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Proof of Theorem 1. Note that R∗(xu, x̃i) = 〈f∗(xu), f̃∗(x̃i)〉 with f∗j ∈ H(β, [0, 1]Du ,M) and f̃∗j ∈
H(β, [0, 1]Di ,M). It follows from Theorem 5 in Nakada and Imaizumi (2020) that there exist FDu(W,L,B,M)

and FDi(W̃ , L̃, B̃,M) with W = O(ε−du/β), W̃ = O(ε−di/β), B = O(ε−s) and B̃ = O(ε−s) such that for each j,
we have

inf
fj∈FDu (W,L,B,M)

‖fj − f∗j ‖L∞(µu) ≤ ε,

inf
f̃j∈FDi (W̃ ,L̃,B̃,M)

‖f̃j − f̃∗j ‖L∞(µi) ≤ ε.
(1)

By the triangle inequality and the Cauchy-Schwartz inequality, we have that

|R(xu, x̃i)−R∗(xu, x̃i)| = |〈f(xu), f̃(x̃i)〉 − 〈f∗(xu), f̃∗(x̃i)〉|
≤|〈f(xu), f̃(x̃i)− f̃∗(x̃i)〉|+ |〈f(xu)− f∗(xu), f̃∗(x̃i)〉|
≤‖f(x)‖2‖f̃(x̃i)− f̃∗(x̃i)‖2 + ‖f(xu)− f∗(xu)‖2‖f̃∗(x̃i)‖2.

Since f ∈ FDu(W,L,B,M) and f̃∗ ∈ Hp(β, [0, 1]Di ,M), we have ‖f(xu)‖2 ≤ 2
√
pM and ‖f̃∗(x̃i)‖2 ≤

√
pM ,

which further implies that

|R(xu, x̃i)−R∗(xu, x̃i)| ≤M
(

2

p∑
j=1

‖f̃j − f̃∗j ‖L∞(µi) +

p∑
j=1

‖fj − f∗j ‖L∞(µu)

)
.

Let Φ = (W,L,B,M, W̃ , L̃, B̃), it then follows from (1) that

inf
R∈RΦ

|R(xu, x̃i)−R∗(xu, x̃i)| = inf
fj∈FDu (W,L,B,M),f̃j∈FDi (W̃ ,L̃,B̃,M)

|R(xu, x̃i)−R∗(xu, x̃i)|

≤M
(

2

p∑
j=1

inf
fj∈FDu (W,L,B,M)

‖f̃j − f̃∗j ‖L∞(µi) +

p∑
j=1

inf
f̃j∈FDi (W̃ ,L̃,B̃,M)

‖fj − f∗j ‖L∞(µu)

)
≤3pMε.

This completes the proof of Theorem 1. �

Proof of Lemma 1. For f(x) ∈ FD(W,L,B,M) with U(f) ≤ L, we let yl denote the output of the l-th layer of f
and Θ = ((A1, b1), (A2, b2), . . . , (AU(f), bU(f))) the parameter of f , where Al ∈ [−B,B]pl×pl−1 , bl ∈ [−B,B]pl ,
p0 = D and pU(f) = p. We then construct f ′ = Q(f) with Θ′ = ((A′1, b

′
1), (A′2, b

′
2), . . . , (A′L, b

′
L)) as follows.

For l = 1, we let A′1 = (AT
1 ,0D×(2W−p1))

T and b′1 = (bT1 ,0
T
2W−p1

)T , and then the output of the first layer y′1 is
given by

y′1 = σ(A′1x + b′1) =

(
σ(A1x + b1)

02W−p1

)
=

(
y1

02W−p1

)
,

where σ(·) is the element-wise ReLU function. For l = 2, . . . , U(f)−1, we let A′l = diag(Al,0(2W−pl)×(2W−pl−1))

and b′l = (bTl ,0
T
2W−pl)

T , and then

y′l = σ(A′lyl−1 + b′l) =

(
σ(Alyl−1 + bl)

02W−pl

)
=

(
yl

02W−pl

)
.
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The remaining (A′l, b
′
l)’s for l = U(f), . . . , L are constructed based on the value of U(f). If U(f) = L, as the last

layer of f and f ′ are both linear, we set A′L = (AL,0p×(2W−pL−1)) and b′L = bL, and then

y′L = A′Ly
′
L−1 + b′L = ALyL−1 + bL = yU(f).

If U(f) = L− 1, we set

A′L−1 =

 AL−1 0pL−1×(2W−pL−2)

−AL−1 0pL−1×(2W−pL−2)

0(2W−2pL−1)×pL−2
0(2W−2pL−1)×(2W−2pL−2)

 , b′L−1 =

(
bL−1

−bL−1

02W−2pL−1

)
.

Then we have

y′L−1 = σ(A′L−1y
′
L−2 + b′L−1) =

(
σ(AL−1yL−2 + bL−1)
σ(−AL−1yL−2 − bL−1)

02W−2p

)
.

We further let A′L =
(
Ip,−Ip,0p×(2W−2p)

)
and bL = 0p, and then

y′L = σ(AL−1yL−2 + bL−1)− σ(−AL−1yL−2 − bL−1) = yU(f),

where the second equality follows from property of the ReLU function that σ(x)− σ(−x) = x.

If U(f) ≤ L− 2, we first construct (A′l, b
′
l); l = U(f) + 1, . . . , L− 1 as

A′l =

 Ip −Ip 0p×(2W−2p)

−Ip Ip 0p×(2W−2p)

0(2W−2p)×p 0(2W−2p)×p 0(2W−2p)×(2W−2p)

 and b′l = 02W .

Then we have

y′l = σ(A′ly
′
l−1 + b′l) =

 σ(AU(f)yU(f)−1 + bU(f))
σ(−AU(f)yU(f)−1 − bU(f))

02W−2p

 . (2)

We further set A′L =
(
Ip,−Ip,0p×(2W−2p)

)
and bL = 0p, then we have

y′L = σ(AU(f)yU(f)−1 + bU(f))− σ(−AU(f)yU(f)−1 − bU(f)) = yU(f).

By the definition of FD(W,L,B,M), the non-zero elements of Al is at most W , and hence the number of non-zero
elements in A′l is at most

4W +

2W∑
s=1

(
b2W
s
c+ 1

)
≤ 8W +

2W∑
s=2

(
2W

s
× 1) ≤ 8W +

∫ 2W

1

2W

x
dx ≤ 12W logW,

where b·c is the floor function. Similarly, the number of non-zero elements in b′l is less than 2W logW . The desired
result then follows immediately. �

Proof of Lemma 2: For an L-layer neural network f(x; Θ) ∈ KD(W,L,B,M), its l-th layer can be formulated as

hl(x) =
(
hl1(x), hl2(x), . . . , hlpl(x)

)
= Alx + bl,

where hli(x) =
∑pl−1

j=1 Alijxj + bli, with p0 = D and pl−1 = 2W for 2 ≤ l ≤ L. It follows from the triangle
inequality that

sup
‖x‖∞≤1

‖f(x)− f ′(x)‖2 = sup
‖x‖∞≤1

‖hL ◦ hL−1 ◦ · · · ◦ h1(x)− h′L ◦ h′L−1 ◦ · · · ◦ h′1(x)‖2

≤ sup
‖x‖∞≤1

‖f(x)− gL−1(x) + gL−1(x)− gL−2(x) + · · ·+ g1(x)− f ′(x)‖2

≤ sup
‖x‖∞≤1

‖gL(x)− gL−1(x)‖2 + . . .+ sup
‖x‖∞≤1

‖g1(x)− g0(x)‖2, (3)
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where gl(x) = h′L ◦ · · · ◦ h′l+1 ◦ hl ◦ · · · ◦ h1(x). It then suffices to bound sup‖x‖∞≤1 ‖gl(x) − gl−1(x)‖2 for
l = 1, . . . , L separately.

Before we proceed, we first bound

sup
‖x‖∞≤1

‖hl ◦ · · · ◦ h1(x)‖∞ ≤ (WB)l(1 +
B

WB − 1
)− B

WB − 1
, El, (4)

for any l ≥ 1 by mathematical induction. When l = 1, note that the ReLU function is a Lipschitz-1 function, then we
have

sup
‖x‖∞≤1

|h1i(x)| ≤ sup
‖x‖∞≤1

D∑
j=1

|Alij | · |xj |+ |bli| ≤WB +B = E1,

for i = 1, . . . , p1. It then follows that sup‖x‖∞≤1 ‖h1(x)‖∞ ≤ E1. Next, suppose that equation 4 holds true for
l ≤ k − 1, then

sup
‖x‖∞≤1

|hki ◦ · · · ◦ h1(x)| ≤ sup
‖x‖∞≤Ek−1

|hki(x)| ≤ sup
‖x‖∞≤Ek−1

pk−1∑
j=1

|Akij | · |xj |+ |bli|

≤WBEk−1 +B = (WB)k(1 +
B

WB − 1
)− B

WB − 1
= Ek,

for i = 1, . . . , pk. It then follows that sup‖x‖∞≤1 ‖hk ◦ · · ·h1(x)‖∞ ≤ Ek, and thus equation 4 holds true for any
l ≥ 1.

We now turn to bound sup‖x‖∞≤1 ‖gl(x)− gl−1(x)‖2. Note that

sup
‖x‖∞≤1

‖gl(x)− gl−1(x)‖2 ≤
p∑
i=1

sup
‖x‖∞≤1

∣∣gli(x)− gl−1,i(x)
∣∣

=

p∑
i=1

sup
‖x‖∞≤1

∣∣∣h′Li ◦ · · · ◦ h′l+1 ◦ hl ◦ · · · ◦ h1(x)− h′Li ◦ · · · ◦ h′l ◦ hl−1 ◦ · · · ◦ h1(x)
∣∣∣

≤
p∑
i=1

sup
‖x‖∞≤El−1

∣∣∣h′Li ◦ · · · ◦ h′l+1 ◦ hl(x)− h′Li ◦ · · · ◦ h′l+1 ◦ h′l(x)
∣∣∣

≤
p∑
i=1

sup
‖x−x′‖∞≤ε(WEl−1+1)

∣∣∣h′Li ◦ · · · ◦ h′l+1(x)− h′Li ◦ · · · ◦ h′l+1(x′)
∣∣∣

≤pε(WB)L−l(WEl−1 + 1),

where g = (gl1, . . . , glp), the second inequality follows from the fact that

sup
‖x‖∞≤El−1

|hli(x)− h′li(x)| ≤ sup
‖x‖∞≤El−1

pl−1∑
j=1

|Alij −A′lij | · |xj |+ |bli − b′li| ≤ ε(WEl−1 + 1),

and the last inequality is derived by repeatedly using the fact that sup‖x−x′‖∞≤E |hli(x)− hli(x′)| ≤WBE for any
E ≥ 0 and l ≥ 1.

Therefore, after plugging the definition of El in equation 4, we have

sup
‖x‖≤1

‖f(x)− f ′(x)‖2 ≤
L∑
l=1

sup
‖x‖≤1

‖gl(x)− gl−1(x)‖2

≤
L∑
l=1

pε
(

(WB)L(
1

B
+

1

WB − 1
)− (WB)L−l

WB − 1

)
=pε

(
(WB)L

(L
B

+
L

WB − 1

)
− (WB)L − 1

(WB − 1)2

)
.
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This completes the proof of Lemma 2. �

Proof of Lemma 3: For any R ∈ RΦ, we have R(xu, x̃i) = 〈f(xu), f̃(x̃i)〉, where f(xu) ∈ FDu(W,L,B,M)

and f̃(x̃i) ∈ FDi(W̃ , L̃, B̃,M). It follows from Lemma 2 that there exists mappings Qu : FDu(W,L,B,M) →
KDu(W,L,B,M) and Qi : FDi(W̃ , L̃, B̃,M)→ KDi(W̃ , L̃, B̃,M) such that

R(xu, x̃i) = 〈f(xu), f̃(x̃i)〉 = 〈Qu(f)(xu), Qi(f̃)(x̃i)〉,

for any (xu, x̃i) ∈ Supp(µui).

Let ΘQ and Θ̃Q denote the effective parameters ofQu(f) andQi(f̃), thenR can be parametrized by ΛQ = (ΘQ, Θ̃Q).
Let Q = {ΛQ : R(·; ΛQ) ∈ RΦ} and G = {Λ(1)

Q , . . . ,Λ
(N)
Q } be an ε/2−covering set of Q under the ‖ · ‖∞ metric.

For any R(·; ΛQ) ∈ RΦ, there exists Λ′Q ∈ G such that ‖ΛQ − Λ′Q‖∞ < ε/2, and thus

sup
‖(xu,x̃i)‖∞≤1

|R(xu, x̃i)−R′(xu, x̃i)| = sup
‖(xu,x̃i)‖∞≤1

|〈f(xu), f̃(x̃i)〉 − 〈f ′(xu), f̃ ′(x̃i)〉|

≤ sup
‖(xu,x̃i)‖∞≤1

|〈f(xu), f̃(x̃i)− f̃ ′(x̃i)〉|+ sup
‖(xu,x̃i)‖∞≤1

|〈f(xu)− f ′(xu), f̃ ′(x̃i)〉|

≤ sup
‖(xu,x̃i)‖∞≤1

‖f(xu)‖2‖f̃(x̃i)− f̃ ′(x̃i)‖2 + sup
‖(xu,x̃i)‖∞≤1

‖f(xu)− f ′(xu)‖2‖f̃ ′(x̃i)‖2

≤2Mp1/2
(

sup
‖x̃i‖∞≤1

‖Qi(f̃)(x̃i)−Qi(f̃ ′)(x̃i)‖2 + sup
‖xu‖∞≤1

‖Qu(f)(xu)−Qu(f ′)(xu)‖2
)

≤εMp3/2(C(W,L,B) + C(W̃ , L̃, B̃)) , C4ε, (5)

where the last inequality follows from Lemma 2.

For each Λ
(n)
Q ∈ G, we define a C4ε-bracket as

gUn (xu, x̃i) = R(xu, x̃i; Λ
(n)
Q ) +

C4ε

2
, gLn (xu, x̃i) = R(xu, x̃i; Λ

(n)
Q )− C4ε

2
.

Combined with (5), it follows that for any ΛQ ∈ Q, there exists 1 ≤ k ≤ N such that

gUk (xu, x̃i)−R(xu, x̃i,ΛQ) ≥ C4ε

2
− |R(xu, x̃i; ΛQ)−R(xu, x̃i; Λ

(k)
Q )| ≥ 0,

gLk (xu, x̃i)−R(xu, x̃i,ΛQ) ≤ |R(xu, x̃i; ΛQ)−R(xu, x̃i; Λ
(k)
Q )| − C4ε

2
≤ 0,

for any (xu, x̃i) ∈ Supp(µui). Therefore, B = {[gL1 , gU1 ], [gL2 , g
U
2 ], . . . , [gLN , g

U
N ]} forms a C4ε-bracketing set of RΦ

under the ‖ · ‖L2(µui) metric.

By Lemma 2, the size of ΛQ is at most 14LW logW + 14L̃W̃ log W̃ . Combined with the definition of G, this yields
that

logN ≤ (14LW logW + 14L̃W̃ log W̃ ) log
(
ε−12 max{B, B̃}

)
.

Substituting ε by ε̃/C4 leads to the desired upper bound immediately. �

Proof of Theorem 2: Let Lui = max{L, L̃}, η2
|Ω| = Lui|Ω|−2β/(2β+dui) log2 |Ω|, M = {R ∈ RΦ : ‖R −

R∗‖2L2(µui)
> η2

|Ω|}, and let R0 ∈ RΦ satisfy ‖R0 − R∗‖2L∞(µui)
≤ η2

|Ω|/4. Further, we denote ‖R − K‖2Ω =
1
|Ω|
∑

(u,i)∈Ω(R(xu, x̃i)−Kui)
2, and then it follows from the definition of R̂ that

P
(
‖R̂−R∗‖2L2(µui)

> η2
|Ω|
)

≤P
(

sup
R∈M

(
‖R0 −K‖2Ω + λ|Ω|J0 − ‖R−K‖2Ω − λ|Ω|J(R)

)
≥ 0
)
≡ I,

where J0 = J(R0). We further decomposeM into small subsets. Specifically, we letMij = {R ∈ RΦ : 2i−1η2
|Ω| <

‖R − R∗‖2L2(µui)
≤ 2iη2

|Ω|, 2
j−1J0 < J(R) ≤ 2jJ0} for i, j ≥ 1, and Mi0 = {R ∈ RΦ : 2i−1η2

|Ω| < ‖R −
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R∗‖2L2(µui)
≤ 2iη2

|Ω|, J(R) ≤ J0} for i ≥ 1. Then we have

I ≤
∞∑
i=1

∞∑
j=0

P
(

sup
R∈Mij

(
‖R0 −K‖2Ω + λ|Ω|J0 − ‖R−K‖2Ω − λ|Ω|J(R)

)
≥ 0
)

=

∞∑
i,j=1

P
(

sup
R∈Mij

(
‖R0 −K‖2Ω + λ|Ω|J0 − ‖R−K‖2Ω − λ|Ω|J(R)

)
≥ 0
)

+

∞∑
i=1

P
(

sup
R∈Mi0

(
‖R0 −K‖2Ω + λ|Ω|J0 − ‖R−K‖2Ω − λ|Ω|J(R)

)
≥ 0
)
≡ I1 + I2.

It thus suffices to bound I1 and I2 separately.

Let ε = K −R∗, then we have

‖R−K‖2Ω = ‖R−R∗‖2Ω + ‖ε‖2Ω −
2

|Ω|
∑

(u,i)∈Ω

εui
(
R(xu, x̃i)−R∗(xu, x̃i)

)
.

Therefore, E‖R−K‖2Ω = ‖R−R∗‖2L2(µui)
+ E‖ε‖2Ω, and thus

E
(
‖R−K‖2Ω − ‖R0 −K‖2Ω

)
= ‖R−R∗‖2L2(µui)

− ‖R0 −R∗‖2L2(µui)

≥ ‖R−R∗‖2L2(µui)
− η2
|Ω|/4.

Let EΩ(R) = ‖R−K‖2Ω − E
(
‖R−K‖2Ω

)
, then we have

P
(

sup
R∈Mij

(
‖R0 −K‖2Ω + λ|Ω|J(R0)− ‖R−K‖2Ω − λ|Ω|J(R)

)
≥ 0
)

=P
(

sup
R∈Mij

(
EΩ(R0)− EΩ(R)

)
≥ inf
R∈Mij

λ|Ω|(J(R)− J(R0)) + inf
R∈Mij

E
(
‖R−K‖2Ω − ‖R0 −K‖2Ω

))
≤P
(

sup
R∈Mij

(
EΩ(R0)− EΩ(R)

)
≥ inf
R∈Mij

λ|Ω|(J(R)− J(R0)) + inf
R∈Mij

‖R−R∗‖2L2(µui)
− η2
|Ω|/4

)
≤P
(

sup
R∈Mij

(
EΩ(R0)− EΩ(R)

)
≥ (2j−1 − 1)λ|Ω|J0 + (2i−1 − 1/4)η2

|Ω|

)
=P
(

sup
R∈Mij

(
EΩ(R0)− EΩ(R)

)
≥M(i, j)

)
,

where M(i, j) = (2j−1 − 1)λ|Ω|J0 + (2i−1 − 1/4)η2
|Ω|.
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Next, it follows from the assumption λ|Ω|J0 ≤ 1/4η2
|Ω| that

sup
R∈Mij

Var
(

(R(xu, x̃i)−Kui)
2 − (R0(xu, x̃i)−Kui)

2
)

= sup
R∈Mij

Var
(

(R(xu, x̃i)−R∗(xu, x̃i))2 − (R0(xu, x̃i)−R∗(xu, x̃i))2
)

+ Var
(

2εui(R(xu, x̃i)−R0(xu, x̃i))
)

≤ sup
R∈Mij

2Var
(

(R(xu, x̃i)−R∗(xu, x̃i))2
)

+ 2Var
(

(R0(xu, x̃i)−R∗(xu, x̃i))2
)

+ 4Eε2ui sup
R∈Mij

E(R(xu, x̃i)−R0(xu, x̃i))
2

≤2 sup
R∈Mij

E(R(xu, x̃i)−R∗(xu, x̃i))4 + 2E((R0(xu, x̃i)−R∗(xu, x̃i))2

+ 4σ2 sup
R∈Mij

E(R(xu, x̃i)−R0(xu, x̃i))
2

≤ sup
R∈Mij

(50p2M4 + 4σ2)
(
‖R−R∗‖2L2(µui)

+ ‖R0 −R∗‖2L2(µui)

)
≤(50p2M4 + 4σ2)

(
2iη2
|Ω| +

1

4
η2
|Ω|
)
≤ C5M(i, j) ≡ v(i, j), (6)

where C5 = 16 max{(50p2M4 + 4σ2), 1}(25p2M4 +B2
e ).

In the following, we proceed to verify conditions (4.5)-(4.7) in Shen and Wong (1994). First, the relation between
M(i, j) and v(i, j) in (6) directly implies (4.6) with T = 2(25p2M4 + B2

e ) and ε = 1/2. Second, we let RΦ(τ) =

{R ∈ RΦ : J(R) ≤ τJ0}, and note that J(R) ≤ τJ0 implies that max{B, B̃} ≤
√
τJ0. Then it follows from Lemma

3 that

logN[·](ε,RΦ(τ), ‖ · ‖L2(µui)) ≤ C2(W logW + W̃ log W̃ ) log
(
C6ε
−1
)
,

where C6 = C3

(
C(W,L,

√
τJ0) + C(W̃ , L̃,

√
τJ0)

)
, and C2 and C3 are defined as in Lemma 3. It then follows that

∫ v1/2(i,j)

ε
32M(i,j)

√
logN[·](u,RΦ(τ), ‖ · ‖L2(µui))du/M(i, j)

≤
∫ v1/2(i,j)

ε
32M(i,j)

√
C2(W logW + W̃ log W̃ ) log

(
C6u−1

)
du/M(i, j). (7)

Notice that the right-hand side of (7) is non-increasing in i and M(i, j), it then follows that

∫ v1/2(i,j)

ε
32M(i,j)

√
C2(W logW + W̃ log W̃ ) log

(
C6u−1

)
du/M(i, j)

≤
∫ v1/2(1,j)

ε
32M(1,j)

√
C2(W logW + W̃ log W̃ ) log

(
C6u−1

)
du/M(1, j). (8)

Note that W and W̃ are adaptive parameters governing the rate of approximation error ‖R0 − R∗‖L∞(µui), which
must satisfy ‖R0 − R∗‖L∞(µui) ≤ 1/2η|Ω|. Thus, (4.7) holds by setting W = O(|Ω|dui/(2β+dui) log |Ω|) and W̃ =

O(|Ω|dui/(2β+dui) log |Ω|), and (4.7) directly implies (4.5). By Theorem 3 in Shen and Wong (1994) with M =

6



|Ω|1/2M(i, j) and v = v(i, j), we have

I1 ≤
∞∑
j=1

∞∑
i=1

3 exp
(
− (1− ε)|Ω|M(i, j)2

2(4C5M(i, j) +M(i, j)T/3)

)
≤ 3

∞∑
j=1

∞∑
i=1

exp
(
− C7(1− ε)|Ω|

(
(2j−1 − 1)λ|Ω|J0 + (2i−1 − 1/4)η2

|Ω|
))

≤ 3

n∑
i=1

exp(−C7(1− ε)|Ω|(i− 1/4)η2
|Ω|)

n∑
j=1

exp(−C7(1− ε)|Ω|(j − 1)λ|Ω|J0)

≤ 3
exp(−C7(1− ε)|Ω|η2

|Ω|/4)

1− exp(−C7(1− ε)|Ω|η2
|Ω|)

1

1− exp(−C7(1− ε)|Ω|λ|Ω|J0)

≤ 3
exp(−C7(1− ε)|Ω|η2

|Ω|/4)

(1− exp(−C7(1− ε)|Ω|η2
|Ω|/4))2

, (9)

where C7 = 3/(26C5) and the last inequality follows from the fact that λ|Ω|J0 ≤ 1/4η2
|Ω|.

Similarly, I2 can be bounded by

I2 ≤
n∑
i=1

3 exp(− (1− ε)|Ω|M2(i, 0)

2(4v(i, 0) +M(i, 0)T/3)
) ≤

n∑
i=1

3 exp(−C7(1− ε)|Ω|M(i, 0))

≤
∞∑
i=1

3 exp(−C7(1− ε)|Ω|(2i−1 − 1/2)η2
|Ω|) ≤ 3

exp(−C7(1− ε)|Ω|η2
|Ω|/2)

1− exp(−C7(1− ε)|Ω|η2
|Ω|)

. (10)

Combining (9) and (10), we have

I ≤ I1 + I2 ≤ 3
exp(−C7(1− ε)|Ω|η2

|Ω|/4)

(1− exp(−C7(1− ε)|Ω|η2
|Ω|/4)2

+ 3
exp(−C7(1− ε)|Ω|η2

|Ω|/2)

1− exp(−C7(1− ε)|Ω|η2
|Ω|)

.

Let s = exp(−C7(1− ε)|Ω|η2
|Ω|/4), then

I ≤ 3s2

(1− s)2
+

3s2

1− s4
≤ 3s2

(1− s)2
+

3s2

1− s
=

6s2 − 3s3

(1− s)2
≤ 24s2,

as s ≤ 1/2. The desired result then follows immediately. �
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