unif(S?~1), we
get

m([(u,v)| > k) < 2exp (—enk?)

for some universal constant ¢ > 0. For simplicity denote p = |(u, v)|. Using that A2 < 1 for any
s € N by Jensen’s inequality, we can write

(Ly, Lyy — 1< Z A2p0 < A2 p 4t Z 0° < p* (/\5* +1f>,
s>s* s>s*+1 14

so that for p = 0,,(1) and 7 large enough, (L.,, L,,)) — 1 < 2)2,p* . We deduce that for k = n~1/2*<,
we have

m

E [(Lz@m’L?mm “1({u,v)| < I*i)] <1+ Z (T)IE [((Lu,L1,>Q —1)7 - 1([{u,v)| < /1)]

Jj=1

Thus we deduce that the problem is (exp (©(n?)) ,m, ©(1))-GFP hard with m = n* /2=9(=) /)2,

To use the equivalence with SQ, we need to compute the y2-divergence, that is
24t

Bl L0} = Bl L] = 1+ 3 () BIEw L) - 1]

j=1
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Let us bound
E[((Lu, Lo) = 1)) = E[((Lu, Lv) = 1) - 1(|pl < 5)] + E[((Lu, L) = 1) - 1(|p| > &)]
< (20265 ) + MIexp (—en*),
where we denoted M = ||L,||3 — 1 = O(exp (n*/?)). Thus

4t
E[((Lu, Loy = 1] =14 Y (8tAZ k") + (4tM) exp (—en®) = O(1),
j=1

where we used that ¢ log(t) = ©(n®/?) by assumption. We can therefore apply Theorem 3 with
¢ = exp (n/?) and t = n/2 (so that t < log(g)/log(m) = ©(n*)). The model is (¢’, m’)-SQ
hard with
r_ m _ _ ., 1-6(e)
= =0(m/t) = ,
" W T e e O =

which concludes the proof. O

Proof of Theorem 9. The proof proceeds similarly as the proof of Theorem 8. The main difference is
the new tail bound on (u, v) given in Lemma 6. We now set £ = n° max(n~'/2,k~!), so that

m(|{u,v)] > k) < 2exp (—cn®).
With this modification, the rest of the proof is identical and we omit it. O

Lemma 6 (Tail bound for sparse prior). Let u,v be independently sampled from the prior m =
Unif({u € :I:ﬁ{o, 13" ||ullo = k}). Then for any t > 0, we have

7 ((u,v) > t) < exp (—emin{nt®, kt}), 3D
for some universal constant ¢ > 0.
C4 Single-Index Models

We recall the definition of the generative exponent from [12]:

Definition 14 (Generative exponent). The generative exponent of the Single-index model in Defini-
tion 6 is defined as

s* :=min{s > 1: A # 0}, with As = ||¢s(Y)]

My Cs(y) = E[hs(z)|y] (32)

where h is the degree-s Hermite polynomial.

In particular, the inner-product of likelihood functions is given by

(Luy Lu) = 14 3 A2+ ((u,0))°,
which is identical to the inner-product (29) for NGCA models. All our results only depend on
(Ly, Ly): thus, all our statements for NGCA hold identically for single-index models, including the
nonnegativity with Z, (Lemma 5), as well as the examples of GFP hardness with uniform and sparse
priors. For completeness, we state separate theorems for single-index models:

Theorem 10 (GFP hardness of SI models, uniform prior). Consider a SI model with generative
exponent s* and the uniform prior 1 = Unif(S"™'). For any ¢ € (0,1/2), the SI model is
(exp (O(n®)) ,m, O(1))-GFP hard with

1 «
m = Ens /2—6(e)

Moreover, via our equivalence theorem, the model is (exp (ne(e)) ,mlf(")(g))-SQ hard.

37



1277
1278

1279

1280

1281
1282

1283

1284

1285
1286
1287

1288

1289
1290
1291

1292

1293
1294
1295
1296
1297
1298

1299
1300
1301
1302
1303
1304

1305
1306
1307
1308
1309
1310
1311

1312
1313
1314
1315

1316

1317

Theorem 11 (GFP hardness of SI models, sparse prior). Consider a SI model with generative
exponent s* and the k-sparse prior 1 = Unif({u € :I:ﬁ{o7 1} |ullo = k}). Foranye € (0,1/2)
so that k = n*©), the SI model is (exp (©(n®)),m, O(1))-GFP hard with

1
Tz

Moreover, via our equivalence theorem, the model is (exp (n@(e)) ,mlf@(‘f))—SQ hard.

m rnin(ns"/2—9(5)7 ]{,‘S*’I’L_G(E)).

The SQ lower bounds in Theorem 10 and Theorem 11 were proven in [12] and [9] via direct argument.
Here, we obtain these bounds via equivalence to GFP hardness.

C.5 Truncated Statistics

Our first result is that all a-convex truncated models satisfy Assumption 1.

Lemma 7. Consider an a-convex truncated model in Definition 7. For any K, K' two symmetric
convex bodies of Gaussian volume 1 — «, it holds (L, LKr>Q > 1. This is to say, and o-Convex
Truncated Model satisfies Assumption 1 for the trivial group.

Proof. For any K, itholds Li(z) = 1(x € K)/Q(K),x € R™. Hence,

QK N K)

QUR)Q(K')

But the so-called Gaussian correlation inequaality for symmetric convex bodies in convex geometry

[37] states exactly that for any symmetric convex bodies K, K’ it holds Q(K N K') > Q(K)Q(K")
yielding the result. O

(Lr,Lk') =

C.5.1 A new SQ lower bound for convex truncation

As we mentioned in the main body [15] recently proposed a polynomial-time algorithm that can
achieve detection for any a-convex truncation setting with O(n/a?) samples. In [15], it is also proven
that for some convex bodies K, Q(n/«) samples are information-theoretically required, leaving an
open gap between ©(n/a) samples and ©(n/a?) samples. Using the GFP-hardness to SQ-hardness
framework we prove that for some prior on K, it is SQ-hard to distinguish with 6(n/a?) samples,
providing evidence that the polynomial-time method from [15] cannot be improved.

To do so, we focus on the following prior on K, a variant of which has been studied in [15] to
prove their information-theoretic lower bound of £2(n/«) samples. To define it we let K = K, =
{z € R?: |(x,v)| < &} for any v € Unif({—1/V/d,1/V/d}?). Here, we choose = r(a,d) is
such that the Gaussian measure of each K, is 1 — . Then our prior is uniform among K, v ~
Unif({—1/v/d, 1/3/d}%). We refer to the a-convex truncation setting with this prior as the “a-Slice
Convex Truncation'' model.

We first point out that for any m = w(n/«), detection with m samples is always possible in the
a-Slice Convex Truncation model from a time-inefficient method. Indeed, one can brute-force search
for some v € {—1/+v/d,1/+/d}? for which it holds: for all i = 1,2,...m, |(x;,v)| < k. Under
P, there always exists such a vector v and hence the brute force search algorithm will find it with
probability 1. Under Q though a direct union bund gives that such a v exists only with probability
at most 2¢(1 — o)™ = o(1) for any m = w(d/c). Hence, the algorithm can detect with probability
1 — o(1). In that context, we prove the following result.

Theorem 12 (p;4-FP- and SQ-hardness of Convex Truncation). Let n € N growing and arbitrary
a = ay, € (0,1). There exists a universal constant C > 0 and a prior  on the convex bodies K of
Gaussian volume 1 — o such that for any q € N with ¢ = ¢°*™) the a-Convex Truncation model
under  is (g, m)—pmfﬂhanﬂ

(logn)T
n

In particular, for any constant T > 0 if @ = w( ) then the a-Convex Truncation model under

- n T n
mis (20081 e oy ) -SQ hard.
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Satisfyingly the proof of this result is also relatively short.

Proof of Theorem 12. Observe that for L,, := Lk, we have via standard Hermite expansion (identi-
cal to the argument in [15, Line (32), proof of Claim 24],

(Lus Lu)g = W =1+(1-0a)*u, U>2(Z f22i<u71)>2(i_1))7

=1

where f; is the i-th Hermite weight of 1(z € [—k, k]), z € R for  such that ®(k) = 1 — /2 where
® is the CDF of a standard Gaussian.

Now, conveniently, the authors [27] have already studied the Hermite mass of indicators of symmetric
intervals around 0. Indeed, applying [27, Lemma 27] for j = 2,6 = k imply that

f3 = Okg(r)?),

where ¢ is the PDF of a standard Gaussian. But by standard tail bounds x = O(y/log(1/«)) and
therefore from the Mill’s ratio bound ¢ (k) = O((1 — ®(k))x) which all together give

3 = 0(a”log(1/a)*/?).

Parseval’s identity gives > .. f? = a(l — a) < «, and hence we conclude that for some constant
C>0
(Lu,Ly)g <1+ C ((1 — )2 {u, v)2(a? log(1/a)3/? + <u7v>2a)) .

Now (L., L,)g is an increasing function of (u,v)?. Hence, for any ¢ > 0 there exists do(q) > 0
such that {p;q(u,v) > r(q)} = {{u,v)? > do(q)}. From Hoeffding’s inequality we have that for
some constant C" > 0 if § = C"'°24 then 72((u, v)? > §) < ¢~ 2. Hence do(q) < & = C"'%81,

Combining the above we have that for any ¢ = €°(®")
El(Lu, L) 1({u, v)? < 80)] < (14 C (1= )60 (a? log(1/a)*/? + dya))

1 1 m
<(1+C ((1 - a)_QC’%(oz2 log(1/a)/? + C’()Tgic]a))

<(1+2C <C”n(iofi)2(a2 1og(1/a)3/2)>m

=0(1),
as long as m = O(d/ (o log(1/a)?/?1og q)). So we conclude the (¢, O(d/(a?log(1/a)?/?log q)))-
pia-FP-hard for any ¢ = (@),
Now via an identical proof to [15, Theorem 23] we have for any m = o(n/«) that
X2 (PP, Q™) = O(1).
In particular, for any constant T > 0,
X2(P®(log n)T 7 Q®Uosg n)T> =0(1).

By our equivalence Theorem 3 for myt = (logn)? we derive for log ¢ = (logn)T*!, ¢t = (logn)”

the (20°5™" O (n/(a2 log(1/a)®/2(log n)T+1))-SQ hardness of the model. O
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D Counterexample

Below, we provide details on the counterexample described in Section 4. We first prove the formula
in Lemma 1 for the inner-product of likelihood ratios.

Proof of Lemma 1. By definition, for any v € {0, 1}"+1,

n 1/2 4 1-(1—a)-u, 1/2 . 1—(1—a)uy
Lu(x):H(l(xi=1)~ 7 2 1(ay = 1) 7 2 )

i=0
:H(l—l—rxi-[l—(l—a)-ui]).
i=0

For any u,v € {0,1}""!, the inner product (L,,, L, ) satisfies

(Lu, Ly) :EEN@[H (Ltra- 1= 1—a) u]) (1472 [1-(1-a) .m)}
=0

n

B gszgu/z)(l tra L= (1= a) w])(1+re - [1-(1-a) v))

:H(1+r2-(1—(1—a)-ui)(l—(l—a)-vi))
i=0

Denote a; = 1+7%- (1 — (1 —a)-u;)(1 — (1 —a)-v;). When u; = v; = 0, we have a; = 1 +r?;
when u; = v; = 1, a; = 1 + r2 - o?; when there is exactly one 1 and one 0 in u;, v;, we get

a; =1+ 72 - a. We deduce that a; = 1 + 72 - %17 and the lemma follows. O

Let us consider the m-sample version of the hypothesis testing problem. The null hypothesis is then
Q®™ and the alternative hypothesis is E, . P&™, where u is sampled from the following two-point
prior 7:

1,0,... .p-
w1000 wp p, . (33)
(0,1,...,1), wp. 1—np.

We abbreviate these vectors as u; = (1,0,...,0) and us = (0,1,...,1) for convenience. Using
Lemma 1, it holds that
(Lem L™y = (1 +r*-avtv™. (34)
i=0

Let’s next show that this problem is GFP hard but FP easy. Note that (L, L,,) > 1 for all u,v and
therefore the model verifies Assumption 1 for the trivial group. For convenience, we restate the
theorem from the main text below:

Theorem 13. For the two-point prior 7 in (34) with p = exp (—nf/2), and for r = n~Y?, a =

n~ 12, m = n'=¢ and D = n®, where ¢ > 0 is any small constant, the following hold. The
m-sample hypothesis testing problem By ..PE™ versus Q®™ is (eP/?,m,0(n°))-GFP hard

but not (n=t, m,exp (0(n?)))-FP hard. Moreover, via our equivalence theorem the model is

(en”"” ,n1=9))-5Q hard.

Proof. Let us first show it is FP easy. Define § := §(n~'/?) the supremum over § such that
72 ({u,v) > §) > 1/n. We observe when u # v, then we must have (u,v) = 0 < § by the choice of
the two points prior with (ug, us) = 0. Therefore,

w2 (u#v) =2p(1 - p) <272 <07t <72 ((u,0) > 6).
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We deduce the following lower bound

Euu[(LE™, L™ - 1({u, v) < 6)] > By o[(LE™, LE™) - 1(u # v)]

oI(LY
[ # ] uv[<L§va;®m>|u7év]
When conditioned on u # v, we get
Eyo[(LE™, LE™) [u # v] = (1 + ar?)(+Dm,
by applying Eq. (34), with u; + v; = 1 for all 0 < % < n. Inserting the parameters stated in the
lemma, we obtain
Euo[(LE™, LG™) - 1({u,0) < 6)] = 2p(1 = p) - (1 + ar®) D™

> oxp (—3n°) - (1472020

=Q(1) -exp (—3n°) - exp (n®) = Q(1) - exp (3n°) .
This shows that under our parameter choice, the task is (n~/2,m, exp (©(n?)))-FP easy.

Let us now show that this model is GFP hard. We will prove that the model is pr4-FP hard and conclude
using the implication Theorem 2.1. Under the trivial group, we have piq(u,v) = (L, Ly)g — 1.
From Eq. (34), the m-sample inner product of likelihood ratio is given for u = v = u; by

(L2M LE™) = (1+ a®r?)™ - (14 12)"™"

uy

and for u = v = ug by
<L®m L®m> _ (1 4 0427'2)nm . (1 + r2)m

uz

Because o < 1, it is not hard to notice

(LE™, LE™) < (LG, LE™) < (LE™, LE™). (35)
From the definition of 7, it holds that
P{u=ug,v=u}U{u#0v})=1—e™ >1—¢2, (36)

using that we set ¢ = exp (D/2). Combining with Eq. (35), we conclude that the event {p(u, v) <
r(q)} € {u = ug,v = ug} U {u # v}. This allows us to estimate the upper bound as

E[(LE™, LE™) - 1(r < r())] < E{LE™, LE™) - 1({u = uz,v = us} U {u £ v})]

37
< (1 +a2r2)nm . (1 +T2)m ( )
Inserting our choice of parameters, we obtain
m m —344e\n°C BN
E[(LE™,L5™) 10 < r(@)] < (L4n7*4)" - (1407 a8

<exp (n‘“‘36 + n_e) <1+2n7°.
Thus, the model is (¢2/2, m, ©(n=¢))-pra-FP hard, and therefore (/2 m, ©(n~°))-GFP hard.
Finally, let us use the SQ-GFP equivalence in Theorem 3 to show that the model is also SQ hard,

with parameters ¢’ = ¢"”'” and t = n=/2 (where indeed ¢ < log(q)/log(m) = ©(n?)). To apply the
theorem, we need to compute the x2-divergence. Denoting X = (L& [&4) with t = n/2,

(PO QM) +1 =72 (u = uy,v =uy) - E[X|u = up,v = uy] + 7%(u # v) - E[X|u # v]
+ 72 (u = ug,v = ug) - E[X|u = ug, v = uy)
= (L) (L a2r2) 7 (L 02) % 4 g2 (1 a?r2) - (14 92)
+2p(1 = p) - (1 + a2p?)(ntD)at
< (1+4n 3T (1 4 gy

Fe ™ (L4 n 3T (14 )T fopTe L (1 4 282t
<1+44n~1*e.
Thus, we obtain
r_ m — ml—@(s)
(0 + 7+ o [Q) (g P |
and we deduce the model is (e”/2, m!~©(¢))-SQ hard. O
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13s1 E  Proofs of equivalence

1382 E.1 Proof of Theorem 2

1383 Proof of Theorem 2. 1t is clear that (g, m, )-pg-FP hard implies (g, m,e)-GFP¢ hard as for the
1384 event

A = {pg(u,v) <r(q)},
1385 it clearly holds 7%2(A) > 1 — ¢~ 2 and, since G is a group, G®?(A) = A. Hence,

3 /M 7m ®Xm 7m .
el E[LE™ LY UA)| SE[(LE™ LEMe  Upo(u,0) <r(@)] <1+,
G®2(A)=A

1386 implying the desired result.

1387 We now focus on the other direction. By decomposing the likelihood ratio inner product, we obtain

(L™ L™ g = (Lus Lu)g — 14+ 1) =) <T) ((Lu, Lo)g — 1)". (39)
t=0

1388 Taking expectation over the prior 7%2 conditioned on any event A satisfying G®?(A) = A and
1389 7m2(A) =1 — ¢ 2, we have

B, 28 4] = Y- (1) Bl Lo~ 1)' |4

- m
- (t) ’ (EyNUnif(G)E[«Lg(u), Lg(v)>@ _ 1)t | A]) +1

t=1
Lm/2] m )

2 Z <2t> . <E[E9~Unif(G)(<Lg(u),Lg(v)>(@ ~1) |A]) 1.
t=1

1390 where in the second equality, we used that G is a m-preserving transformation, and for the inequality
1391 we use Assumption 1.

1392 Clearly forall ¢t > 0,

2t _
Eg~Unif(G)(<Lg(u)7Lg(v)> - 1)@ > |G| 1PG(UaU)2t- (40)
1393 Therefore, we further conclude that
[m/2] m
E[(LY" LMo = 1[A] > |GI71 D] (%) ‘E[pe(u, )| A]. (41)
t=1

1394 Recall that r(q) satisfies

7*((1,0) : po(u,v) < r(g)) = 72(A) = 1 — g2

135 Hence, by definition of r(q) we have

Lm/2] Lm/2]
G170 @) ‘Elpa(u0)”[A] > G Y @) ‘Elpa(u,0) | po(u,v) < r(g)]
t=1 t=1 (42)
Lm/2]
DY @) E[[(Lu, Lo)o = 1| pelu,v) < r(g)]-
- (43)
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In addition, we notice that for each even order 2t + 1 with ¢t = 1,...,|m/2] —1, it holds by Lemma 8
that

2t+1 m
(2t+1) |<Lu’L Q— 1’ = (2t+1) <2. (44

\/( ) ' ’<LU’L ‘ (2t+2) ‘<Lu7L o 1|2t+2 \/(gz) ’ (2tn}r2)

Therefore, using the inequality 2v/ab < a + b for a, b > 0, we obtain

m 2641 ot m .
<2t+1> (L Lu)e — 1| (2t> [{Lu, Lu)g — 1] +(2t+2) (L Lo — 1]

Consequently, the right-hand-side of (43) can be further lower bounded by

[m/2]
G| Z @ E[[(Lu, Ludg = 1 | po(u,v) < 7(q)] (45)
-1 m m
>4 E_:(J E[[(Lu, Lodo = 1] [ pa(u,0) < r(q)] (16)
> ‘GZL_ ; (TZ> E[(<Lu7Lv> - 1>t ‘pG’(u U> < 7‘((])]- (47)

Combining (41), (43), and (47), with the condition of (g, m, £)-GFP hardness, we obtain

m
m t 3 m m
5 (1) Bl Lula = 1) potuo) < r(a)] < = E[LE™ L") ~ 11 4]
t=2

Again, by the definition of r(A) it follows that

> (77) Bl(CLu Lo =)' 1ot 0) < )] < SIGIE(LE™, 1570 - D1(A)]
and &1erefore by (39)

E[(Ly™, Ly™)q — D1pe(u,v) < 7(q))]

<B|IGIE[((LE™, LE™)g — 1)L(A)] + mE[((Lu, Lv)g — 1) - 1(p(u,v) < r(q))]
Next, we aim to upper bound the first order term, namely m - E[((L, L,) — 1) - 1(pg(u,v) <
7(q))]. Note that A’ := {(u,v) : pg(u,v) < r(q)} is also G®2-invariant. Hence, employing also
Assumption 1 we also have

E[((Lu, Ly) = 1) - L(pa (u, v) < 7(q))]

= E[(Egnunit() (Lg(u): Lo(wy)a — 1)) - Lpa(u, v) < 7(q))]
< E[(Egnunit@) (Lg(u)» g(u)> —1))]
= E[((Lu, Ly) = 1)]
= x*(P,Q).
Therefore,
E[((Ly™, LT™)e = D1(pa(u,v) < r(@)] < 3|GIE[((LF™, LY™)g — L(A)] +mx*(P, Q).
from which the result follows. O

Lemma 8. Foranyt € {1,2,...,n— 1} andn > 3, we have

ny 2
() < 4. (48)

(tfl) ’ (t-tl) B

Proof. Note that by the successive ratio between binomial coefficients, we have

2
" 1 1 2
) NP & P L L <. (49)
(t71) ' (t+1) t(n —1) n—1 n—1
This completes the proof. O
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1411 E.2  Proof of Theorem 3

1412 Proof of Theorem 3. SQ implies ps-FP. We have that

1
wp  E[(LuL) — 1 |A] < L
A:im2(A)>q—2 m

1413 Now as G is -preserving that easily implies that for any A such that G®?(A) = A, that

G|
sup E [pG(U,U) ‘ A] < |G| sup E [ngUnif(G) |<Lg(u)7Lg(U)> - 1| |A] < —.

A2 (A)>q2 Aiw2(A)>g-2 m
1412 Hence for any r > 0 if we set A, = {pg(u,v) > r} since G¥?(A) = A we conclude that
1415 w2(A,) > ¢ 2 implies r < |G|/m. Recall that 7(g) > 0 satisfies 72(A,.(,)) > ¢~ 2. In particular,
1416 1(q) < |G|/m, and therefore for any m’ < m/2,

E (5™, 28" )q - 1po(u,v) < (9))| = E[((Lus Ludg = 1+ D)™ - Lpa(u.v) < r(g))]

<E|(pa(uw0) + 1™ - 1po(u,v) <rlg)|  (50)

< (r(@)+ 1™ < (IGl/m+1)"™ < 1+e|Glm! /m.
(51)

1417 This concludes the (¢, m’, e|G|m’ /m)-pa-FP hardness.
1418 pc-FP hardness implies SQ-hardness. Suppose we have (g, m, £)-pi-FP hardness

E [(L8™, L9™)q - 1(pe(u,v) < 1(q)] < 1+e, where 72(pe(u,0) > () = ¢ (52)

1419 By definition 4, we have that
L+e>E[((Ly™ LYo — 1) - Lpa(u,v) < r(q))]

=B lZ (T) Eyvmit(@)[({Lg(u): Lowy)a — 1)+ Lpa(u,v) < T(q))] 7

t=1
1420 where the first inequality holds by the definition of the pg-FP hardness and the second equality holds
1421 by using the elementary (L™, LY™)q = ((Ly, Ly)g — 1 + 1)™. The last equality holds by using

1422 that G is m-measure preserving. As crucially Egunif(c) [((Lg(u), Lywy)o — 1)t] > 0 for all integers
1423 ¢t > 0, we have

E

Z <T> Egtmit() [((Lgcuys Lowy)a — 1)1 - 1(pa(u,v) < T(Q))]

t=1

>E| ) (T) Egnumit(@) [ (Lo Lowy)e = 1)1+ Lpa(u,v) < 7(q))

t<m, t even

> o B|(7]) (0w Ea = 1) 10a0) < @)

1424 Hence, combining the two for all even ¢, with 1 < ¢t < m,

o B [(Fas Lo = 1" 1ol 0) < ()] <

()
t even t
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1425 Therefore, we have for any even ¢ with ¢ < m that

E[((Lu,Lv> - 1)t] = E[(<Lu,Ly> - 1)t 1(pG(u, 1}) < ’r‘(q))] + ]E[(<LU7LU> o l)t l(pG('Lh’U) > r(q))]
< 1(::)5 +E[(<Lu7Lv> _ 1)2t] 1/2 ) qil
t(1+ )/t 2(po4t | Q®4t)1/2t t
< ( 1 X vz > .

1426 where in the first inequality, we use the Cauchy-Schwarz inequality for the second term and the fact
1427 that m%(pg (u, v) > r(q)) < ¢*. In the second term, we use the elementary ('7) > (m/t)".

1428 Now focusing on ¢ < log ¢/ log m we further have

t
t(1 4 )Yt + 2 (P24 | Q®4t)>
m

E[((Ly, Lo) — 1)'] < ( (54)

1429 Hence the model is (

t(1te)i/t +X7272[P®4t TQedE) > t)-USQ hard. By Proposition 1 we conclude for any

X n—2/
1430 ¢’ > 0 that the model is (¢’, ; :

m(q")

(1F2) 1/t 2 (PO [ QD7) )-SQ hard. The second part follows by setting

1zt t = (logm)® and ¢/ = e(os™)*™", O
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