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A General lower bounds and their proofs

In this section we present lower bounds for testing closeness in the general case of n > 2 and provide
the proofs of the lower bounds presented in the paper.

A.1 Proof of Theorem 3.1]

We consider distributions supported only on {1, 2}, this is possible since we want that our algorithm
would work for all distributions. We consider such a d-correct test A : {1,2}7 x {1,2}™ — {0,1}, it
sees two words consisting of 7 samples either from equal distributions or e-far ones and returns 0 if it
thinks they are equal and 1 otherwise. We construct another test B : {1,2}7 x {1,2}™ — {0, 1} by
the expression

B(z,y) = Iy, s Alo(@)p(y)>()2/2 5

B can be proven to be 2J-correct and have the property of invariance under the action of the symmetric
group. This leads to an algorithm C' : {0,...,7}? — {0, 1} which is 24 correct and satisfies

C(Zm]) = B(m“y]) )
where 2, = 1...12...2 with k ones. We consider i = [7(1/2 —¢/4)] and j = [7(1/2 4+ ¢/4)]. We
denote by N;(z) the number of ¢ in a word x of length 7 fori = 1, 2.

* If C(i,7) = 0, let x (resp. y) a word of length 7 constituted of i.i.d samples from {1/2—¢/2,1/2+
€/2,0,...,0} (resp. {1/2 +¢/2,1/2 — ¢/2,0,...,0}), then Py 5_./91/24c/2(Ni(z) =
i, N1(y) = j) < 24 hence with Stirling’s approximation (Leubner| [[1985] )

ﬁef'rKL(i/THl/Qfa/Q)ef-rKL(lfj/TH1/2fe/2) < 9.
2nT
Thus

2rKL(1/2+¢e/4 —1/7||1/2 +¢/2) > 7(KL(i/7||1/2 — /2) + KL(j/7||11/2 — €/2))
> log(1/20) — 2 — log(2m) — log(7) .
Hence using lemmaand forT > 2/¢

97 KL(1/2 + e /4]|1/2 + /2) > —27(KL(1/2 + /4 — 1/7]|1/2 + £/2) — KL(1/2 + £ /4||1/2 + £/2))

+log(1/28) — 2 — log(27) — log(T)

1/24+¢/4 1/2+4¢/2 1
> 727/ du/ dv——— +1og(1/26)
1/24e/4—1/7 u ’U(l - U)
— 2 —log(2m) — log(r)
1
> —2(e/4+1/7) sup ———— + log(1/20)

[1/2+e/4—1/7,1/2+¢€/2] v(l —v)
— 2 —log(2m) — log(T)
- [1/2,1/24¢ V(1 —v)
Then lemma [F.7] implies

—2€8UP[1/2,1/2+¢] ﬁ+log(1/25)72710g(2ﬂ')

1
> -2 sup ———— +1log(1/26) —2 —log(27) —log(7) .

T >

—2ESUP[1 /2.1 /24 ﬁ + log(1/26) — 2 — log(2m) log < SKL(1/2+¢/4[1/2+/2)

)

S log(1/26) _0 loglog(1/4)
T 2KL(1/2 +¢/4|1/2+¢€/2) KL(1/2+¢/4|1/2+¢/2) )~
Finally we get the asymptotic lower bound:

T 1
imi > .
0t e (1/8) = 2KL(1/2 = e/4[1/2 — £ /2)
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o If C(i,j) = 1, let z and y two words of length 7 constituted of i.i.d samples from
{1/2,1/2,0,...,0}, then Py /5 1/5(N1(x) = i, Ni(y) = j) < 25 hence with Stirling’s ap-

proximation
-2

€ o—TKL(i/7]1/2) ,~T KL(1-j/7II1/2) < 95

2nT -
Using the same lemmas as before, we get the following lower bound

log(1/24) loglog(1/6)
T — .
~ 2KL(1/2 +¢/4]]1/2) KL(1/2+¢/4]]1/2)

Finally we get the asymptotic lower bound:

lim inf T 1

W Tog(1/6) = 2KL(1/2 + e/d][1/2) "

A.2  Proof of Proposition

We propose the following general lower bounds for testing closeness.

Lemma A.1. Let T be a stopping rule for testing Dy = Dy vs TV(Dy, D) > € with an error
probability §. Let 7 and T the associated stopping times. We have

. log 1/38 . .
E(Tl(T’ Dl’DQ)) 2 iIlfD£72A.t.TV(D/1,’Dé)>EKL(Dl [ID1)+KL(D2(|Dy) if D1 =D
log 1/36 .
* E(r2(T, D1, Do) > infp KL(DTﬁD§+KL(D2HD) ifTV(D1,Ds) > e.
Proof. Similarly as in the previous proof, we consider the two different cases D' = D and
TV(D',D) > e.

The case D; = D;. We denote by Pp, p, the probability distribution on ([n] x [n])N with
independent marginals (X;,Y;) of distribution Dy ® Dy. Let Z = (X1,Y1...,X,,Y:). Let
D}, D} be two distributions such that TV(D}, D)) > e. Data processing property of Kullback-
Leibler’s divergence implies

KL (IP%LDZH]PZ;,DQ) > KL (Pp, p, (11 < 00)|[Ppy.py (11 < 0)) 3)

By definition of 71 we have Pp, p,(71 < 00) > 1 — ¢ and Pp; py (11 < 00) < 4. Tensorization
property and Wald’s lemma (F-4) lead to

KL (]Plzvl,Dz ||]PZ'1,D;) = E(71(T, D1, D1)) KL(D1||D}) + E(1(T, D1, D)) KL(D2||D3) -
The inequality [3 becomes
E( (T, Dy, Da)) KL(D, [|D}) + E(ry (T, Dy, D)) KL(Dy|[D)) > KL(1 — 8]}3) > log 136 .
which is valid for all distribution D} and D) such that TV (D}, D)) > &, consequently
log1/36

E(r1(T, D1, Ds)) > - .
P D)) = vioy mpyoe KL(DI D) + KL(D3][ D))

The case TV(D;,Dy) > e. Likewise we prove for Z = (X1,Y1...,X,,,Y;,) and D a distribu-

tion on [n].

E(72(T, D1, D2)) KL(D1||D) + E(72(T, D1, D2)) KL(D:|| D) = KL (IP7ZJ1,D2 ||]P%,D)
> KL (Pp, p, (12 < 00)||Pp,p(m2 < 00))
> KIL(1 - 3])
>log1/34 .
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which is valid for all distribution D, consequently

log1/346

> .
E(mo(T,D1,Ds)) > infp KL(D;|| D) + KL(D,||D)

The proof of Proposition [3.2]follows from this Lemma by choosing for the first point D; = Dy =
{1/2,1/2,0,...,0} and D} 5, = {1/2+¢/2,1/2 F¢/2,0,...,0}. For the second point, we use
D={1/2,1/2,0,...,0} and D1 2 = {1/2 £d/2,1/2F d/2,0,...,0}.

B Analysis of Alg.[]]

Correctness of Alg.[Il We should prove that the Alg. [[has an error probability less than §. We use
the following lemma which can be proven using McDiarmid’s inequality and union bounds.

Lemma B.1. If {A4;,..., A:} (resp {Bi,..., Bt} ) i.i.d. with the law D (resp Ds), we have the
following inequality

IP(Ht >1,3B ¢ [n/2] : ‘@Lt(B) —Dy(B) — Das(B) +D2(B)‘ > \/1Og (2‘175((;“)) /t> <5

Using this lemma we can conclude:

* If Dy = D>, the probability of error is given by

- . 2n—1 1
IP(TQ < 7'1) < P <E|t > 1: TV (Dl,t,'Dgﬂg) > \/log <t§t+)) /t) < d.

* If TV(D1, D) = |D1(Bopt) — D2(Bopt)| > €, the probability of error is given by

~ ~ 2n—1 1
P(r <m) <P <3t >1:TV (Dl,t,DM) <e— \/1Og (W) /t>
~ ~ =1t + 1
<P <3t >1: ‘Dl,t(Bopt) - Du(Bopt))’ <e- \/10g (((5)> /t>
<P <3t >1: ‘ﬁl,t(Bopt) — D1 (Bopt) — Da,t(Bopt) + DQ(BO,,t))‘ > D (Bopt) — Da(Bopt)|

<P <3t > 1+ |1 Bopt) = Di(Bopt) = Dat(Bopt) + Da(Bopt))|

§ \/log (2”—115((;—1—1)) /t>

<.

These computations prove the correctness of Alg.
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Complexity of Alg.[TL We study here the complexity of Alg.[I] To this aim, we make a case study
and use lemma [B2]to upper bound the stopping rules.
Lemma B.2. T a random variable taking values in IN, we have for all N € IN*

E(T)<SN+ > P(T>t).

t>N

Let us take o € (0, 1),

e If Dy = D5, we take N = [%} +1land & € (0, lso that

_y o (loglog(2"*!/6) —log((ae)?)
e ( Tog(27+1/0) “)'

The estimated stopping time can be bound as

E(Tl(Dl,DQ)) S N+ Z ]P(Tl(Dl,Dg) Z S)
s>N

<N+ Y P (TV (ﬁl,t,ﬁQ,t) Se— \/log (W) /t)

t>N-1
<N + Z P (TV (bl,taﬁ27t> > — &5)
(>N—1

<N+ tgv:_l P (TV (Dl,t,DQ’t) >(1- d)e)

<N+ Z 2"/264((1*5‘)5)2, (McDiarmid’s inequality)
t>N-1
on/2¢=(N-1)((1-a)e)?
1 — e~ ((1-&)e)?
log (271 /6) on/2—(N-1)((1-a)e)?

<N+

+1,(1—-e®>z/2for0<z<1)

(ae)? (1= a)e)?
log(2"+1/§) N 10g(2"+1/5)2/3 Lo <log(2n+1/6)2/3>
- g2 e? g2
log(2"+1/§) Lo (log(2n+1/5)2/3>

for a = (1 +log(2"t1/6)~'/3)"2 so that 1 — & > C'log(2"*'/§)~/3 and we suppose here
that n < 2C? log(2"+1/8)1/3.
n+1
e It d = TV(Dy,Ds) = |D1(Bopt) — Da(Bopt)| > €, we take N = {W} +1. We take

@ € (0,1) so that &2 = o2 (log log(21:;r(12/n§+)l—/150)g;((ad)z) + 1). The estimated stopping time can be

'for fixed o we take § small enough to have & < 1.
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bound as

E(r2(D1,D2)) < N+ > P(r2(D1,Ds) > 3)

s>N
on—1¢(t + 1)
< <
N+t>§N_1IP TV (Dl 1. Dy t) < \/Iog ( : ) /t)

= 1D1(Bupy) — Da(Boye)| - \/log (W) /t>

SN+ ) P ( ‘751,t(Bopt) — Di(Bopt) — Da,t(Bopt) + Dz(Bopt))’ > (1- @)d>

t>N-1
< N+ Z e t((1=a)d)?
t>N-1
e~ (N=1)((1-a)d)?
<N+ T (a7
< log(2"*1/6) 2 +1
— (ad)? (1—@&)2d?

log(2" /) log(2"*1/8)*/®
S d2 + O d2 I

where we choose o = (1 + log(2"+!/6)~1/3)~2 and we use the inequality 1 — e~* > /2 for
0 < z < 1in the last line.

Finally, we can deduce the limit when D; = Ds:

) E(r(D1,Ds)) _ .. log(2"+1/6) log(2n+1/5)2/3
1 — T 2] O
M T g (1/8)  — ae® Tog(1/0)e2 T O\ log(1/8)e2
1
S 572 9
and when d = TV(Dy, D) > e:
C E(n(DiDa) _ . log(2nt/s) log(2+ /6)2/3
1 — = T 2]
ol log(1/8) T so” log(1/0)d log(1/3)d?
1
< 7

This concludes the proof of the complexity of Alg.[T}
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C Proof of Theorem 4.4

We prove both cases at once, to dosoletd = e VITV(D1,Ds), 7 = 1 if d = 0 and 7 = 75 if
d > e, weknow that E(1) < > v P(r>s)+>  n P(r2>5) <N+ oy, P(r>5)
so it suffices to prove that ZS>Nd P(r > s) < Ny. By the definitions of 71 and 72, 7 > s
implies |Zs—1 — E(Zs_1)] > Ag_1 — ¥s_1 but we have chosen Ny so thatif t = s — 1 > Ny,
Ag_1 =Ty g > % min {(s —1)d, (S_Z)de, (S_%W } This last claim follows from Lemma

in App. [F3] Finally

212 13/2 72
S Przs< Y IP(|Zt—E(Zt)| > gmin{td,t:,t\/g })

s>Ng t>Ngy

(McDiarmid’s inequality) _c? . { 2 34 244 }
< j : e 16 ming td”, 5=, =7 <N,.
t>Ng—1

The last inequality is proven in App. [F-5] Our claim follows.

D Proof of Theorem 4.3

We prove only the first statement, the others being similar. Suppose that such a stopping rule exists.
Letd > eand m = 07”“052(1/36). Let U,, the uniform distribution and D a uniformly chosen
distribution where D; = % with probability 1/2 each. With the work of Diakonikolas and Kane
[2016] (Section 3), we can show that KL(D®Fi(™) ||U§Pm(m)) < C’# where C is a constant.
Therefore
KL(D®™|U2™) = m KL(D||U,)
= E(Poi(m)) KL(D||U,)
= KL(D®Feim)||y@Feim)) (Wald’s lemma)
m2d*

<C .
n

But

KL(D®™|US™) = KL(Pp(ra < m)|[Py, (12 < m))

KL(1 —4]|9)

log(1/34) ,

since Pp(re <m) >1—-dand Py, (12 <m) =Py, (e <m,71 <7)+Py, (e <m,m >
T9) < J. Hence

AVARAVARLV]

d2

(C\/n log(1/36)
C

2
>
- > log(1/39) ,

which gives the contradiction if ¢ < 1/+/C.

E Proof of Theorem

We prove here Theorem We use ideas similar to Karp and Kleinberg|[2007]]. We prove only the
first statement, the others being similar. Let’s start by a lemma:
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Lemma E.1. Let X and Y two random variables and E some event verifying Px(E) > 1/3 and
Py (E) < 1/3, we have

1 1
KL(Px|Py) = —3 log(3Py (E)) — P

Proof. By data processing property of Kullback-Leibler’s divergence:

KL(Px||Py) > KL(Px (E)|Py(E))
1-Px(E)
1-Py(E)

> 7% log(3Py (E)) + (1 — Px(E))log(1 — Px(E))

> Px(B)log 15 ) + (1~ Px(E)) log

1 1
>——1 Py(E)) — —.
> 5 log(3Py (E)) -

O
Suppose by contradiction that there is a stopping rule such that
n'/?loglog(1/d)'/? 1
P T,Dy,Ds) > < —,

(Tz( 1:D2) Cd2 ) 16
whenever d = TV(D;,D3) > 0. Let ey = 1/3, we construct recursively T}, =
n'/?loglog(1/e)'/?| _ C'v/n / . .
roP = == where C and C” are constants defined later. For each integer j,

k k+1

we take m; ~ Poi(j). Let U, the uniform distribution and Dj, a uniformly chosen distribution
where Dy, ; = lﬂe" with probability 1/2 each. With the work of Diakonikolas and Kane| [2016]

(Section 3), we can show that KL(UZ™ @ D™ U™ @ Ui™) < C”j 5 where C" is a
constant. Since TV (U, Dy) = e > 0, ]P(TQ(T U, D) > Ty) < 1/16. Let E;, be the event
that the stopping rule decides that the distributions are not equal between T}, _; and 7},. We have
P (72(T, Uy, D) < Ti—1) < 1/3 since otherwise LemmalE.1|implies:

1 1 m m m m
5108 (3P (72(1.U,,, Uy) < Ti)) - - < KL(Us STt @ DI U T @ Uy e
C//Tk? 15%
n
< C//CI

thus
P (T2(Ta Una Un) < Tk—l) > 6—30/’0’—3/(5/3 > 0.1,

for good choice of C” and this contradicts the fact the the stopping rule is infinite with a probability
at least 0.9. The stopping rule is 0.1 correct so P (72(T, U, Dy,) < +00) > 0.9 then

P (Tk—l < 7'2(T7 Un, Dk) < Tk) >0.9-— 1/3 — 1/16 > 0.5.
The same inequalities for the Kullback-Leibler’s divergence as above permits to deduce:

1 17 2 _4
1> P (Th_1 < (T, Uy, Uy,) < 1T, >Z,e—3c T2ed /n—3/e
_l%:l i 8 )= k)_k>13

1 1 2
> E 5.2°¢ e—3C"/C  loglog(1/2k) anq choosing C st 3C" /C? =
e
E>1

a ,;1 3¢? \/log( 1/€k)

But the later sum is divergent because if we denote a;, = log(1/ey), we have apy1 < ap +
1 loglog ay, + O(1) thus a, = O(kloglog k) therefore \/ﬁ > £ which is divergent.
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F Technical lemmas

F.1 Kullback-Leibler divergence

Definition F.1 (Kullback Leibler divergence). The Kullback Leibler divergence is defined for two
distributions p and q on [n] as

n
N
KL(pllg) = 3 pilog (q) .
i=1 v

We denote by KL(p|lq) = KL(B(p)[B(q))-

Kullback-Leibler’s divergence satisfies data-processing and tensorization properties:

Proposition F.2. Let p,p’, q and ¢’ distributions on [n), we have

* Non negativity KL(p||q) > 0.
* Data processing Let X a random variable and g a function. Define the random variable
Y = g(X), we have

KL (p¥l¢™) = KL (p" |I¢") . €
e Tensorization

KL(p®@p'llg ® ¢") = KL(pllq) + KL('|l¢).

F.2 Poissonization

The Poisson law of parameter A is denoted Poi(\) and defined as follows.
)\k

= —e_)\
k!

Poisson law is important for the analysis of testing’ algorithms. In fact, some important random
variables becomes independent when we take a number of samples following a Poisson law.

Vk €N, P(Poi(\) = k)

Lemma F.3 (Poissonization). Let k ~ Poi(t) and X = (X4,...,X}) i.i.d samples from a dis-
tribution p on [n]. For i € [n], we denote Y; the number of times i appears in the tuple X. We
have

1. {Y1,...,Y,} are independent.

2. Foralli € [n], Y; ~ Poi(Tp;).

F.3 Wald’s lemma

Lemma F.4 (Wald|[1944])). Let (X,,)n>0 i.i.d random variables and N € IN a random variable
independent of (X,,)n. Suppose that N and X1 have finite expectations. we have

E(Xy +-- 4+ Xn) = E(V)E(X1) -
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F.4 Modified McDiarmid’s inequality

Proof. The proof uses similar arguments of |Howard et al. [2018]]. Actually Z; is a function of
4t variables (the samples from the distributions) and has the property (2, ..., 2)-bounded differ-
ences. McDiarmid’s inequality implies P (3t > 1: |Z; — E[Z;]| > a + 4bt/a) < 2e?°, taking the

intervals I, = [*,n**1) for k integer we deduce for by, = 3 log (gik)ﬂ) ) and ay, = b’; n**! that

P&t >1:|Z —E[Z]| > J(n,s,4t) <Y P (3t € Iy : |Z, — B[Z]| > J(n, 5,41))

k>0
<Y P(te |2 — B[Z)]| > ax + 4bt/ax)
k>0
—2b
< 226 k< 25 0 +
k>0 k>0

F.5 Tools for non asymptotic inequalities

We group here different lemmas that help us to deal with the kl-divergence or logarithmic relations in
order to find non asymptotic results. We start by giving some useful lemmas for the Kullback-Leibler’s
divergence between Bernoulli variables.

Lemma F.5 (Lemmas for kl-divergence.). Let ¢ > p two numbers in [0, 1]. Then

* 2(p - )* < KL(p|q) < 272,
2
* KL(p II) ~ g

?
q%p 2q(1—q)

* KL(qllp) = [} du [} dvirs;s

'U(l v) "

Sketch of proof. The LHS of the first inequality is Pinsker’s inequality, the RHS can be proven
using the inequality log(1 + z) < z, the second equivalence can be found by developing the log
function and the third equality is proven by calculating the integral.

Lemma F.6. [Developing kl]Let q,c and « positive real numbers such that ¢ +¢ < 1 and o < 1,
we have for a close enough to 1

1 1 1
< +(1—-—a) sup ——.
KL(q + aellq) — KL(g +¢(lq) ( ) (qqte] T(1 — )

Proof. We use the inequality ﬁ <1+4+2zfor0 <z < 1/2. We write

1 1
KL(g+cellq)  KL(g+¢lq)(1 —x)’
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where z =

KL(g+el|lq) —KL(g+ae(lq)

< % if o is close enough to 1. Hence

KL(q+¢llq)
1 _ 1
KL(q + aellq) — KL(g +¢llg)(1 — z)
< 1 (1+22)
>~ Xz
KL(q +¢llq)

< 1 KL(g + ¢llg) — KL(g + aellq)
~ KL(¢q +¢llq) KL(q +€llq)?

1 q+e
< + du/ dv————
KL(g+¢llqg)  KL(g+¢el9)? Jyrae J, v(l—0)

1 2(1 — a)e? sup
~ KL(g+e¢llg)  KL(g+ellg)? jg.q1e v(1 =)
< 1 2(1 — a)e? 1
< sup ————
KL(q +¢llq) 22 [gq4e v(1—0)
1 1
<———+4+(1—-a) sup —.
KL(q +¢llq) [g.g+e) V(1 — )

When we deal with inequalities involving ¢ and log ¢ (or log log t) and want to deduce inequalities
only on ¢, the following lemma proves to be useful.

Lemma F.7. Lett,a > 1 and b real numbers. We have the following implications:

e Ifb>a+1:

t > b+ 2alog(b) =t >b+alog(t),
e Ifb>1:

t>b—alog(t)=1t>b—alog(),
e Ifb>2a:

t > b+ 2alog(log(b) +1) =t > b+ alog(log(t) +1) .

Proof. We prove only the first statement, the others being similar. Let f(¢)
have f/(t) = 1 — a/t thus f is increasing on (a, +00). Let t > b + 2alog(b) >
F@#) > f(b+2alog(h)) = b+ 2alog(b) — b — alog(b+ 2alog(h))
= alog(b) — alog(1l + 2alog(b)/b))
> alog(l + a) — alog(l + 2ab/eb) because log(h) < b/e
>0.

*tfbfalog()

For instance, by applying this lemma, we can obtain:
Lemma F.8. Recall the definition of Ny:
16¢?

128log(%) 512 1281og(Z:)

N,) = max {02 7 + o2 log | log 777202 +1 +C'2n27
1/3

128 n? log(%) 16c2n? /
log | log C2 T +1]+ W R

128 nlog(Z) 512 128 nlog(Z2) 16¢2n

nlog(5s en nlog(%s n

<02 o + Oy log <log <C2774 ) +1> +774C2> } .
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Letn > 0, ift > N,, then

22 13/2p2 4 2 2c
in < tn, — 2t1 4et log(log(t 1 — V.
min {on, S0 T > 8 fortog (5 + dettog(on(t) + 1) + 5 v

Finally, the next lemma shows that the complexity of Alg.[2cannot exceed Ny very much.

344 4
d2td t2d

Lemma F.9. We have for all d > 0: 3", v, ¢~ o min{t ) < Na.

Proof. We have

_c? . 2 344 t2d4} c2?, 2 c? 1344 c2 24*
E e 16 mm{d 20 < E e~ Tetd E e” 16 a2 4 E e~ 16 n

t>Ny t>nd—2 n>t>Ng—1 nd=2>t>n
o2 _ov1/31d4/3 _C td?
S D I D S
t>nd =2 nZtZNd—l nd—2>t>n
< 1 1 1
= 2 4/3 c a2
l—e % 1— 6*2Cl/3 mTE 1—¢e 2vn
32 n2/3 n
. —x
SC2d2+Cl/3d4/3+Cd2 sincel —e ™ >a/2for0<z <1

< Ny .
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