Supplementary files for ‘“On strong convergence of the two-tower model for
recommender system’

Anonymous authors
Paper under double-blind review

Proof of Theorem 1. Note that R*(xy, &) = (f*(zu),f*(£;)) with f7 € H(B,[0,1]P+ M) and f;
H(5, [0, 1] , M). 1t follows from Theorem 5 in [Nakada and Imaizumi| (2020) that there exist Fp, (W, L, B, M)
and Fp, (W, L B, M) with W = O(e~%/8) W = O(¢~%/P), B = O(e*) and B = O(e~*) such that for each 7,
we have

€7D, (W.L.BM) 1 = F5lla g < €
) - (1)
inf If; = fillzoe () <€

fi€Fp,(W,L,B,M)

By the triangle inequality and the Cauchy-Schwartz inequality, we have that

|R(@u, i) — R (2w, )| = |(Ff(x0), f(Z:)) - (" (@),
<|(f (@), F(@:) = (@) + [(F(@a) = (), F* (@)
<IF @)l F (@) = £ @ll2 + 1 (@) = F* (@a)ll2| F* (&)

Since f € Fp,(W,L,B, M) and f* € HP(B,[0,1]P:, M), we have || f(z.,)|2 < 2,/pM and Hf (@)]]2 < /PM,
which further implies that

£ (@)
|

P P
|R(xy, &) — R* (x4, &;)| SM(QZ 1F5 = Fi ey + D I1f5 = ff||Loo(,Lu))-
j=1

Let® = (W,L,B, M, W, L, B), it then follows from ({1|) that

inf |R(xy,&;) — R*(xy, &;)| = inf - |R(my, &) — R* (x4, &)
RER® fi€Fp, (W,L,B,M),f;€Fp,(W,L,B,M)
P
§M< ol + inf e )
;:fje}‘n (W.L,B,M) 175 = e e ;f o, (WL, B,M) s = Il
<3pMe.
This completes the proof of Theorem 1. ]

Proof of Lemma 1. For f(x) € Fp(W, L, B, M) with U(f) < L, we let y; denote the output of the [-th layer of f
and © = ((A1,b1), (A2, b2),...,(Ay(s), bu(s))) the parameter of f, where A; € [-B, B]P**Pi-1, b € [-B, B,
po = D and py () = p. We then construct f' = Q(f) with © = ((A},b}), (A5, b5),..., (AL, b})) as follows.

Forl =1, welet A} = (AT,0pyow_p,))" and by = (b7, OQTW_pl)T, and then the output of the first layer y; is

given by
Az + by) U1
I Al b)) = 0'( 1 1 _
Yy = o(Ajz + b)) ( Os1—p, Oow—p, )’

where o (+) is the element-wise ReLU function. For ! = 2, ..., U(f) —1, we let A} = diag(A;, 02w —p,)x (2W —p,_1))
and by = (b}, 03y, )", and then

Ay_1+b
v = oAy b = (T D) ().

02W7pl 02W7pl



The remaining (A}, b))’s for | = U(f),..., L are constructed based on the value of U(f). If U(f) = L, as the last
layer of f and f' are both linear, we set A7 = (AL, Opx 2w —p,_,)) and b} = by, and then

yr = ALyr 1 +b = Aryr 1+ b = yu(s).
IfU(f) =L — 1, we set
/ A 0p, i x(@W—pr_s) , b1
Al = —Ar Op. i x(@W—pr_s) b1 = —br '
O(QW*QPL—I)XPL—2 0(2W72pL_1)><(2W72pL_2) 02W72PL71

Then we have

) ) ) / o(Ar—1yr—2+br_1)
Y1 =0(AL_1yp o +bp ) = |0(-AL_1yr—2 —br1)
Oaw —2p

We further let A} = (I,, —I,,,0, 2w —_2p)) and by, = 0,, and then
yr =0(Ar_1yr—2+br_1) —o(—Ar_1yr—2 —br_1) = yu(s).
where the second equality follows from property of the ReLU function that o(x) — o(—2z) = x.

IfU(f) < L — 2, we first construct (A}, b));l =U(f)+1,...,L —1as

I, -1, 0y x (2w —2p)
A; = —Ip Ip 0p><(2W72p) and b; = ng.
Ow_2p)xp Oew_2p)xp O@w —2p)x (2w —2p)

Then we have

/ -, / o(Avpyus)-1 +bucs)
Yy =o(Ay_1 + by) = [ o(—Avpyup-1 — bu) | - )
Oow —2p
We further set A} = (I,, —I,,0,x 2w —2p)) and by, = 0,,, then we have
v = o(Avpyup -1 +bup) — o(—Avpyour-1 — buis) = Yu(s)-

By the definition of Fp (W, L, B, M), the non-zero elements of A; is at most W, and hence the number of non-zero
elements in Aj is at most

I ow 2Woow
4W+Z J+1) <8W+Z—x1)<sw+/ “—dz < 12Wlog W,
s=2 1

where |- is the floor function. Similarly, the number of non-zero elements in bj is less than 21W log . The desired
result then follows immediately. u

Proof of Lemma 2: For an L-layer neural network f(x;0) € Kp(W, L, B, M), its I-th layer can be formulated as
hi(x) = (hii (@), o (), ... hup, () = A + by,

where hy;(x) = pl’ Ay + by, with pg = D and pj_q = 2W for 2 < [ < L. It follows from the triangle
inequality that

sup ||f(z) — f'(z)lo= sup |hpohr 10---ohy(x)—hpohl jo---ohi(z)|:

l]loo <1 lz]leo <1

< ” SHUP<1 [f(x) —gr—1(x) +gr—1(x) —gr—2(x) + -+ g1(x) — f'(x)|2

< sup |gr(x) —gr—1(x)2+...+ sup [lgi(x) — go()]2, A3)
lz]loo <1 lz]loo <1



where g;(xz) = h7, o---ohj, , ohjo--ohi(z). It then suffices to bound sup, <1 [|9:(z) — gi—1(x)|]2 for
l=1,..., L separately.

Before we proceed, we first bound

B B
sup kg oo hi(z)| < (WB)'(1+

- 2E 4
e <1 - wB-1 WwB-1 " @

for any [ > 1 by mathematical induction. When | = 1, note that the ReLU function is a Lipschitz-1 function, then we
have

sup |hy(x)] < sup Z |Agij| - |zj] + |bii| < WB+ B = Ey,
ll]loo <1 lzllee <155
fori = 1,...,p1. It then follows that sup <1 [|h1(x)[lcc < E1. Next, suppose that equation E|holds true for
[ <k —1,then

Pr—1

sup |hpio---ohy(@)| < sup  |hw(x)| < sup > [Agggl - Jay| + (b
lzlloo<1 lelloo<Ek—1 lzllo<Ex—1 523
B B
<WBE;_1 +B = (WB)*(1 — =E
< -1+ ( )(+WB_1) WE 1 k>

fori = 1,...,py. It then follows that sup|,_ <1 [[hk © -+ h1()|[ec < Ej, and thus equation@holds true for any
1>1

We now turn to bound sup ;<1 |9:(z) — gi—1(x)||2. Note that

sup [|lgi(x) — gi-1( H2<Z sup ’glz —gi-1i(2)]

llzfl oo <1 im1 llzllo<

—Z sup ‘hlLiO"'Ohfﬂohlo-"Ohl(fB)—h/LiO"'OhfohlAOmOhl(fB)

=1 H Hoo<1

< Z sup

= lzlle<Ei

Bpiow o hiyy o hy(@) — K o---o hi,, o hi(x)|

I A

P
/ !/ / / !
Z sup ‘hLio"'Oth(m)*hLz'O"'Oth(m)
i1 le—&' ||cc <e(WE;—1+1)

<pe(WB)' (WE;_1 + 1),

where g = (gi1, . . ., gip). the second inequality follows from the fact that
Pi—1
sup  Jhui(@) — hi(@)] < sup > [ Auy = Ajyl - |+ b = ] < e(WEi-y + 1),
||:1:HQOSEZ,1 ”wHOCSElfl j=1

and the last inequality is derived by repeatedly using the fact that sup |, 5/ _<p [li(x) — hii(2')| < WBE for any
E >0and! > 1.

Therefore, after plugging the definition of £ in equation Al we have

HSlll‘.Eluf(CE) z)||2 <Z S lgi(z) — gi-1()||2
1 1 (WB)L—!
;pE(WB) B+ WB—1)*WB—1)
L L (WB)L -1
_p(WB (Brwae-1) (WB—1)2>



This completes the proof of Lemma 2. ]

Proof of Lemma 3: For any R € R®, we have R(x,,%;) = (f(x.), f(&;)), where f(x,) € Fp,(W,L, B, M)
and f(z;) € Fp,(W,L,B, M). It follows from Lemma 2 that there exists mappings Q. : Fp, (W, L, B, M) —
Kp,(W,L,B,M)and Q; : Fp,(W,L,B, M) — Kp,(W, L, B, M) such that

for any (x,, &;) € Supp(pyi)-

Let O and O denote the effective parameters of Q,,(f) and Q;(£), then R can be parametrized by Ag = (©¢, Og).
Let Q = {Ag : R(;Ag) € R*}and G = {A(l), . ,AEQN)} be an ¢/2—covering set of Q under the || - ||o, metric.
For any R(; Ag) € R, there exists Ay, € G such that |Ag — Af [l < €/2, and thus

sup |R(zu, &) — R(z0, @) = sup [(f(@a), F(@) — (F'(z), F'(#))]
(@, Zi)lloo <1 [(@w,®i)|loo <1
< s [f@) f@E) - FEN - s [f@) - @), F @)
l(@w, i) lloo <1 (2w, &)l oo <1
< sup [If@)l2llf (@) = F@)2+  sup (f(zu) = F (@) ll2] £ (2)]l2
[I(w,®i) lloo <1 [ (&) [loo <1

<2p 2 swp Q@) - Q@+ sup [Qu(f)(@) ~ Qu(f)(@a)ll)

12| oo <1 lewlloo<1
<eMp*’*(C(W, L, B) + C(W, L, B)) £ Cue, 5)
where the last inequality follows from Lemma 2.

For each Ag) € G, we define a Cye-bracket as

Ul @) — oAy Gae L o o Ay _ Cae
I (Tu, Ti) = R(wmquQ )+ 779n (T, ®;) = R(wukuAQ ) — 9
Combined with , it follows that for any Ag € Q, there exists 1 < k£ < N such that
C
gt (@u, @) = R(@a, &1, M) > =5 = |R(@a, @ Aq) — Rl(@u, &::A5))] > 0,
- - . N C
9k (@, ;) — R(T0, Ti, Ag) < |R(Tu, Tis Ag) — R(wu,wi;Ag))l - 746 <0,
for any (@, #;) € Supp(ty;). Therefore, B = {[g7, 7], 95, 9], - -, [9%, 9]} forms a Cye-bracketing set of R®
under the [ - || £2(,,,,) metric.

By Lemma 2, the size of A is at most 14LW log W + 14LW log W. Combined with the definition of G, this yields
that

log N < (14LW log W + 14LW log W) log (6712 max{B, B}) .
Substituting € by €/C} leads to the desired upper bound immediately. ]
Proof of Theorem 2: Let L,; = max{L, L}, Moy = Ly |Q =28/ +dui) 1062 O], M = {R € R® : |R —
R*|[Z2 (. > Mg }s and let Ry € R® satisfy |Ro — R*[[7(,,.) < nIQQL/4' Further, we denote |R — K||3 =
ITll\ > (e (B(@u, i) — K.,;)?, and then it follows from the definition of R that

P(||R = R|[72(,,.) > i)

<P( sup (IRo — K% + A Jo — 1R — K% = Ao J(R)) = 0) = 1,

sup
ReM
where Jy = J(Ry). We further decompose M into small subsets. Specifically, we let M;; = {R € R® : 2i’177‘29| <
IR — R*HQL?(um) < 21'7)‘29',23'_1]0 < J(R) < 29Jy} fori,j > 1, and Mo = {R € R? : 21'_177'29‘ < |R -

4



R¥(1320p0y < 20, J(R) < Jo} for i > 1. Then we have

I SZZP( sup (|| Ro — K&+ Naydo = [|R = K||3 — N J(R)) > 0)

TS\ Remy

(oo}
= > P sw (IRo— K&+ Nado — IR = K[} = Ao J(R)) > 0)
ReM;;

+ ZP( sup (|Ro — K% + Ny Jo = 1R = K3 = N J(R)) = o) =1+ Io.

i—1 ReM;o

It thus suffices to bound /; and I, separately.
Let e = K — R*, then we have

* 2 P * T
IR~ K& =R~ R+ llelé — 9] > wi(R(@u, &) — R (T, ).
(u,i)€Q

Therefore, E|R — K||3 = ||R — R*HQL?(um) + E| ]|, and thus

E(|R—K|§ — R0 — K[[& ) = R = R*[|72(,,,) — IR0 — R*[172
> |R = R*|1 32,y — Moy /4

(Nui)

Let Eq(R) = |[R — K|} —E(||R — K||3). then we have

P sup (|Ro— K[i3 + Aoy J (Ro) = 1R = K% = Aoy J(R)) = 0)
. . 2 2
:P(R?}\Eij (Ea(Ro) — Ea(R)) > Rér}\ij Al (J(R) — J(Ro)) + Rél}élij E(||R - K& — [[Ro — K||Q))
. . * (12 2
SP(RZ%)U (Ba(Ro) — Ea(R)) > piof Ae(J(R) = J(Ro) + i [IR ~ R |[1aqp,) — mn|/4)
gP( sup (Ea(Ro) — Ea(R)) > (27" = DAjgdo + (27 — 1/4)an|)
ReM;;
=P swp (Ea(Ro) — Ea(R)) = M(i, ),
ReM;;

where M (i, ) = (271 = Aoy Jo + (271 = 1/4)rpfy.



Next, it follows from the assumption >\|Q‘J0 <1/ 477\29| that
sup Var((R(@y, &) — Kui)® = (Ro(@, ) — Kui)?)
ReM;;

— sup Var((R(wu, &) — R*(@u, @))% — (Ro(@u, @i) — R* (u, a}i))Q)
ReM;;

-+ Var (Qem»(R(mu, Z;) — Ro(2y, 5’%‘)))

< sup 2Var((R(wu,£ii) — R*(zy, :EZ))2) + 2Var<(Ro(iBu, x;) — R*(wuvii))2>

ReM;;
+4Ee;; sup E(R(zy, &;) — Ro(@y, ;)
ReM;;
<2 sup E(R(xy, &) — R*(xy, %)) + 2E((Ro (2, &) — R* (2, &))?
ReM;;

+40° sup E(R(zy, &) — Ro(@u, &)
ReM;;

< sup (50p°M* +40?)(|R — R*||3- )+ 1R — R*H%Q(Mui))

ReM;; (s

; 1 o .
<(50p" M* + 40%) (2'njey + i) < CsM i, 5) = v (i j), (6)

where Cs = 16 max{(50p> M* + 452),1}(25p* M* + B2).

In the following, we proceed to verify conditions (4.5)-(4.7) in Shen and Wong| (1994). First, the relation between
M (i, j) and v(i, §) in (6) directly implies (4.6) with T = 2(25p” M* + BZ) and ¢ = 1/2. Second, we let R®(7) =
{ReR?:J(R) <7Jy},and note that J(R) < 7.J, implies that max{ B, B} < v/7Jo. Then it follows from Lemma
3 that

Log N[y (6, R (7). | - l220,0)) < Ca(W log W + W log W) log (Ce ™).

where Cg = C3 (C(VV, L,\/7Jo) + C’(VNV7 L, \/T.]Q)), and Cs and Cj are defined as in Lemma 3. It then follows that

vt/2(i.9)
[ o N R0, /MG )
33 M (4,7)

32

v'/2(i.j) . .
< \/CQ(W log W + W log W) log (Cgu—l)du/M(i,j). )
M)

Notice that the right-hand side of (7)) is non-increasing in ¢ and M (4, j), it then follows that

v!/2(4,5) - -
/ \/02(W log W + W log W) log (Cgu—l)du/M(i, )
M)

02 (1,5) 5 N
< / \/Cg(Wlog W + W log W) log (C6u—1)du/M(1,j). ®)
5 M(LJ)

32
Note that W and W are adaptive parameters governing the rate of approximation error ||Ry — R*(|zoc(,,,)» Which
must satisfy ||[Ro — R*|| g (u..) < 1/21)0). Thus, (4.7) holds by setting W = O(|Q|%=i/(2F+dui) 1og |Q)]) and W =
O(|Q|4ui/ 2B+dui) 10g |2]), and (4.7) directly implies (4.5). By Theorem 3 in Shen and Wong (1994) with M =



|QIY/2M (i, 7) and v = v(4, j), we have
S (1 - )|9[M (G, j)*
22 exp (= 5 2(4C5 M (i, j) + M(i, )T/3>>

1
<323 e (- Crl1 = 9I0I((27 ~ Do + (27! = 1/

<3 exp(=Cr(1— &)[Q(i — 1/4)n) Zexp(—C’7(1 — )27 — D)AjgJo)

i=1 =

exp(—C7(1 — €)|Qny /4) 1

1 —exp(=Cr(1 = €)|Qnfy) 1 — exp(=C7(1 — €)|Q N Jo)
exp(—C7(1 — e)|Q|7)|2m/4)

; ©))
(1= exp(—Cr(1— [z, /9)°
where C7 = 3/(26C5) and the last inequality follows from the fact that \jq.Jo < 1/ 477‘29|.
Similarly, 15 can be bounded by
(1 —€)|Q|M?(i,0) = .
I < 3 ) < 3 —C7(1 —¢)|QM (3,0
2 Z exp(— 2(4v(i,0) + M (i, 0)T/3) - g (-Crl = IRIME.0)
exp(—Cr(1 — €)|Qnj /2)
<Y 3exp(—Cr(1 —€)|Q|(271 — 1/2)n2 31 ) (10)
; (= RN =12 = 39— e — i)
Combining @ and , we have
exp(—Cr(1 — €)|Q|n?2, /4 exp(—Cr(1 — €)|Qn, /2
I<l4h<3 (—=Cr( )|||m2/)2+ (=Cx( )|||m/2).
(1 —exp(—Cr(1 — 6)|Q|77\Q|/4) 1 —exp(—Cr(1 - €)|Q|77\Q|)
Let s = exp(—Cr(1 — 6)|Q\n|2m/4), then
352 352 352 352 6s%—3s°
I< < = < 245>
_(1—8)2+1—S4_(1—S)2+1—8 (1-s)2 — o
as s < 1/2. The desired result then follows immediately. |
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