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Abstract

We investigate a novel safe reinforcement learning problem with step-wise violation
constraints. Our problem differs from existing works in that we focus on stricter
step-wise violation constraints and do not assume the existence of safe actions,
making our formulation more suitable for safety-critical applications that need
to ensure safety in all decision steps but may not always possess safe actions,
e.g., robot control and autonomous driving. We propose an efficient algorithm

SUCBVI, which guarantees an O(v/ST) or gap-dependent O(S /Caap + SZAH?)

step-wise violation and an O(v H3SAT) regret. Lower bounds are provided to
validate the optimality in both violation and regret performance with respect to
the number of states S and the total number of steps 7. Moreover, we further
study an innovative safe reward-free exploration problem with step-wise violation
constraints. For this problem, we design the algorithm SRF-UCRL to find a near-
optimal safe policy, which achieves a nearly state-of-the-art sample complexity
6((% + %)(log(%) +5)), and guarantees an O(1/ST) violation during
exploration. Experimental results demonstrate the superiority of our algorithms in
safety performance and corroborate our theoretical results.

1 Introduction

In recent years, reinforcement learning (RL) (Sutton & Barto, 2018) has become a powerful framework
for decision-making and learning in unknown environments. Despite the ground-breaking success of
RL in games (Lanctot et al., 2019), recommendation systems (Afsar et al., 2022) and complex tasks
in simulation environments (Zhao et al., 2020), most existing RL algorithms focus on optimizing
the cumulative reward and do not take into consideration the risk aspect, e.g., the agent runs into
catastrophic situations during control. The lack of strong safety guarantees hinders the application
of RL to broader safety-critical scenarios such as autonomous driving, robotics and healthcare. For
example, for robotic control in complex environments, it is crucial to prevent the robot from getting
into dangerous situations, e.g., hitting walls or falling into water pools, at all times.

To handle the safety requirement, a common approach is to formulate safety as a long-term expected
violation constraint in each episode. This approach focuses on seeking a policy whose cumulative
expected violation in each episode is below a certain threshold. However, for applications where an
agent needs to avoid disastrous situations throughout the decision process, e.g., a robot needs to avoid
hitting obstacles at each step, merely reducing the long-term expected violation is not sufficient to
guarantee safety.
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Motivated by this fact, we investigate safe reinforcement learning with a more fine-grained constraint,
called step-wise violation constraint, which aggregates all nonnegative violations at each step (no
offset between positive and negative violations permitted). We name this problem Safe-RL-SW.
Our step-wise violation constraint differs from prior expected violation constraint (Wachi & Sui,
2020; Efroni et al., 2020b; Kalagarla et al., 2021) in two aspects: (i) Minimizing the step-wise
violation enables the agent to learn an optimal policy that avoids unsafe regions deterministically,
while reducing the expected violation only guarantees to find a policy with low expected violation,
instead of a per-step zero-violation policy. (ii) Reducing the aggregated nonnegative violation allows
us to have a risk control for each step, while a small cumulative expected violation can still result in a
large cost at some individual step and cause danger, if other steps with smaller costs offset the huge
cost.

Our problem faces two unique challenges. First, the step-wise violation requires us to guarantee a
small violation at each step, which demands very different algorithm design and analysis from that
for the expected violation (Wachi & Sui, 2020; Efroni et al., 2020b; Kalagarla et al., 2021). Second,
in safety-critical scenarios, the agent needs to identify not only unsafe states but also potentially
unsafe states, which are states that may appear to be safe but will ultimately lead to unsafe regions
with a non-zero probability. For example, a self-driving car needs to learn to slow down or change
directions early, foreseeing the potential danger in advance in order to ensure safe driving (Thomas
et al., 2021). Existing safe RL works focus mainly on the expected violation (Wachi & Sui, 2020;
Liu et al., 2021b; Wei et al., 2022), or requiring some other assumptions such as imposing the prior
knowledge of a safe action for each state (Amani et al., 2021). Moreover, many previous works also
require strong assumptions that exclude discrete tabular MDP (Amani et al., 2021; Wachi et al., 2021;
Wang et al., 2023) which is considered in our paper. Hence, techniques in previous works cannot be
applied to handle step-wise violations. More detailed comparisons are provided in Section 2.

To systematically handle these two challenges, we formulate safety as an unknown cost function for
each state without assuming safe actions, and consider minimizing the step-wise violation instead of
the expected violation. We propose a general algorithmic framework called Safe UCBVI (SUCBVI).
Specifically, in each episode, we first estimate the transition kernel and cost function in an optimistic
manner, tending to regard a state as safe at the beginning of learning. After that, we introduce novel
dynamic programming to identify potentially unsafe states and determine safe actions, based on
our estimated transition and costs. Finally, we employ the identified safe actions to conduct value
iteration. This mechanism can adaptively update dangerous regions, and help the agent plan for the
future, which keeps her away from all states that may lead to unsafe states. As our estimation becomes
more accurate over time, the safety violation becomes smaller and eventually converges to zero. Note
that without the assumption of safe actions, the agent knows nothing about the environment at the
beginning. Thus, it is impossible for her to achieve an absolute zero violation. Nevertheless, we show
that SUCBVI can achieve a sub-linear O(v/ST') cumulative violation or an O(S/Cgap, + SZAH?)
gap-dependent violation that is independent of 7". This violation implies that as the RL game proceeds,
the agent eventually learns how to avoid unsafe states. We also provide a matching lower bound to
demonstrate the optimality of SUCBVI in both violation and regret.

Furthermore, we apply our step-wise safe RL framework to the reward-free exploration (Jin et al.,
2020) setting. In this novel safe reward-free exploration, the agent needs to guarantee small step-wise
violations during exploration, and also output a near-optimal safe policy. Our algorithm achieves ¢
cumulative step-wise violation during exploration, and also identifies a c-optimal and safe policy. See
the definition of e-optimal and e-safe policy in Section 6.1. Another interesting application of our
framework is safe zero-sum Markov games, which we discuss in Appendix B.

The main contributions of our paper are as follows.

* We formulate the safe RL with step-wise violation constraint problem (Safe-RL-SW), which
models safety as a cost function for states and aims to minimize the cumulative step-wise violation.
Our formulation is particularly useful for safety-critical applications where avoiding disastrous
situations at each decision step is desirable, e.g., autonomous driving and robotics.

* We provide a general algorithmic framework SUCBVI, which is equipped with an innovative
dynamic programming to identify potentially unsafe states and distinguish safe actions. We estab-
lish an O(VH3SAT) regret and an O(v/ST) or O(S/Cygap + S? AH?) gap-dependent violation
guarantees, which exhibits the capability of SUCBVI in attaining high rewards while maintaining
small violation.



 We further establish an Q(v/ HST) regret and an 2(v/.ST') violation lower bounds for Safe-RL-SW.
The lower bounds demonstrate the optimality of algorithm SUCBVI in both regret minimization
and safety guarantee, with respect to factors S and 7.

* We consider step-wise safety constraints in the reward-free exploration setting, which is called the
Safe-RFE-SW problem. In this setting, we design an efficient algorithm SRF-UCRL, which ensures
€ step-wise violations during exploration and plans a e-optimal and e-safe policy for any reward

functions with probability at least 1 — §. We obtain an 5((% + #) (log(}) 4+ S)) sample

complexity and an o (v ST) violation guarantee for SRE-UCRL, which shows the efficiency of
SRF-UCRL in sampling and danger avoidance even without reward signals. To the best of our
knowledge, this work is the first to study the step-wise violation constraint in the RFE setting.

2 Related Work

Safe RL. Safety is an important topic in RL, which has been extensively studied. The constrained
Markov decision process (CMDP)-based approaches handle safety via cost functions, and aim to
minimize the expected episode-wise violation, e.g., (Yu et al., 2019; Wachi & Sui, 2020; Qiu et al.,
2020; Efroni et al., 2020b; Turchetta et al., 2020; Ding et al., 2020; Singh et al., 2020; Kalagarla et al.,
2021; Simdo et al., 2021; Ding et al., 2021), or achieve zero episode-wise violation, e.g., (Liu et al.,
2021b; Bura et al., 2021; Wei et al., 2022; Sootla et al., 2022). Apart from CMDP-based approaches,
there are also other works that tackle safe RL by control-based approaches (Berkenkamp et al., 2017;
Chow et al., 2018; Dalal et al., 2018; Wang et al., 2022), policy optimization (Uchibe & Doya, 2007;
Achiam et al., 2017; Tessler et al., 2018; Liu et al., 2020; Stooke et al., 2020) and safety shields
(Alshiekh et al., 2018).

In recent years, there are also some works studying step-wise violations with additional assumptions.
Now we provide detailed comparisons between existing papers with instantaneous constraints.
Turchetta et al. (2016); Wachi et al. (2018) propose a GP-based algorithm, which assumes that
the transition is deterministic and known, while modeling the reward and cost functions using
Gaussian Processes. By using this particular structure, they can infer the safety cost by estimating
the parameters. Wachi et al. (2021) assumes the reward and cost functions have a generalized linear
structure. Their algorithm explores in a safe space until a time ¢* when the agent explores sufficiently.
However, the upper bound of the exploring time ¢* is not given in their paper. In fact, under the
tabular MDP setting ¢t* can be infinite.

Amani et al. (2021) further considers the reward and cost functions to have a linear structure. It makes
two assumptions: (a) There exists a safe action in each state, which prevents the agent from going to
a potentially unsafe state. (b) The feature set is a star convex set, which helps them change actions
continuously. However, this makes their works infeasible in tabular MDPs: The feature set in tabular
MDPs consists of one-hot vectors and is not a star convex set. Hence, the work Amani et al. (2021)
cannot solve our problem. Shi et al. (2023) considers safe RL in linear mixture MDPs. Their work
also contains assumption (b), making it infeasible in tabular MDPs. Moreover, although they do not
have assumption (a), it assumes the transition set A(s, a) is known, which is not needed in our paper.
Thus our paper is more challenging since we need to estimate A(s, a) in our algorithm adaptively.

There are some other papers investigating the safety of RL problems. Alshiekh et al. (2018) represents
the safe state by the reactive system, and uses shielding to calculate and restrict the agent within a
safe trajectory completely. The main difference between their work and our work is that we need to
dynamically update the estimated safe state, while they require to know the mechanism and state to
calculate the shield. Dalal et al. (2018) considers restricting the safe action by projecting the action
into the closest safe actions. They achieve this goal by solving a convex optimization problem on
the continuous action set. However, in their paper, they do not consider the situation where a state
can have no safe actions. To be more specific, they do not consider the situation when the convex
optimization problem has no solutions. Le et al. (2019) considers the decision-making problem with
a pre-collected dataset. Turchetta et al. (2020) and Sootla et al. (2022) both consider cumulative cost
constraints rather than step-wise constraints. The former uses a teacher for intervention to keep the
agent away from the unsafe region, while the latter encourages safe exploration by augmenting a
safety state to measure safety during training.

Reward-free Exploration with Safety. Motivated by sparse reward signals in realistic applica-
tions, reward-free exploration (RFE) has been proposed in Jin et al. (2020), and further developed



in Kaufmann et al. (2021); Ménard et al. (2021). In RFE, the agent explores the environment without
reward signals. After enough exploration, the reward function is given, and the agent needs to plan
a near-optimal policy based on his knowledge collected in exploration. Safety is also important in
RFE: We need to not only guarantee that our outputted policy is safe, but also ensure small violations
during exploration.

Recently, Miryoosefi & Jin (2022); Huang et al. (2022) also study RFE with safety constraints.
Compared to our paper, Miryoosefi & Jin (2022) only considers the safety constraint after the
exploration phase. Huang et al. (2022) differs from our work in the following aspects: (i) They allow
different reward functions during exploration and after exploration, and the agent can directly know
the true costs during training. In our work, the cost function is the same during and after exploration,
but the agent can only observe the noisy costs of a state when she arrives at that state. (ii) They
require prior knowledge of safe baseline policies, while we do not need such an assumption. (iii) They
consider the zero-expected violation during exploration, while we focus on keeping small step-wise
violations.

3 The Safe MDP Model

Episodic MDP. In this paper, we consider the finite-horizon episodic Markov Decision Process
(MDP), represented by a tuple (S, A, H, P, r). Here S is the state space, A is the action space, and H
is the length of each episode. P = {P), : S x A = Ag}peqpy is the transition kernel, and Py, (s'|s, a)
gives the transition probability from (s,a) to s” at step h. 7 = {ry : S x A = [0,1]}pem is
the reward function, and (s, a) gives the reward of taking action «a in state s at step h. A policy
= {7 : § = A}peim) consists of H mappings from the state space to action space. In each
episode k, the agent first chooses a policy 7*. At each step h € [H], the agent observes a state
sy, takes an action a}’, and then goes to a next state s}, with probability P, (s, | s, ay). The

algorithm executes 7' = H K steps. Moreover, the state value function V;™ (s, a) and state-action
value function Q7 (s, a) for a policy 7 can be defined as

H

Vhﬂ(S) =E, Z Th’(sh’aﬂ—h’(sh’)) Sy = 3‘|7
h'=h
H
QZ(Saa) = Eﬂ— Z T}L/(Sh/,ﬂ'h/(sh/)) Sp = S§,ap = a] .
h'=h

Safety Constraint. To model unsafe regions in the environment, similar to Wachi & Sui (2020); Yu
et al. (2022), we define a safety cost function ¢ : S — [0, 1]. Let 7 € [0, 1] denote the safety threshold.
A state is called safe if ¢(s) < 7, and called unsafe if c¢(s) > 7. Similar to Efroni et al. (2020b);
Amani et al. (2021), when the agent arrives in a state s, she will receive a cost signal z(s) = ¢(s) + ¢,
where ( is an independent, zero-mean and 1-sub-Gaussian noise. Denote (z) = max{xz,0}. The
violation in state s is defined as (¢(s) — 7)., and the cumulative step-wise violation till episode K is

C(K) = (c(sy) = 7)+- (1

Eq. (1) represents the accumulated step-wise violation during training. When the agent arrives in state
sk at step h in episode k, she will suffer violation (c¢(s) — 7). This violation setting is significantly
different from the previous CMDP setting (Qiu et al., 2020; Ding et al., 2020; Efroni et al., 2020b;
Ding et al., 2021; Wachi & Sui, 2020; Liu et al., 2021a; Kalagarla et al., 2021). They study the
episode-wise expected violation C'(K) = ZkK:l (IE [Zthl c(sk, aﬁ)} - u) . There are also some
papers (Efroni et al., 2020a; Simao et al., 2021) considering a stricter constraint named episode-
wise clipped expected violation: C" (K) = Zle (E [Zthl c(sy, GZ)} - u) . Compared to the
' +

episode-wise violation (including expected violation and clipped expected violation), our step-wise
violation has two main differences: (i) First, the episode-wise violation constraints allow the agent
to get into unsafe states occasionally. Instead, the step-wise violation constraint forces the agent to
stay in safe regions at all times. (ii) Second, in the episode-wise constraints, the average violation



Elc(sp,an)] — 11/ H at step h is allowed to be positive or negative, and they can cancel out in one

episode to achieve E[Zle (s, af)] < p. Instead, we consider a nonnegative function (c(s) — )4
at each step in our step-wise violation, which imposes a stricter constraint.

Define U := {s € S | ¢(s) > 7} as the set of all unsafe states. Let . = {s1,a1,--- , sy, ay} denote
a trajectory. Since a feasible policy needs to satisfy the constraint at each step, we define the set
of feasible policies as Il = {w | Pr{ 3 h € [H],s;, € U | ¢+ ~ 7} = 0}. The feasible policy set II
consists of all policies under which one never reaches any unsafe state in an episode.

Learning Objective. In this paper, we consider the regret minimization objective. Specifically, define
7 = argmax, . Vi, V* = V7 and Q* = Q™ . The regret till K episodes is then defined as

K

R(K) =Y (Vi (s1) = V™ (s1)),

t=1

where 7¥ is the policy taken in episode k. Our objective is to minimize R(K) to achieve a good
performance, and minimize the violation C'(K) to guarantee the safety at the same time.

4 Safe RL with Step-wise Violation Constraints

4.1 Assumptions and Problem Features

Before introducing our algorithms, we first state the important assumptions and problem features for
Safe-RL-SW.

Suppose 7 is a feasible policy. Then, if we arrive at sy7_1 at step H — 1, 7 needs to select an action
that guarantees sy ¢ U. Define the transition set Ap(s,a) = {s' | Pp(s' | s,a) > 0} for any
Y(s,a,h) € S x A x [H], which represents the set of possible next states after taking action a in
state s at step h. Then, at the former step H — 1, the state s is potentially unsafe if it satisfies that
Apg_1(s,a) NU # P for all a € A. (i.e., no matter taking what action, there is a positive probability
of transitioning to an unsafe next state). Therefore, we can recursively define the set of potentially
unsafe states at step h as

Uy =Up1U{s | Yae A Ap(s,a) NUpy1 # 0}, ()

where Uy = U. Intuitively, if we are in a state s, € U}, at step h, no action can be taken to completely
avoid reaching potentially unsafe states sp41 € Up41 at step h + 1. Thus, in order to completely
prevent from getting into unsafe states I/ throughout all steps, one needs to avoid potentially unsafe
states in U, at step h. From the above argument, we have that s; ¢ U; is equivalent to the existence
of feasible policies. The detailed proof is provided in Appendix D. Thus, we make the following
necessary assumption.

Assumption 4.1 (Existence of feasible policies). The initial state s satisfies s1 ¢ U;.

For any s € S and h € [H — 1], we define the set of safe actions for state s at step h as
A‘Z“fe(s) ={a € A| Ap(s,a) NUpy1 = 0}, 3)

and let A5/7¢(s) = A. A;*/¢(s) stands for the set of all actions at step i which will not lead to
potentially unsafe states in Uy, 1. Here, {Up }e() and {4z (5)} ne(m) are defined by dynamic
programming: If we know sets of all possible next state { Ay (s, @) } c[] and unsafe state sett = Up,

we can calculate all potentially unsafe state sets {Up, } ,e[z] and safe action sets {Aflaf “(8) Y nerm)»
and choose feasible policies to completely avoid unsafe states.

4.2 Algorithm SUCBVI

Now we present our main algorithm Safe UCBVI (SUCBVI), which is based on previous classic RL
algorithm UCBVI (Azar et al., 2017), and equipped with a novel dynamic programming to identify
potentially unsafe states and safe actions. The pseudo-code is shown in Algorithm 1. First, we
provide some intuitions about how SUCBVI works. At each episode, we first estimate all the unsafe
states based on the historical data. Then, we perform a dynamic programming procedure introduced



Algorithm 1 SUCBVI

1: Initialize: A} (s,a) =0, N} (s,a) = Nl(s,a,s’) =0foralls € S,a € A, s’ € Sand h € [H].

2: fork=1,2,--- , K do

3:  Update the optimistic estimates of cost.

4:  Update the empirical cost ¢(s) and calculate &(s) = &(s) — B(N¥(s),d) forall s € S. >

5. Definetdf; = {s|c(s) > tyandUf =U},  U{s |Va € A, Af(s,a) NUF,, # 0} forall
h € [H] recursively. Calculate {AZ’Safe(s)}he[H] by Eq. (3) with {U} } e m-
> Perform value iteration with previous estimates.

6: forh=HH—-1,---,1do

7 for s € S do

8: fora € Ado . )

9: Compute I@’z(s’ | s,a) = 7N;\’,’(,;(:a"))

10: Qli(s,a) = min{H, r4(s,a) + Y, Ph(' | 5,a) Vo (s') + a(NE (s,0)}-
11: end for

12: if s ¢ U} then

13: Vik(s) = MAX o yk.safe () QF(s,a), 7 (s) = arg MAX, ¢ ykosase (g QF(s,a).
14: else

15: ViE(s) = maxaea QF(s,a), 7F(s) = arg max,e 4 Q5 (s, a).

16: end if

17: end for

18:  end for

19: forh=1,2,---,Hdo
20 Take action af = 7 (s) and observe state s ;.

> Update the estimates of A(s, a).

21: AFt(sk ak) = AF(sk,ak) U {sk,  }. Increase N; P! (sF, al), Ni 1 (sk, al, sk ;) by L.
22:  end for
23: end for

in Section 4.1 and calculate the safe action set Azaf “(s) for each state s. Then, we perform value
iteration in the estimated safe action set. As the estimation becomes more accurate, SUCBVI will
eventually avoid potentially unsafe states and achieve both sublinear regrets and violations.

Now we begin to introduce our algorithm. In the beginning, we initialize Ay, (s,a) = @ for all
(h,s,a) € [H] x S x A. It implies that the agent considers all actions to be safe at first, because
no action will lead to unsafe states from the agent’s perspective. In each episode, we first estimate
the empirical cost ¢(s) based on historical cost feedback z(s), and regard state s as safe if &(s) =
é(s) — B > 7 for some bonus term /3, which aims to guarantee ¢(s) < c(s) (Line 4). Then, we
calculate the estimated unsafe state set U I";, which is a subset of the true unsafe state set i/ = Uy
with a high probability by optimism. With ¢/% and A’g (s,a), we can estimate potentially unsafe state
sets UF for all h € [H] by Eq. (2) recursively.

Then, we perform value iteration to compute the optimistically estimated optimal policy. Specifically,
for any hypothesized safe state s ¢ U}, we update the greedy policy on the estimated safe actions,
ie., T (s) = MAX,, ¢ 4 .cafe () Q¥ (s,a) (Line 13). On the other hand, for any hypothesized unsafe
state s, € Up, since there is no action that can completely avoid unsafe states, we ignore safety costs
and simply update the policy by 7¥(s) = max,e 4 Q(s,a) (Line 15). After that, we calculate the
estimated optimal policy 7" for episode k, and the agent follows 7% and collects a trajectory. Then,
we update A} (s, a) by incorporating the observed state s 41 into the set Af (¥, af). Under this

updating rule, it holds that A¥ (s, a) C Ap(s,a) forall (s,a) € S x A.
The performance of Algorithm 1 is summarized below in Theorem 4.2.

Theorem 4.2. Let a(n,8) = TH RESAHKL) g 5(n, §) = |/ 2 log(SK/8). With probability
at least 1 — 6, the regret and step-wise violation of Algorithm I are bounded by

R(K)=ONWH?SAT), C(K)=OST + S*AH?).



Moreover; if Cgap = mingey(c(s) — 7)4 > 0, we have C(K) = (A’j(S'/Cgap + S2AH?).

Theorem 4.2 shows that SUCB VI achieves both sublinear regret and violation. Moreover, when all the
unsafe states have a large cost compared to the safety threshold 7, i.e., Cgap = mingeys(c(s)—7)4+ > 0
is a constant, we can distinguish the unsafe states easily and get a constant violation. In particular,
when 7 = 1, Safe-RL-SW degenerates to the unconstrained MDP and Theorem 4.2 maintains the

same regret 1) (VH?SAT) as UCBVI-CH (Azar et al., 2017), while CMDP algorithms (Efroni et al.,
2020b; Liu et al., 2021a) suffer a larger O(v H3S3 AT) regret.

We provide the analysis idea of Theorem 4.2 here. First, by the updating rule of A’,ﬁ (s,a), we show
that U} and A}**/*(s) have the following crucial properties: Uff C Uy, A3*¢(s) C A7 (s).
Based on this property, we can prove that Q} (s, a) < QF(s,a) and V;*(s) < Vi¥(s) for all (s, a),
and then apply the regret decomposition techniques to derive the regret bound.

Recall that 7 is a feasible policy with respect to the estimated unsafe state set /¥, and transition
set {Af(s,a)}ne(m). If the agent takes policy 7* and the transition follows Af (s, a), i.e., sf ; €
Aﬁ(s, a), the agent never arrive any estimated unsafe state s € Z/{I’fl in this episode. Hence the
agent will suffer at most an O(v/ST) step-wise violation or an O(S/Cgap, + S? AH?) gap-dependent
bounded violation. Yet, the situation s,1 € AF(s,a) does not always hold for all h € [H]. In the
case when sf_, ¢ Af(s,a), we add the newly observed state s}, into AFTY(sk af) (Line 21).

We can show that this case appears at most S?AH times, and thus incurs O(S? AH?) additional
violation. Combining the above two cases, the total violation can be upper bounded.

5 Lower Bounds for Safe-RL-SW

In this section, we provide a matching lower bound for Safe-RL-SW in Section 4. The lower bound
shows that if an algorithm always achieves a sublinear regret in Safe-RL-SW, it must incur an

Q(+/ST) violation. This result matches our upper bound in Theorem 4.2, showing that SUCBVI
achieves the optimal violation performance.

Theorem 5.1. If an algorithm has an expected regret E.[R(K)] < % for all MDP instances, there
exists an MDP instance in which the algorithm suffers expected violation E.[C(K)] = Q(v/ST).

Now we validate the optimality in terms of regret. Note that if we do not consider safety constraints,
the lower bound for classic RL (Osband & Van Roy, 2016) can be applied to our setting. Thus, we

also have an Q(\/T) regret lower bound. To understand the essential hardness brought by safety
constraints, we further investigate whether safety constraints will lead to an Q(\/T) regret, given that
we can achieve an o(\/T) regret on some good instances without the safety constraints.

Theorem 5.2. For any o € (0, 1), there exists a parameter n. and n MDPs M, . .., M, satisfying
that:

1. If we do not consider any constraint, there is an algorithm that achieves an 6(T (1-a)/ 2) regret
compared to the unconstrained optimal policy on all MDPs.

2. If we consider the safety constraint, any algorithm with a O(T*~%) expected violation will achieve
an Q(v HST) regret compared to the constrained optimal policy on one of MDPs.

Intuitively, Theorem 5.2 shows that if one achieves sublinear violation, she must suffer at least an

Q(v/T) regret even if she can achieve an o(+/T) regret without considering constraints. This theorem
demonstrates the hardness particularly brought by the step-wise constraint, and corroborates the
optimality of our results. Combining with Theorem 5.1, the two lower bounds show an essential
trade-off between the violation and performance.



6 Safe Reward-Free Exploration with Step-wise Violation Constraints

6.1 Formulation of Safe-RFE-SW

In this section, we consider Safe RL in the reward-free exploration (RFE) setting (Jin et al., 2020;
Kaufmann et al., 2021; Ménard et al., 2021) called Safe-RFE-SW, to show the generality of our
proposed framework. In the RFE setting, the agent does not have access to reward signals and only
receives random safety cost feedback z(s) = ¢(s) + . To impose safety requirements, Safe-RFE-SW
requests the agent to keep small safety violations during exploration, and outputs a near-optimal safe
policy after receiving the reward function.

Definition 6.1 ((, §)-optimal safe algorithm for Safe-RFE-SW). An algorithm is (&, §)-optimal safe
for Safe-RFE-SW if it outputs the triple (P, A(s, a),Uy) such that for any reward function r, with
probability at least 1 — 6,

H

Ex | D (c(sn) = 7)+

h=1

Vl*(slﬂ')*vlﬁ*(sl;?") <e <e Vmell )

where 7* is the optimal feasible policy with respect to (]P’7 A(s, a),Z/IH, r), IT is the set of feasible
policies with respect to (A(s,a),Ur). and V(s;r) is the value function under reward function 7.
We say that a policy is e-optimal if it satisfies the left inequality in Eq. (4) and e-safe if it satisfies
the right inequality in Eq. (4). We measure the performance by the number of episodes used before
the algorithm terminates, i.e., sample complexlty Moreover, the cumulative step-wise violation till

episode K is defined as C(K) = Zk 1 Eh 1 (c(s¥) = 7)4. In Safe-RFE-SW, our goal is to design
an (g, d)-optimal safe algorithm, and minimize both sample complexity and violation.

6.2 Algorithm SRF-UCRL

The Safe-RFE-SW problem requires us to consider extra safety constraints for both the exploration
phase and final output policy, which needs new algorithm design and techniques compared to
previous RFE algorithms. Also, the techniques for Safe-RL-SW in Section 4.2 are not sufficient for
guaranteeing the safety of output policy, because SUCBVI only guarantees a step-wise violation
during exploration.

We design an efficient algorithm Safe RF-UCRL (SRF-UCRL), which builds upon previous RFE
algorithm RF-UCRL (Kaufmann et al., 2021). SRF-UCRL distinguishes potentially unsafe states and
safe actions by backward iteration, and establishes a new uncertainty function to guarantee the safety
of output policy. Algorithm 2 illustrates the procedure of SRF-UCRL. Specifically, in each episode £,
we first execute a policy Wﬁ computed from previous episodes, and then update the estimated next
state set {AF (s, a)} neqr] and unsafe state set U ¥ by optimistic estimation. Then, we use Eq. (2)
to calculate the unsafe state set U}, for all steps h € [H|. After that, we update the uncertainty

function Wk defined in Eq. (5) below and compute the policy 7#+1

to encourage more exploration in the next episode.

that maximizes the uncertainty

Now we provide the definition of the uncertainty function, which measures the estimation error

between the empirical MDP and true MDP. For any safe state-action pair s ¢ Uy, a € Alfb’saf “(s),
we define

WZ(s,a) _min{H M Nh (s,a) +ZIP>h (s | s,a) max Wﬁ+1(5,7b)}‘ (5)

beal sl (sh)

2y(Nf(s,a),6) | SHy(Nf(s,a),5)
Nfi(s,a) N (s,a)

that is formally defined in Theorem 6.2. For other state-action pairs (s, a), we relax the restriction

of b € Aifllfe(s’) to b € A in the max function. Our algorithm stops when Wf(sl, 75 (s1))

shrinks to within /2. Compared to previous RFE works (Kaufmann et al. (2021); Ménard et al.
(2021)), our uncertainty function has two distinctions. First, for any safe state-action pair (s, a) €

(S \ Uy, Al**7¢(s)), Eq. (5) considers only safe actions Alflﬁf “(s), which guarantees that the agent

focuses on safe policies. Second, Eq. (5) incorporates another term (SH~(Nf(s,a),0)/NFK(s,a))
to control the expected violation for feasible policies. Now we present our result for Safe-RFE-SW.

where M (N} (s,a),0) = 2H

+ , and y(n, §) is a logarithmic term



Algorithm 2 SRF-UCRL

I: Initialize: k = 1, Wy(s,a) = H, 7} (s) =ay foralls € S,a € Aand h € [H].

2: while W} ' (s1,75(s1)) < £/2 do
3: forh=1,---,Hdo

4: Observe state sy. Take action af = 7 (s¥) and observe SZ_H.
> Update the optimistic estimate of cost.
5: Calculate empirical cost &(s) and &(s) = é&(s) — B(N*(s),d) forall s € S.

> Update the estimates of A, (s, a) and Up,.
Update Af (sf,af) = AF 7' (sf, af) U {sk, |} and {U} } ) by Eq. (2).
Calculate Aﬁ"mfe(s) for all s € S by Eq. (3).
end for )
Update N} (s,a,s’), Nf(s,a) and P} forall s € S,a € A,s' € Sand h € [H].
10:  Compute w" according to Eq. (5).
> Calculate the greedy policy.
11:  forh e [H|,s € Sdo

weI D

12: if A}*%/%(s) # () then

13: TRt (s) = arg Max, ¢ gk safe o) Wfb(s, a).
14: else '

15: it (s) = argmax,e 4 WZ (s,a).

16: end if

17:  end for

18: Setk=Fk+1.
19: end while A
20: return the tuple (PF =1, AN~ (s,a),Ul).

Theorem 6.2. Let y(n,d) = 2(log(2SAH/6) + (S — 1) log(e(1 +n/(S — 1))), Algorithm 2 is a
(¢,6)-PAC algorithm with sample complexity at most*

om0 (S5 1) (e () ).

The step-wise violation of Algorithm 2 during exploration is C(K) = (5(5’2AH2 +VST).

Compared to previous work (Kaufmann et al., 2021) with an O((H*SA/e2)(log(1/6) + S)) sample

complexity, our result has an additional term O((S2AH?2 /¢)(log(1/8) + S)). This term is due to
the additional safety requirement for the final output policy, which was not considered in previous
RFE algorithms (Kaufmann et al., 2021; Ménard et al., 2021). When ¢ and § are sufficiently small,

the leading term is O((H*SA/£%)log(1/6)), which implies that our algorithm satisfies the safety
constraint without suffering additional regret.’

6.3 Analysis for Algorithm SRF-UCRL

For the analysis of step-wise violation (Eq. (1)), similar to algorithm SUCBVI, algorithm SRF-UCRL

estimates the next state set Ay, (s, a) and potentially unsafe state set 4y, which guarantees a O(v/ST)
step-wise violation. Now we give a proof sketch for the e-safe property of output policy (Eq. (4)).

First, if 7 is a feasible policy for (P¥, A¥ (s, a), {Uf }nerr) and spy1 € AF (sp, ap) forall h € [H],
the agent who follows policy 7 will only visit the estimated safe states. Since each estimated safe state

Here O(-) ignores all log S, log A, log H,log(1/¢) and log(log(1/8)) terms.

*Ménard et al. (2021) improve the result by a factor H and replace log(1/8) + S by log(1/5) via the
Bernstein-type inequality. While they do not consider the safety constraints, we believe that similar improvement
can also be applied to our framework, without significant changes in our analysis. However, since our paper
mainly focuses on tackling the safety constraint for reward-free exploration, we use the Hoeffding-type inequality
to keep the succinctness of our statements.
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Figure 1: Experimental results for Safe-RL-SW and Safe-RFE-SW. The left two figures show
the average rewards and step-wise violations of algorithms SUCBVI, UCBVI (Azar et al., 2017),
OptCMDP-bonus (Efroni et al., 2020b), Triple-Q (Wei et al., 2022) and Optpess (Liu et al., 2021a).
The right two figures show the reward and expected violation of the policies outputted by algorithms
SRF-UCRL and RF-UCRL (Kaufmann et al., 2021).

only suffers a O(1/+/Ni(sp, mr(sp))) violation, the violation led by this situation is bounded by
W’f(s, 71(s1)). Next, we bound the probability that s,11 ¢ AK (s, ap,) for some step h € [H]. For
any state-action pair (s, a), if there is a probability P(s' | s,a) > O(log(S/8) /N[ (s,a)) that the
agent transitions to next state s’ from (s, a) at step h, the state s’ is put into AKX (s, a) with probability
at least 1 — §/.S. Then, we can expect that all such states are put into our estimated next state set
AK(s,a). Thus, the probability that s;, 11 & AKX sy, ay) is no larger than O(S log(S/6) /N (s, a))

by a union bound over all possible next states s’. Based on this argument, WZ (Sn,ap) is an upper
bound for the total probability that s;,.1 ¢ AK (s, ap) for some step h. This will lead to additional

Wf (s1,m1(s1)) expected violation. Hence the expected violation of output policy is upper bounded
by QWf(sl, 75 (s1)) < e. The complete proof is provided in Appendix A.

7 Experiments

In this section, we provide experiments for Safe-RL-SW and Safe-RFE-SW to validate our theoret-
ical results. For Safe-RL-SW, we compare our algorithm SUCBVI with a classical RL algorithm
UCBVI (Azar et al., 2017) and three state-of-the-art CMDP algorithms OptCMDP-bonus (Efroni
et al., 2020b) , Optpess (Liu et al., 2021a) and Triple-Q (Wei et al., 2022). For Safe-RFE-SW, we
report the average reward in each episode and cumulative step-wise violation. For Safe-RFE-SW,
we compare our algorithm SRF-UCRL with a state-of-the-art RFE algorithm RF-UCRL (Kaufmann
et al., 2021). We do not plot the regret because unconstrained MDP or CMDP algorithms do not
guarantee step-wise violation. Applying them to the step-wise constrained setting can lead to negative
or large regret and large violations, making the results meaningless. Detailed experiment setup is in
Appendix E.

As shown in Figure 1, the rewards of SUCBVI and SRF-UCRL converge to the optimal rewards
under safety constraints (denoted by "safe optimal reward"). In contrast, the rewards of UCBVI
and UCRL converge to the optimal rewards without safety constraints (denoted by "unconstrained
optimal reward"), and those of CMDP algorithms converge to a policy with low expected violation
(denoted by "constrained optimal reward"). For Safe-RFE-SW, the expected violation of output policy
of SRF-UCRL converges to zero while that of RF-UCRL does not. This corroborates the ability of
SRF-UCRL in finding policies that simultaneously achieve safety and high rewards.

8 Conclusion

In this paper, we investigate a novel safe reinforcement learning problem with step-wise safety
constraints. We first provide an algorithmic framework SUCBVI to achieve both an O(v H3SAT)

regret and an O(v/ST) step-wise or an O(S/Cyap + S>AH?) gap-dependent bounded violation that
is independent of T'. Then, we provide two lower bounds to validate the optimality of SUCBVI in
both violation and regret in terms of S and 7. Further, we extend our framework to the safe RFE
with a step-wise violation and provide an algorithm SRF-UCRL that identifies a near-optimal safe

policy given any reward function r and guarantees an o (v/ST) violation during exploration.
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A Proofs of Main Results

A.1 Proof of Theorem 4.2

We start the proof with the confidence bound of optimistic estimation:
Lemma A.1. With probability at least 1 — §, the empirical optimistic estimation of cost function

cF(s) = ¢k (s) — N%(g) log(SK/0) are always less than the true cost c(s) for any episode k € [K).
In other words, let the event be
& ={Vke[Klands e S, (s) <c(s)}, (6)

then Pr(&f) < 6.

Proof. Since we observe c(s) + ¢ with 1-subgaussian noise &, by Hoeffding’s inequality Hoeffding
(1994), for a fixed episode k and state s, the statement

|ék(s) —c(s)| < \/]\7’“2(8) log (S’;<>

holds with probability at least 1 — %. Taking a union bound on all s € S and k € [K], we have

o(s) = *(s) V i e (Sf) — (),

and the Lemma A.1 has been proved. O
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Lemma A.2. Let the event £ and E3 are

& = {V s,a,8  k, h, |Pr(s’ | s,a) — Pu(s"| 5,0)]

< [2Pu(s' | s, a) o 2S2AHK n 2 Io 252 AHK
=\ T NEGa) 5 3NF(s,a) ° 5

e k Kok k k kok H3K
E3 = {ZZ (Ph(vh+1 — Vi1)(shyan) — (Vigs — Vhﬂ+1)(sh+1)> < log(1/5)}
k=1h—1
Then Pr(E5) < 0, Pr(&5) <.

Proof. This lemma is very standard in analysis of UCBVI algorithm. The Pr(£S) can be derived by
Bernstein’s inequality, and Pr(€$) < ¢ can be derived by Azuma-hoeffding inequality. [

The following lemma shows the optimistic property we discussed in the paper.
Lemma A.3. Under the event £, UF C Uy, and A (s) C Aj**%(s) for all s € UF and h € [H).

Proof. Under the event £y, for all s € U, ¢(s) > ¢(s) > 7. So s € U};. Now from our definition of
AK(s,a), we can easily have Af(s,a) C Ah(s a) for all step h € [H| because we add the possible
next state one by one into estimated set A% (s, a).

Now we prove the lemma by induction. When h = H, U}, C Uj;. Assume that Uy, C U;;, , then
Ase(s) = {a € A| Au(s,a) NUy, =0}
C {ac A| A (s,0) 1y, = 0}
C{lae A|AF(s,a) UL, =0}

= A7),
and
Uy =Uy, U{s|Iac A AN (s,a) U, =0}
CUp U {s|Tac A AL(s,a) U, =0}
C Uy,
Hence we complete the proof by induction. O

Similar to UCBVI algorithm, we prove that Q% (s, a) and V}*(s) are always greater than Q} (s) and
Vi (s)-

Lemma A.4. With probability at least 1 — §, choosing b(n,§) = TH 1/ M we will have

Qr(s,a) > Qi (s,a), Vi(s) = Vi (s),
forany state s € S, action a € A, episode k and the step h € [H).

Proof. We proof this lemma by induction. First, consider h = H + 1, then Q% (s,a) =
Qi1(s,a) = 0and Vi, (s) = Vi, 1(s) = 0forall k € [K]. Then our statements hold for
h = H + 1. Now fixed an episode k and assume this statement holds for h + 1. If Q5 (s,a) = H,
our proof is completed. Then assume Q¥ (s,a) < H and
Qh(s,a) = Qi (s,a) = (BF) (Viyr = V) (s,a) + (B — o) (V*)(5,) + b(N (s, a))
> (B, = Pr)(V*)(s,a) + b(Ng (s, a))
>0

where the first inequality is the induction hypothesis, and the second inequality follows naturally by
Chernoff-Hoeffding’s inequality. Then for s € U

th(s) = I;leajl(QlfL(S,a) > Igleajl(Q*(Sva) > Vi (s).
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For s ¢ UF, since we know Uy, CUF, s ¢ Uy, Then

Vi) = max  Qhsa)> max  Qi(sa)
acApeate(s) acApsale(s)
> max Q(s,a) (N
aGA;‘;'lfC (s)
= Vi (s).
where Eq. (7) is because A5*/¢(s) C AF**/¢(s) by our optimistic exploration mechanism. O

Regret Now we can start to prove our main theorem.

Proof. Having the previous analysis, our proof is similar to UCBVI algorithm. Note that the regret
can be bounded by UCB:

K

K k
=Y (Vi) -~V (VE(s1) = V7 (s2).
k=1 k=1

Because the action taking by 7* is equal to action taking at episode &, we will have
ViE(sh) = Vi (sh) = (@ — QR )(sh o),
where af = 7F(sF). Then
Vir(sh) = Vi (SZ) = (QF — Qh )(Shaah)
= (PR(Vi¥e1) = Pa(ViTi)(shs af) + B(NE(sh, af), )
= (Pk Ph)(Vthl)(sﬁv ay) + (Pk Ph)(thJrl - V,fﬂ)(sﬁ, ay,)
+ Pa(Vitey = Vi) (sk, ak) + BN (s, af), 9). ®

First, by Chernoff-Hoeffding’s bound, (P¥ — P;)(Vy,,)(sF, af) < b(Nf(sk,ak), d). Second, by
the standard analysis of UCBVI (Theorem 1 in UCBVI), under the event &, we will have

(Pi - ]Ph)(th#l - Vh*+1)(sﬁa ay)

2P, (s’ |3h,ah) 2t & . ,
E Vi, =V
>~ ( Nk k)) + 3N,’f(s’,§,a’g) ( h+1 h+1)(5 )

s'eS Sh’ah

Pr(s' | sk, ak) H. 2 > & ,
< ; ; (Vo = Vi) ()
S/ze;s < H 2Nk(8h7ah) 3Nk(8h7af) h+1 h+1

1 2H2%S,

=P (Vi — Vi) (sF af) + —————

I r(Vir = Vi) (sho ap) + NEF(sE, ab)

S

N (spyap)”

IA

1 Wk
< Eph(vfﬁ-l - ‘/h—s-l)(SZa aﬁ) +

where the first inequality holds under the event &£, and the second inequality is derived by vab < a;b,
and the last inequality is because Vh“_:l <V, . Thus combining with Eq. (8), we can get
o 1 - 2H2S.
VEGE) = Vi (oh) < (14 ) PVt = Vi) + 2R a0+ 7
i (Shsap)
Denote

k k
0‘]}2 = Ph(vhk+1 - Vhﬂ+1)(sﬁa alli) - (Vi{c+1 - szr+1)(5hKv alii)
& H32S,
Br = NFE(sF_aF)
i (Shsap)

'W]: = b(NI{f(SE’ aﬁ)v 5).
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we have

ﬂ_k 1 ,n_k 1
VEGE) = V(o) < (14 ) Ok = VD ek + (14 7 ) o+ 208 + 2

IN

1 ok
(1 ) e = VL) + 20k + 26 + 2,

then by recursion,

H H
X " 1
Vi) -V e < 3 (14 ) ok 20k 4 20

h=1
H
(2a, + 285 + 275).
h=1
Under the event &3 with Bernstein’s inequality, > 5, S af < /2K 1og(1/6), and
S K& w2
k _ 302
k=1h=1 k=1h=1""h\"h i

Also, for vF, we can get

K H K H
TH
;hz::lv kZ:l;; Nk(sh’ah)

N*(s,a)

STHVE o Y Vi

(s,a)eSxA =1

< 14H+1 Z Nk(s,a)

(s,a)eSx.A

< 14HV.SAT.

Then the regret will be bounded by O(v H2SAT).

Violation Now we turn to consider the violation during the process.

First, if the agent follows the 7* at episode k, and sy, | € A (sf, af) for all step h € [H — 1], from
the definition of {Uy, }1<p<m+1 and AK(sF ak), all states s¥,s5, .-, s% ¢ UL are safe. Since
Uk = {s|2(s) > 7}, for each state s € {s¥,s5 ... s}, we can have

c(s) — 1 <T(s) + 2\/N’“( ) log(SK/d) — 1 < 2\/Nk( ] log(SK/9),

where the first inequality from the event & and the second inequality is because s ¢ U%.. Then

H H

D o(eleh) 7)1 < 302 gy ToR(SK ).
h=1 h=1

Then we consider the situation that s, | & A (s, af) for some step h € [H] at episode k € [K].
In this partlcular case, we can only bound the Vlolatlon on this episode by H because the future state
are not in control. Fortunately, in this situation we will add at least one new state sj_ , to AKX (), af),

then |AFTL(sF ak)| > |Ak(sF,ak)| + 1, and the summation

S A salz Y Afsal

(h,s,a)E[H]XSx A (h,s,a)E[H]XSx A
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Note that for any episode k, the summation has a trivial upper bound

> |A¥(s,a)| < S2AH,
(h,s,a)E[H]xSx.A

this situation will also appears for at most S2AH episode and leads at most S2 AH? extra violation.

Hence the total violation can be upper bounded by

> (elsy) = 7)4 < SPAH? + Z Z < \/ ?SE log(SK/8) A 1)

k=1 h=1 k=1 h=1
K H 1
< S2AH? +2+/210g(SK /5 _
= + Og( / )k:1 hzd Nk.(sﬁ) \/ 1

+l(s) — Ni(s)
< SPAH? +21/2108(SK/3) (M) (10)
& ;; JNi(5) V1

< SPAH? +2./81og(SK/8) » |/ NK

seS
< S2AH? +2./81og(SK/6)V ST
= O(S?AH? +V/ST)

with probability at least 1 — 3. The inequality Eq. (10) is derived by Lemma 19 in Auer et al. (2008).
By replacing 4 to § /3 we can complete our proof.

Moreover, for the unsafe state set U, recall that d = mingey(c(s) — 7) > 0. For the state sF, if
sk & UY,, we have

2 2
By _r<ef(sf)+2 log(SK/8) — 2, | ———log(SK/6).
C(Sh) T— c (S}L)+ \/Nk(Sﬁ) Og(s /6) T \/Nk(sz) Og(s /5)
Thus we can get

8
N¥(sf) < ———— log(SK/9).
(Sh) = (C(S) _7_>2 Og( / )
Now denote K be the set of episodes k that sy ** € Ak(sF, ak). Now for each s ¢ U, denote

ks = max{k : 3h € [H], s = s}'}, then our total violation can be bounded by

ZZ <S2AH2+ZZ c(sh) — 1)

k=1 h=1 kel h=1
< SPAH? +> " NF:(s)(c(s) — )+
s¢U
< SPAH? +) 72(0(52) —7)4 log(SK/6)
saul (c(s) 7)1

< S2AH? + % log(SK/$).

A.2 Proof of Theorem 6.2

First, apply the same argument in the Appendix A.1, the violation during the exploration phase can
be bounded by



K H
SN (elsp) =14 < SPAHT >N N,jsﬁ) log(SK/6)

NE(s)
< SPAH? +/210g(SK/6) > > \[

seS i=1
< SPAH? + \/8log(SK/6) Y 1/ NX(s)
seS

= O(S?AH? + V/ST).

Now we prove the Algorithm 2 will return e-safe and e-optimal policy. Lemma A.5 shows that
Wﬁ (51,71 (s1)) bounds the estimation error for any reward function 7.

Lemma A.5. For any feasible policy m € 11*, step h, episode k and reward function r, defining the

estimation error as éi’w(s, a;r) = |Q]Z’7T(s,a;r) - ﬁ’“(s, a;7)|. Then, with probability at least

1 — 6, we have
—k
erT(s,a;m) < W (s, a).

First, we prove the Lemma A.5. We provide an lemma to show a high probability event for concentra-
tion.

Lemma A.6 (Kaufmann et al. (2021)). Define the event as
. k
4= {Vk, hys,a, KL(BE (- | (5,0)),PE(- | (5,a)) < W} :
Ny (s,a)
where B(n,0) = 2log(SAHK/S) + (S — 1) log(e(1 +n/(S —1))). Then Pr(&5) < 6.

By Bellman equations,

Qh(s,a;r) = Qf(s,air) = Y (Ba(s'| 5,0) = Pi(s" | 5,0))Qf (s, m(s");7)

s/

+ Y P8 | 5,a)(Qfa (8, 7(s); ) — Qi (8, m(8); 7).
By the Pinkser’s inequality and event &,

en(siair) <D IBu(s" | s,a) = Pu(s' | 5,0)| QR4 (' m(s); )
+ 3 Bu(s' | 5,0)| Qi (s (5 ) = QRaa (s w(s)i )|

< H||P(s' | 5,0) = Pa(s’ | s.a)llu + ) Ba(s’ | s,@)éf i (s, mnsn(s'); )

s/

<) MG SR | s )i (s (i)

s’

By induction, if €], | (s,a;7) < Wyt1(s, a), for s ¢ Uf,a € Ay**°(s), we can have

(s air <mm{H,H “fvﬁf(‘i ‘;)) i ZMS'|s,a>ézﬂ<s,w<s’>;r>}

s/

Y Nh(sva)75 I
<min< H, H + Pn(s' | s,a) max  éf, (s by an
{ \/ Fofa) T2 ) max Ea (o bir)

(S’a)’5 +ZPh s'|s,a) max Wh+1(5/7b)}

beAR ST (s")
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The second inequality is because Pj,(s' | s,a) = 0 for all ' € Uy, and then for s’ ¢
Up+1,he1(s") € Aflfllf (s’). The third inequality holds by induction hypothesis, and the last
inequality holds by the definition of W (s, a).

Also, for other state-action pair (s, a), we can get

N .
ér(s,a;7) < min {H,H’ / W + ZPh(Sl | Saa)é7}2+1(3a77h+1(3/)97”)}
h\5; 5/
. Ni(s,a),d . o
< min {H,H\/W + Z;Ph(s/ | 5,a) rgle%ehﬂ(s/,b;r)}

. Np(s,a),6 R _
< min {HH W DGR gleajcwhms',b)}
SWh(Sva)'

Hence the Lemma A.5 is true. Now we assume the algorithm terminates at episode K + 1, for any
feasible policy m € IT%, if we define the value function in model M as V', we will get

VI (s1) = Vi (s1)] = |QF (s1,m1(51)) — QT (s1,m1(s1))]
< W), (s1.ma(s1)

< W, (0,71 (1))

<eg/2.

where the second inequality is because w5+ is the greedy policy with respect to WhK and 7 is in the

feasible policy set IT¥ at episode K. Then for any reward function r, denote the 7* € IT¥ to be the
optimal policy in estimated MDP M. Recall that 7* € II%X C II*, we will have

VI (s1) = Vi (s1) S V™ (s1) — Vi (51) + /2
<V (s1) = Vi +¢/2
<e.

Now we consider the expected violation. We will show that for all feasible policy 7 € 1%, the
expected violation will be upper bounded by 2W 1 (s1, 71 (s1)).

We first consider the event for feasible policy m
Pr={Vhe[H—-1],sn11 € AK(sp,an) | sn,an ~ 7}

Assume that the event holds, then because 7 € I1¥ is the feasible policy with respect to AX (s, a),
we have sj, ¢ Uy, forall 1 < h < H 4 1. Then

(s)

o [ e (D

h=1

(c(sn) =7)4 < \/Ng log(SK/6).

and under the event P,

E. [Z@(sh) —1)

h=1

(12)

Now define

Fi(s,a)

s,a),0 Sy, - / /
_ min{H, \/N(QSh) log (Sf) +H\/% +Z:Ph(s | 5,a)FF, (s, mhaa(s ))}.

S
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Since N(2sh) log (2£) < H W, we have F} (s,a) < Wp(s,a) by recursion. The

proof is similar to A.5.

Also denote

F(s,a) =E,

S 2 g (5K
h'=h NK(S}L) o8 o

Next we prove Fh(s7 a) > F[(s,a). To show this fact, we use the induction. When h = H + 1,
FE o (s,a) = Fp(s,a) = 0. Now assume that F'y , | (s,a) > F, (s, a), then

Sh:S,ahZCL].

f;(s,a)

s 2 SK ’V(N (s,a),&) 7 / ald / /
mm{H,\/N(S)log< >+H N’LTM)+;M(S |s,a)Fh+1(s,7rh+1(s))}

KR
> min {H7 \/N?s) log <S§() + H, /W + ;I@)h(s’ | s,a)F,erl(s/’ﬂthl(s/))}
. 2 SK 7 / /
> win {H %V(Sh) log (5> + HBa(s' | 5,a) = Ba(s' | 5,0

+> Pu(s | 57a)F}§r+1(3/77rh+1(5/))}

s/

. 2 SK ’ g / ’
> min {H, \/N(sh) log (5> + SZPh(S | s,a)Fyy i (8, mhya (s ))}

= F/ (s, a).

Thus by induction, we know F1 (517 mi(s1)) < F;(s1,m(s1)) < W{( (s,m1(s1)) because
SK (N, (s,a)

\/N(s log < H\/ﬂ/ N}h(s a)

From now, we have proved that under the condition P, the expected violation can be upper bounded

by Wi (s, m1(s1)). Next we state that Pr(P¢) is small. Recall that P, = {V h € [H — 1], 841 €
AE(sp,ap) | 7}, we define

GR(s,a) =Pr{3n € [h,H —1], 541 & AF (spr,ap) | sn = s,a = a}

and

GZ(S, a)

I SH]Og(S2HA/5) Y(Ni(s,a),9) D raid ’ ’
_mm{I-L A +H,/W+§;Ph(s | 5,a)Ghy1 (s’ Thya(s ))}.

Then by recursion, we can easily show that G (s,a) < WhK(s,a) by log(S?HA/S) <
Y(Np(s,a),6).

Lemma A.7. Forall h € [H] and feasible policy 7, we have Gy, (s,a) > HGF (s, a).

Proof. Define é}; (s,a)as

~r . SH log(S?HA/S) ~
G} (s,a) = min {H7 Ni(s,a) + %:Ph(s/ | 5,a)Gh i1 (s, Ty (s))) ¢ -
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We will show G, (s,a) > é;{(s, a) > HGTF (s,a). We prove these two inequalities by induction.
First, for h = H + 1, these inequalities holds. Now assume that they hold for h + 1, then

G (s,a)

. SHlog(S?HA/S) Y(Ni(s,a
mln{H, N (o) +H W+th5 | 5,a)Ghyr (s, mhaa (s ))}

. SHIOg(SQHA/(S) Y(Nn(s,a),9) D (ot A~ ’ ’
zmln{H, Na(s,) +H“W+§:Ph(3 | 5,a)GR 11 (8" Thaa (s ))}

SHlog(S2HA/S)
{H’ Nyu(s,a)

+ H|Ba(s' | 5,a) = Pu(s' | 5,0)[lx

v

min

+ Y Pu(s' | 5, a)GRi (8, 7Th+1(8'))}

s/

. SHlog(S?HA/S ~
> min {H, Nh((&a) /9) + %:Ph(s’ | S,CL)G;L+1(S/,7T}L+1(S,))}

=G (s,a).
Now to prove that ég (s,a) > HG}(s,a), we need the following lemma.

Lemma A.8. Fixed a step h € [H| and state-action pair (s,a) € S x A, then with high probability

at least 1 — 4, for any s’ € Ap(s,a) with P(s' | s,a) > %, s' € A (s, a).

Proof. Since we sample s’ from P, (s’ | s,a) for Nj,(s,a) times, if s’ ¢ AK (s, a), then s’ are not
sampled. The probability that s” are not sampled will be (1 — p)N»(5:4) where p = P}, (s | s,a).

When p > ﬁi((i/ Lf)) , the probability will be at most

log(S/5)>Nh () < o loa(5/8) _ a9

_ Nh(57a) <
(1=p) - (1 Np(s,a) - S’

Taking the union bound for all possible next state s’, the lemma has been proved. [

By the Lemma A.8, define the event as

1og(S2HA/5)

= ! AL hPl >
& {Vh,s,aandse n(s,a) with P(s" | s,a) 2 Ni(s,a)

s € AK (s, )}.

Then Pr(€S) < 6. Under the event &, at step h € [H| and state-action pair (s, ar ), we have

Slog(S2HA/s)

13
Ny (sn,an) (13

P(sni1 & AR (sn, an)) <
This inequality is because sj,+1 & AX (sp,, ap) only happens when P(s' | s,a) < 1%%/(}3(275;4}/)5) under
the event £5. Now we first decompose the G7 (s, a) as

H-G%(s,a) =Pr{3N € [h,H 1], 5041 & AF (snr,ant) | s = s,an = a, 7}
H—1
<H Z Pr{sp 41 ¢ Délta,lfl(sh/,ahf) | s =s,an =a,7}
h'=h
Z SHlog(S?HA/S)
Nh/ Sh’, ah/)
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The first inequality is to decompose the probability into the summation over step h, and the second

inequality is derived by Eq. (13). Now denote g7 (s, @) = min {H E. [ H?i %W] },

then we can easily have g7 (s, a) < Gh (s, a) by recursion. In fact, if

9 (s, a)
= min{ [Z S}x}jg;fi]f)/(s) (8n,an) = (s,a) }
i SN g | § SRR ()~ 0]
L {H SH 1?5565:,5/1/5)
+ min {H, E, hiZ:H Slx}(;g((jiljf)/@ (sh,an) = (s, a)] }}

) SHlog(S?HA/S) , , ,

= H P n

mm{ Rt B [ ()

has the same recursive equation as ég(s, a). Since g% (s,a) =0 < ég(s, a), by induction we can
get g7 (s,a) < G} (s, a), and then

H-Gj(s,a) < gi(s,a) < Gf(s,a)
holds directly. The Lemma A.7 has been proved.

Now we return to our main theorem. Consider the policy 7 € II¥ is one of feasible policy at
episode K. For each possible 9y = {s1,a1, -+ ,sH,an}, denote Pr,(Jy) be the probability
for generating .7 following policy 7 and true transition kernel. If the event s;,.1 ¢ AKX (s, ap)
happens, we define the trajectory J are “unsafe". Denote the set of all “unsafe” trajectories are U,
we have

h=1
H
= 3" Pe(Ti) [Dc(sh) - m]
Tu h=1
H H
< Z PT’rr(fH) [Z(c(sh) -7 | + Z Pr(Ju) [Z(C(Sh) - T>+]
Tueu h=1 Tu¢u h=1
H
<H Y Pr(Tu)+ Y Pr(Tu) | NK2()log(SK/5)| (14)
Teu Tagu h=1 Sh
H
< HPr{P:} + > Pr(Ju) [Z ( log(SK/6)|
T T h=1 sh)
< H-G7(s,a)+ F[(s,a) (15)

K

< 2W (s1,71(s1))
K

<2W) (s1,mp T (s1))

<e.

The Eq. (14) is because Jy € U implies that the event P, happens, and we can apply Eq. (12). The
Eq. (15) is derived by the definition of F" (s, a) and GT (s, a). Until now, we have proved that if the
algorithm terminates, all the requirements are satisfied. Now we turn to bound the sample complexity.
We first assume that K > SA
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Define the average ¢ = 2 (s.0) IE”Z’CJrl (s, a)WZ(s, a). Since the 7%+ are greedy policy with respect

to Wi(s, a), we have
W’;(s, a)

= min {H M(Nh(s a) +Z[Pk s"| s, G)Whﬂ(s 7Thi1( /))}

< min {H M(NF(s,a),0) + ZPk s s a)WhH(s’,ﬂZfl(s’))
+H|BE(S' | 5,0) = Ph(s' | 5,0)ll1 }

<M’ (Nh(s a) —|—Z]P’k (s s, a)WhH(s whil(s )

WhereM’(n,5)=3H<\/2ﬁ( D A )+SH( n‘s)/\l) Now

qh—ZIP’7T saWh(s a)
< Z Pr M'(NF(s,a) Z P (s, a)PE(s | s, a)WhH(s’ mii(s)

(s,a) (s';8,a)

_ZIP’T (s,a)M' (N} (s,a),0) + qf 1.
Thus

e/2<ql<ZZIP>Tr M'(NF(s,a),0),V k€ [K —1],

h=1 (s,a)

where the first equality is because ¢f = Wﬁ(sl, 7F+1(s1)) > /2. Sum over k € [K — 1], we can
get

H
Ke/2< Y SN B (s,a) M (NS (5, a), ).

Define the pseudo-count as N:(S, a) = Zle Pgi (s, a) and the event about the pseudo-count like
Kaufmann et al. (2021):

1—,
Eent = {V k,h,s,a: NF(s,a) > EN]Z(s,a) — 10g(SAH/6)} .

Then Pr{&.,:} < &. The proof is provided in Kaufmann et al. (2021). Also, the Lemma 7 in
Kaufmann et al. (2021) show that we can change N} (s, a) to N:(s, a) up to a constant.

Lemma A.9 (Kaufmann et al. (2021)). Under the event E.,y, for any s € S,a € A and k, if
B(x,8)/x is non-increasing for x > 1 and B(x, §) is increasing, we have

7(N§(37a)7§) Al < 47(Nh(3 a), 5)
Ni(s,a) B Nh(s a) V1
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The proof of Lemma A.9 can be found in Kaufmann et al. (2021). Then we can have

K—-1 H
Ke/2< 3 N ST P (s, a) M (NE(s,a), 6) (16)
k=0 h=1(s,a)
H K-1
—k+1 —k 2v(NF(s,a), )
<3H > (N, (Saa)Nh(&a))\/m/\l
h=1 k=0 (s,a) n\s;

(@)

H K-1 & sa
+SHY Y S (N, (s,0) = Ny(s,0)) (W A 1) .an

k
h=1 k=0 (s,a) Ny (s,a)

(b)
For part (a), we upper bound it by

H K-1

—k
@<3HY. S S (W (s,0) = Ni(s,a)) 8Y(V (s, a),9)

-
h=1 k=0 (s,a) N, (s,a)V1

H —k+1 =k
< 3V2H /77([(’5)2 Z (N, (s,a) = Np(s,a))

h=1 k=0 (s,a) \/ N:(S, a) V1
=l K
<32+ V2)H\/(K,0)> >\ Ny (s,a) V1

h=1(s,a

<32+ VHVA(K.0) Y. Y (1+ N} (5,a))

h=1 (s,a)
< 3(24 V2)H?\/7(K,§)(SA+ VSAK) (19)
< 6(2+4 V2)H?\/7(K,§)VSAK,

where Eq. (18) is because Lemma 19 in Auer et al. (2008), Eq. (19) is derived by Z(S a) NhK(s, a) =
K and Cauchy’s inequality, and the last inequality is because we assume K > SA.

Also for part (b),

K-1

(18)

=

H K-1

—k
(b) < SH (3 (5,0) - W (5, a)) L Dal5:0).0)
f;lcz—;)(sg,a:) " : Nﬁ(s,a)\/l
< SH~(K, ) EH: 3 Ki‘l (Wﬁﬂfva) ~N(s,)

%
h=1 (s,a) k=0 Np(s,a) V1

H
< SHy(K,8) 3. Y 4log(Ny, (s,a) + 1) (20)
h=1 (s,a)

< 4S?AH?*y(K, ) log(K + 1),

where the Eq. (20) is because the Lemma 9 in Ménard et al. (2021). Now from the upper bound of
(a) and (b), we can get

Ke/2 <6(24+V2)H?*\/(K,0)VSAK + 4S? AH?~(K, §) log(K + 1).

Recall that y(n, ) = 2log(SAHK/S) + (S — 1)log(e(1 + n/(S —1))) > 1, by some technical
transformation, performing Lemma C.1 we can get

o2 T e (2) )
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under the event E.,,¢, &1, £4, &5. Hence the theorem holds with probability at least 1 — 44, and we
can prove the theorem by replacing 0 to §/4.

O

A.3 Proof of Theorem 5.1

Proof. We construct n MDP models with the same transition model but different safety cost. For each
model, the states consist of a tree with degree A and layer H/3. For each state inside the tree (not a
leaf), the action a; will lead to the ¢ —th branch of the next state. For leaf nodes, they are absorbing

states, and we call them sy, Sg, - - - , ,. Thenn = A"/3 = W > 5.

Figure 2: MDP instance 7

c(s)=05j=1i cs)=05+Aj#1,1i

Figure 3: MDP instance 7;(i = 2)

Now we first define the instance 7 as follows: For each state inside the tree, the safety cost and
reward are all 0. For leaf node, the cost function for state s; are c(s;) = 1/2 + Al{i # 1}. The
reward function are r(s;) = I{i # 1}, which implies that only state s; has the reward 0 and other
states ss, - - - , §, have reward 1. Now we define the instance Tj(2 < j < n). For state inside the tree,
the safety cost and reward are equal to the instance 7;. For leaf node, the cost function for state s; are
c(si) =1/2+ Al{i # 1, j}, r(s;) unchanged. Then for 7;, the state s; and s; (and initial state sg)
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are safe. Then the safe optimal policy is to choose a; at the first step. Thus the safe optimal reward is
H. The MDP instances are shown in Figure 2 and Figure 3.

Denote H' = %H are the rest of length when we arrive at the leaf states s1,--- , s, . Let Rg (7w, T)

represents the regret till step episode K for instance 7 and policy 7, and Ck (7, 7) represents the
violation. For 7y, we can have Cx (w,m) > P, (t1(K) < K/2) - KI;/A, where ¢;(K') means the
times to choose the path to s;. Also, Rx (m,7;) > P (t1(K) > K/2) KQH/.

Applying Bertagnolle-Huber inequality, we have

1
Pr, (1(K) < K/2) + P, (1 (K) > K/2) > 5 exp{-D(Py,  Br)}.
We choose i such that i = arg min; E, [t;(K)], thenby >, Er, [t;(K)] < K,

K

Enlt:(K)] < ——.

By the definition of P~ and P,
D(Pry, Pr,) = H'Er, [t:(K)| DV (1/2+ A, 1), N(1/2,1))
< H'E,, [t;(K)] - 4A%
4K H'A?
< —.
- n-—1

Thus choose A = \/n —1/AKH' < 1, (needn < T)

1 1
Pry (t1(K) < K/2) + Pr, (t1(K) > K/2) 2 5 exp{=D(Pr,,Pr,)} = o
I E (R (m, 7)) < & = BIL < KIU for g| 7, then

24 24
2Ri(m, ) 1
) < — < -,
P, (t1(K) > K/2) < I <3
Thus ) )
P.(t1(K)<K/2)> — — - =
((K) S K/2)2 5o = 2= C
and
KH'A v/ (n—1)KH'
Ck(m,m) > ¢ 5 :C’ (n4 ) =Q(WVSHK)=Q(VSHK),
where n > % O

A.4 Proof of Theorem 5.2

Proof. Construct the MDP 7, 79, - - - , 7, as follows: For each instance, the states consist of a tree
with degree A—1 and layer H/3. For each state inside the tree (not a leaf), the actiona;, 1 < i < A—1
will lead to the i-th branch of the next state. For the leaf nodes, denote them as s1, s, - - - , S, Where

n=(A-1)H"3= % = Q(S) and these states will arrive at the final absorbing state s 4
and sp with reward r(s4) = 0 and r(sp) = 1 respectively. Also, the action a4 will always lead the
agent to the unique unsafe state sy with r(sy) = 0.5 + A and ¢(syy) = 1 for some parameter A’ in

the states except two absorbing states. For all states except the unsafe state, the safety cost is 0.

Now for the instance 7, the transition probability between the leaf states and absorbing states are
p(sa | s1,a) =05—-A
p(sp | $1,a) =05+ A
p(sa | si,a) =p(sp | s1,a) =05 i>2
For instance 7;, the transition probability are
p(sa | s1,a) =05—A
p(sp | s1,a) =05+ A
p(salsj,a) =0.5—2A
p(sp | sj,a) = 0.5+ 2A
p(salsi,a)=p(sp|s1,a) =05 i#1,j
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p(sgls,a)=05-4
p(splsy,a)=05+4
p(sals;a)=p(sgls;a)=05i=2

=~ 0
[}
(=N

p(ssl5y,a) = 054

p(sgls,a)=05+4

p(é‘AlS}-,ﬂ) =05-24

p(sz | sj,a):[].5+2A
p(sqlspa)=p(sgls;,a)=05i+1j

Figure 5: MDP instance 7;

Then if we do not consider the constraint, choosing a4 and getting into the unsafe state sy is always
the optimal action, then define gap,, , , = V;’(s) — Q}; (s, a), then the minimal gap Simchowitz &
Jamieson (2019) is

8P = min{gap, > 0 gapy, .} = H'((0.5+ A7) = (0.5 +24)) > H'(A" = 24).

Thus the regret will be at most O(W) by classical gap-dependent upper bound
Simchowitz & Jamieson (2019). As we will show later, we will choose A = ©(T~'/2) and
A= (9(TQT_1 ), hence the regret will be

S?A-poly(H)logT\ ([ 1za
o (SALIMEIRET) _6 ().

Now if we consider the safe threshold 7 = 0, the violation will be the number of time to arrive
the unsafe state. Now consider any algorithm, if it achieves O(T'~?) violation, they will arrive
at unsafe state at most O(T*~%) times. Since denote T;(K),1 < i < n + 1 as the number of
times when agent arrive at state s; till episode K. Then E,[T},11(K)] < CT'~%. Note that each
episode we will arrive at least one of s;,1 < ¢ < n + 1 once, we know Z;:ll T;(K) > K, and

l—a

S T(K)>K—C-T'"* > K/2when K > (2C)/*H =",
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Now similar to proof of Theorem 5.1, let C'k (7, 7) represents the violation with algorithm 7 =
{m1, -+ , 7K }. Denote H' = %H For 71, we have

KH'A

R (m,m1) 2 Pr (Th(K) < K/4) (A = A)Ex [T 41 (K))

KH'A

> P (Th(K) < K/4) — (A= A)CT

Ric(m, ) > B (T1(K) > K/ TR (A1 = 2B [T, (K)
> P, (Ty(K) > K/4) KZ/A — (A" —2A)CTH e

Also, we have
1
Pry(Ty(K) < K/4) + Pr, (T3 (K) > K/4) = 5 exp{=D(Pr,, P.,)}

Now WLOG we have E, [T;(K)] < 5-5—

= 3(n—1)
D(P,,,Py,) < B, [T;(K)]24° < % 124% = f_Aj
Choose A = \/ﬁ , then
P, (T1(K) < K/4) + P (Ty(K) > /4) > o

Then at least one of 71 and 7; (assume 77) have

H\/K(n-1
Ry (m, 1) > —8((;1 ) _ C(A —28)T @
Choose A’ = T%. Then assume 1" > 2% so that ¢ < %
H.\/K(n-1
Ry (m, ) > # —CT1=/2 = O(HVSK) = Q(VHST).

B Safe Markov Games

B.1 Definitions

In this section, we provide an extension for our general framework of Safe-RL-SW. We solve the safe
zero-sum two-player Markov games Yu et al. (2021).

In zero-sum two-player Markov games, there is an agent and another adversary who wants to make
the agent into the unsafe region and also minimize the reward. The goal of agent is to maximize the
reward and avoid the unsafe region with the existence of adversary. To be more specific, define the
action space for the agent and adversary are .A and B respectively. In each episode the agent starts
at an initial state s;. At each step h € [H], the agent and adversary observe the state s, and taking
action aj, € A and by, € B from the strategy u, (- | s) and v (- | s) simultaneously. Then the agent
receive a reward 7, (s, a, b) and the environment transitions to the next state s, 1 ~ P(sp+1 | 8, a,b)
by the transition kernel P.

One motivation of this setting is that, when a robot is in a dangerous environment, the robot should
learn a completely safe policy even with the disturbance from the environment. Like the single-player
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MDP, we define the value function and Q-value function:

H
VI (s) = Ex lz The (Shey aps by ) |Sp = s,u,v] )
h'’=h
H
v _ _ _ _
h (s,a,b) = Eﬂ- [Z rh/(sh/,ah/,bh/) Sp = S,ap = CL,bh = b,,u,v‘| .
h'’=h

The cost function is a bounded function defined on the states ¢(s) € [0,1],s € S, and the unsafe
states are defined Uy = {s | ¢(s) > 7} for some fixed threshold 7. Similar to the Section 4, we
define the possible next states for state s, step h, action pair (a, b) as

Ap(s,a,b) = {s' | Pp(s" | 5,a,b) > 0}.

Hence we can define the unsafe states for step h recursively as:
Uy, =Up1U{s| Y€ ATbe B, Ap(s,a,b) N\Up+1 # 0}

Then to keep safety, the agent cannot arrive at the state s € U}, at the step 1,2, - - - , h. The safe action
for the agent Ai“f “(s) should avoid the unsafe region no matter what action the adversary takes.

A;(s) ={a€ A| Vbe B Au(s,a,b) Uy = 0}.

Hence a feasible policy should keep the agent in safe state s ¢ U}, at step h, and always chooses

a¢c Aflaf “(s) to avoid the unsafe region regardless of the adversary. Analogous to the safe RL in
Section 4, assume the the optimal Bellman equation can be written as

Q5 (s,a,b) =7(s,a) + Pn(s' | s,a,0)Vy ().

Vi(s)= max minQj(s,a,b).
[0 = _max wnQi0)

If we denote (s, a,b) = —oo for unsafe states s € Uy, fixed an strategy v for the adversary, the
best response of the agent can be defined as arg max,, V' (s1). Similarly, a best response of the
adversary given agent’s strategy u can be defined as arg min,, /" (s1). By the minimax equality,
forany steph € [H| and s € S,
max min V" (s) = min max V""" (s).
poov CEE

A policy pair (p*, v*) satisfy that V,i‘*’”* (s) = max,, min,, V}/"“(s) for all step h € [H] is called a
Nash Equilibrium, and the value V}* V" (s) is called the minimax value. It is known that minimax

value is unique for Markov games, and the agent’s goal is make the reward closer to the minimax
value.

Assume the agent and adversary executes the policy (u1,v1), (p2,v2), -+, (1K, vk ) for episode
1,2,---, K, the regret is defined as
K
R(K) =Y VI (s1) = Vi (s1).
k=1

Also, the actual state-wise violation is defined as

B.2 Algorithms and Results

The main algorithm is presented in Algorithm 3. The key idea is similar to the Algorithm 1. However,
in each episode we need to calculate an optimal policy 7% by a sub-procedure “Planning". This sub-
procedure calculates the Nash Equilibrium for the estimated MDP. Note that there is always a mixed
Nash equilibrium strategy (i, v), and the ZERO-SUM-NASH function in ‘“Planning” procedure
calculates the Nash equilibrium for a Markov games.
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Algorithm 3 Safe Markov Games

1: Input: A} (s,a,b) =0, N\(s,a,b), N}(s,a,b,s") = 0.

2: fork=1,2,--- ,Kdo

3:  Receive the initial state s;.

4:  Update the estimation ¢é(s) based on history and get optimistic estimation ¢(s) = é(s) —
B(N*(s), ) for each state s, where 3 is the bouns function.

5. DefineUy = {s|é(s) > 7}.
6:  Based on AKX (s, a), calculate Uy =UF, | U{s|Va € A, Ax(s,a,b) NUF,, # 0}
. o _ N¥(s,a,b,s")
7: Ph(sl ‘ S,G,,b) = 7;\}5(5’&1)) . A
8:  mf =Planning(k,r, {U}}nem), AE (s,a,b), N¥(s,a,b),P).
9: forh=1,2,--- ,Hdo
10: Take action a}’ such that (a}},b) ~ 7)'(-, | s) and arrive state s} ., ~ P(s | s}, af,bf),
where bi is the action of the adversary.
11: AR (s alk, bF) = Af(sf,ap,by) U {sf 4}
12:  end for

13:  Update Nf™ (s, a,b), Ni T (s,a,b,8"), Af (s, a,b) for all (s, a,b).
14: end for

Algorithm 4 Planning(k, 7, {Uy,} e (s, A(s, a,b), N, P)
Input k, 7, {Up}, A(s,a,b), N, P.

1:
2. forh=H,H—1,---,1do
3: for(s,a,b) € S x Ax Bdo
4 B(NK(s,a,b),0)  TH\/log(5S ABT/6) [N} (s, a,b).
5 Qﬁ(sa a, b) = min{(rh + Zs' ]@E(SI | 5,4, b)vh+1(5/)) + 5(N]{f($7 a, b)ﬂ 5)7 H}
6: end for
7:  fors e Sdo
8: for o € Ado
9: if 3b, Ap(s,a,b) NUp41 # () then
10 (QF)(s,a,-) = —oo.
11: else
12: Q) (s,a,-) = QF(s,a,-),a € Ak(s).
13: end if
14: end for
15: pk vk = ZERO-SUM-NASH((Q%)/(s, -, -)).
16: V}f(s) - anuﬁ(-\s),bwv’}j(~|s)(a7 b)Qh(Sa a, b)
17:  end for
18: end for
In the sub-procedure “Planning", we calculate the (QF)'(s,a,-) = —oo if there exists at least one

adversary action b such that A(s, a,b) NUp41 # 0. In fact, the agent cannot take these actions at this
time, hence by setting (Q)'(s, a, -) for these actions a, the support of Nash Equilibrium policy p¥
will not contains a. Otherwise, the minimax value is —oo, and it means that a is now in L{,’f, then at
this time the agent can chooes the action arbitrarily

Our main result are presented in the following theorem, which shows that our algorithm achieves
both O(v/T) regret and O(v/ST) state-wise violation.

Theorem B.1. With probability at least 1 — 6, the Algorithm 3 have regret and state-wise violation
R(T) = O(H*VSABT)
C(T) = O(VST + S*ABH?),

where A = |A

, B=|Bland S =|S|.
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B.3 Proofs

Proof. We first prove that, with probability at least 1 — d§, Q%(s,a,b) > Q7 (s,a,b) and

ViE(s) > V;#(s) for any episode k € [K]. We prove this fact by induction. Denote D, Q(s) =

Eqp(|s),bro(-s)@(8, @, b). The statement holds for h = H + 1. Suppose the bounds hold for
—values in the step A + 1, now we consider step h.

th+1 (s) = Dw;j QZ+1 (s)

B Supp(u)rgjj’j(’mfe( ) HXD;LQhH( 5)
= uesupg(lj)XgAﬁ( ) uxv, kQhiq(8)

= MEsup;,r;I(lj)XgAz(s) DMXv}kL Q;Lrl (s)

Z pEsuppUDCAL (5) DyxvQh11(8)
= Vita(s),

where AZ’Saf “(s) is all safe action for max-player at episode k and step h it estimated, A} (s) is the

true safe action, and supp(u) = {a € A | u(a) > 0} From our algorithm, we know Ay (s) C A¥(s)
for all time if the confidence event always holds.

Then
Qi (s,a,b) — Qi (5,a,0) = (BRVilyy — PuViiyy + B3)(s,a.b)
> (P = ) (Via)(s,0,8) + BN (5,0,0), )
> 0.
The last inequality is because of the Chernoff-Hoeffding’s inequality. Thus define event
E6 = { Vk,h,s,a,b, Q}(s,a,b) > Qp(s,a,b), ViF(s) > Vii(s)}.
Then Pr{&§} < 6.

Now we start to bound the regret.

K
= Z T Vl'uk’vk (81)
k=1

K
Z Vuk’vk (81)

k=1

Now we first assume vy, is the best response of p;. Otherwise our regret can be larger. We calculate
the regret by

Vi (sh) = Vi (sh)
= Dok (@) (57) = Dpuyoxn Q5" (s)
< Dpupoxon (QR)(57) = Do @ (1)
= Dpuyxun (@ — Q1) (s5)
= (Qh — Q¥ ") (sh, af, by) + aj;
= (Bn = Pu)Viiea (o ap, 0) + P (Vity — Visy™) (s, ak, 03) + BN (s}, ah, 07), 0) + o
< (Vh{g‘i’l foﬁ’:lka) (3§+1) + af 4+ + 2B(NE sy, af, by), 6)

+ (Pr - P)(Vitir = Virer) (i, ais, b)),

where
0‘5 =Pn (VIZC+1 V}fl-s-kka) (Slfcu afm bi) - (th+1 fot.flka) (SZ-H);
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1 = (Duxcon (QF — Q) (sk) — (QF — Q%) (sF)) .

The last inequality is because (P}, — Pr)Viiy (s ap, bF) < B(NE(sf,af,bF),8) by Chernoff-
Hoeffding’s inequality.

Now by the similar analysis in the previous section, with probability at least 1 — 6, the event

& = {Vs,a, b, s’k h,|Pr(s" | 5,a,b) —Pu(s’ | s,a,b)|

o [Pl [sab) | (2PABHKY 2 (2S?ABHK
0 .
- NE(s,a) s § 3N} (s,a) & )

QSZABHK)
)

holds with probability at least 1 — ¢ by Bernstein’s inequality. Then for ¢ = log (

Ph - ]Ph (Vh+1 Vh+1)(sl}27 ah7 bk)
2P, (s' | s,a,b) 2 & .
( NE(s,a) Lt 3N[(s,a) L) Vit = Vi) ()
s sh7ah H. 2 k ,
Ve, =V
( R T ) (Vi)
2H?S.
Py, (V}F Vi ) (sh af) + ——————
H h+1 — Vht1)(Shs O NE(sE, k)
2H?S,
N,’f(sﬁa’,fb)'

| /\

1 v
Eph(vhk-s-l thﬁf k)(#iﬂi)‘*‘

IN

The last inequality is because we assume vy, is the best response of iy and then V;7, | (sF, af) >

Vit O (s, af ). Now we can get

Vid(sy) = VA0 (sh)
1 XD 2H2%S,
<1+ 5 ) (Vi (sh) = VIS5 (s3) + 20 + 295 + 2B(Ng (s, i, 03)5 )+~
H Ny(sg,ap)
and then

2H?S,

H H
Vlk(Sl) a VlukX'Uk (51}2) S Z (1 + ) (20&2 + 2’)/5 + 26(N;’f(52, a’fu bﬁ), (5)) + Nkl kN
Nj (sy,, ap,)

2H2S,

H
<> e (205 + 29k + 28(Nf (sf, a5, b),0)) + oo
Ny (s, ap)

By Azuma-hoeffding’s inequality, with probability at least 1 — 24, Zszl Z,{izl af <O(VH3K),
K H IR
D kel D=1 ’Y}Ii = O(VH?K) and

2

K H K H
(NF(sk, ak bF),8) = TH

O(H. Z NE(sk,ak, bF)
(h,s,a,b)E[H|xSx AxB

< O(VH3SABT).

Note that

IA
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For the violation, the argument is similar to the Theorem 4.2. During the learning process, the
sfy1 & A (s, af,by) can appear at most S ABH times because each time the summation

> A} (5,a,b)]
(h,s,a,b)E[H]xSx AxB

will increase at least 1, and it has a upper bound S* ABH. Thus it will lead to at most S* ABH?
regret. For other situations, the total violation can be upper bounded by O(v/ST'). Thus the final
violation bound is O(S2ABH? + /ST).

O

C Technical Lemmas

C.1 LemmaC.1
Lemma C.1. If

Ke/2 < aVK\/~(K,d) + by(K,8) log(K + 1),
where (K, 0) = 2log(SAHK /) + (S — 1) log(e(1 + K/(S — 1))), then

~ 2 b 1 Sb
KzO((%—i—)log()-i—),
€ € ) €
where (5() ignores all the term log S, log A, log H,log 1/e and loglog(1/9).

Proof. If K < 4, the lemma is trivial. Now assume K > 4, then e(1 + K) < 4K and

v(K,9) < 2log(SAHK/J) + Slog(e(l + K))
< 2log(SAHK/)) + Slog(4K)
< 2S1og(4K) + log(SAH/).

Then
Ke/2 < aVE\/7(K, ) + by(K,8) log(K + 1)
< 2max{aVE+\/v(K,d),by(K,8) log(K + 1)}.

Casel: If Ke/2< Qaﬁ\/v(K, d), we can get

2
K< 16;1

5 (25'log(4K) + log(SAH/6))

2
<2max{3

2Sa 1642
= log(4K),

log(SAH/d)} .

2

2 ~ 2
Subcase 1: If K < %452 Jog(4K) by Lemma C.2, we can get K = O(5%-).

2

Subcase 2: If K < 162 log(SAH/6), we complete the proof.

2

Case2: If Ke/2 < 2by(K,d)log(K + 1), we can get
4b
K< = log(4K)(2Slog(4K) + log(SAH/¢))
4b 4b
< 2max - log(4K)2S log(4K), - log(4K)log(SAH/S) ¢ .
Subcase 3: If K < % log?(4K) By Lemma C.2, we can get K = 6(%)
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Subcase4: If K < 8 log(4K)log(SAH/5), then by Lemma C.2, we can get K = (’3(2 log(1/4))
From the four subcases, we complete the proof of Lemma C.1.
O

C.2 Lemma C.2

Lemma C.2. If K < Qlog*(4K) with Q > 4, then we have K = 5(@)
Proof. Define f(x) = Toz (az)» then f(z) = %%M > 0 when 42 > 3, and f(x) is
increasing over © > 1. Then we only need to prove there exists a constant co > 0 such that

f(e2Qlog® Q) > Q.

In fact, if this inequality holds, any K such that K < Qlog?(4K) should have f(K) < Q <
f(c2Qlog® Q), and then K < ¢2Qlog? Q = O(Q). To prove this inequality, observe that

Qlog” (4c2Qlog? Q) = Q(log 4@ + loglog® Q)*
< 2Qlog®(42Q) + 2Q(loglog® Q)*
< 4Qlog?(4¢2) + 4Q log*(Q) + 2Q log? Q
< (4 log? (4e2) +6)Q log? Q.

where the third inequality is because log> Q@ < @ for Q > 4. So if we choose ¢, to satisfy
co > 4log?(4cy) +6, we have Q log?(4c2Q log? Q) < ¢2Q log? @, which implies f(coQ log? Q) >
Q. O

D Detailed Analysis of Assumption 4.1

In this section, we provide a more detailed analysis of the equivalence between s; ¢ U and the
existence of feasible policy. Indeed, if the agent gets into some state s € U}, at step h, then any action
can lead her to an unsafe next state s’ € Uj, 1. Recursively, any action sequence ay,, ap i1, ,0g_1
can lead the agent to unsafe states sp+1 € U1, ,Sg € Ug. As aresult, the agent cannot avoid
getting into an unsafe state. Therefore, all feasible policies m must satisfy that, at any step h, the
probability for the agent in the state s € U, should be zero under policy 7.

PT(s) =0, Vs €U, Q1)
Recall that
A5y = {a € A| An(s,a) NUns1 = 0}

From these definitions, a feasible policy 7 should satisfy that 7, (s) € A3*(s) for any safe state

s & Uy,. Moreover, for any safe state s;, ¢ Uy, there exists at least one safe action ay, € A‘;“f “(sh)s
and all possible next states sp+1 € A(sp, ap) satisfy sp41 ¢ Up+1. Recursively, there exists at least
one feasible action sequence aj, € A,Slafe(sh)7 -o-Lapg € qu“fe(sH) which satisfies that sy & Uy
for h + 1 < h’ < H. Hence the assumption for the existence of feasible policy can be simplified to
S1 ¢ Z/{l.

E Experiment Setup

We perform each algorithm for 20000 episodes in a grid environment (Chow et al. (2018); Wei et al.
(2022)) with 25 states and 4 actions (four directions), and report the average reward and violations
across runs. In the experiment, we note that the algorithm Optpess-bouns (Efroni et al., 2020b) needs
to solve a linear programming with size O(SAH) for each episode, which is extremely slow. Thus
we only compare all algorithms in a relatively small environment. In the Safe-RL-SW experiments,
we choose § = 0.005 and binary 0-1 cost function. We set the safety threshold as 0.5 for both the
CMDP algorithms and the SUCBVI algorithm.
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For the Safe-RFE-SW experiments, we compare our algorithm SRF-UCRL with a state-of-the-art
RFE algorithm RF-UCRL (Kaufmann et al., 2021) in an MDP with 11 states and 5 actions. We choose
6 = 0.005 and safety threshold of SRF-UCRL as 0.5. We run 500 episodes 100 times, and then
report the average reward in each episode and cumulative step-wise violation. Also at each episode,
we calculate the expected violation for the outputted policy and plot the curves. All experiments are
conducted with AMD Ryzen 7 5800H with Radeon Graphics and a 16GB unified memory.
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