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A Examples of P-equilibria

We now introduce two notable examples of sets ®, namely Correlated and Coarse Correlated equi-
libria.

Correlated equilibria (CEs) are obtained by considering all possible deviation strategies, i.e.,

e = {¢>e 0,11 " ¢(a,b) =1 Vae A}.

beA

This set models a player that can observe its own recommendation and deviate to any other action
with some probability.

Another important class of equilibria is Coarse Correlated Equilibria (CCEs) that are defined by the
set

@CCE:{¢>e[0,1]“4:¢>(a,b):¢(a’,b) Va,a' € ANY  ¢lab) =1 VaeA}.

beA

This models a player whose deviations are forced to be equal for each recommended action a € A.
Intuitively, the player has to decide their own deviation strategy before seeing the recommended
action a. This greatly simplifies the possible deviation since ¢ € ®¢cg can simply be identified with
the marginals it induces.

B Missing proof from Section 3 (hardness)

Lemma 3.2. For each tuple a € A, define the utility of the “left team” as up(a) = ) ;.\ uy (@)
and the utility of the “right team” as ug(a) = ),y Ui (a). Then up(a) = —ur(a).

Proof. The statement follows from straightforward calculations

u(a) = u; (a)
eV
= Z Z A~iL’jR (a‘iu a’jR)
i€V j:(i,j)EE
=3 X W) (e, a5) (A = —(A1)T)
i€V ji(i,j)EE
=— Z Z (A*)"(aj ,a;)  (By swapping the sum and the identity of 4 and j)
i€V j:(i,j)€E
- Z Z AV (aikv ajL)
1€V j:(i,5)EE
-2 > AMMaga) (A = A7)
1€V j:(i,)EE
- Z uiR(a’>
eV
= —ug(a),

concluding the proof. O
Lemma 3.3. Given a z € S, and i € V, it holds that ||m; (z) — M (2)|lcc < v. Moreover,

given a z € A(AW1) and an i € V, the set of safe deviations of player iy is @i’"(z) = {x; :
s, — mig(2)lloo < v}, which guarantees ® (z) # 0.
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Proof. Consider the case j < k:

Cj.(z) =) Cl(a)(a)

acA

- > 2(a) — > z(a)
a€A™:a =j,Qig£j Q€A™ #j,Qig=j

= Z z(a) — Z z(a)
acA:a; —j acAiaipg—;

=my, (2]4) — mi (2|7)

and thus C’fL (2) < v, with j < k implies that m;, (z]j) — mi(2]§) < v. On the other hand
Csz (z) < v, with j > k implies that m;, (z]7) — m;, (2]j) < v which concludes the statement. [

C Missing proofs and additional details from Section 4 (membership)

C.1 Explicit definition of A(2)

The correspondence @ : [0, 1]* = [0, 1]*" is given by Q(Z) = {z : A(Z)z < b(Z)} where

¢
—_
[ Di(3) L 11m
Tye ! ; ; ¢
iy o 1
oy b 1
L Da(2) l
e
A(—Zv) _ : 1; : : c Rn~(m+€+2)><€n
A,
T o I e
| o e
| o1
A T
where D;(2) € R™**is a matrix such that [0, x¢, - -+ , Di(2), -+ , Omxe]z < 0 <= Cij(ﬁ)pi <

0Vj € [m]. In particular, for each 4, only the components of z corresponding to the strategies of the
i-th player matter and correspond to the strategy p;. We define g the flattening function which takes a
product distribution p = ), cn] p; and returns the corresponding “unflatted” vector z while we call

h its inverse. Thus, we can write that D;(g(p))p; < 0,, if and only if C’f (pi®p—;) <0Oforall j €
[m]. Notice that p; — C? (p; ® p—;) is linear and can be written as C? (p; @ p—;) = ¢ (p) " p;, where
¢} (p) € R and each component ¢! (), indexed by a, is given by >, ¢ 4.,. _, C} (a) [z Pre(an).
Consequently, we can take

Dy(%) = : e R™xf"

C.2  Proof of Claim 4.3 and Claim 4.4 from Proposition 4.2

Claim 4.3. The functions z — A(Z)z and % — b(Z) " z defining the correspondence are L-Lipschitz
for every z € [0,1]*™ where L has a representation polynomial in the size of the instance.

20



767
768

770
771
772

773
774

775

776

777

778

779

780

781
782

784
785
786

787
788

790
791

792

793

Proof. First note that b(Z) does not depend on Z and thus is trivially 0-Lipschitz. Thus, we only need
to prove the statement about A(Z). We recall the exact definition of A(Z) given in Appendix C.1.

We analyze the Jacobian of the D;(Z). Any entry of D;(Z) would correspond to a cost j of the i-th
player (rows) and to an action @ € A (columns), and any component ¢ of Z would correspond to
a player ¢ (possibly different from 7) and an action @ € A. Thus, by defining p = h(Z), we can
compute the following
9c;(h(2))a _ 0ci(p)a Opy (@)
0z, Opy(a) 0%

The second term is clearly 1, as the function h just rearranges the components z, while the first term
is easily bounded as follows

aCZ (ﬁ)ﬁ _ 9 ZaeA:m:d C’Lj (Cl,) er[n],kyﬁi ﬁk (ak)
Ipy (a) Ipi (a)
= > Clla) [ prlan)| <0
acA:a, =a,a;=a ken],k#i’ k#i

The following elementary lemma lets us conclude the proof.

Lemma C.1. Let M : RX — R™*"™ be a matrix valued function such that ‘aMTﬁ < C for all
i€ [ml],j€n]k € [K]then
I(M(2) = M(2))2]| < CmvnK||z - 2],
forall z € [0,1]%.
Indeed,
I(A(Z) — AEZ))zI| < € (n) /o - n(m + £+ 2) |5 — |
<2022 ml|z - 2|
and thus L = poly(£™, m,n) concluding the proof. O

Claim 4.4. The operator F : [0,1]'* — [0,1] is G-Lipschitz where G has a representation
polynomial in the size of the instance.

Proof. We can get a simple upper bound on the Lipschitz constant of F’ by bounding its gradient. In
particular F'(z) = (—=Vp,u1(p),...,—Vp, un(p)), where as usual z is the unrolling of the product
distribution p = ®?:1 pi. We can consider any component of F', which will correspond to some

player ¢ € [n] and action @ € A, and consider some component of z which will correspond to some
player j € [n] and some action @ € A. The component of F' selected corresponds to fg;f? ((g We

can then consider the following:

_Pulp) > ui(a) [T pelar)

9p;(a)dpi(a) acAia;=a,a;=a ki, j

%y (p)

and thus W

< /™. The mean value theorem trivially concludes the proof:

1F(z) = FEOI < I Tp @l - Iz = 2l

for some £ on the segment connecting z and z’. Now for any matrix M € R™*™ it holds that
[ M|| < +/mn -sup, ;| M; ;| and thus [|Jp(€)]] < nf™t! = G, concluding the proof. O

. . 1 .
Claim 4.5. Let v/ = min({, T 5-) and € = m, then p is such that

ui(p) > wi(p; ® p—;) — € Vp; € BT (p)
andp € S”.
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First, we claim that p is v-safe. Indeed, ||2%||; € [Il —+/,1 + /] and for each i € [n],j € [m] and

we can directly compute
S i@ TT ()
acA™ J€[n]
then, we can divide the left and right hand side by [[; ¢, |71l > (1 — ¢/)™ and, obtain that:

/ /

J 1% 12
ZC g]pjaj S(1—1/) <1fnz/’gy
J

acAn

where in the last inequality we assumed that v’ < This shows that indeed p € S”.

1+m/

For any v-safe deviation p; € A(A) (i.e. it holds that C’f (pi ® p—;) < v), we can consider Z defined
as z = [24,...,p% ... ,2""]. By the definition of the correspondence (see Appendix C.1) we have
that Z € Q. (2), since Z* = p;, and thus, Z is a valid deviation of QUASIVI and thus

Z C (a)pi(a;) H 2(a;) <V,
acA” jE€[n]:jAi

v

dividing both sides by ;). 127 l1 > (1 — /)"~ we obtain C (j; ® p_;) < G r <v

—v)n=
which holds for every v-safe deviation.

Now, we also claim that p = ® n) Pi satisfies the equilibrium constraints. Since z is a solution to
QUASIVI we have that for all Z € Q (z) the following holds:

F)T(F=2)2— = ZZA 2 1;[ (a))(3'(a) — 2'(@)) = ¢,

which implies that 37, 4 > e ac,—a wi(@) [T 27 (a;)(2'(a) — 2*(a)) < € once we special-
ize to Z such that z = 2 for all j # 4. Rearranging and dividing the equation above by
7 = Myers 1211121 2711 we et

u;i(p) S wi(pi @ p—;i) €

120~ 1#lh g
and since ||27||; € [l —v/,1+ /] forall j € [n] and ||Z%||; € [1 —¢/,1 + /] this implies that
v > (1 —v')"*! and thus 1111(;;) > ul(z{f)f_i) a= ;f/)nﬂ Then, since u;(a) € [0, 1], we get

that u;(p) > u;(P; @ p—;) — (2V + a—v V/)" (1+v )) By taking v/ = mln(4, 1+nu7 21n) and

¢ = Ty We have that 2v' + = (1+ ) < £ + £ < e which concludes the proof.
C.3 Additional technical lemmas

Lemma C.1. Let M : RX — R™*" be a matrix valued function such that
i€ ml],j€n]k € [K]then

1M (2) = M(2))z]l < CmVnK|z — 2],

’ aMl g (z

< C for all

forall z € [0,1]%

Proof. Let {m; : [0,1]% — R"}™, be the functions defining the rows of M and h;(Z|z) =
m;(Z)Tz.  With this notation it is easy to check that V:zh;(Z]z) = J,,, ()72 and thus

[Vzhi(Z|2)[| < [[Jm, (G)]l[[2] < CVmnK.
By the mean value theorem, we have that for some £ in the segment connecting Z and z’, we have
|(mi(2) = my(2)) "2 < [[Vzh(€2)]| - 12 - 2]
<CVmnK|z-Z|

SSince :r— > x — 2y foreach z,y € [0, 1].
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g20 Finally,

I(M(2) — M(2))]|? ((ma(2) —mi(2) " 2)

.

IA
QU

m*nK|z — 7 |?

g21  concluding the proof.
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