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Abstract

The growing size of models and datasets have made distributed implementation
of stochastic gradient descent (SGD) an active field of research. However the
high bandwidth cost of communicating gradient updates between nodes remains
a bottleneck; lossy compression is a way to alleviate this problem. We propose a
new unbiased Vector Quantizer (VQ), named StoVoQ, to perform gradient quan-
tization. This approach relies on introducing randomness within the quantization
process, that is based on the use of unitarily invariant random codebooks and on
a straightforward bias compensation method. The distortion of StoVoQ signif-
icantly improves upon existing quantization algorithms. Next, we explain how
to combine this quantization scheme within a Federated Learning framework for
complex high-dimensional model (dimension > 10°), introducing DoStoVoQ. We
provide theoretical guarantees on the quadratic error and (absence of) bias of the
compressor, that allow to leverage strong theoretical results of convergence, e.g.,
with heterogeneous workers or variance reduction. Finally, we show that training
on convex and non-convex deep learning problems, our method leads to significant
reduction of bandwidth use while preserving model accuracy.

1 Introduction

In this paper, we consider the Federated Learning framework, in which a potentially large number
K of workers cooperate to solve the following problem:

K
min 0), 1
eeRDk=1fk( ) (D
where each function f;, : RP? — R represents the empirical risk on worker k € [K] (where [K] =
{1,...,K}) and D is the ambient dimension of our problem. Each worker potentially holds a
fraction of the data, and can share information with a central server, which progressively aggregates
and updates the model accordingly [20} [19].

Stochastic gradient algorithms [32] are particularly well suited in the large scale learning set-
ting [6, [7]. The methods can easily be adapted to the distributed (and more generally federated)
learning framework; see [19]] and the references therein. For synchronous distributed Stochastic
Gradient Descent, at every iteration, given the current parameter 6;, each worker computes an un-
biased estimate gk7t+1(9t) of the gradient of the local loss function f. The central server then
aggregates those oracles and performs the update.

Communicating the gradients from the local workers to the central server is often a major bottleneck.
The drastic increase both in the number of parameters and of workers over the last years, has made
this problem even more acute. Alleviating the communication cost is one of the crucial challenges of
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federated learning [[19, Sec. 3.5]. A central idea to tackle this issue is communication compression,
which consists in applying a lossy compression to the parameters or gradients to be transmitted.
Since compression alters the message transmitted, the number of iterations required to reach a given
accuracy may increase, therefore compression is of interest in situations where the communication
gains are large relative to the increase of communication rounds. The design of new compression
schemes (see among others [34} [2, 4] 15| [39]) and the adaptation of the learning algorithms to this
setting (see e.g. 37, 1} 140} 38} 141) 251 130} [13} 12} 23] and the references therein) are an extremely
active field of research.

Our main contribution is to introduce a novel unbiased vector quantization procedure allowing to
reach high-compression rate, with a small computational overhead. More precisely, our contri-
butions are as follow: first, we introduce StoVoQ, a vector quantization algorithm based on unitarily
invariant random codebooks to automatically obtain directionally unbiased gradient oracles, and
introduce a scalar correction function, that makes compression operator unbiased for a very modest
computational cost. We further provide theoretical guarantees on the distortion of the compressor.
In summary, StoVoQ algorithm is based on the following points, that are developed in Section 2]

1. Vector quantization The input vector z € R¢ is mapped onto its nearest neighbor in a codebook
Car = {eiHs.

2. Random codebook. A new codebook is sampled every time a new quantization operation is
performed. The proposed approach is different from classical random VQ which typically uses a
random codebook, but which is sampled once and then kept fixed.

3. Bias removal. By relying on unitarily invariant distribution for the codewords generation, the
quantized value of each vector 2 € R? is directionnally unbiased. The bias only depends on
the number and distributions of the random of codewords and on ||z||. This key property allows
to derive a simple way to remove the quantization bias.

Then, we describe how to use StoVoQ within the FL framework: this yields the algorithm DoStoVoQ.
We prove that this process satisfies a strong assumption on the compression process, that allows to
automatically derive fast convergence rates. In SectionE], we describe DoStoVoQ, i.e., how we solve
the optimization problem (I)) in dimension D.

4. Splitting and renormalizing gradients. First, we split each gradient to compress into buckets
(2;)i=1,... 1, of dimension R, to use StoVoQ for each bucket.

5. Synchronisation of random sequences of codebooks. We ensure that those codebooks are
independent, at each step and between each machine, by generating a new codebook each time.
To avoid any subsequent communication cost, we synchronously generate the codebooks on the
central and local servers, by initially sharing random seeds.

Remark that point 1 was also used in Dai et al. [8]. Points 2 to 3 and 5 are novel ideas that have not
been leveraged in the FL framework. Finally, we demonstrate the effectiveness of random codebook
quantization for gradient compression by extensive experiments in Section 4] on standard bench-
marks like ImageNet or CIFAR10.

2 StoVoQ algorithm

Several compression operators [39} 131110} 4] |8, 141} [42]] have been introduced recently as bandwidth
reduction for distributed learning became a major challenge. In this section, we first discuss the
importance of unbiasedness of compression operators in Subsection[2.1] We then present the StoVoQ
compression scheme in Subsection[2.2] Finally, we compare StoVoQ to competing approaches, both
theoretically and empirically on a small scale example with a high compression rate.

2.1 Unbiased gradient estimate to mitigate high compression rates

We here discuss an important property to mitigate high compression rates in FL settings. A com-
pression operator Comp is a (random) mapping on R, Consider the following assumption:

A1 (Unbiased Compression with relatively bounded variance). A compression operator Comp
is unbiased if for any x € R%, E[Comp(z)] = z. It is said to have a w-bounded relative variance,
for some w > 0, if it satisfies, for all x € R, E[||Comp(z) — z||?] < wlz|



83
84
85
86
87

88
89

90
91

92
93
94
95

96

97
98
99

100
101
102

103

104
105
106
107

109
110
111
112
113
114
115

116
117

118
119
120
121

122
123
124
125
126
127
128

The most classical compressors, especially Q-SGD and Rand-H satisfy A [T] with different w, see
Subsection [2.3] and Table On the other hand, some compression operators are biased, i.e.,
E[Comp(z)] # x for some € R. Those operators are often deterministic, as is the case for
Top-H compressor. The most classical assumption for biased operators, is the following contrac-
tive property along the direction of descent [37} 5, [12]]:

A2 (Biased Compression with contraction). For 6 > 0, a compression operator is said to be
1/(1 + &)-contractive if for any v € R%, we have E[||Comp(z) — z|]] < (1 — 1/(1 +6))||z].

Constants w and d from these two assumptions are both positive, and become larger as the compres-
sion rate increases. Alternative assumptions for the biased case have been introduced in [3]].

Impact of unbiasedness on the compression of a single VectorE] To understand the interaction
between the number of workers K and the compression error, a simple situation is the case in
which the workers use independent and identically distributed compression operators (Compy,)K_;
to compress the same vector x € R?. The central node aggregates {Comp,(z)}< | into

K1 25:1 Compy, (). A bias-variance decomposition of the quadratic error gives:
1K _
E[| K~ 35, Compy(2) — 2[*] = |E[Comp, (z)] — 2> + K ~'|E[Comp, ()] — z[|].

The variance of the aggregated vector is reduced by a factor K ! when averaging the messages
send by the K workers, while the bias is independent of K. For example, if we use an unbiased
compressor satisfying A[T] we get

E|K-1 Zszl Compk(x)} =z, E [Hx—K‘l Zszl Compy, (z H } (w/K)||z|I?, ()

while for a deterministic biased compressor, we obtain that K ! Zszl Compy(z) = Comp, ()
has the same error as any of the individual compressed vector. We therefore pay particular attention
to obtaining an unbiased compressor in the following.

2.2 StoVoQ definitions and main properties. Algorithm 1: StoVoQ with distribution p

The basic idea behind VQ is to quantize a vec- Input : z € R% p, M, P, seed s

tor rather than each of its coordinates. A Vec- Output: Codeword index i., value i,

tor Quantizer is a mapping VQ(-, Cps) : R? — 1 Sample C; ~ p with seed s ; /+ generate
@ps which maps z € R? to an element of a codebook with distribution p */

codebook @, which is a finite subset of R? 2 ¢= VQ(z, 657\4); /* perform Voronoi quant. */
with M elements. The code of StoVoQ is pro- 3 ic = index of ¢; /* get index of codeword */
vided in Algorithm [T} and its crucial steps are 4 7 = rhr(lz]); 7+ £ina radial bias in table */
described hereafter: we introduce the notion 5 i, = SQ(T’l) ; /% quantize © on P bits */

of (a) Voronoi quantization scheme before de-
scribing more precisely (b) random codebooks, (¢) whose distributions are invariant by unitary trans-
forms. Then, (d) a method to obtain an unbiased Voronoi scheme is presented and finally (e) its
asymptotic properties (as M — o0) are given.

(a) Voronoi Quantization. Voronoi quantization [26} 28||, aims at selecting the closest codeword
from Gy, ie.:

VQ(z, Cpr) £ argmin e, |z — |- 3)
Unfortunately, for any given Cj;, the Voronoi quantizer is not unbiased: indeed it is deterministic
and VQ(z,Cps) # z if ¢ & Cpr. A classical approach to construct a bias-free VQ is to use the
optimal “dual" VQ (or Delaunay quantization) [27]], but this approach is numerically expensive (see
Subsection @ To mitigate the bias, we rather use random codebooks.

(b) Random Codebook. A key ingredient of StoVoQ is the use of a random codebook within the
quantizer. We assume Cp; = [C1, ..., Cys] where the codewords {C;}} | are i.i.d. random vectors
distributed according to p, the Codeword distribution pdf. We denote C;; ~ p and use boldface
to stress that € is random. When quantizing a sequence of vectors {z;}°, C R? we sample
for each t € N a new codebook C;: ~ p, compute VQ (x Cpr,+) and transmit the index of the
corresponding codeword i., € [M]. The codebook €y, is not transmitted: the transmitter and
the receiver use the same seeds so that the same codebooks C M+ can be reconstructed on both sides.

'The impact of unbiasedness for obtaining optimal convergence complexities in FL is discussed in Section
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(c) Unitary invariant Codewords. Denote by U(d) = {U, U*U = I} the set of unitary transforms
over R?. We assume in the sequel that the codeword distribution p is unitary invariant, meaning that:
A3. The distribution of the codewords p is invariant under the unitary group, i.e. for all U € U(d),
and any x € R%, p(Ux) = p(z).

Examples of such distributions include isotropic Gaussian distributions (p = N(0,021,), 02 > 0)
and the uniform distribution on the Sphere (which is specifically discussed in Appendix[D.T)). Under
A there exists a non-negative function p,.q on R such that, for all z € RY, p(x) = praa(||z|)).

(d) The quantization bias is radial. Under A [3] we have the following crucial unitary invariance
property. For A C R, and U € U(d), we write UA = {Uxz,z € A}.

Lemma 1. Assume A For any nonnegative measurable function f, any U € U(d) and x € RY,
Eeynplf (VQUz, Cr))] = Eepynplf (U VQ(2, Cor))]-

The proof is postponed to Appendix [AJ3]  Tak- Y'Y pu— -

ing f(x) = x, the previous result implies that
for any + € R? and U € U(d), it holds that o8
Eeuynp[VQUz, Crr)] = UEe,~p[VQ(z, Car)]. A
direct consequence of the elementary Lemma [3]is that
the quantization error is radial: 04
Theorem 1 (Quantization bias). Assume A 3] Then,

for all M € N, there exists a function rﬁ[ Ry — T
R+ Such thatfor all T 6 Rd’ EGAINP [VQ (‘rI/-’ eﬂ{)] _ 0.0 25 5.0 7.5 Rlal]d.i(‘)‘Is 125 150 175 20.0

p
ra(llz])a- Figure 1: function 7}, for d = 4 (dashed)

The proof is postponed to Appendix [A-4] g?g(grjnég)(ssrﬁidg\’éfp—: ;}{)’(((g))riléi )and M =

In words, the expectation of the quantized vec-

tor VQ(z,Cyps) is colinear to the vector z, i.e.,

VQ(z, Cyr) is directionally unbiased. Moreover, this radial bias only depends on ||z||, M and
the distribution p. This function is intractable, but it is straightforward to pre-compute it using
Monte-Carlo method. We display 7%, for p = N(0,1,) in Figure|l} Consequently, we can remove
the bias of VQ(z, Cys) by re-scaling the corresponding codeword by 1/7% (||z|)).

We now analyze the quantization distortion for a given z € R vector. We need to strengthen the
assumption about the distribution of the codewords. Consider the following assumption

Ad. (1) there exists € > 0 such that [1r*Tpq(r)dr < oo (2) for some 6 > 0, ms =
inf, <5 praa(r) > 0, and (3) praa is unimodal, i.e. the super level sets {r € Ry, praa(r) > t},
fort > 0 are convex subsets of R...

AE|is obviously satisfied if we take p = N'(0, 02 1) for any o2 > 0.
Theorem 2. Assume AA Define Cy = 7= 'T'(1 +2/d)T'(1 4 d/2)?/?. Then, for every x € RY,
lim M "Ee,, sl VQ (@, €31) — ] = Caprpfl“(lal)

M — o0
The proof is postponed to Appendix Note that Cy =4, d/(2me) hence C; grows only
linearly with the dimension d. We can now exploit this result to control the radial bias as a function
of ||z||. Since |78, (|z]]) — 1| < ||z H{Ee,~plll VQ(z, Car) — z||2]}1/2, Theoremshows that

. 1/2 —1/d
tim sup Mo (o) = 11 < G prod (2l /1]

In other words, for any x € R, the radial bias r%,(||z||) approaches 1 as M — oo with a rate

O(M~*/4). We use an a scalar quantizer SQ to transmit 1/7%,(]|z||). Because the range of values
taken by 1/7%,(||z||) is limited, a small number of bits P is sufficient (we typically use P = 3
bits). The total number of transmitted bits is log, (M) 4 log, (P). We use a random unbiased scalar
quantizer (see e.g. [8, Eq. (2)]), a random mapping for R — Sp an ordered subset of R with P
elements. A scalar quantizer is said to be unbiased if E[SQ(r)] = r for all » € R. Assuming that
SQ is independent of Cy/, we get for all z € RY, E[SQ(1/r%,(||z]))|Ee~p[VQ(x, Car)] = x. To
save space, we present the details of the scalar quantization (based on nonuniform random dither)
methods is presented in Appendix [B.1]
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(e) Random vs. Optimal codebooks: We finally motivate the choice of random codebooks and
describe how to choose the codevector distribution p. For a given pdf ¢ of the input the (quadratic)
distortion is defined as:

Dist(q,Cnr) = /Rd lz = VQ(z, Car) | g(2) dz = Ex [ X = VQ(X. Ca0) ] @)

We stress that in this case the expectation is taken w.r.t. the input distribution ¢, the codebook being
deterministic in @). A Voronoi optimal codebook €%y is a minimizer of the distortion over the set
of codebooks: Dist(q, C%;) = min|e,,|=ar Dist(q, Car). Zador’s theorem [14] gives the distortion
of the Voronoi optimal codebook in the limit of M — oo; see Appendix [C.I] for a precise state-
ment. Denote for 3 € R, and a function f on R, ||f|ls = (J |f(2)|?dz)'/?. Tt is known that
if [|glla/(da+2) < oo, then as M — oo, Dist(q, Car) &2 M ~2/%J4(|q|la/(a+2). and Jq is a universal
constant J; satisfying J; &4, d/2me (see Appendixfor the exact constant).

Using Theorem [2] we can quantify the loss between random codebook distributed according to p
and the Voronoi optimal codebook for a given input distribution ¢ when M — oo. Define

Cla.pnd) = [ pla)™*/g(a)da. ©

If [|qllq/(a+2) < oo, using the Holder inequality with negative exponents (see [16, p. 191] and
Appendix (C.3)),it holds that C(q, p, d) > [|q/|a/(a+2)-

Theorem 3. Assume that p satisﬁesAA lglla/(ar2)y < 0o fga llz]*TPq(z)dz < oo for some
0 >0, and C(q,p,d) < oo. Then,

A}KHOCEGMNP [DiSt(Q7 GJV])]/ DiSt(Q7 G(II\}I*) = Cyd‘]d_1 C(Qapv d) ||qH;/1(d+2)‘ (6)

with Cq defined in Theorem 2] Moreover, assume that input distribution q satisfies A BtA [} and
set the codeword distribution py 4. = q¥ 2 (z)/ [q¥/ (42 (z)dz. Then, C(q,pgaxd) =

and/(d+2)-

The proof is postponed to Appendix [C.2] In words, under general assumptions, the distortion
achieved by a random quantizer VQ(-,Cps), Cps ~ p is rate optimal (with rate M -2/ 4y, If
in addition ¢ is unitarily invariant and unimodal, then a random codebook distributed accord-
ing to pg 4« reaches the optimal distortion bound, up to universal constants (depending only on
the dimension d). Moreover, as d — oo, then Cde_l Ri00 1 and the efficiency gap van-
ishes. As an illustration, assume that the input distribution is standard Gaussian ¢ = N(0,14)
and set the codeword distribution to be po, = N(0,a?1;) where o € R%. If a®d > 2, then
C(N(0,14),N(0,021y),d) = 2ma?{a?d/(a’d — 2)}%? and ||N(0,14)||*+tD/2 = (27)(1 +
2/d)**2/4, The function o — C(N(0,14), N'(0,a%1,), d) has a unique minimum at a2 = 1 +2/d
for which C(N(0,14), V(0,02 1,),d) = |IN(0,14)||3T%9/2 showing that a random codebook sam-
pled from N (0, 2 1) is optimal. It is interesting to note that the variance of the codeword distribu-
tion should be (1 + 2/d) larger than the variance of the input distribution A/(0, I,).

2.3 Related works

We compare StoVoQ with competing (random) compressors; additional details are given App. [A.T]

QSGD. Alistarh et al. [2] compresses each coordinate of the scaled vector x/||z|| on s+1 codewords.

QSGD is a scalar quantizer which requires O(v/dlog,(d)) bits in its highest compression setting
(s = 1, only two possible levels for each coordinate). The vector norm is transmitted with full
precision ||| (16 or 32 bits). This is in general substantially higher than the number of bits used by
VQ methods. In deep learning problems, it reduces the communication cost by a factor of 4 to 7 [2,
Sec. 5].

Top-H/Rand H. Achieving higher compression rates is possible through sparsification operators,
that only transmit a few coordinates. The most popular schemes are Top-H and Rand-H com-
pressors, that respectively map the vector to either its [ largest coordinates, or a random subset
of cardinality H, rescaled by d/H to ensure unbiasedness. Top-H is a biased operator, and the
performance of Rand- 1 are poor on deep learning tasks [S, Figures 4 and 5].
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Table 1: Per iteration communication complexity of most frequently used algorithms in dimension
d. Constants H and M respectively correspond to a number of coordinates to be transmitted and a
number of codewords, they are chosen by the user.

Uncomp. Scalar Quantization Vector Quantization
SGD Sign QSGD s> Top-H Rand-H Polytope [10] HSQ-span [8] HSQ-greed [§ StoVoQ DoStoVoQ
#bits 32d d 32 + s\/dlogy(d)  32H 32H log,(2d) log, (M) log, (M) log, (M) log, (M)
Unbiased - v v v v v v (Th|
Allw+1) - - Vs - d/H d d - O(M~%/%) (Th
Ablo+1) - - - d/H - - M/0min(C) -

HyperSphere Quantization (HSQ). HSQ was introduced by Dai et al. [8]. Two versions are con-
sidered: (1) a - greedy- Voronoi VQ referred to as HSQ-greed in Table (1} which is biased, and for
which the theoretical guarantee provided in the paper (in their Lemma 3 and Theorem 3, which cor-
responds to a variant of A [2and the subsequent convergence rate) worsens as M increases, making
it mostly vacuous; (2) an unbiased version VQ (HSQ-span), which uses a minimum-norm decom-
position of € Span(Cys) the linear subspace generated by the codewords - this version suffers
from a large variance (see Table[7) and potentially an ill-conditioning. Moreover, the performance
of HSQ-span does not improve with M.

StoVoQ builds on HSQ-greed, that achieves high compression factors (up to 60-100 to obtain close
to SOTA performance on CIFAR10), while preserving a good flexibility w.r.t. the compression
level. StoVoQ approach allows to remove its inherent bias and provide a much stronger convergence
analysis: our approach is the first vector quantization scheme to provably benefit from an
increasing number of elements in the codebook ) (and obviously benefits from the number of
workers K, as it is unbiased).

Dual Quantization and Cross-polytope. An approach to constructing unbiased VQ is to use
the dual VQ, also referred to as Delaunay Quantization (DQ); see [27]. DQ is unbiased for any
2 € ConvHull(Cyy), the convex hull of €;;. DQ requires to compute the barycentric coordinates

for z € ConvHull(Cyys), that is to solve (AT, ..., A},) = argmin,, ,, [lv — Zf\il Aici||?, un-

der the constraints A\; > 0, Zgl A; = 1. The quantizer is obtained by drawing a codeword c;
with probability [A7,...,A%,]. Computing the barycentric coordinates is in general very demand-
ing unless €, has a very simple structure (see Appendix [B| for details). The Cross-Polytope
method Gandikota et al. [10] is a simple instance of DQ, with a codebook Gch composed of the

2d canonical vectors { £ Vde; = £(0,...,0,v/d,0...0),i € [d]}, that relies on the inclu-

sion By(0;1) C B1(0;v/d) = ConvHull(CST). The barycentric decomposition can then easily
be computed. Unfortunately, this method suffers from a large variance, as the quantization error
| VQ©F (x, Cpr) — || of any z is lower bounded by v/d — 1, which means the error has the same
quadratic error than the Rand-1 compressor.

Table [g summarizes the number of bits required to exchange the compressed value of a vector
x € R? for the compression methods considered in this Section, as well as the assumptions they
satisfy.

Numerical comparisons: In Table |/} we compare the distortions achieved by the compression
methods given in Table |1|for a communication budget of 16 bits for d = 16 and assuming that the
input distribution is ¢ = A(0,1;). The compression factor is 32 (assuming 32 bits floating point
per coordinate). Such a compression rate is out of reach for QSGD, that requires, even for s = 1 at
least v/d log(d) 4+ R bits, where R is the number of bits to encode the norm (32 in [2]]). For QSGD we
have quantized the norm (using an uniform quantizer) on 3 bits and obtained an averaged distortion
of 36.10 (for K = 1) and 1.82 for (K = 20) - the total number of bits is 19-. We use H = 2 for
Top-H and Rand-H and use a scalar quantizer with 8 bits. For HSQ, we use 6 bits for the norm,
using the unbiased uniform quantizer given in [8] and a Voronoi optimal codebook for the uniform
distribution on the unit-sphere with M = 2'° codewords. For StoVoQ we use a random codebook
with M = 2'3 codewords; the codewords are sampled from a N'(0, (1 + 2/d) 1), and 3 bits are
allocated for the scalar quantization of 1/r%, (the inverse of the radial bias). Finally, we average the
result of 2 independent compressions for Polytope (following the replication technique described
in [T0]). We use n = 10* vectors, and report in Table [7| the distortion and sample variance. For
StoVoQ with K = 20, the codebooks of the different workers are independent.
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Table 2: Distortion for Gaussian inputs, for a fixed budget of 16 bits with d = 16.

Method Sign [4] Top-2 Rand-2 Polytope [10] HSQ-span [8] HSQ-greed [8] StoVoQ

# Bits (obj =16) 16 2x8 2x8 log,(2 x 16) x 2+ 6 logy(2'%)+6  log,(21%) +6  log,(2'3) +3
Unbiased v v v v
K=1 6.21 (0.02) 8.40 (0.04) 102.8 (0.9) 113.9 (0.6) 146.9 (0.6) 9.03 (0.04) 6.97 (0.02) :
K =20 6.26 (0.02)  8.76 (0.04)  5.40 (0.04) 5.98 (0.03) 7.58 (0.04) 9.10 (0.04)

3 DoStoVoQ algorithm

We illustrate how the StoVoQ compression scheme can be implemented in FL. To avoid cumbersome
technical details, we focus here on the Federated-SGD algorithm. At iteration ¢ + 1, each worker
computes a stochastic gradient g, .1 of the loss f; at the current model 6;, compresses it into
Gk.t+1 = Comp(gx,++1) and send it to the central server, that performs the update step 6, = 6;_1 —
v/ K Z,[le gt~ The code of the resulting algorithm, DoStoVoQ-SGD, is given in Algorithm At
iteration ¢ + 1, the crucial steps are:

1. Worker k € [K] computes the norm ||g+1| of the D x 1 gradient gj ,+1 and then splits the
scaled gradient gy 411 X \/5/||gk1t+1|| into L-buckets of size d: gi 141 X \/5/||gk7t+1|| =

[b}m INTERE ,.bﬁjt 1) The norm || Ih,t+1 || is transmitted to the central node using a high-resolution
scalar quantizer (or without quantization).
2. Each worker quantizes the buckets {b,lC PP b,% : +1} using StoVoQ. Independent code-

books {Cas k,t+1}ke[k)] are used to ensure that the quantizers remain conditionally indepen-
dent (see below for a precise statement). The double stochasticity (each worker uses random
codebooks, which are independent between workers and across iterations) motivates the name
DoStoVoQ. At iteration ¢, the same codebook is used for all buckets of worker k. Formally,
for ¢ € [L] we apply (in parallel) StoVoQ(bf;H_l,p, M, P, sy, 1+1), with a sequence of different
seeds (Sy,¢+1)ke[k],t>0- This sequence is shared between the workers and the central node at
initialization.

3. The central node computes (G ¢+1)kekx from all messages received, performs the update on
(0¢)¢>, and broadcasts 6;11 to the workers.

These steps would similarly allow to incorporate StoVoQ within any of the advanced FL algorithms,
and Theorem []is the crucial assumption to derive the convergence rates, as described in Section 2]
Natural extensions to DoStoVoQ-Fed-Avg, DoStoVoQ-DIANA and DoStoVoQ-VR-DIANA are pro-

vided in Appendix

Bias and variance of the com- Algorithm 2: DoStoVoQ-SGD over T iterations

pressed gradient with K workers. Input : 7 nb of steps, (7;)¢>0 LR, 6o, p, M, P ;
Consider the two filtrations (F;);>0 Output: (6;)¢>0 B

and (Gy)i>o defined recursively as 1 fort = 1,...,T do
ngHOWS Fo = ? %@) and ]fcor 3 [Z]}% 2 | wg sends 6, and different seeds s ; to each wy;
t+1 = Ft Vo({gret1,k € [K 3 (fork=1,...,K do
and Fiyq = Gi1 V J({gk,t—O—la ke 4 Compute local gradient gy, ; at 0;_1;
[K]}). With these notations, for any Split gi.c X vD/|gic| on B oo bE ]
t > 0, 0; is F;-measurable. '
) ) 6 | |for{=1,... L (inparallel) do
Thgorem 4. At any iteration t + ‘ (5oL, iLR0) = StoVoQ(bl ,, p, M, P, sp.4)
1 in DoStoVof, the K compressed s | |end ’
stochastic ~ gradients (Jr,t+1)ke[K] Send kil stk )
are (i) independent conditionally ° end ({gx.q[[, (™", i"") ) t0 wo 3
to Gyi1 (ii) conditionally unbiased, 10 end A
ie, for all k € [K], we have 1 |Reconstruct (jr.¢)rek :
E [Gkt+1]Ger1] = k41, (iii) sat- 12 | Update: 0, = 0,1 — v+ 22{:1 Jht s

isfy the relatively bounded error con- 13 end
dition of A[l} i.e. there exists a con-
stant wyy such that, for all k € [K): E [||Gk,t41 — g1 [1? | Ger1] < warllgrsr ]|

Moreover, wyy decreases with the number of codewords M and the P, as wyy = O(M -2/ d) +
O(2=F) [the dependence on p, d, and D is made explicit in the proof].
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The first statement stems from the fact that each bucket is quantized using StoVoQ which is unbiased.
The second statement is more challenging; proof is postponed to Appendix [A.5] We stress that this
result differs from Theorem 2} which corresponds to the distortion of a source with distribution g.

Convergence results. Theorem [ proves that our compression method satisfies the assumptions
needed to obtain fast convergence rate, for DoStoVoQ-SGD, and for its variants DoStoVoQ-(VR)-
DIANA. Consider a Smooth and Strongly Convex (SSC) function F' = Zszl fx, with condition
number k > 1. We measure the complexity of the algorithm by the number of iterations ¢ required
to obtain a model 6, such that E[F'(6;)] — mingp F' < €. The result of VR-DIANA [17], which
provides a complexity of Oy, o (/{ (1+wy/K) log(e’l)) [17} Corollary 2], applies to DoStoVoQ-
VR-DIANA.

Convergence rates for DoStoVoQ-DIANA (without VR), and on non-convex optimization problems
can be obtained from Horvéth et al. [17, Corollary 1,3,4]. As in the strongly-convex case, complex-
ities increase by a factor depending on (1 + wjys/K) w.r.t. uncompressed algorithm. Intuitively, the
impact on the optimization complexity of a high compression is mitigated by the number of workers,
which supports the use of independent and unbiased compressors when the number of workers is
large and high compression factors are required.

Indeed, these complexities can be compared to: (1) the one of uncompressed variance reduced
distributed methods [9]] that achieve a complexity of O, (Ii log(e_l)) (in the SSC case); (2) the
complexity for biased compression operators satisfying A[2] Beznosikov et al. [5, Theorem 13] that
obtain O o0 (k(1 + &) log(e~1)) for compressed GD (independently of the number of workers);
(3) the complexities of compressed SGD methods with error feedback in [IZEI, that also have no
dependency on the number of workers. Overall,the unbiased character is crucial to mitigate the
variance increase resulting from high compression rates.

4 Numerical experiments

4.1 Least Squares Regression (LSR)

We consider a least-squares problem with n =

214 samples, a bucket size d = 16, D = 2°, and 107 4
K = 32 workers; each worker has access to a
subset m = 21 samples (picked with replace-
ment) to introduce a dependency in the data
used by the workers. For i € [n], we assume
X; ~ N(0,1p) and Y; ~ N(X, w,, 1) where
we € RP. We solve inf,cgp > 1y [|Vi — 1074
X.Tw||? via a gradient descent with step size

1/aL where « is fine-tuned for each quanti- 0 2 2 6 8 10
zation method and L ~ 2n is the smoothness Nomber of frerations

constant. We use DoStoVoQ with M = 2'3 Figure 2: Comparison between GD (blue),

codewords sampled from A/(0, (1+2/d) I4) for HSQ-greed (orange) and DoStoVoQ (green), on
DoStoVoQ and M = 2! on the unit Sphere for , [ SR problem in dimension D = 29.

HSQ s.t. the number of bits transmitted at each

round by the worker is set to 16 (see Table [7).

Figure[2]reports the excess-log of the train loss over T' = 10 iterations, for a standard GD. DoStoVoQ
outperforms HSQ-greed: indeed the linear convergence rate of distributed GD is faster for an unbi-
ased compressor than for the biased approach.

10t 4

100 4

log(excess train loss)

4.2 Applications to Deep Neural Networks training

Setting. We now describe our experimental framework for training two standard models of Deep
Neural Networks: a VGG-16 [35] and a ResNet-18 [15]. We follow the standard procedure of
training those models both on CIFAR-10 and ImageNet; the hyper-parameters are fine-tuned to
optimize the accuracy without quantization. We do not compress the affine constant part of the
affine convolutional layers and batch normalization layers. We apply independent DoStoVoQ on

2authors provide complexities for 10 algorithms in Table 1, with Error Feedback and under A



361
362

363
364
365
366
367
368
369

370

371
372
373
374
375

376
377
378
379
380
381
382

383
384
385
386
387
388

389
390
391
392
393

Table 3: Average accuracy over 5 experiments, after 100 epochs on CIFAR-10.

Algorithm SGD QSGD QSGD QSGD HSQ HSQ Dos. Dos.
2bits 4bits 8bits d=16 d=8 d=16 d=8

Raw bits per bucket 32d Vdlog(d) log(d)

Effective Compression factor 1 ~ 13 ~8 ~4 34 17 38 20

K =1 worker 919 917 92.1 91.9 92.0 92.0 92.0 92.1

K = 8 worker 920 918 91.8 92.0 91.8 92.0 91.8 92.1

Table 4: Distortion for on a subset G of the gradients of a layer of CIFAR-10, for a fixed budget of
16 bits with d = 16.

Method Top-2 Rand-2 Polytope [10] HSQ-span 8] HSQ-greed [8] DoStoVoQ
#Bits(obj=16) 2x8 2x8 logy(2x16)x2+6 1logy(219)+6 logy(2')+6 log,(2'3) +3
Unbiased v v v v
K=1 0.0022  0.025 0.028 0.034 0.0021 0.0026

batches of 32 buckets of size d = 16 (i.e. we transmit a high-resolution norm for D = 32-16 = 512
coefficients).

CIFAR-10. We use the implementation of HSQ [8]]: the batch size is 256 for CIFAR-10, the
total number of epochs is 100, the initial learning rate is 0.1, which is divided by 10 and 50 at
epochs 51 and 71. We report the accuracy of DoStoVoQ, QSGD, and HSQ-greed in table E} By
design, the compression factor of Q-SGD for d = 16 is 13, which is significantly less than HSQ
or DoStoVoQ. Both HSQ and DoStoVoQ perform similarly and the accuracy gap between the two
methods are under the sample variance (computed over 5 seed and about 0.2). In Table 4 we report
the distortion of a random subset of gradients G = {g;,t € [|G|]} (with |G| = 10%,d = 16, D =

2° x d) obtained from a given layer of a VGG on CIFAR-10, i.e.: [G|7' 32 o [|[K~* S (g —

gk,t)] 2, where (Jr,¢)re[i) correspond to k independent workers compressing their own gradient
gr,+- The choice of the layer does not affect significantly the results. Even with the actual gradient
distribution, DoStoVoQ outperforms for a given compression factor each unbiased method. This is
on pair with the observation that the gradients of a Deep Neural Network are approximately Gaussian
distributed [3l 41} 14]. Additional experiments can be found in the Appendix.

ImageNet. For ImageNet, we use different bucket sizes, the standard batch size of 256, and only
K = 1 worker for energy savings (recall Imagenet training last about 1 day for a single worker on
academic hardware). An initial learning rate of 0.1 is divided by 10 at epoch 30 and 60, while the
model is trained for 90 epochs. A ResNet here obtains 69.9%, and with a compression factor of 8,
the performance drops by 2.5%. Using d = 16, we reach a compression factor of 38, while the Top-
1 accuracy drops by only 4.8%: this is a substantially higher compression rate than the concurrent
work QSGD on the ImageNet dataset.

Computational impact. In the case of deep Neural Networks, our training procedure requires
neither a substantial modifications of standard pipelines, nor a modification of the hyper-parameters
which allows to save computational resources. Green Algorithm ([22]) shows that this work gen-
erated around 15kg of CO2, and require 400 kWh. A typical experiment lasted few hours on CIFAR-
10 and about 3 days on ImageNet, which is in the standard range for this type of prototypical codes.
This work could have future impact on FL, to reduce their electrical consumption.

Broader impact. Federated learning enables multiple actors to build a common model without
data sharing, hence respecting privacy. However classic FL. methods consume an important amount
of energy in transmitting information. Our method DoStoVoQ can be adapted to any FL framework
while enabling important bandwidth savings. These savings highly counterbalance the computa-
tional impact of our experiments.
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A Proofs

A.1 Classical compressors mentioned in the main text

For completeness, we here recall the formal definitions of the scalar compression operators men-
tioned in the main text. For ¢ € [d], denote by e; the i-th canonical vector. Let H € [d].

Definition 1 (Sign). For any x € R%, Sign(z) := 2 icjq Sign(z;) e;.

Definition 2 (Top-H). For any v € R%, Top-H(z) := > icTy Ti€i, where Ty is the set composed
of the indices of the H largest (in absolute value) coordinates of .

Definition 3 (Rand-H). For any x € RY Rand-H(z) := & > icRry Ti€i, where Ry is the set
composed of H random indices picket uniformly without replacement.

Definition 4 (s-quantization operator). Let s > 1 and p > 1. Given x € R? the s-quantization
operator Cg is defined by:

d
Cslw) = llzllp x Y sign(es) {s7 Lslzsl/ellp) + L{Us < slayl/ 2]y — Lslesl/ Iz ]p]3)} e
i=1

where {U;}_, are d-independent uniform random variables on [0, 1].

The s-quantization scheme verifies Awith ws = min(d/s?, v/d/s). Proof can be found in Alistarh
et al. [2, see Appendix A.1].

A.2 Notations

For u,v € RY, (u,v) = u"v denotes the standard scalar product. For p > 1 and z € RY, ||z, =

1/p
{Z?Zl |xi|p} . When p = 2, we sometimes drop the subscript, i.e. we write ||z|| as a shorthand

notation of ||zs.

A function ¢ : R? — R is said to be a radial function if and only if ¢ is invariant under unitary
transforms, i.e. for all z € R and U € U(d), p(Uz) = ¢(z).

We denote fort > 0by I'(¢) = f0+°° u'~te~"du the Gamma function. Leb d the Lebesgue measure

on R% B(x;r) is the (Euclidean) ball centered at € R? with radius » > 0. We denote by
Sy 1 = {x € R4 ||z|| = 1} the unit-sphere and o4_; the uniform distribution ofn Sy_;.

A.3 Proof of Lemmal[l]
Note that, for any U € U(d) and = € R4,
VQ(Uz,Cy) = argmin e, [|[Uz — ¢|| = argmin ce,, ||z — UTe| =UVQ(z,U"Cyur), (1)
where U €y = {UTCy,...,U"C,}. Using (7) and A we get
Eeu~plg(VQUZ, €rr))] = Ee i nplg(U VQ(2, U Crr))] = Eepmplg(U VQ(2, €ar))].-

A.4 Proof of Theorem I

We preface the proof of the Theorem by stating and proving two elementary lemmas.

Lemma 2. Let f : RY — RY be a function such that f(Ux) = U f(x) for any v € Sq_1 and
U € U(d). Then, there exists v € R such that f(z) = rx for all z € R%.
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Proof. Forall x € S;_1, define g(z) = f(x) — (f(x),x)x . Itis easily checked that for all € R?
and U € U(d), g(Uz) = Ug(x). Let U, be the reflection symmetry with axis Rx: U,z = x and
for any vector y € R? orthogonal to z, U,y = —y. Since g(z) = g(U,z) = U,g(z) = —g(x), we
getthat g(x) = 0 for all z € S4_1. Finally, denote by U, _,., (where e; is the first canonical vector)
any unitary transform satisfying U,_,., x = e;. We get

<f($),$> - <UJ—>e1f(UI—>61x)a (ﬂ> - <f(Ur—>61x)v Um—>e1x> - <f(61)a €1> =r,
which concludes the proof. O

Lemma 3. Let f : R? — RY be a function such that f(Uzx) = Uf(x) for any x € R? and
U € U(d). Then, there exists a function r : R — R such that f(x) = r(||z|)x. Moreover,

r(z) = £ (lzle)ll/l].

Proof. Let A > 0, and define for z € Sq_1, fa(x) = f(Az). Lemma[2] shows that there exists
(A\) € R such that, for all z € Sy_1, fa(x) = f(Ax) = p(\)x. Hence for x € R?, f(x)

L )
Sz (@/llzl]) = p(lzll)z/l|z]]. Hence |p([lz|)] = [[f(z)| = IfUz[[Us/je)—e.z/ Nzl
Il (|z|[e1)]]. The proof follows.

o ol

Proof of Theorem[I] The proof follows from Lemmas|[T|and 3}

A.5 Proof of Theorem [

We preface the proof by several technical lemmas. These lemmas establish important properties of
random vector quantization that are of interest beyond the proof of the theorem.

Lemmad. Letcy,co,x € RYand A € (0,1). If ||z — c1]| < || — cal| and | Az — 2| < |[Ax — e,
then ||z < [lea]-

Proof. Indeed, we have both ||x[|? — 2(z,c1) + [|c1]|? < ||=]|? — 2(z, c2) + ||c2||? and N?||z|* —
2\, c2) + [[eal” < N?[|2]|* — 2X(x, c1) + [lea [[%. Thus —2(z, e1) < =2(x, c2) + [|e2|* — [les 12
and —2(z, c2) < —2(x,c1) + A7 Y|e1]]? — A7 ca||?. Combining both inequalities, we get (A™* —
Dlca]|> < (AL = 1)||e1||? and as A= — 1 > 0, we conclude ||ca]|? < ||e1 ||

‘We now make an additional assumption on the codeword distribution p.
AS. The distribution p is radially homogeneous, i.e. p is unitarily invariant and for any 8 € (0, 1]
and x € R%:

[Eeu~pVQ(z, BC)]I| < [[BepnpVQ(z, Car)]ll

In words, this means that contracting all codewords by a factor 5 € (0, 1] reduces the norm of the
expectation of the nearest neighbor of any x. This condition is slightly more restrictive than A 3
It is satisfied by the standard Gaussian distribution. Under this assumption, we have the following
Lemma.

Lemma 5. Assume A Aand consider the function v, : Ry — R defined in Theorem For any
M € N* the function p — r%,(p) is non-increasing on Ry. If in addition A W|is satisfied, then for
any p € R, ri,(p) < 1.

Proof. Letx € R% and \ > 1. By definition, we have:

i (AMlz[DAz = Ee,,np[VQ(AZ, €ar)] = ABc,, ~p[VQ (2, A7 €r))], (8)
where we have used that a.s., VQ(Az, Car) = AVQ(x, A"1€ys). On the other hand:
Eeynp[VQ(@, €ar)] = riy (2]])2- )

Combining both equations under A 2] we get:

I Al Aa]? “=8 e, < [VQ (e, A~ err)]|?

Al 9
< ”)‘EGMNP[VQ(:E’ 81\/[)] H

eq. @)
< Iarh, (lz Dz

15



655

656

657

658
659

660

661
662
663

664

665

666
667

668

669

670

671

672
673

674

675

677

678

679
680

Overall, we obtain that (5, (A[|z||))2<(rh,(||z]|))?, thus that r%, is non-increasing.

‘We now consider the second statement. Note first that
M

>_lcil?

=1

= MEc, [l|C1]|"]. (10)

ECMNP |:Zrélﬁv)[<] |01||:| < ECMNP

Since || VQ(, Car)|| < max;ea [|Cil], for all 2 € RY it holds that
e, ~pVQ(z, Can)]l| < MY2(Ec, [l Cl?)Y2.

Hence, for all € R? such that ||z|| > MY2(Ec,,[|C117])Y2, |Eey~p[VQ(z, Car)]|| < ||z
Forall A € (0, 1), using A[5] we get

rir MDAzl = [Eey~p VRO, Car)lll = M Eey~p[VQ(2, A Car)]l| < Al
which concludes the proof. O
Lemma 6. Assume A A Then, for any M € N*, Ee,,,[|| VQ(z, Cr) — z||?] is (a radial
function) which is non-decreasing, i.e. for any x € R* and A € [0,1], Ee,,~p[[| VQ(A\z, Car) —
Az?] < Eepnplll VQ(x, €ar) — 2|,
Proof. By Lemma forany U € U(d) and = € R?, we get
Ee,~plll VQ(Uz, €rr)=Us|’] = Eep~plllU VQ(, Car) = Uz|’] = Eepnplll VQ(z, Car)—2?]

showing that this function is radial. We write, for any = € R4:

Eeynplll VQ(, Car) — 2]|°] = 2/ tPe,~p (| VQ(2, Car) — 2* > t) dt
t=0

=2 [ tPeyn~ in [|C; —z|*>¢t)dt
[ ewm (min G = ol > )

2/ t(1=Pe,nyp (IO — 2> < )™ at
t=0

_ 2/00 ¢ (1 — P,y (Bg(a:;\/i)))Mdt.

=0

By Anderson’s theorem [[LT]], we have that P, ~,, (B2(z;V/t)) is (a radial function) which is non-

increasing, i.e. forany z € R and X € [0,1], Pe,~p (B2(Az; V1)) = Peynp (Ba(z; V1)),

Consequently, the quadratic error Ec,,,[|| VQ(z, Car) — z||?] is non-decreasing radial function.
O

Next, we provide a control on the second order moment of VQ(z, Cps).

Lemma 7. AssumeAA Then, for any M € N¥, the functionz — Ee,,~p [HVQ(;E, GM)||2} =:

Mg, m(||2)|) is radial and v — Mg, v (1) is non-decreasing. Moreover, for any My > 1 there
exists a constant Cy, r.4,p such that for all M > Mo, My, p(R) < Coy, Rodop-

Proof. The fact that © — Ee,, [HVQ(@", ¢ M)||2] is radial is a consequence of Lemma We

can thus denote My, ps this function. Moreover, by Lemma 4| for any = € R%, A\ € (0,1) and

almost surely any codebook €y, we have that |[VQ(Az, Car)||* < [VQ(x, Car)||”. (We apply
Lemma [ with ¢; = VQ(x, Cpr) and c; = VQ(Az, Cpr)). Consequently, for any A € (0,1), we

have E¢,,~p [HVQ(/\:E7 C?M)||2] <Eepnp “\VQ(x, (?M)||2} ,and Mg, pr is non-decreasing.

To prove the second statement, we use the following decomposition: for any x € R4 such that
|z| = R, and a.s. any Cp;:

IVQ(z, €a)* < 21IVQ(x, Car) — al|* + 21|
< 2||VQ(x, Cur) — z* + 2R,
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Taking the expectation, and using again Lemmal|[I] we get
Mapas(R) < 2Eey~plll VQ(Rer, €ar) — Rex||] + 2R,

We finally prove that, for a given z € R%, Ee,,~, |:||VQ(1?, Cum) — :Z:HQ} is non-increasing with

M. Indeed, writing Cpy = [C1,...,Cr) = Cpr—1 U {Chs} (which amounts to define a coupling
between Cj; and C,,_1), we obtain

IVQ(a, €ar) = a]* = min (VQ(, €xr—1) = l*, s — o)
< IVQ(z, Car—1) — .
O
In the next Lemma and the rest of the proof, to avoid the cumbersome notation (r5,) ™! we omit the
dependency on p in rh, and simply write r]_wl. We now show that the quadratic error is uniformly
decreasing on By (0; R) at speed M~/

Lemma 8. Assume A [SFABAP] Then, for any R > 0 and My > 1 there exists a constant
Chuiy,r < 00 such that, for all M > My,

_ 2 —
sup  Eeymp |7t (121) VQ, €ar) — 2*] < Cary M=/,
2€B3(0;R)

Proof. Using Lemma the function z — Ee,,~p |:HTJT41(H:I;||> VQ(x,Cp) — xHQ} is radial. For
x € R, we get that

Ecanp |73 (121) VQ(z, €ur) - 2]
< 2Beymp |03 (12l) = ) VAL, €a0)[*] + 2Be,ymp [IVQ(w, €11) - 2]

< 203t (o) = 1)*Eeymp [IVQ, Ca)IIP] + 2Beynp [IVQL,€1) 2] . (D)
Set My > 1. First, by Lemma[7] for any M > M, we get

sup Beymp [IVQ(@, €)I12] < Cary i (12)
z€B2(0;R)

Second, by Lemma for any = € B2 (0; R), we have 0 < (1} (||z|) — 1) < (ry; (R) — 1), and by
the remark following Theorem 2} we get:

lim sup MY/ |ry (R) — 1] < Cy*p i (R)/R,

M —o0

thus
(rif (R) —1)% = [rag(R) — 112 /r3 (R) = O(M~2/). (13)

Thirdly, Lemma 6] gives that

sup By |[VQ(2, €ar) = 3l = Eeynp [IVQ(Re, €ur) — Rea?]
z€B2(0;R)

Using Theorem 2] we obtain

lim M?*Ee,,,[|| VQ(Re1,Cpr) — Rey|?] = Capl “(R). (14)

M—o0 rad

Plugging (12)-(T3) and (T4) into (TT), we obtain that

sup  Eeynp |1 (2) VQ(, €ar) - al|| = 012/,
xEBz(O;R)
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A random scalar quantizer is defined by a scalar output codebook, Og = [o01, ..., 0] assumed to
be ordered 0y < --- < 0@ and an external randomization, which may be taken without loss of
generality as U ~ Unif([0, 1]); see Appendix for a construction. Here @ is the number of
codewords and the number of bits required to encode the output vectors (the scalar quantizer rate)
is log,(Q). A scalar quantizer is said to be uniform if for all i € [Q — 1], 0;41 — 0; = 0 for some
0 > 0. It is shown in Appendix that, for all L > 0, we may contruct a uniform random scalar
quantizer with () codewords, satisfying for all x € [0, L],

Ey~tnit(jo,1) [SQ(z, L, Q,U)] = x (15)
Evetmit(o,) [{SQ(z, L, Q,U) — 2}°] < L?/4(Q — 1)*. (16)
We use this random scalar quantifier in the following proposition.

Proposition 1. Assume ABLAJA] Let R > 0 and My > 1. For Q > 2, denote by wa,g(R) =
MaxX, B, (0;R) Qi .q(x) where

_ _ 2
Q1,0(x) = Eeyymp,u~umit(0,1)) [’|SQ(TA[1(||x||)7TMl(R)vQaU) VQ(z, Cyr) — x| } :
Then, there exists a constant Cyy, (R), such that for all M > My,

wiQ(R) < Car, (R{M 4+ Q%)

Proof. 1t follows from Lemma that the function © — Qa7 ¢(z) is radial. If A is a scalar random
variable, B is a random vector, A and B are independent, E[A?] < oo, and E[||B||?] < oo, then

E[|AB — E[AJE[B]||*] = E[(A — E[A])*E[|B|*] + {E[A]}*E[|B - E[B]|*].
Setting A < SQ (r3/ ([|z[])). B + VQ(, Car), we get

Qr.o(@) = Eeymp |7 (1) VQ(z, €ar) — |||
+ ey [IVQE, €30) 7] Bumvmitgo y [{SQUa (12l (B), Q,U) = rif (ll21) ]

We now make the following observations:
1. The function ;' (||||) is bounded on B (0; R) by 3, (R) (see Lemma . Hence,

Ev~vais(o.) |{SQUat (l2ll), 13 (R), Q.U) = 13 (lel)}] < ra(R)/4(Q - 1)*.

2. The second order moment E¢,, ~, [HVQ (z,Cur) ||2} is upper bounded by a constant independent
of M on By (0; R) by Lemma([7]

3. Using Lemma|8] we can upper bound the first term for any M > M

Eeymp 73 (121) VQ(z, €0r) — 2] < Cary bt =2/
This concludes the proof. O
We now give the proof of the main result Theorem F]

Proof of TheoremHd] We consider the process described in DoStoVoQ. For ¢ > 0, k € [K], we define

(bﬁ’t+1)gE[L] such that gx ¢+1 = || gk t+1 \\D‘1/2(527t+1, o B£7t+1), where for any ¢ € [L] we have

bﬁ,t-u = StoVoQ(biﬂ_l,p, M, P, sk t41)-

1. Conditional independence property. We observe that for all £ € [K], gx¢+1 18 Gip1-
measurable. Moreover, the seeds (s,:+1)ke[k],t>0 are independent, and there exists a functional ¢
such that for all k € [K], dk.t+1 = &(9k.t41, Sk.t+1). We conclude that the compressed stochastic
gradients (Jx,++1)re[x] are mutually independent conditionally to Gy 1.
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2. Unbiasedness. In the sequel, we fix t > 0, k € [K]. Regarding the bias, we use the fact that for

any ¢ € [L], bi’tﬂ is Gy 1-measurable. Moreover, as bfatﬂ = StoVoQ(bf;tH,p, M, P, s 41), we
have that Ee,, ~p[bf, ;1/Ge+1] = b, 1. using the fact that StoVoQ is unbiased.

Consequently, Ee,,~p [Hgk7t+1||/\/l>) X ((A),lcﬂ_l, e, I;ﬁ’t'f'l)le[L] ‘ gm} = Ghtr1.

3. Relative error bound. We write:

A ||gk,t+1||2 7
E [gk,t+1 — gras1ll® | Ges1] = 5 - E E [”bﬁ,t-&-l — byl ’gt+1} :
Le[L)

Remark that },c 7 [65..1411I> = D. Consequently, for all £ € [L], bi’tﬂ € B2(0;/D). Using
Proposition[I} with R = D, we get:

. wi,@(R)
E [1ds1 = gr* [ Gear] = =25 Nlgw o |

which concludes the proof.

B Scalar and vector Quantization

B.1 Unbiased random scalar quantization

A random scalar quantizer is a random map from the real line to a (scalar) codebook Og =
{01,...,00} C R where ) > 2. It is assumed that —co < 01 < --- < 0g < oo. The reso-
lution (or code rate) is P = log,(Q) is the number of bits needed to uniquely specify a codeword.
A scalar quantizer is said to be uniform if for all i € [Q — 1], 0;41 — 0; = §, for some § > 0. Note
that in such case § = {og — 01}/(Q — 1).

For z € R and u € [0,1], consider a function SQ(z, Og,u) € Og. If U ~ Unif([0,1]), then
SQ(z,0g, U) is a random scalar quantizer. A random scalar quantizer is said to be unbiased if for

allz € [017 ceey OQ]’ EUNUnif([O,l])[SQ(xv OQv U)] = .

A simple way to construct an unbiased scalar quantizer goes a follows. We first compute the index
j(a) € [Q] such that & € [0)(s),0j(a)41)- Note that & = A5 1 (2)0ja) + (1 = X5, (2))0j(a) 41
where

3@ (@) = (@ = 0j))/(0j(x) 11 — 0jw) € (0,1] -
For u € (0, 1], we set

SQ(7,00,u) = Ljusar, @19 + Liusxz , (@)}05(@)+1 -

i)
Since Eqrumit(o,1)) (U < A;j(2)"(2)) = A}, the unbiasedness follows. It is easily seen that the

distortion of a scalar quantizer is directly related to the diameter of the quantizer.
Proposition 2. For all z € [01, 0], it holds that

Eu~nit(o1) {8Q(e, 00,U) = aF] < (1/4) sup {01 = oi}’.
1€|QQ—

If the scalar quantizer is uniform,

Ey~unit(o,) [{SQ(x, 0, U) — 2}?] < (1/4)(Q — 1)"*{oq — 01}* .

Proof. Forall z € [01,0¢], we get

1SQ(z,0q,U) — x| < (1/2){0j(2)+1 — 0jw) }
The proof follows. O

Unbiased random scalar quantization is a special case of dual vector quantization, introduced in the
next section.
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B.2 Dual Vector Quantization

We introduce a new notion of vector quantization, called dual quantization (or Delaunay quantiza-
tion). The principle of dual quantization is to map an R%-valued vector  onto a codebook €, using
a random splitting operator Dual-VQ(x, Cpz, U) such that, for all z € ConvHull(Cyy),

Ey ~tnit(j0,1)) [Dual-VQ(z, Cpr, U)] = . a7

We stress that in this case the unbiasedness is not due to the use of a random codebook but makes use
of an external randomization. In practice, a dual quantizer procedure amounts to define a probability

distribution of €7, with weights (Af(x), ..., A3, (x)), Af(x) > 0, Z;‘il Ai(z) = 1. Set Ag(w) =0

and for i € [M], A} (z) = Z;Zl A% (z). Note that Ay, () = 1. If u € (A;_l(x)7A;?(x)],j € [M],

we set Dual-VQ(z, Cps, u) = ¢;. In such that, for all z € ConvHull(C,), we get
Etrunit([o,1)) [Dual-VQ(z, Car, U Z A% (
The distortion of a dual quantizer is therefore given, for € R, by
Ey~unit(0.1)) [ Dual-VQ(, €, U) — %] Z (@)l — el (18)

For x € ConvHull(C)y), the probability distribution (Af(z), ..., A}, (x)) is obtained by solving the
following convex optimization program:

M
()\T(l‘), ) /\7\4(33)) = a‘rgmin()\l,...,/\M)ES(Q:,C’M) Z )‘le - ciH2 ) (19)
=1
where
M M
S(z,Cp) = {(Al,...,AM) € RT,Z& = 1,2)\2-02- = x} . (20)
=1 i=1

The support of (A} (z), ..., \i;(x))is M + 1 at most. For a distribution g on R¢, we define

Dual-Dist(q, Cps) / {Z () ||z — ) } dz . (1)

For a given input distribution ¢, an optimal codebook €7}, of cardmahty M satisfies
Dual-Dist(g, €3,) < Dual-Dist(g, Cps) for all Cy satisfying |Cpr| =

Theorem 5 (Rates, see [27]). Asymptoptic rate. Assume that the pdf q is compactly supported on
Re-valued.

lim M4 inf Dual-Dist(g, Car) =: QY (q) = QP (Unif([0,1]) Hq” (22)

M—o0 [Car|=M

B.3 HSQ methods - see Dai et al. [8]]

In this Section, we provide a detailed review of the two methods proposed by Dai et al. [8]]. In
Appendix [B.3.1] we first discuss HSQ-Span and explain why it cannot compete with approaches
based on Voronoi quantization. In Appendix [B.3.2] we discuss HSQ-greed.

B.3.1 HSQ-Span

The first method, HSQ-Span, is unbiased but suffers form a large variance. Indeed, it relies on
decomposing the vector z € R? as a linear combination of the codewords in Cj;, assuming that
Span{c;,i € [M]} = R? (a codebook satisfying this property is said to be full-rank). Because
typically M >> d, there are infinitely many solutions to the linear problem Zfil a;c; = x, i.e.
Az, €pr) = {(a,...,an) € RM M ¢, = a} is infinite. Note that contrary to the Dual
quantization approach, we do not assume that o; > 0 for i € [M]or 3,55y 0 = 1. However, for
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@z ~N(0,I2) and M = 10. (b)z ~N(0,I2)and M =3.  Figure 4: Cross-Polytope [10]
is a particular case of Delaunay
quantization. The codewords are
the vertices of By (0;v/d). A vector
x (orange diamond) lying on the unit
Ball B5(0;1) (red circle) is decom-
posed with weights (area of the blue
spheres) of codewords on the Ball of

radius /d (green).

Figure 3: Delaunay quantization for a vector x (orange
diamond), for a given set of codewords (green +),and corre-
sponding weights (area of the blue spheres). Remark that all
but three points have a 0 probability of being picked, making
the quadratic error much smaller than for HSQ-span.

any i € [M], we pick the codeword ¢; with probability |c;|/||«||1, and encode z as sign(a;)||a||1¢;.
In HSQ-Span, the minimal norm solution in A(x, C) is chosen, i.e. solve

M

a*(z) = (af(z),...,aj (%) = argming,, . e a(.en) Z a?, (23)
i=1

The main advantage are that

1. Fast computation. First, as a*(z) = Ctz, where C' is the Moore-Penrose inverse of

the codewords matrix C' = [c1, ..., cp], provided a fixed codebook Cyy, it is possible
to compute only once CT and to then obtain a*(x) for any x by a simple matrix-vector
product.

2. Unbiased. Second, this approach is unbiased. Its quadratic error thus linearly decays with
the number of workers.

However (1) its variance is high and (2) does not decrease with M. Indeed, the minimal norm
solution o*(x) tends to put weight on all codewords. For example, we represent in Figure @ the
weights on each vector for 3 situations in dimension d = 2. Intuitively, the probability of of selecting
c; is not a decreasing function ||z — ¢;||? (see e.g., Figure , which results in the large variance;
even if there exists ¢ such that ¢; = x, there is a non vanishing probability of selecting c; # ¢; s
(Figure[6a). We illustrate the second point in Figure 5] which gives the evolution of the distortion for
d =16 w.r.t. M for K € {1, 8} workers. The error does not decrease.

B.3.2 HSQ-greed

HSQ-greed is closed to DoStoVoQ: Dai et al. [§] still consider a full-rank codebook €, and simply
encode x by VQ(z, Car). We list here the main differences to our approach:

1. the same codebook is used during all iterations and on all workers. This makes it impos-
sible or cumbersome to apply the convergence result developed in the federated learning
literature, which require that the compression on each workers are independent (at least
between iterations).

2. No assumption is made on the codebook distribution (apart from the fact that it is full-
rank). The importance of unitary invariance is not mentioned. In practice, authors use an
codebook generated by applying a k-means algorithm on a larger set of scaled Gaussian
isotropic vectors. This pre-processing slightly improves the distribution of the codewords
but is in practice of limited impact (see paragraph (e) in Subsection [2.2]in the main text.).
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Figure 6: HSQ-Span: weights (size of the blue point) on each of the codewords of €,; when decom-

posing x (orange diamond) .

3. Codewords are chosen of norm 1. This means we also need to encode ||z|| together
with VQ(z, Cas), which is typically done on using 6 bits per bucket.

4. The method is biased, so does not benefit from a large number of workers. No analysis of

the quadratic error is provided.

Theoretical results. Dai et al. [8] present a
convergence result for HSQ-greed, namely in
Lemma 3 and the subsequent Theorem 3. Note
however that the proof of this result is not pro-
vided in the paper’} Second, the guarantee pro-
vided is almost vacuous. Indeed, authors rely
on an alternative assumptiorﬂ on the alignment
of the compressed value VQ(x, Cps) with x:

Definition 5 (Compression with preserved
alignement). There exists o > 0 such that
for all x € RY we have (Comp(z),z)? >
(1 —a)fz]*

This assumption becomes stronger as 1 — «
increases. However, Lemma 3 indicates that
1 —a > omin(C)/M, with o, the minimal

28 ]

Quadratic quantization error

26 |

26

2'8 2'10 2'12 2'14
number of codewords

Figure 5: HSQ-Span: Distortion as a function of
M (log-scale): K = 1 (blue) K = 8 (orange).

3The appendices of the paper were not available, neither on https: //arxiv.org/pdf/1911.04655 . pdf,
nor on https://paperswithcode.com/paper/hyper-sphere-quantization-communication, on the

1st of June, 2021.

*See the work of Beznosikov et al. [5] for a discussion between the possible assumptions.
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eigenvalue of the codebook matrix C'. The bound guarantee thus worsens with M. A similar multi-
plicative factor 1/(1 — «) oc M appears in their convergence rate Theorem 3. We note that without
any assumption on the codebook distribution, it seems difficult to obtain any result, as the worst
case codebook that satisfies the full-rank assumption could be arbitrarily bad (typically a unique
codeword perturbed by a tiny amount of noise Cas = [c1 + n€;]ie[ar], With 77 very small).

B.4 Alignment under A 3] for StoVoQ without debiasing function (new)

We can leverage our tight analysis of unitarily invariant distribution to obtain a result on the expected
alignment between a vector € R? and the output of StoVoQ (without bias removal) applied on .
More precisely, we have the following lemma:

Lemma 9. Assume Lemmall) then :

Ee,~plle, VQ(z, €a))] = iy ([l

We proved that on a ball of radius R, 75, (||lz||) > 7%,(R) and that r},(R) = 1 — O(M~2%): in
other words our guarantee does improve with M. This result is thus much stronger than the one
of [8]]. Note however that without debiasing, it is not possible to directly leverage the literature on
federated learning: our result is only on the expected alignment and it would require novel proofs
(relying on 1. expected alignment and 2. Bounded variance) to give a convergence result.

C Unitarily invariant random codebooks

We gather in this section the theoretical results on random codebooks distributed according to a uni-
tarily invariant distribution. In Appendix|C.I]we provide a proof of Theorem[2] In Appendix[C.2] we
show that random codebook are asymptotically optimal when the distribution of inputs is also unitar-
ily invariant, provided that the codebook distribution is appropriately chosen. In Appendix we
state an elementary lower bound. In Appendix [C.4] we extend our results for spherical codebooks.
This extension is not mentionned in the main document.

C.1 Proof of Theorem

Let {C;}52, be an i.i.d. sequence of random vector with pdf p w.r.t. the Lebesgue measure. For each
n € N, denotes by Cpy = {C,...,Cp} the associated sequence of codebook. Define for & > 0
and A > 0, the pdf of the Weibull distribution (Weibull(k, \)) with shape parameter k and scale
parameter A is given, for z > 0, by:

wi (@) = (k/A)(z/A)F e @/ (24)

The survival function of Weibull(k, ) is denoted by Wi, z(t) = e~ (/" Denote by V; the volume
of the unit ball in R¢,
Va=n¥2T(d/2+1). (25)

We preface the proof by a lemma.
Lemma 10. Assume A A Then, for every x € R% and t > 0,

. Peymp (MY VQ(2, Crr) — ]| > 1) = Wy, (vp(ay-1/a(t) -
Proof. We getfort > 0,
M
Peynp(M? min [C; = ] 2 1) = (1= Poyny(IC1 = 2] < tM1/)
M

= (1 - P(B(x;thl/d)D

where for A C R? a Borel set, P(A) = [ p(z)14(z)dz. It follows from the Lebesgue differentia-
tion theorem that

P(B(x;t M™Y%) ~p1 00 p(z) Leby (B(:c;tM’l/d)) = p(z) Vgt M~

23



870

871

872

873

874

875

877

878
879

883
884

where Leb, denotes the Lebesgue measure. Hence, for any ¢t > 0

. T p— xT d
IP)szl“ﬂ?(‘lwl/d lI:nllr]\l/[ 1Ci — | > t) 7 M—o0 Wd7{Vdp(;c)}—l/d (t)=¢e p(@)Vat®

O

Proof of Theorem[Z] The proof relies on Lemma[I0]and on the uniform integrability of the sequence
(MY min;_y.pr | Ci — ]|)*, M > 1. Let R > 0.

2/d . 2
Eeynp [M / min 1Cs — 2l1* 1 {2/ ming_y. e |Ci—x|22R}]
K2

o0 M
= / {1 - P(B(as;M‘l/dtl/Q))} dt
R

By Anderson’s inequality (see [L1]) P(B(z; M~1/41/2)) > P(B(0; M ~1/4¢1/2)) so that

/+°° {1 — P(B(m;Mfl/dt1/2))}dt < /

R R

+o0 M
(1= P(BO; M 1/212))) " ar.

=:¢M(t)
Let p€ (0,1). Decompose ¢ps(t) = Aps(t) + Bas(t) with
M
Anr(t) = {1 - P(B(O;M-l/dt1/2))} L ng—1/ap1/osi0r)

P(B(0; M—1/41/2))
Leby (B(0; M ~1/d¢1/2))

BM(t) = exp <M[ Vy Ml/dtd/2}> ]]_{]VI—I/dt1/2§tp/2}-

Note that
An(t) <1— P(B(0;t7/?)).

Now let 6 > 0. We upper-bound By, (t) as follows

. P(B(0;s)) ) . P(B(0;3)) 2
B (t) < exp (— selg)f,é] mvdtd/ ) + exp (— 56(1617157/2} Wvdtd/ >

) P (B(0;5)) p _
< — inf ——— 2 ypd/2 — P (B(0;6)) t¥=r)/2)
—eXp< s€(0.8) Leby (B(0;s)) +exp (=P (B(0:) )

Let us denote B (t) and Bz (t) the two terms on the right hand side of the previous equation. Note
that B;(t), i = 1,2 do not depend on M. Now let us show that these functions are integrable.

400 +oo +oo
/ Ap(t)dt < / {1 - P(B(O;tp/Q))} dt = / P(||Cy|| > t°/2)dt = E[||C1||/?] < +o0.
0 0 0

For the next two terms we use the elementary inequality inf ¢ g s) % > ms so that

+oo +oo a/2
By (t)dt < / e Vamst T qt < 4o
0 0

and
+oo —+oo
/ By (t)dt S/ emaVat" T o,
0 0

Consequently, limp_, 4 oo SUp,; [ g > ¢ar(t)dt = 0 which ensures uniform integrability.

We conclude by using that the second moment of a Weibull(k, A) is given by A\*I'(1 +2/k) and that
Vy=n%?/T(1+d/2). O
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C.2 Proof of Theorem[3

The proof of Theorem [3] follows almost immediately from Theorem [2] using the classical Zador
theorem, stated for completeness below (see [[14] for a proof of Zador theorem, which has a long
history).

Theorem 6 (Zador’s Theorem).

e Assume that [ ||z||""p(x)dz < oo, for some § > 0. Then,

(d+2)/d
lim M?/4Dist(p, €%;) = Q2(p) = Q2(]0,1]%) ( / p/(d+2) (w)dm) . (26)

M—o0

where QQ2(p) is the quantization coefficient of the distribution p and Q2([0,1]¢) that of the uni-
form distribution over ther unit hypercube, Unif ([0, 1]4). If the distribution p is standard normal

N(0,14), then Q2 (N(0,14)) ~d—roo d.

* There exists a universal constant Cq 15 € (0,00) such that, for any pdf p on R?
Dist(p, €;) < Carsoyy s M~/

1

where o, 1.5(p) =t inf sepa ([ |z|"T0|z|p(z)dz) 7.

C.3 An elementary lower-bound

The Holder inequality with negative exponents (see [16, p. 191]) shows that for 0 <
r < 1land s € R such that = + s7!' = 1 (hence s < 0), [p ?/4z)g(z)dx >

{fp‘Qs/d(a:)dn;}l/s {s qr(ﬂc)dx}l/r. Setting s = —d/2 and r = 2/(d + 2), we get that
Clg,p,d) > llqllaja+2)-

C.4 Asymptotic distortion of a random quantizer on the unit sphere S;_;

We now consider random codebooks on the unit hypesphere Sy_1 = {z € R% ||z| = 1}. We
compute the distortion of a codebook distributed uniformly on the unit-sphere as a function of the
number of codewords M and of the ambient dimension d. Denote by ¢4 the uniform distribution

on S;_1. Denote
27 T((d+1)/2)\ 1/(d=1)
M:(ﬁ (d+1)/ )) 27
I'(d/2)
Theorem 7. Assume d > 2 and assume that the codewords {C', },>1 are i.i.d. uniformly distributed
on the unit hyper-sphere Sq_1 of R%. For every x€ Sy_1, andt > 0
nhﬁnolo PGJM"‘”d—l (Ml/(dil) ” VQ(Iv GJW) - l’” > t) = Wd—LK/d (t) )
Furthermore,

lim MY @V Ee, o, [[IVQx,Crr) — 2]|?] = k3T(1+2/(d - 1)).

M—o0

Proof. Since the uniform distribution over S;_1 is unitary invariant, we get for all z € Sy,
oa—1(B(z;r) N S4-1) Lebg—1(B(0;7))
0q-1(84-1) T 1 (Sa)
and, using that 041 (Sq_1) = 27%2/T'(d/2) we get
Leby_1(B(0;r))  Vardt x5 rd 1 T(§)  T(§)
dril

Poymoyy (C’l € B(x; 7‘)) =

,,,dfl
oa-1(Sa-1)  oa1(Sa1)  T(4GL+1) 27 D(LR)2v7
Taking r = M~/(@=D¢ yields that

M
Peymog (MY D VQ(2,Cor) — 2| > t) = (1 —Poy oy, (C1E B(0; M—1/<d—1)t)))

d—1
Moo € R T
This completes the first part of the proof. For the second part of the proof, it is required to check

the uniform integrability which follows from the fact that the above equivalence (~) also holds as a
lower bound inequality. O
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D Algorithmic extensions

D.1 Spherical codebooks

In this section, we describe a spherical version of StoVoQ and DoStoVoQ. Beyond the obvious
change from the codeword distribution from Gaussian to uniform on the sphere, a key modification
stems form the fact that each quantized vector has norm 1: the debiasing function does not depend
on ||z||, but only on the number of codewords M. Consequently, the bias correction does not need
to be transmitted and can be directly performed on the central server.

On the other hand, the norm of each bucket has to be transmitted: the vector quantization is applied
to the shape, i.e. the unitary vector z/||x|. We use a scalar quantizer for the norm, typically over
4-6 bits. For completeness, the codes of those two algorithms are given in Algorithms [3|and 4]

Algorithm 3: Spherical-StoVoQ

Input :2 € R% d, M, P, seed s
QOutput: Codeword index i., value i,

Sample Cpr ~ 04—1 with seed s ; /* sample codebook with uniform distribution oy_q on the sphere */
Cc| = VQ (I’/HI||7 G]M); /* quantize (select a codeword in spherical codebook Cjps) */
icl < index of ¢;; /* get index of codeword */
i7- = SQ(”LE”) ) /* quantize 7 on P bits */

Algorithm 4: Spherical-DoStoVoQ over 7' iterations
Input : T nb of steps, (v¢)¢>0 LR, 0o, d, M, P ;
Output: (6;);>0

fort=1,...,Tdo

wo sends 0;_; and different seeds sy, ; to each wy;
fork=1,...,Kdo

Compute local gradient gj, + at 6;_1;

Split gr. on [by ..., bf ] 5

for ¢ =1,...,L (in parallel) do

‘ (itM¢, ilk*) = Spherical — StoVoQ(bj, ,, p, M, P, sk 1)
end

Send (iL", if«’k’e)ee[L] to wo ;

end

Reconstruct (g +) ke ;

Update: 6y = 60,1 — v 25:1 Tkt >

end

D.2 Extension to DoStoVoQ-DIANA and DoStoVoQ-VR-DIANA

In this subsection, we provide the adaptations of the DoStoVoQ algorithm to algorithms designed to
handle heterogeneous workers, and for which the best complexities are achieved, namely DITANA [25]
and VR-DIANA [17]. Those algorithms are based on the fundamental idea: relying on control variates
(hk,t)ke[ K1,6>05 updated at each iteration, that converge (in the convex case), for each worker £, to
V f(6*). Instead of compressing gy, ;, the algorithm compresses the difference between the actual
gradient and the control variate gy, ; — hy ;. The impact of those control variates (often referred to as
memory) is to mitigate the discrepancy between workers’ gradients that stems from the heterogeneity
of the data-distribution between different workers. As explained in Appendix |E|it is particularly
relevant to reduce this discrepancy to maximize the impact of the multiple workers. The same idea
can be incorporated within a variance reduced algorithm, we here focus on SVRG [18] (extension to
SAGA [9] or other variants is straightforward). To incorporate variance reduction to the algorithm,
we further assume that each f; is a finite sum % Zse[S] fr,s. Algorithms DoStoVoQ-DIANA and

DoStoVoQ-DIANA-SVRG are provided in respectively Algorithms [5|and [6]
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Algorithm 5: DoStoVoQ-DIANA over T iterations . Lines specific to the Diana approach
are highlighted in blue

Input : T nb of steps, (7¢)¢>0 LR, 6o, p, M, P, 1r. o ;
Output: (6;):>0

1 Set hy, o = 0 for all k € K] (or alternatively g ;. = V f1(60));

2 fort=1,...,T do

3 wy sends §;_; and different seeds sy, ; to each wy;

4 fork=1,..., K do

5 Compute local gradient gj, + at 6;_1;

6 Set Akt = gt — hiss

7 Split Ag s X VD/|| Al on [6 4., 05,15

8 for{=1,...,L (in parallel) do

9

| (LR ERY) = stoVoQ(dy, 4, p, M, P, s 1)
10 end
11 Reconstruct (Ak,t)kEK ;
12 Update memory: hy i1 = hy + a4
3 Send ([|Apel, (1%, 1:5)eqr)) to wo ;
14 end
15 On the central node w;
16 Reconstruct (Ag ¢)rek 3

17 Update: 0; = 0;_1 — ¢ (hy + % Zszl Ak,t) ;
18 | Update averaged memory : h; (:: 7 2oke[K] hk,t) =P+ % Ykeix] Apss
19 end

Algorithm 6: DoStoVoQ-DIANA-SVRG over T iterations . Lines specific to the variance
reduction approach are highlighted in green

Input :7 nb of steps, (y¢):>0 LR, 60, p, M, P,Lr. a5
Output: (0:):>0

1 Set hy,o = 0 for all k& € [K] (or alternatively ho . = V f1(600));
2 fort=1,...,Tdo

3 Sample u; ~ B(S™ 1) ;

4 wo sends 0;_1, u; and different seeds s, ¢ to each wy;

5 fork=1,..., Kdo

6 if uy = 1 then

7 | Setng..=0;forallse[S];

8 Sample s ; ~ Unif[S] ;

9 Set f1;p = S™* D oses Virs(Mrst)s

10 Set gr.t = Vs, (0t—1) — Vs, (Mksy ,6) + et
11 Set Ayt = gr,t — Dkt

12 Split At X VD/||Agell on [6k 4,65,

13 for { =1,..., L (in parallel) do

14 ‘ (i?kyeii’k’e) = StOVOQ(éi,hpy M7 P7 Skvt)

15 end

16 Reconstruct (Ak,t)ke;{ ;

17 Update memory: hy 41 = hp, + ozAk,t;

18 Send (|| Ak, G54, 5% perr)) to wo 5

19 end

20 On the central node wy;

21 Reconstruct (Ag ;e :

22 Update: 0; = 6,1 — 'yt(Bt + % Zszl At

23 Update averaged memory : 7,1 (:: = > kelK] hk,t> =hi+ & > okelK] Apes

24 end
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E Additional experiments

In this Section, we compare by Monte Carlo the distortions achieved by different compression
schemes for 3 types of input . For a given (random) compressor generically denoted Q(-) and
z € RY, we decompose Q(z) = Q(z) + QL (), where Q| (z) = ||z| "2z Q(z). With these
notations, Q(z) and Q1 (z) are the components of the quantization error which are colinear and
orthogonal to z, respectively. By construction, ||z — Q(z)||* = ||z — Q) (z)||* + |QL(x)||*. The
distortion is computed for K = 1 and K € {8,20} workers (depending on the experiments). We
compare 10 compression schemes, corresponding to 7 algorithms (some with several variants): the
signed algorithm (Sign) (see Definition [I)), Top-H with H = 2 (see Definition [2), Rand-H with
H = 2 (see Definition , HSQ-Span (see Appendix with M = 210 and a 6 bits scalar quan-
tizer for the norm, HSQ-greed (see appendix |B.3.2) with M = 20 and a 6 bits scalar quantizer for
the norm, Polytope (see Appendix [B.2) with and without quantization of the norm, three variants
of StoVoQ with a Gaussian random codebook with M = 23 and p = N(0, (1 + 2/d)1,): GRVQ
which is StoVoQ without the radial debiasing step, StoVoQ without quantization of rﬁp and StoVoQ
with an unbiased scalar quantization of (r},)~! over P = 3 bits (strictly speaking, only this last
column corresponds to the algorithm StoVoQ, the two previous versions have been added to assess
the influence of the debiasing by {r%,}~! and the quantization of {r},}~1).

We compare those algorithms over three tasks:

1. Task 1: Compression of a random vector from a standard Gaussian input distribution in
dimension d = 16. We compare K = 1 to K = 20. Results are given in Appendix [E.]

2. Task 2: Compression of “real” gradients, extracted from a training performed with a
VGG16 on CIFAR10 with SGD, extracted at epoch 10, on which a pre-processing sim-
ilar to DoStoVoQ is applied. The minibatch gradients on a given layer are divided into
buckets of dimension d = 16. A normalisation is applied to sets of L. = 32 buckets
(the normalisation for the blocks of d x L = 512 coefficients are scalar quantized with
a high-resolution scalar quantizer and sent to the parameter server). Results are given in
Appendix [E2.T] We compare the performance with 1 and 8 workers, when all workers
compress the same gradient. The goal of this task is to assess the impact of the actual
distribution of the normalised minibatch gradients values w.r.t. a Gaussian distribution.

3. Task 3: Compression of “real” gradients, with multiple workers, each worker compresses
a different minibatch stochastic gradient, computed at the same parameter (as described
in Subsection [4.2): this is the most practical setting, and we explain the resulting trade-
offs, especially in terms of the distribution of stochastic gradient noise (see [29]) and the
inhomogeneity between workers. We perform this task on (i) the same setting as for task
2, and (ii) the gradients from the LS experiment introduced in Subsection 4.1 Results are

given in Appendix [E.2.2]
E.1 Distortion for Gaussian input

Setup: We here compare all methods on a Gaussian input z ~ N (0, 1) for d = 16. Monte Carlo is
performed over 10* repetitions. Standard deviation is negligible.

Observations. Results are provided in Table[5] We make the following observations:

1. We first observe that in the single worker case, Sign, Top-2, HSQ-greed and StoVoQ-GRVQ
achieve a global error or respectively 6.4, 8.7, 9.1 and 6.8. (These errors are obtained by summing
the radial and orthogonal numbers). StoVoQ achieves an error of 11 which is slightly higher,
Rand-2, Polytope, HSQ-span suffer a much higher errors of 110, 121, 147. This confirms the
theoretical predictions.

2. We observe in practice here the fundamental differences between biased / unbiased compression
methods and also methods that ensure the independence of the compression on each individual
worker: while all biased methods do not benefit from the multiplicity of workers, for unbiased
and independent compression, the distortion for K = 1 is divided by K. Here, the quadratic
errors, both radial and orthogonal, are reduced by a factor 20. Overall, over 20 workers, the error
obtained by StoVoQ, with debiasing and scalar quantization is 0.5. This is by far the best method
in terms of global distortion for 20 workers.
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Table 5: Task 1: Distortion for Gaussian inputs

Method Sign Top-2 Rand-2 Polytope

Variant norm-quant.
K=1 1.0 54 481 3.9 12 ]| 98 5.8 115 58 115

K =20 1.0 54 4.7 3.8 0.6 4.8 03|56 03|56
Method  HSQ-span  HSQ-greed StoVoQ

Variant  norm-quant. norm-quant. GRVQ Unbiased = Unbiased+quant.
K=1 3.8 143 13178 1.8||5.0 051105 0.5 10.5

K =20 021 7.0 13175 1.7 ] 0.25

3. StoVoQ-GRVQ vs StoVoQ-Unbiased. For StoVoQ, the application of debiasing increases the non-

radial quantization distortion, by a factor of nearly 2 (from 5 to 10), while simultaneously re-
ducing the radial distortion, form 2 to 0.5. This increase is unavoidable to obtain the unbiased
character, that is necessary to reduce the error beyond 1. Indeed, it is important to remark the
radial bias for StoVoQ-GVRQ and HSQ is not negligible (1.3 and 1.8 respectively): in fact , this
radial distortion is also of order M —2/? thus using an even larger codebook would not reduce it
significantly.

. StoVoQ-Unbiased vs StoVoQ-Unbiased+Scalar-Quantization. We observe that the impact of the

scalar quantization is negligible here, which indicates that the impact of the scalar quantization
of the norm is limited.

. HSQ vs StoVoQ-GRVQ: These two methods are somehow similar for a single worker: HSQ relies

on a gain-shape decomposition with the a scalar quantization of the norm and a vector quanti-
zation of the normalized vector using spherical codebooks whereas GRVQ uses random Gaussian
codebooks with a variance matched to the input variance. We observe that overall StoVoQ-GRVQ

slightly outperforms HSQ for ' = 1. This is in favor of using Gaussian codebooks.

E.2 Distortion for neural networks gradients
E.2.1 Task 2: Impact of the distribution

Setup. We compare the distortion for K = 1
and 8, on stochastic gradients sampled from
the training of a VGG16, with SGD, at epoch
10. The gradients are partitioned into blocks of
size 2°; then each block is scaled and split into
buckets of dimension d = 16. Those buckets
are then compressed using each of the possible
methods in dimension 16. The results presented
are obtained using 1000 stochastic gradient .

The main objective is to compare the impact
of the distribution of the gradients on the dis-
tortion of the different compressors. For ex-
ample, if the stochastic gradient noise is heavy
tailed (leading equivalently to sparse gradients),
methods relying on sparsification, e.g., Top-2,
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Figure 7: Histograms of the VGG16 gradient
buckets (blue), of Gaussian vectors (orange), and
the radial bias for the associated dimension d =
16 (green).

is expected to perform significantly better than Gaussian random codebook (recall that the opti-
mality result Theorem [3] assumes that the distribution of the codewords matches the distribution
of the inputs; the choice of a Gaussian distribution for the codewords implicitly assumes that the
distribution of the gradients is approximately Gaussian).

For K = 8, we assume that each workers compresses the same gradient : we compute the error of
K-ty ke[K] Jt,k — G, where g, ;. stands for the output of the k-th compressor on g;.
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Table 6: Task 2: empirical distortion from a sample of gradients sampled from a VGG-16 at epoch
10, (same gradients on each worker).

Method Sign Top-2 Rand-2 Polytope

Variant norm-quant.
K=1 0.46]|0.35 0.35]|0.16 0.86]|4.8 0.50/|7.0 0.50||7.1
K=38 0.46(]0.35 0.35]0.16 0.15]|0.61 0.07]]0.9 0.07]]0.9
Method  HSQ-span  HSQ-greed StoVoQ

Variant norm-quant. norm-quant. GRVQ Unbiased Unbiased+quant.
K=1 0241 7.5 0.09 || 0.5 0.05 0.2  0.02 ] 0.36 0.02 0.4

K=8 007)09 009]04 | 004]0.03

As shown in Appendix [A3] the distortion of StoVoQ is a non-decreasing function of the norm of
the vector to be compressed. In Figure[7} we represent simultaneously the histogram of the bucket
norms, and the histogram of the norms of the Gaussian vectors used in Task 1. This suggests a
departure from the Gaussian distribution for the stochastic gradient noise.

Observations Results are provided in Table[6] We highlight the following points.

1. Again, the unbiased version of StoVoQ achieves the best distortion.

2. Even though the distribution of the norms is very different from the norm of the Gaussian
vectors (as illustrated in Figure[7)), the distortion of StoVoQ is not severely impaired. Espe-
cially, the error for StoVoQ for a single worker is 0.4 vs 0.7 for Top-2, while for Gaussian
inputs it was 11 vs 8.7 for Top-2.

E.2.2 Task 3: Signal-Noise ratio on the various gradients

Setup: We now consider that each worker computes and compresses a different stochastic gradient.
More precisely, we collect samples of the stochastic gradients during an epoch: [g;'— Toeoes gt—': Kl
where g is computed by the worker k on distinct minibatch of size b (all the gradients are
{gt 1 H< | are evaluated for the same value of the parameters). The compressed version is denoted
{Gea3res-

In the homogeneous setting, for all k € [K], g¢ 1(0;) = VF(0:)+€; i, with (e, )¢, is the stochastic
gradient noise E [¢; | F;—1] = 0, where F,_ collects the past observations.

The central node averages the quantized stochastic gradient sent by the workers: ¢ :=
K1 Zle Jt,%- We report in Tables E| andthe normalized averaged error defined as

1K . 2
-1 Z HK Zk:l gtk Qt,kH . (28)

K
iem e i genll?

We here discuss in which settings we expect the multiple workers to improve w.r.t. a single worker.
More precisely, we show that the impact of enforcing unbiased independent compression for the
different workers increases with the "dependence” of stochastic gradients. Consider the following
two cases. Example 1: (large noise, low correlation between stochastic gradients) each worker
computes a stochastic gradient that is nearly independent of the other workers. The error made is not
reduced by the multiplicity of workers. Example 2: (low or no noise, strong consensus between
stochastic gradients) if each worker computes the same gradient, we recover task 2. The variance
reduction obtained by using multiple workers and independent compressors is proportional to the
number of workers. More generally, this is true when the noise is small w.r.t. the gradient of the
function.

This signal/noise ratio fundamentally impacts the performance of algorithms using compressions
operators: in example 2, it is crucial to use unbiased and independent workers, while in example 1,
it is more important to reduce the distortion for a single worker.
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Table 7: Task 3: normalized distortion for a mini-batch of size 4096 of a VGG-16 at epoch 10.

Method Sign Top-2 Rand-2 Polytope

Variant norm-quant.
K=1 0.3]|0.2 0.5|0.2 0.516.2 0.2||7.3 0.2||7.3
K=8 0.3]|0.1 0.5]|0.1 0.09]|]1.8  0.06/|2.0 0.06|2.0
Method  HSQ-span HSQ-greed StoVoQ

Variant norm-quant. norm-quant. GRVQ Unbiased = Unbiased+quant.

K=1 0285 009]05 006]02 002]04 0.02 || 0.4
K=8 009]23 009]04 0.1]0.07

Many factors impact this “consensus” between workers: first of all the mini-batch size. The noise
variance is inversely proportional to b: as b increases, each stochastic gradient becomes closer to
VF(0). More generally, all variance reduction techniques tend to increase the “consensus”. On
the other hand, heterogeneity between workers increases the discrepancy between gradients (but
memory techniques as in DoStoVoQ-DIANA mitigate this discrepancy). Finally, performing several
steps [36]], as in Local-SGD also has a similar impact of averaging the noise over several iterations,
and thus increases the consensus.

We thus evaluate all algorithms on two tasks:

1. First, on gradients extracted from the LSR task: in this task, data is distributed on all

workers, that compute a batch gradient. The gradients obviously depend on the workers
(each worker has access to a different subset of the data), but because the workers are
homogeneous, these gradients have a strong consensus. We give the results in Table[8] We
observe that the reduction by a factor 8 is preserved when using K = 8. This explains why
our method outperforms HSQ in Figure 2]

. Second, on gradients from the VGG16 trained with SGD on CIFAR. On this task, the
noise level is much higher and the consensus much weaker. This is expected in very high
dimensional models and non convex objective (roughly speaking, the gradients on different
workers nearly point in random descent directions). We thus do not see any strong effect
of the number of workers on the distortion for b < 512. Increasing further the batch size,
to b = 4096, we recover the gain of multiple workers. Results are given in Table[7] The
distortion is twice smaller with StoVoQ-unbiased than with any other method. While a
batch of 4096 is very high, very large batch were used in a successful training of CIFAR
and IMAGENET in Lin et al. [24]. More generally, when communication cost is a major
concern, increasing the batch size and the number of local iterations is natural, to increase
the quality of updates transmitted.

Table 8: Task 3: normalized distortion for LSR (see Section EI)

Method Sign Top-2 Rand-2 Polytope

Variant norm-quant.
K=1 0.05|/0.3 0.4/10.2 0.6//6.3 0.3|7.3 0.3|7.3

K =38 0.4/|0.08 0.1]]1.3 0.07||1.4 0.07||1.4
Method  HSQ-span HSQ-greed StoVoQ

Variant norm-quant. norm-quant. GRVQ Unbiased = Unbiased+quant.
K=1 0394 0.09 0.5 0.1 0.3 0.03 || 0.6 0.03 || 0.6

K =38 0.08 || 1.9 0.09 || 0.1 0.1 || 0.06
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