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Boolean least squares, Figure 1

This codes reproduce Figure 1 in our paper. Below, we compare ours with afully-tuned standard ADMM.
The full-tuning requires agrid search.

cl ear; clc;
rng(' default'); % random nunmber gener ator
n = 50;
dim= n+1,
max_itr = 2e3; % max iteration nunber
% dat a
AA = randn(n);
x0 = sign(randn(n,1)-0.5);
b0 = AA*xO0;
A0 = [AA *AA, AA *Db0; b0 *AA, 0];

% our operator ADVM

Z = zeros(dim;

Lam = zeros(di m;

S = ones(dim;

for i =1 : max_itr
X=2Z- (Lam+ A0)./S./S;

X(1:di m1l:end) = 1;

[V,D] = eig(S.*X + Lam/59S);
d = diag(D);
d = max(d, 0);
Z = V*diag(d)*V ./S;

Lam = Lam + S. *S. *(X - Z);
% oper at or stepsize
S = adapt _update(X, Lam dim;
% record
X ours{i} = X
end

% ground-truth via CVX
cvx_begi n sdp qui et
cvXx_preci si on best
variable X(dimdim synmetric;
mnimze ( trace(A0' *X) )
subject to
X == sem definite(dim;
diag(Xx) ==




cvx_end
X star = X

% prinmal iterates error

for j = L:max_itr

error_ours(j) = norm(X ours{j} - X star,' fro')"2/din2;
end

best scalar via grid search

thre = 1e-10; % srror threshold
for i =1 : 100

gamma
[itr, error]

10 + (i-1) * 0.3;
ADMM scal ar (gamma, di m A0, X _star,thre, max_itr);

itr_rec(i)
gamma_rec(i)
error_rec{i}
end
% the fully-tuned scal ar
[mn_itr,index] mn(itr_rec);

itr; %iteration nunber
ganma; % st epsi ze val ue
error; %error

ganma_best = ganme_rec(i ndex);
error_best = error_rec{index};
% Figure la
figure
sem | ogy(error_best,'--r',' ' LineWdth', 2);hold on
sem | ogy(error_ours(l:length(error_best)), -k','LinewWdth',2);
axis tight;

xl abel (" I'teration nunber',' Font Size', 14);

yl abel (' $$ \frac{1}{n"2}\ Vert X*{k+1} - XM\star \Vert"2%$$',...
"Interpreter','latex','FontSize', 18);

| egend( " underlying best scalar',...
"our tune-free operator','FontSize', 20);

% Figure 1b

figure

sem | ogy(gamma_rec,itr_rec,' LineWdth',2,..

"color',"[0.00,0.45,0.74]"); hold on;

stemgamma_best, mn_itr," --r"," Marker',' o', ..
"mar kersize',8,"'LinewWdth', 2);
x|l abel (' stepsi ze value (scalar)',"FontSize', 16);

yl abel (" Iteration nunber','FontSize', 14);

| egend('iteration nunber graph','best scalar choice',...
"interpreter','latex','FontSize', 20);

axis tight;

scalar ADMM, function

function [itr, error] = ADWMM scal ar(gamma,dim. ..
A0, X _star,err_thre,max_itr)
Z = zeros(dim;




Lam = zeros(di m;
for itr = L:max_itr

X =Z - (Lam + AO)/gamm;

X(1:di mt1l:end) = 1;

[V,D] = eig(X + Lanf gamm);

d = diag(D);
d = max(d, 0);
Z = V*diag(d)*V ;

Lam = Lam + gama*(X - Z);
% error

error(itr) = norm X - X star,'fro' )"2/di m2;
if error(itr) <err_thre

br eak;
end
end
end
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Our degree-4 polynomial, function

function S = adapt _update (X, Lanbda, din)

joO =dim- 1; % default partition choice
S = ones(dim; % oper at or stepsize

% partitioning

XL = X(1:j0,1:j0);

X2 = X(jO+1:end,jO0+1:end);

X0 X(j O+1:end, 1:j0);

Lanbdal = Lanbda(1:j0,1:j0);

Lanbda2 = Lanbda(j 0+1: end, j 0+1: end);
Lanbda0 = Lanbda(j 0+1:end, 1:j0);

% coefficients

- norm X1,'fro')"2
e = - norm( XL, 'fro")"2
% cl osed-form sol uti ons
pl = sqrt(27)/2*(a*d*2 + b"2 * e);
p2 = pl + sqgrt((b*d - 4*a*e)"3 + plr2);
% conpute p3
i nput = p2;
radi us = abs(input);

nor m( LanbdaO, ' fro')"2;
nor m( Lanbda2, ' fro')"2;

a = norm X2,'fro')”2 * norm(Lanbdal, ' fro')"2 ;
b = norm X2,'fro')”2 * norm(LanbdaO," ' fro')”2 ...
+ norm X0, ' fro')”2 * norm(Lanbdal,'fro')"2;

d =- norm(X0,'fro"')”2 * norn(Lanmbda2, ' fro')"2 ...




angle = real (input/radius);

temp = acos(angl e)/ 3;

root0 = nthroot(radius,3)*(cos(tenp) + 1li*sin(tenp));
p3 = ((-b*d + 4*a*e)/root0 + root0)/al/sqrt(3);

p4 = sqgrt(b"2/ 4/ ar2+p3);

p5 = b"2/2/ a2 - pS3;

p6 = (-b”3/an"3 - 8*d/a)/ 4l p4;

% 4 roots of the degree-4 polynon a

root(1l) = -b/4/la - p4/2 - sqrt(p5 - p6)/2
root(2) = -b/4la - p4/2 + sqrt(p5 - p6)/2
root(3) = -b/4/a + p4/2 - sqgrt(p5 + p6)/2;
root(4) = -b/4/a + p4/2 + sqgrt(p5 + p6)/2;

% sel ect a positive real choice

ganma?2 = root( real (root)>0 & abs(imag(root)) < le-1);
gamma?2 = real (gamma2(1));

% conput e gammal

ganmmal = norn{Lanbda./S, ' fro")/norm(S. *X, " fro');

% comput e the operator stepsize

S(1:j0,1:j0) 1/ sqgrt (gamma?2);

S(j 0+1: end, j 0+1: end) sqrt (gamma?2);

S = sgrt(gamml)*S

end
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Boolean least squares, Figure 2

This codes reproduce Figure 2 in our paper. Below, we test the scalability performance of our solver and
standard scalar ADMM. CV X isused to generate ground-truth, and all algorithmswill stop when a certain
error threshold attained.

clear;clc;
rng(' default')
for out =1 : 11
n =10 + (out-1)*10;
di m = n+1;
max_itr = led,
error_thre = le-4;

% dat a

AA = randn(n);

x0 = sign(randn(n,1)-0.5);

b0 = AA*xO0;

A0 = [AA *AA, AA *p0; bO'*AA, 0 ];

% CVX: generate ground-truth to nmeasure error
cvx_begin sdp qui et
cvXx_preci si on best

variable X(dimdim synmetric;

dual variable Lam cvx

mnimze ( trace(A0' *X) )

subject to

Lam cvx: X == sem definite(dim;
di ag(X) == 1;
cvx_end
X cvx = X

% (i) our operator ADMM

tic
Z = zeros(dim;
Lam = zeros(di m;
S = ones(dim;
for i _ours = 1.max_itr
% prinmal update
X=2Z- (Lam+ A0)./S./S;
X(1:n+2:end) = 1;
% z- updat e
[V,D] = eig(S.*X + Lam/59S);
d = diag(D);
d = max(d, 0);
Z = V*diag(d)*V ./S;

% dual update
Lam = Lam + S. *S. *(X - Z);
% operator stepsize with early stop
if i_ours >1 & primal _error > 0.1
S = adapt _update(X, Lam dim;
end
% stopping criteria
primal _error = norm(X - X cvx,' fro")"2/dint2;




if primal _error <= error_thre
br eak;
end
end
iter_ours(out) = i_ours;
time_ours(out) = toc;
% (ii) ADMM scalar stepsize 1

tic
gamma = 1;
Z = zeros(dim;
Lam = zeros(di m;

for i _scalar = 1.max_itr
% prinmal update
X =Z - (Lam + AO)/gamm;
X(1:di mt1l:end) = 1;
% z- updat e
[V,D] = eig(X + Lanf gamm);

d = diag(D);
d = max(d, 0);
Z = V*diag(d)*V ;

% dual update

Lam = Lam + gama*(X - Z);

% stopping criteria

primal _error = norm(X - X cvx,' fro")"2/din2;
if primal _error <= error_thre

br eak;
end
end
iter_scalar(out) = i_scalar;
ti me_scal ar(out) = toc;

% (iii) ADMM scal ar stepsize 1.6

tic
gamma = 1. 6;
Z = zeros(dim;
Lam = zeros(di m;

for i _scalar2 = L:nmax_itr
% prinmal update
X =Z - (Lam + AO)/gamm;
X(1:di ml:end) = 1;
% z- updat e

[V,D] = eig(X + Lanf gamm);
d = diag(D);

d = max(d, 0);

Z = V*diag(d)*V ;

% dual update
Lam = Lam + gama*(X - Z);
% stopping criteria
primal _error = norm(X - X cvx,' fro")"2/dint2;
if primal _error <= error_thre
br eak;
end
end
iter_scalar2(out) = i_scalar?2;




ti me_scal ar2(out) = toc;

end
% | arger data size
for out = 12 : 40
n =10 + (out-1)*10;
dim= n+1;
max_itr = led,
% dat a
AA = randn(n);
x0 = sign(randn(n,1)-0.5);
b0 = AA*xO0;
A0 = [ AA *AA AA *p0; bO' *AA 0 ];

% CVX: generate ground-truth to neasure error
cvx_begin sdp quiet
cvx_preci si on best

vari abl e X(dimdin) symetric;

dual variable Lam cvx

mnimze ( trace(A0' *X) )

subject to

Lam cvx: X == sem definite(dim;

di ag(X) == ones(dim1);

cvx_end
X cvx = X
% (iv) our operator ADWM
tic
Z = zeros(dim;
Lam = zeros(di m;
S = ones(dim;

for i _ours = 1.max_itr
% prinmal update
X =2 - (Lam+ A0)./S./S;
X(1:n+2:end) = 1;
% z- updat e

[V,D] = eig(S.*X + Lam/59S);
d = diag(D);
d = max(d, 0);

Z = Vdiag(d)*V ./S;

% dual update

Lam = Lam + S. *S. *(X - Z);

% oper at or stepsi ze update

if i_ours >1 & & primal _error > 0.1

S = adapt _update(X, Lam dim;

end

% stopping criteria

primal _error = norm(X - X cvx,' fro")"2/dint2;
if primal _error <= error_thre

br eak;
end
end
iter_ours(out) = i_ours;
time_ours(out) = toc;

end

% Fi gure 2a




figure

sem | ogy(10: 10: 1. 1e2,iter_scalar,'--b",' ' LineWdth', 2);hold on
sem | ogy(10: 10: 1. 1e2,iter_scalar2,'-.r","'LineWdth', 2);

sem | ogy(10: 10: n,iter_ours,'-k',"LineWdth', 2);

axis tight;

yl abel (" Iterati on nunber',' Font Si ze', 16);
x|l abel (' Data size',' Font Si ze', 16);

| egend(’ scal ar stepsize 1',...

"scal ar stepsize 1.6',...

"Qur tune-free operator','FontSize', 20);

% Fi gure 2b

figure

sem | ogy(10: 10: 1. 1e2,time_scalar,'--b',' LineWdth', 2);hold on
sem | ogy(10: 10: 1. 1e2,tinme_scalar2,'-.r"',"'LinewWdth', 2);

sem | ogy(10: 10: n,tine_ours, ' -k'," ' LineWdth', 2);

axis tight;

yl abel (" Runtine',' Font Si ze', 16);

x|l abel (' Data size',' Font Si ze', 16);

| egend(’ scal ar stepsize 1',...

"scal ar stepsize 1.6',...

"Qur tune-free operator','FontSize', 20);
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Distance metric learning (beyond the limit)

This code reproduces our Figure 3.

cl ear; clc;
rng(' default'); % random nunber gener at or
k = 3 % cl asses of data
n = le2; % nunmber of data points
max_itr = 5e3; % max iteration nunber
thre = le-4; % required accuracy

% synt hetic data generation
b1 rand(k, n)+ randi ([0, 3], k, n);
b2 rand(k,n)+ randi ([-3,0],k,n)...
+ [0;1;zeros(k-2,1)] * randi([-3,-1],1,n);
b3 = rand(k,n)+ randi ([-6,-3],k,n)...
+ [1;0;zeros(k-2,1)] * randi([-8,-5],1,n);

nn = | ength(bl);
BL =[]; B2 =1[]; B3 =[];
for i = 1:nn
tnpl = bl(:,i)*ones(nn-i,1)" - bl(:,i+1l:end);
Bl = [B1,tnpl];
tnp2 = bl(:,i)*ones(nn,1)" - b2;
B2 = [B2,tnp2];
tnp3 = bl(:,i)*ones(nn,1)" - b3;
B3 = [B3,tnp3];
end
BB1 = B1*B1' / nn"2/k"2;
BB2 = B2*B2' / nn"2/k~2 + B3*B3' / nn"2/k"2;
%initialization
X tnp = le-4*randn(Kk);
X ini = X_tnp' *X_ tnp;
% our operator ADVM
X = Xini;
Z = zeros(k);
Lam = zeros(Kk);
S = ones(k);
for I =1 : max_itr
% x- updat e
for j = 1:1e3
dX = BBl - 1/trace(X*BB2)*BB2 + S.*S. *(X - Z) + Lam
X =X- 0.1*dX
if normdX, 'fro') <= le-4
br eak;




end
end
% z- updat e

T=S8*X+ Lam/S;
[V,D =eig(T/2 + T1/2);

d = diag(D);

d = max(d, 0);

Z = V*diag(d)*V ./S;

% | anmbda- updat e
Lam = Lam + S. *S. *(X - Z);
% oper at or stepsize update
S = adapt _update(X, Lam Kk);
% recordi ng
X ours{i} = X
end

Ground-truth error computation

% ground-truth via the cvx package
cvx_begi n qui et
cvXx_preci si on best
vari abl es A(k, k)
mnimze (trace(A*BBl) - log(trace(A*BB2))) ;
subject to
A == semi definite(k);
cvx_end
X star = A
% conput e our error
for j = Limax_itr
error_ours(j) = norm(X ours{j} - X star, fro" )"2/k"2;
end

%limt: search best scal ar stepsize
for i =1: le2
gamma = 0.05 + (i-1)*0.01;
[itr, error] =
ADMM scal ar _t hr e(ganma, k, BB1, BB2, X_ini, X star,thre, max_itr);

itr_rec(i) =itr; %iteration nunmber
ganme_rec(i) = gamm; % stepsi ze val ue
error_rec{i} = error;%error
end

% the fully-tuned scal ar

[mn_itr,index] mn(itr_rec);
ganme_best ganme_r ec(i ndex);
error_best error_rec{index};

% Figure la

grid_len = length(error_best);
figure
sem | ogy(error_best,'--r',' ' LineWdth', 2); hold on;

sem | ogy(error_ours(l:grid_len), -k',"'LineWdth',2);




xl abel (" I'teration nunber',' Font Size', 14);

ylabel (' $$ \frac{1}{n"2}\Vert X*{k+1} - X\star \Vert~2$$',...

"Interpreter','latex','FontSize', 18);

| egend( " underlying best scalar',...

"our tune-free operator','FontSize', 20);

axis tight;

% Figure 1b
figure

sem | ogy(gamma_rec,itr_rec,' LinewWdth',2,..

"color',"[0.00,0.45,0.74]");hold on

stem(gamma_best, mn_itr," --r"," Marker"',
"mar kersize',8,'LinewWdth', 2);

(0]

x|l abel (' stepsi ze val ue (scalar)','FontSize', 16);

yl abel (" Iteration

nunber', ' Font Si ze', 14);

| egend('iterati on nunber graph','best scalar choice',...

"interpreter','latex','FontSize', 20);
axis tight;
10\ Y~ - - -underlying best scalar|;
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visualize data

% 1. original

figure

scatter3(b1(1,:),b1(2,:),b1(3,:), " or',"LineWdth',1.3);hold on;
scatter3(b2(1,:),b2(2,:),b2(3,:)," +k',"LineWdth", 1. 3);
scatter3(b3(1,:),b3(2,:),b3(3,:),"xb","LineWdth", 1. 3);

grid off

% 2. netric scaled
bl s X*b1;
b2 s X*h2;
b3 s X*b3;

figure

scatter3(bl_s(1,:),bl s(2,:),bl s(3,:)," or'," ' LineWdth',1.3);hold on;
scatter3(b2_s(1,:),b2 s(2,:),b2 s(3,:),"'+k',"LineWdth', 1. 3);
scatter3(b3_s(1,:),b3 s(2,:),b3 _s(3,:)," xb","LineWdth', 1. 3);

grid off
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our degree-4 polynomial

function S = adapt _update (X, Lanbda, din

jOo = dim1,; % default partition choice
S = ones(dim; % oper at or stepsi ze

% partitioning

X1 = X(1:j0,1:j0);

X2 = X(jO0+1:end,jO+1l: end);

X0 X(j0+1:end, 1:j0);

Lanbdal = Lanbda(1:j0,1:j0);

Lanbda2 Lanbda(j 0+1: end, j O+1: end) ;
Lanbda0 = Lanbda(j 0+1:end, 1:j0);

% coefficients

a = norm(X2,'fro')”2 * norm(Lanbdal, ' fro')"2 ;
b = norm(X2,'fro')”2 * norn(LanbdaO, ' fro' )”2 ...
+ norm( X0, ' fro')~2 * norm Lanbdal, ' fro')"2;
d = - norm(X0, fro')~2 * norm(Lanmbda2, ' fro' )2 ...
- norm( XL, ' fro')~2 * norm LanbdaO, ' fro')"2;

*

e = - norm( XL, 'fro')"2
% cl osed-form sol uti ons

nor m( Lanbda2, ' fro')"2;

pl = sqrt(27)/2*(a*d"2 + b"2*e);

p2 = pl + sgrt((b*d - 4*a*e)"3 + plr2);

radi us = abs(p2);

angle = real (p2/radius);

tenmp = acos(angl e)/ 3;

root0 = nthroot(radius, 3)*(cos(tenp) + 1i*sin(tenp));
p3 = ((-b*d + 4*a*e)/root0 + root0)/al/sqrt(3);

p4 = sqgrt(b”2/ 4/ ar2+p3);

p5 = b*2/2/ar2 - pS3;

p6 = (-b”3/anr3 - 8*d/a)/ 4l p4;

% 4 roots of the degree-4 pol ynom al

root(1l) = -b/4la - p4/2 - sqgrt(p5 - p6)/2;
root(2) = -b/4la - p4l/2 + sqgrt(p5 - p6)/2;
root(3) = -b/4/la + p4/2 - sqgrt(p5 + p6)/2;
root(4) = -b/4la + p4/2 + sqgrt(p5 + p6)/2;

% sel ect a positive real choice

ganma2 = root(real (root)>0 & abs(imag(root)) < le-1);
ganma2 = real (gamma2(1));

% conmput e gammal

gammal = norm(Lanbda./S," fro" )/ norn(S.*X, 'fro');

% conput e the operator stepsize

S(1:j0,1:j0) 1/ sqgrt (gama?2);

S(j 0+1: end, j 0+1: end) sqrt (gammma2) ;

S = sqgrt(ganmal) *S;

end
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Distance metric learning (scalability)

This code reproduces our Figure 4.

cl ear; clc;
thre = le-1; % required accuracy
max_itr = 1e6; % max iteration nunber
for i1i = 1: 13
rng(' default'); % random numnber gener at or
m= 3+ (ii-1); % dat a di nensi on
n = le3; % data poi nts nunber

% synt hetic data generation
bl = rand(mn)+ randi ([0, 3], mn);
b2 = rand(mn)+ randi ([-3,0],mn)...
+ [0;1;zeros(m2,1)] * randi([-3,-1],1,n);

b3 = rand(mn)+ randi ([-6,-3],mn)..
+ [1;0;zeros(m2,1)] * randi([-8,-5],1,n);
nn = | ength(bl);
BL =[]; B2 =1[]; B3 =[];
for i = 1:nn
tnpl = bl(:,i)*ones(nn-i,1)" - bl(:,i+1l:end);
Bl = [B1,tmpl];
tnp2 = bl(:,i)*ones(nn,1)" - b2;
B2 = [B2,tm2];
tnp3 = bl(:,i)*ones(nn,1)" - b3;
B3 = [B3,tm3];
end
BB1 = B1*Bl' / nn"2/ m2;
BB2 = B2*B2' / nn*"2/m2 + B3*B3' / nn"2/ m\2;

% ground-truth via CVX
cvx_begi n qui et
cvx_preci si on best
vari ables A(m m
mnimze (trace(A*BBl) - log(trace(A*BB2))) ;
subject to
A == semidefinite(m;
cvx_end
X _star

A

%initialization
X _tnp le-4*randn(m;
X ini X tnp' *X_tnp;

% our operator ADVM

tic
X = Xini;
Z = zeros(m;
Lam = zeros(m;
S = ones(m;
for I =1 : max_itr




% x- updat e

for j = 1:1e3
dX = BBl - 1l/trace(X*BB2)*BB2 + S.*S.*(X - Z) + Lam
X = X - 0.1*dX;
if normdX, 'fro') <= le-5
br eak;
end
end

% z- updat e

T=S8*X+ Lam/S;
[V,D =eig(T/2 + T1/2);

d = diag(D);

d = max(d, 0);

Z = V*diag(d)*V ./S;

% | anmbda- updat e
Lam = Lam + S. *S. *(X - 2Z);
% early stop (save runtine)
if j < 1le2
S = adapt _update(X, Lam nj;
end
error_ours = norm( X - X star,'fro')"2/m2;
if error_ours <= thre
br eak
end
end
itr_ours(ii)
time_ours(ii)

i;
toc;

% scal ar stepsize 1
tic
gamma = 1;
[itr, error] =
ADMM scal ar _t hre(ganma, m BB1, BB2, X_ini, X star,thre, max_itr);
time_1(ii) = toc;
itr_21(ii) =itr; %iteration number
% scal ar stepsize 1.6
tic
gamma = 1. 6;
[itr, error] =
ADMM scal ar _t hre(ganma, m BB1, BB2, X_ini, X star,thre, max_itr);
time_2(ii) = toc;
itr_2(ii) =itr; %iteration number

end

% Fi gures
grid =3: m
figure

sem logy(grid,itr_1,"--b","'LineWdth', 2);hold on;
sem logy(grid,itr_2,"-.r","'LineWdth', 2);

sem logy(grid,itr_ours,'-k',"LineWdth', 2);

axis tight;

yl abel (" I'terati on nunber',' Font Si ze', 16);
x| abel (' Data di mension m ,' Font Si ze', 16);




| egend(’ scal ar stepsize 1',...
"scal ar stepsize 1.6',...
"Qur tune-free operator','FontSize', 16);

figure

sem logy(grid,tinme_1,"--b","'LineWdth', 2);hold on;
sem logy(grid,tine_2,"-.r","'LineWdth', 2);

sem |l ogy(grid,tinme_ours,'-k',"'LinewWdth',2);

axis tight;

yl abel (" Runtine',' Font Si ze', 16) ;

x| abel (' Data di mension m ,' Font Si ze', 16);
| egend(’ scal ar stepsize 1',...

"scal ar stepsize 1.6',...

"Qur tune-free operator','FontSize', 16);

function: scalar ADMM

function [i, error] =
ADMM scal ar _t hre(ganmms, k, BB1, BB2, X ini, X star,thre, max_itr)

X = Xini;
Z = zeros(k);
Lam = zeros(k);
for i =1 : max_itr
for j = 1:1e3
dX = BBlL - 1/trace(X*BB2)*BB2 + gamma * (X - Z) + Lam
X = X - 0.1*dX;
if norm(dX, 'fro') <= le-5
br eak;
end
end

% z- updat e

T = X + Lam ganng,;
[V,\D =eig(T/2 + T12);

d = diag(D);

d = nmax(d, 0);

Z = V*diag(d)*V' ;
% dual update
Lam = Lam + gama*(X - Z);
error(i) = norm(X - X star, ' fro')"2/k"2;
if error(i) <= thre
br eak;
end
end
end
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