Perceptual Kalman Filters: Online State Estimation
under a Perfect Perceptual-Quality Constraint -
Supplementary Material

In App. |A] we provide a detailed theoretical background on the Kalman Filter, its properties and
recursive calculation. In App.[B]we prove that under our perfect perceptual filtering setting, there
exists a linear optimal filter (Thm. d.1I). In App. [C] we discuss a direct, non-recursive method for
optimizing perceptual filter coefficients. In App.[D]we present the derivation of the Lyapunov equation
for the error of perceptual filters. In App. [E| we derive the recursive expression for the filter
given in (I8). In App. [F]we find a closed-form solution for PKF coefficients by proving Theorem 4.3
In this appendix, we also give some brief overview on the extremal problem of finding a minimal
distance between distributions. AppJG]| contains a discussion about stationary perceptual Kalman
filters in the steady-state regime. We summarize all definitions and notations in App.[Hl Finally, in
App[lj we give full details for all numerical demonstrations, and present additional empirical and
visual results. More results are provided in the supplementary video.

A The Kalman Filter algorithm

In this Section we supply a detailed reminder of the Kalman filter Algorithm. The celebrated Kalman
filter [L1] assumes a state x;, € R™~, where dynamics are modeled as deterministic linear functions
perturbed by a Gaussian noise, and observations y; € R"v are linear functions of x; with an additive
noise

Tk :Akxkfl + Ak, qk ~ N(07Qk)a k= 17 "'7Ta (31)
yr =Crxp + 78, TR ~ ./\/(0, Rk), k=0,..T. (32)

The noise terms ¢ and 7, are independent white Gaussian processes with zero mean and covariances
Qr, Ry, respectively. z is assumed to have a zero-mean Gaussian distribution with covariance
Py, independent of ¢1,ry. For convenience, we will sometimes refer to Py as (9. The matrices
A, C, Qr.Ry, and Py are system parameters with appropriate dimensions, and assumed to be known.
Considering the MSE distortion, we denote

&y)s 2 argminE [[lox — &(*lyo, .., ys] (33)
x

namely the optimal MSE estimator of the state at time k, given measurements up to time s. Under the
assumptions mentioned above, Kalman filters produce the mean state estimate £, an MSE-optimal
estimator of x, given the observations up to time k. The Kalman optimal state T}, = Iy, is given by
the recurrence

Ty = Apdy_y + Ki Iy, (34)

where K, is the optimal Kalman gain [11], given explicitly in Algorithm 2]
The vector Zy, is the innovation process,

T = yx — Crpip—1, (35)
describing the contribution of the new observation y; over the optimal prediction based on previous
observations. Since we are in the Linear-Gaussian setup, we have that the innovation state Zj, is

orthogonal to the measurements o, . . . , Yx—1, guaranteeing the MSE optimality of the estimation.
The calculation of Kalman state is summarized in Algorithm 2}
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Algorithm 2 Kalman Filter

initialize: .i‘s = Koyo = PQCS—Z;Olym PO\O = PO — P()CJZ;/OICQP(),IQ = Yo, S() =
CoPoCy + Ro.
fork=1toT do
calculate prior: Zgp—1 = AkZr_15—1, Prjp—1 = AePp_1p—14; + Qk
calculate Innovation: 7, = y — Ckik\k—l’ S, = CkPk‘k,lC,;r + Ry
Kalman gain: Kj, = Py, C} S;. '
update (posterior): T, = 2y = Tpjp—1 + KrZk, Prp = I — KpCk)Ppjp—1
end for
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B Optimality of linear filters (proof of Thm. 4.1)

In this section we show that under a family of optimality criteria (3)) and perfect-perceptual quality
and causality constraints (€}{7), linear filters of the form (T4)) are optimal. We start with the following.

Theorem B.1. Let Y'' = (yo, ..., yr) be the set of measurements (@), and let (JT,Y') be a joint
distribution s.t. Jy, is independent of yi+n given Y0’C forallk € [0,T] andn > 1. Then,

E [JiZ) ] = 0. (36)

Proof. Denote J, r=E [J & \I(’ﬂ . We can write the measurements as a linear function of the innova-
tions, y = Zf:o Hy.+T,. We have

k+n—1
Gt 2 E [yran YT = E [l T = YD Hiyni 37)
t=0
and A
Ipn 2 E [Yrin V] = E [yinl 8] = D HirnaTe = B [95107 TG - (38)
t=0

Forany kandn =1, Z;41 = Ypt1 — yjlljﬂ, and therefore

. T P T . T
E[BZin] =E [E [k [ — 5] 1Z8] ] =B [ [3h]) " —E [IZE] [3E] ] = 0.
(39)
This is due to the facts that .J;, and yx1 are independent given the condition, and that J L1isa
deterministic function of Z5.

Now, assume we know that [E [JkItT] =0fork+1<t<k+n—1. Wecan write

B (2] = E [E [ foeen — o7 124]]

r k+n—1
=K |J[9,,] —E le > LTH],ITS
t=0
r R - k k+n—1
=E|J; [Q;]Lrn] —E [Jk ZI;FHILn,JI(I)C —E | Jk Z ItTHILn,tlI(’f
L t=0 t=k+1
r . T . T k+n—1
=K Jk- [ﬂ]]:_,_n] - Jk [gllz-&-n] Z E [JkItT|15] HkT+n,t
L t=k+1
k+n—1
=— Y E[LI]H ..,
t=k+1
—0. (40)
O]

We now show that for every filter which is feasible under @ and (]Z]), one can find a linear filter,
jointly Gaussian with the measurement set, attaining the same cost objective.

Theorem B.2. Let Y| = (yo,...,yr) be the set of measurements @), and let T = (Jo, - - -
be jointly distributed with Yy such that:

(i) Jg" ~ N (0,diag{Py, Q1. ., Qr}).
(ii) Ty is independent of yyir, given Y for all k € [0, T] andn > 1.

, Jr)

(iii) Zfzo;‘kE [||xk — chHz} = C, where X, is the process given by xr = ApXrp_1 + Ji with
Xo = Jo-
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Then, there exists a joint Gaussian distribution (JI', Yy in which (i) and (i) hold, and the estimator
given by
Ty = Agdp_1 + Jk, B0 = Jo (4D

achieves the same cost (i), namely 3" 1_, i E [lze — &x?] = C.

Furthermore, we can write
Ji = Ty + Gk + wi, (42)
where

vp =Ty = E [T I (43)
and wy, is a white Gaussian noise, independent of Yy and Jé“ -1
Proof. Let (JI,Y{) be the Gaussian distribution defined by the moments of (7, Y ) up to second

order. We observe that from Theorem@ above, J, is independent of all future innovations Z,_ ,,,
namely it is based only on measurements up to time k. Using the notions of Theorem B.I['s proof,

k+n
E (k= Jo)Whin = ) TV =B | (e =) 3 TTHL, T8
t=k+1
k+n A
= Y [Eaz] - RE 15|
t=k+1
k+n
= Y E[E[LI\T, I8 IZ§] H)
t=k+1
k+n
= Z E[E [Jk|It7I§] z-tT|I(l)€] Hl;r+n,t
t=k+1
k+n
= Y E[E[WT]L]IT5] Hisns
t=k+1
k+n
= > E[WIT)E[Z]|T5] Hins
t=k+1
=0. (44)

This means that .J;, and yy,, are independent given Y, which proves (.

From (T7) we see that the cost functional depends only on the second order statistics of (Jg , Z{)
which are identical to those of (JI',Z1"), hence (fii) holds:

T T
ZakE [ka—ikHQ] :ZakIE [ka_XkH2] =C. (45)
k=0 k=0

To prove ([@2), we now write

Ji = e + wy, (46)
where ¢, = E [Jk|YOT, J(’f_l], and wg, = Jy — E [Jk|YOT, J(’f_l] is independent of Y and J(’f_l.
Now, since both J;, and Jé“ ~Lare independent of Ir

k+1>
k k—1
e =B [V, I =E[TIZE I3 =D bkl + > bk (47)
t=0 t=0
J}, is independent of J(’f _1, thus
E [JelJy '] =E[E [J|Z5, J5~ '] 15 ~] = 0. (48)
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Conditioning both sides of on Jy~! and taking expectations,

k k—1
0="> ¢ iE [TITE] + ) el (49)
t=0 t=0

Note that E [Z;,|J; '] = 0, which together with (@) implies
k-1
ek = Okali + Y ok [T — E[TIIE]] = mTi + dror. (50)
t=0

Now, all we have left to show is that wy, is a white sequence. Since wy,, (n > 1) is independent of
J(’f and IOT (which also constitute vy), it is easy to obtain

E [wyinwy | = E {w,ﬁn [Je — 7T — ¢kuk}T] —0. (51)
O

Corollary B.3. Given a cost objective of the form C = ZZ:O oK [z — &%), there exists a
linear filter of the form

Jr = mi Ly + dpug + wi, (52)

such that
2o =Jo (53)
Tp=Artp_1+ I, k=1,...,T 54

is an optimal estimator under the perfect perceptual quality and causality constraints ([6H7).

Proof. Under the perfect perceptual quality constraint, an estimate sequence ) must satisfy that
Tk = Xk — AkXk—1 (55)

is a white Gaussian process with covariances Q. If, in addition, yj satisfies the causality condition
(@), so does Jj,. We conclude from Theorem[B.2]that there exists a causal linear filter .J;, that achieves
the same expected objective C as xy.

Now, note again that from (I7), for perfect-perceptual quality causal filters, the objective C is a
continuous function of the covariance matrix

T 7\ T _ diag{P07Ql7"'7QT} L
E{jo (Zo) ]_[ LT diag{So, S1,...,5r}| =0 (56)

where, due to the causality demand, L is a quasi lower triangular matrix. The set of such feasible
matrices is non-empty, closed (since it is the intersection of the closed cone of PSD matrices with a
finite set of hyperplanes) and bounded. Hence, C attains a minimal value on some joint distribution
PIT v which can be chosen to be joint-Gaussian as we have seen.

O
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C A Direct optimization approach to perfect-perceptual quality filtering

For the sake of completeness, we now discuss a method for optimizing non-recursive perfect-
perceptual quality filter coefficients. This approach leads to convex programs. However, as we will
see next, it might become impractical for large configurations.

Let J = J§ ~ N (0,Q), where Q = diag {{Qx}{_,} be a causal function of the measurements,
J = ®T + W, where Z = Z[ is the innovation process with covariance S = diag { Sy} and W is an
independent noise. Now, X = X()T = AjJ is the filter’s output, where

I 0 ... 0
Ay I .. 0

Ay= : : U B (57
P VAR § iz U

Recall X* is the Kalman filter output given by X* = A;K7, where K = diag {K}}. Let # =
diag {a } ® I, be a weighting matrix. The objective (3)) is now given by
C(X)=E [(X — X (X - X*)}
=T {#E[XX7| + #E[X"X"T] - 27E[Xx*T] }. (58)
Hence, we have to maximize
C(®) = 2Tr {”//IE [XX*T] }

=2Tr {WA;9SKT A}

=2Tr {(BS)K AW A;}

=2Tr {0SK ' B}, (59)

where B & A} A;. This is subject to the perfect perceptual-quality constraint

Q — PSP" = 0, or equivalently [ SgT QSSS ] =0, (60)

where @ is a lower quasi-triangular matrix (causality constraint)

Pog O ... O
@1’0 @1’1 0
. S . (61)

QT,O QT,l QTT

Again, under this formulation,

J=dT + W, (62)
where W ~ N (0,Q — #59") is a Gaussian noise independent of Z. Note that W might not
be a white sequence in this case, since its covariance might not be a block-diagonal matrix. As a
result, the noise sequence has to be sampled dependently. Also note that this problem possesses the
same memory complexity as (T4). To conclude, this method leads to convex, but large optimization
programs, and is impractical for high dimensional settings or long temporal sequences.
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D Derivation of eq. (17)

Recall £ is the optimal Kalman state at time £, achieving MSE given by

dj, = B [[|2% — 2l”] = Tr { Pus } - (63)

Py is the error covariance, given explicitly in Algorithm@ By the orthogonality principle, for any
estimator 2, based on the measurements o, . . . , Y We have

E [|lax — @xl?] = E [[log — 251°] + E [|l2% — 2xl®] = dig + E [|lzx — 23[1°] . (64)

Now, consider an estimator #, of the form (12)), and recall
Dy £ E (& — &l 27 — 4] | (65)

Since we choose J, ~ N (0, Q) to be independent of 1 and Zy, is indepenedent of 1 and
2% _q, we write

Dy = El&} — & 3] — &)
= E [Ak:i‘k,1 — Ak-'i'zfl + Ji — Kka] [Aki'k,1 — Aki'zf1 + Ji — Kka]T
= AE |[#5y — @nea] [Bio0 — @] || AT + B[R] + KB [BI]] KT
—E [T [Axdior + KkTi] |~ E [[Ardioy + KiTe] ]

= ApDy_1 A} + KiSpK) + Qy
-E [LI] ) K — KE [T J)) | — AE (25,00 ] —E [Jedpl ] AL (66)
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E Derivation of recursive perfect-perceptual quality filters

We now derive the recursive expression (21)-(22) for the filter given in (T8),

T = ApTr—1 + Ji, (67)
Jp = Pr A Y + U K Th, + wi, wi, ~ N (0,3,,) , (68)

defined by the coefficients {1, @t}tTZO fulfilling the constraints (20). Recall

Ty 2d; ,—E [ﬁ;,’;,ﬂio, e ,55;@,1] =a;_,—E [ﬁ;,lwo, ceey Jk,l] (69)

where £}, is the Kalman state. J(’f L 7%, Ty, wy, are jointly-Gaussian and independent, and we have
E [J.Jy | = Qubp=r (70)

E [ZvJ, | = SkK, 11}, (71)

E[NJ) ] = En AL D). (72)

We can write
Virr — AT, = & — Arii_y — [E [#]J5] — ARE [#5_1175"]
= KT — KiE [Tl Jg] — Ag [E [854105] — E [#5_1J5"]] (73)

Since J} is an independent sequence, and since Z;, depends only on .Jj,,

KiE [T | 8] = K4E [Ti| i) = K Sk K 1L QL J. (74)
We also have that 1%, J;, are independent of J(]f ~1, implying

E [#} 1 |J5] —E [l Jo '] =B [25 4 — E [#; 4 ]J57"] 0]
=E [13|J§] = E [Te| Ji]

= Yy, AL B QL. (75)
Hence,
Tt = AT + KiZy, — 9.QLJj, (76)
where we denote
W, £ MIL) + ApSy, AL D) (77)

The covariance is then given by the recursive form

St = ASn AL + My + 9.QLw]

— S AL B QI — K8 KT QL el (78)
T T

— ApSy Al B Qe } - [KkskK,j I Qlw, } (79)

= ApSr AL + My, — 0.QLw (80)

Attime £ = 0 we have 75 = 0 and Yy, = 0.

Remark E.1 (The non-reduced case). For the full, non-reduced linear filter (T4)- (T5) , we have the
following similar formula

[Teer]  [Se—r 0 ] [mila] o
w [ B s e

and

B T
_ Sk—l 0 Sk—l 0 7'1';_1 t 7T];r_1 Sk—l 0
S N N ] 0 | B O R

V-1 Vk—1

Notice, however, that the dimension of vy, grows with time k.
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F A Generalized extremal problem with semidefinite constraints (proof of

Thm.[4.3)

In this section we prove Theorem [4.3] We start with a brief overview of the extremal problem of
finding a minimal distance between distributions, and of general semi-definite programs.

To prove the Theorem we observe that (28)), is a generalization of the extremal problem, and suggest
a non-trivial dual form where, under our assumptions, strong duality holds.

F.1 Minimal distance between distributions

Consider two Gaussian distributions on R™ with zero means and PSD covariance matrices 1, Yo
respectively. We consider the problem of constructing a Gaussian vector [X, Y] minimizing E|| X —
Y'||? while inducing the given marginal distributions, X ~ N (0,%;),Y ~ A (0,35). This problem
is equivalent to the following maximization of correlation [13]]

T
Tr {211} — max, s.t.X = { o 5, } = 0. (83)

We have the following results of Olkin and Pukelsheim [13]].
Lemma F.1. [|/3| Lemma 1]. Let Eg be any generalized inverse of 9. Then ¥ = 0 iff

YoXdn’ =" and ¥y — TIZJITT = 0. (84)
Theorem F.2. [I3| Thm. 4]. If Tm {¥o} C Im {31}, then an optimal solution to is given by
max Tr {201} = 2Tx { (2;/ 2y, nY/ 2) 1/2} , (85)
achieved by the argument
I = 3,52 {(23221232)1”]9 w2, (86)

In the case where Im {X2} = Im {31}, IT* is a unique optimal argument.

Under the setting discussed in Sec. [2] Theorem [F.2] implies that in the more general case where
Y, = 0, the MSE-optimal perfect perceptual-quality estimator (2)) is obtained by

1 1 1 1
=T tw, TFAY,NL(DLY,NZ)sixnzl (87)
Here again, w is a zero-mean Gaussian noise with covariance ¥,, = ¥, — 9*%_..7 *T independent
of y and z, and Ei is the Moore-Penrose inverse of > .«.

F.2 SDP Setting and duality - background

Semi-definite programming (SDP) [9,[17] is an optimization problem in X € R™*"™ of the form

CoX—>m}z(1X (88)
S.t.AiOX:bi,’L'Zl,...,m, (89)
X =0. (90)

Here, C, A; are real symmetric matrices of appropriate dimensions, and A ¢ X = Tr{AT X} is the
Frobenius product. SDPs yield the Lagrangian

L(X,\v)=v b+ (C - Z ViAi> o X + Apmin(X)
=0

_ T _ . .
=v'b+ (C ZZ_;VZAZ) .X+Ytg%r§:AY.X, 1)
where A > 0 and p,,;,, is the minimal eigenvalue. The Dual problem (DSP) is given by
v'b— min, s.t.C— Z v;A; <0. (92)
i=0

In this case, strong duality exists iff the SDP is strictly feasible, i.e. it has a feasible solution interior
to the feasible set, X > 0. This condition is sometimes referred to as the Slater condition.
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F.3 A generalized extremal problem with strong duality

Recall Qy, M}, By, are real, symmetric positive semidefinite n,, X mn, matrices, and the optimization
problem (28),

Tr {ﬁkMkBk} =Tr {ﬁkMkM]IMkBk} — max, s.t. Qk — ﬁkMkﬂ;— = 0. (93)
Iy

Since (93) involves a single time step, we will omit the index k.
We consider IT = TTM, hence TTT = MMTIT, and since M = MMM we rewrite (©3) as
Tr {TIB} = Tr { BII} — max, s.t., Q — OMIT" =0, 0" = MM, (94)

By Lemma[F1] the constraints in (94) are equivalent to

Xé{r% ]\1}[]&0. (95)

This can be formulated as the semi-definite program,

Q —0..
Aij.X 7Q1j7ogi§j§n—l,Xi07 (96)

X .t.
Ce —>m)?x, 8.t {Ai\f.X :Mij

WhereCzé[g g},andAgz{Aoij 8],14%[:[8 A(Zj },Aijzé(eij—l—eﬁ).

Note that when B is a scalar matrix, (94) is similar to the problem studied in Olkin and Pukelsheim
[13]]. Their approach was later extended by Shapiro [15]] to general linear objectives, where the Slater
condition holds.

F.3.1 Strong duality

The SDP (96) yields the standard dual formulation

1
. ] VQ _§B . Mg XN
QonJrMouM%Vgl’g}w,s.t. [ —%B Vg } = 0,vg, v €R . 97

This should give us a hint about the optimal solution to (94)). Pay attention, however, that according
to the theory, strong duality in (97) is guaranteed only if @, M > 0, which might not be the case (see
e.g. [15]). To get a tight bound for the general case @), M > 0, we now provide an alternative form
of duality to (94).

The following is an adaptation of techniques used in Olkin and Pukelsheim [[13]. We start with the
following Lemma.

Lemma F.3. Let I1 be a feasible solution to , R, G € R"=*"= gre general matrices. Then,
Tr{QRR" + BMBGG'} > 2Tr {IIBGR" } . (98)

Proof. From the non-negativity of X in (93) we have

T AT Q 1II R | _
(BT =GBl 7 || —BG | T (99)
RTQR+G"BMBG — R"TIBG - GT'BII'R = 0.
The trace is nonegative, hence we have the desired result. O
Remark F.4. Similarly, we can obtain

Tr{QBRR'"B+ MGG'} > 2Tr {BIIGR" }. (100)

Now, we suggest an alternative to (DSP) (97), where strong duality will hold.
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Theorem E.5. [Strong duality]. Let
Q={TeR™ " . Q-IIMTI" = 0,II" = MM}, (101)
§={(8,57):5,8 20,85 5=5,9"55" =5",BM =55 BM}, (102)
and denote Mg & BM B. Assume Im {Mp} C Im {Q}. Then,
min g g-yes {Q ® S+ M o (BS™B)} = maxneq Tr {211B}

o { (ar*qury?)” 2} (103)
The extreme value is obtained for
st =y (arQuil) " arl, (104)
S = MY (M;/ 2QMmY 2)1/2 MY, (105)
I = QS*MEBM = QMy* (M QM) Y gy, (106)

Optimal solution 11* is generally not unique.

To prove strong duality, we will use the following lemmas.
Lemma F.6. Assume PSD matrices Q, Mp such that Tm {Mp} C Im{Q}, then In{Mp} =
tm { M2 Q.

Proof. Recall Mg, M ]13/ 2QM ]13/ % are real symmetric matrices.

Let v € Ker{M}?QM}/?}, we have |QY/2MY%v|| = 0 hence M/*v € Ker{QY/?} C

Ker{M;/Q}, which yields Mpv = 0, implying Ker{M;/QQM;/Q} C Ker{Mp}. Opposite relation
is trivial.

We have
Im {Mp} = Ker{Mp}* = Ker{M>QMY*}* = Im {M;%Mg?} .07
O

Lemma F.7. Im{BM} C Im{BMB}.

Proof. Let v € Ker{ BM B}, then ||M'/?Bv|| = 0 and Bv € Ker{M'/?} = Ker{M}. Hence
Ker{BM B} C Ker{M B} . We have

Im {BM} = Ker{MB}* C Ker{BMB}* =Im {BMB}. (108)

O

We are now ready to prove Theorem [F3]

Proof. [Theorem . Let IT € Q, then X = 0 in (95). For any (S,S~) € S we can choose
R=2S"",G =S5 R.From the result of Lemmait follows that

QeS+Me(BS™B)=Tr{QRR" + BMBGG"}

> 9Ty {TIBGRT} = 2Tv {IIBS~S} = 2Tv {I1B} | (109)

The last equality holds since BM = SS™BM, and Im {II” } C Im {M}.
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‘We now prove that IT* € .

1/2% 1/2%
= Q- QMY? (Mg/ 2MmY 2) M BMMT M BMIY? (M;/ 2QMmY 2) MYQ
i
= Q- oy (My*Quy”) wy*Q
;
= Q2 {I _ Q1/2M]13/2 (M;/QQMQ:/Q) M113/2Q1/2} Q172
t 2
_ Q1/2 {I _ Q1/2M]13/2 (M}B/QQME/Q) Mé/le/z} Q1/2 = 0.
(110)

+

e last equality holds since 1t 1s easy to see that - 1S a
The last equality holds since it is casy hat |1 —QV2MY? (My*QMY?) MY2QY?| i
symmetric (orthogonal) projection.

We further prove that S*,S™* € S. It is easy to show that S*,S™* are symmetric generalized
inverses, reflexive to each other (S—* is in fact the Moore-Penrose inverse of S*):

1/2% 1/2
S5~ = MY? (M}_}/ 2QMmY 2) MY2 Yt (M;/ 2QMmY 2) MY
1/2% 1/2
= MY? (M}g/ 2QmY 2) (M}B/ 2QMmY 2) MY (112)
= M2 My = MY (113)
— 575", (114)

The equalities hold since by Lemma [F.6]
1/2
tn { M2} = Im{ Mg} = { M/ QM/*} = Tm { (32Qny?) } .15

and since for a PSD matrix R, RR" = R' R is an orthogonal projection onto its image. Using Lemma
[E7Zl we have

S*S™*BM = My/*'M}/*BM = BM. (116)
It is now easy to verify that
1/2
Qe S*+ Me (BS*B) = 2Tt {II" B} = 2Tr { (Mg/ZQM}B/Z) } 7 (117)
which completes the proof. O

Corollary F.8. Under the assumption, Im {Mp} C Im {Qy}, the optimal gain in 28) is given by

1/2+
L= QuMY? (Mg/szMg/Q) M B,. (118)

Remark F.9. Under the alternative assumption, Im { M} C Im {Qy}, the optimal gain in 28) is
given by

. 1/2t .
;= QuBM, " (M, 2 Quny?) ™ a2 B, (119)
where B = B;/2, Qb = BQkB, Mb = BMkB
Proof. Recall our goal in (28) is to maximize Tr {IIM B} = Tr {BHM B} under the condition
Q —TIMTI" = 0 (we omit the index k). This is equivalent to minimizing E [HB’X - BYHQ} w.rt

IL, where (X,Y) ~ A (0,%) and & = [M%T H]\]ﬂ 0.
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BMI'B BMB
under the assumption Im {BM B} C Im {BQB}, the minimal distance is achieved when

In this case, (BX, BY)) ~ N (0,%;) where ), = [ BQB BHMB} According to Thm.

1
_ _ L1 1 Nzt 1
BUME = BQBM; (Mj @M, )™ M. (120)

Note that Im {M} C Im{Q} implies Im {BMB} C Im {BQB} and it is straightforward to
verify that Q) — m*MII*T = 0. O
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G Stationary settings

A note is in place regarding the stationary perceptual Kalman filter. In the Kalman steady-state regime,
where dynamics (3T)) -(32)) are time-invariant and 7' — oo, the matrices K and S in Algorithm[2]are
determined by the covariance matrix P,

K=PCT(CPC" +R)™', S=CPC" +R. (121)

Here, C' stands for the time-invariant observation matrix (yx = Cxy + ;) and P is a solution to the
Discrete-Time Algebraic Riccati equation (DARE)

P =APAT — APCT(CPCT + R)"'CPAT + Q. (122)

Similarly, under the steady-state regime, (26) becomes

Tr{D} — ming
T T T T (123)
s.t. D=ADA' +Q+ M —-1IM — MII' M =KSK"', Q—TIIMII' =0
where D obeys an (Algebraic) Lyapunov equation. If A is stable,
D) =Y AR(Q+ M —TIM — MILT) (AF) . (124)
k=0
Hence, stationary perceptual filter is of the form
Ty = AZp—1 + J, (125)
Jp = KT, + wy, (126)
w, ~ N (0,Q —TIMII") (127)
and in order to find optimal gain II, minimizing Tr { D(II)}, we have to solve
max Tr {lIMB} s.t.Q — IIMI" > 0, (128)

where we define B £ Y 77, (Ak)T A¥, and the solution (under the assumption Im { BM B} C
Im {Q}) is given again by (30).
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H List of notations

We summarize our notations in the following Table.

Table 2: Definitions and Notations

| Notation | Description [ Definition Dimensions
Ny state dimension
Ny measurement dimension
Ag system dynamics Ng X Ny
Ch measurement function Ny X Ny
Qr, Ri noise covariances Ng X Ng, My X Ny
T system state (ground-truth) Ny
Yk measurements Ny
Tk state estimator Ny
7 optimal Kalman state see Algorithm 2| Ny
Tp|s best MSE state esimators, up to time s Ny
Iy, innovation process see Algorithm 2 Ny
Sk innovation covariance see Algorithm 2 Ny X Ny
Ky, Kalman gain see Algorithm 2| Ng X Ny
11 innovation perceptual gain Ny X Ny
M, Kalman update covariance M, = K. S, K ,;r Ng X Ny
Uk unutilized information process see (15 kn,
T unutilized information process (recursive) see (19| Ny
X, unutilized information covariance Ng X Ng
[ unutilized information perceptual gain Ny X Ny
By, weight matrix By = Zf:k i (ATTR)T At Ny X Ny
Dy, deviation from MMSE Dy =E[&] — & [T} — &) Ng X Mg
T Termination time (horizon)
c(Xn) minimization objective C=Yu_o ok [lzk — @]
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I Numerical demonstrations

In this section we provide full details for the experimental settings of Sec.[5] with additional numerical
and visual results. In the following, we compare the performance of several filters; &y, and Zy;c
correspond to the Kalman filter and the temporally-inconsistent filter (T0) (which does not possess
perfect-perceptual quality). The estimate £, is generated by a perfect-perception filter obtained
by numerically optimizing the coefficients in (I8), where the cost is the MSE at termination time,
i.e. the terminal cost

Cr =E[||l&r — zr|?]. (129)

The estimates ¢, TminT correspond to PKF outputs (Alg. [1)) minimizing the fotal cost (area under
curve)

T
Cane = Y E [[l&x — l|] , (130)
k=0

and the ferminal cost, respectively. Finally, Z4t.¢. is the stationary PKF, discussed in App. |G| The
filters are summarized in Table

Table 3: List of demonstrated filters.

perfect-perception

description definition
per-sample | temporal

Era Kalman filter Algorithm 2| X X

. Per-sample perceptual quality

Teic (temporally-inconsistent) (19 v X

. Optimized perfect-perceptual

e quality filter (1) o e

T auc PKF with total cost Algorithm v v
ZrninT PKF with terminal cost Algorithm I v e
Tstat. Stationary PKF (125) X X

I.1 Example: Harmonic oscillator

We start with a simple 2-D example, where we demonstrate the differences in MSE distortion between
the optimized perfect-perceptual quality filter £, the temporally inconsistent filter Z;. and the
efficient sub-optimal (perceptual) PKF. Consider the harmonic oscillator, where the entries of the
state z, € R? correspond to position and velocity, and evolve as

Tpp1 = Azp +qr, g ~N(0,1) (131)

with
A=1+9% A 132
=1+ -2 0 X ts ( )

where A; = 5 x 1072 is the sampling interval. Assume we have access to noisy and delayed scalar
observations of the position (corresponding to time ¢ — %At) so that y, = [1 f%] T + ., Where
r. ~N(0,1) and g ~ N (0,0.81).

We numerically optimize the coefficients {II}, @k}gzo in (I8), to minimize the terminal error (129)
(Tr {Dr} in @3)) at time 7' = 255 under the constraints (20). Figure [7|shows the MSE distortion for
the optimized perfect-perception filter &, defined by (I8) and {I1y, @k}zzo, and the sub-optimal
PKF outputs Zayc, £minT, Minimizing the total cost and the terminal cost (see Table[3).
We observe that PKF estimations are indeed not MSE optimal at time 7', However, their RMSE at
time T is only ~ 30% higher than that of ., and they have the advantage that they can be solved
analytically and require computing only half of the coefficients (IIj).

The estimates £y, and Z;c achieve lower MSE than %, however they do not possess perfect-
perceptual quality. We can see the difference in MSE distortion between the filters Zop¢ and 25, with
and without perception constraint in the temporal domain. This is the cost of temporal consistency in
online estimation for this setting.

27



ZminT

Topt

0 50 100 150 200 250

)

analytical

MSE (

0 50 100 150 200 250

17.5

15.0
T
+o
=
= 100
< - . .
~— Lopt, e ;
= 75 LT e (i) Gap due to
B 750 B :
= Tal temporal consistency
Fe B0 T Ttic (i) Gap due

95 Lauc tO (I)k = O

. i‘minT
0 50 100 150 200 250

k (time)

Figure 7: MSE distortion on Harmonic oscillator. %, is a numerically optimized perfect-
perceptual quality filter’s output (minimizing error at time 7' = 255, dashed horizontal line).
Zauc, TminT are PKF outputs minimizing different objectives. Observe that PKF estimations are not
MSE optimal, but require less computations. £y, and ;. are not perfect-perceptual quality filters.
(top) Empirical error, over N = 1024 sampled trajectories. (bottom) Analytical error. The difference
in distortion between the perfect-perceptual state Zp¢, optimized according to (I8), and Zy;. is due to
the perceptual constraint on the joint distribution. This is the cost of temporal consistency in online
estimation for this setting. The gap between the MSE of the optimized estimator and Z,i,T is due to
the sub-optimal choice of coefficients, @, = 0.
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.2 Example: Two coupled inverted pendulums

Next, we demonstrate the quantitative behavior of perceptual Kalman filters, by comparing the MSE
between the PKF outputs when minimizing different cost functions, and between non-perceptual
filters outputs. More specifically, this experiment demonstrates:

1. How minimizing different objectives in Algorithm [I|leads to different filters.
2. The cost of perfect-perceptual quality filtering, given by Algorithm[I} over optimal filters.
We consider a higher-dimensional, well-studied example of two coupled inverted pendulums, mounted

on carts [7,/6]. The cart positions, pendulum deviations, and their velocities (Fig. [8), are given by the
discretized stable closed-loop system with perturbation

T+l = A.Tk; + dk, qk ~ N (07 Q) ) (133)
where z, € R8. The initial state is distributed as
i) NN(O,PQ). (134)
The system matrices are given by
A=1T+ Ay Ay, (135)
where A; = 5 x 10~ is the sampling interval and
_ A; + BK; F
Aa = F Ay+BEK |’ (136)
0 1 0 0 0
29156 0 —0.0005 O —0.0042
A=Ay = 0 0 0 11 B = 0 . (137)
—-1.6663 0 0.0002 0 0.0167
The coupling is given by
0 0 0 0
0.0011 0 0,0.0005 0
F=1"%9"0 "0 ol (138)
—0.0003 0 —0.0002 O

and stabilizing state-feedback controllers (each acts on a single cart) are
K, =[11396.0 7196.2 573.96 1199.0], K, =1[29241 18135 2875.3 3693.9]. (139)

The partial measurements are given by yr = Cxy + 71, where 1, ~ N (0, R), with coefficients

¢ o .~ [t ooo
C_[O 6—,2}, 01_02_[0010]. (140)

Namely, we observe only position and angle for each cart/pendulum, while velocities are not being
measured.

The perturbation covariances are given by

[P 0 e o [ R iR
PO|: O P():|’ Q|:O Q:|7 R[éR D, ) (141)
where
0.154  0.142 —0.143  0.093
_ 0142 0144 0124 0.058 )
Po=1_0143 —0.124 0167 —o0.148] >*1077 (142)
0.093  0.058 —0.148 0.192
0.642 —0.136 078  0.262
o, |-0.136 0894 —0.248 0.074 o, [0375 —0.33
Q=10 078 —0248 1284 —0314] XA R=1077" {—0.33 0.771] x Ag.

0.262 0.074 —-0.314 1.766
(143)
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Figure 9: MSE distortion on Coupled inverted pendulums for perceptual and non-perceptual
filters (near the time 7'). Z,,, ZminT are PKF outputs minimizing different objectives. Observe that
while both possess perfect-perceptual quality, they yield different estimations. Also, pay attention to
the MSE gap between the MSE-optimal, but not perceptual, Kalman filter and the PKFs.

PN

coupling

angle 1 -~ angle 2 -~

«~—— Pos.l — —— Pos2——

Figure 8: Coupled inverted pendulums.

We simulate the system for 2'° time steps (1" = 2'° — 1), over N = 219 independent experiments. In
Figures|9|and|10{we show the MSE distortion as a function of time, E [||Z, — 2|?], for the different
filters of Table[3} £}, is the optimal Kalman filter. ;. is the perceptual filter without consistency
constraints, given in (I0). #ayc is the PKF output minimizing the total cost (130). ZinT (marked by
‘x”) is the PKF output minimizing the terminal cost (129).

We observe that filters satisfying the perfect perceptual quality constraint (Z,y,c and i, 1) achieve
higher distortions compared to the per-sample only perceptual filter £, which in turn attains MSE
distortion slightly higher than that of the MSE-optimal Kalman filter. This demonstrates again the cost
of temporal consistency in online estimation. Note also that PKFs minimizing different cumulative
objectives, yield different estimations; while Z,,,;,,7 is optimal at termination time 7, Z,,. achieves a
lower MSE on average. As we will see next, both filters attain the same perceptual quality.
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Figure 10: MSE distortion on Coupled inverted pendulums for perceptual and non-perceptual
filters (full view).

In Fig.[TT) we estimate the perceptual quality, given by the Wasserstein distance between the ground-
truth distribution and the empirical Gaussian distributions of the different filters outputs. In Fig.
[[T]top) we estimate the distance between single-sample distributions, while in Fig. [[T(bottom) we
consider the joint distributions of 16 state-vectors, x4, t € [k — 15, k]. Observe that while each sample
of . is distributed similarly to its reference sample, it fails to attain perfect perceptual quality where
we measure the distance from the real process distribution. PKF outputs attain low perceptual index
(high quality) in both scenarios. We also present the perceptual quality measured for the ground-truth
signal x4, empirical distribution, as a reference.

Figure|12|shows the asymptotic behavior (empirical error for large horizon T') of & 514:., the stationary
PKL . The figure also presents the empirical errors for Kalman filter and its stationary version
(multiplied by a factor of 2, which is an upper bound on the MSE distortion of perceptual estimators
without temporal constraints, see [3]]), and the theoretical steady-state error of @, obtained by
optimizing (128)) (dashed horizontal line) for comparison. The error of the non-stationary perceptual
filter Z ., is also shown.

1.3 Dynamic texture

Here we illustrate the qualitative effects of perceptual (temporally consistent) estimation in a sim-
plified video restoration setting. Please see the supplementary video for the full videos. This setup
visually demonstrates how:

1. Filters with no perfect perceptual quality tend to generate non-realistic images or atypical
motion (random or slow movement, flickering artifacts etc.).

2. PKF outputs are natural to the domain, both spatially and temporally.
For this extent, we introduce the ‘Dynamic Texture’ domain. In this domain, video frames are
generated from a latent state which represents their Factor-Analysis (FA) decomposition (see e.g.

Bishop and Nasrabadi [2, Sec. 12.2.4] for more details). The dynamics in the FA domain are assumed
to be linear, with a small Gaussian perturbation,

IEA = AFAxEél + qk, 'TOFA ~ N(Oa I) ’ IEA € R128' (144)
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Figure 11: Perceptual quality measured by estimated Wasserstein distance dp (lower is better).

(top) Distance between distributions of single samples p,, and p;,. (bottom) Distance between

distributions of 16-state vectors (at times [k — 15, k), p XE_ . and p XE L Observe that Z4;c single
- —15

samples are distributed similarly to the ground-truth signal, but they fail to attain the reference joint
distribution between timesteps. PKF outputs Z,,,c and iy attain high measured quality in both
cases.
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Figure 12: MSE distortion on Coupled inverted pendulums for stationary filters.

The state vector with the given dynamics creates frames of a wavy lake in the video domainﬂ through
an affine transformation,
j FA | _FA
;' = Wrasvia (2" + ™). (145)

Wra—wiq 1S a linear transformation from R!28 latent states to R512%512x3 frames, and ™ is a
constant vector. A¥4 and the noise ¢j, parameters are estimated similarly to [3]. Linear observations
yr € R32%32 are given in the frame (pixel) domain, by

Y = Crap™ + 7y (146)
At times where information is being observed,

Cr = Cx16WraB—yWFA—vid, (147)

where Wra By is a projection onto the Y'-channel (grayscale) and C'x 16 is a matrix that performs
16 x downsampling in both axes. At times where there is no observed information, C'y, = 0. Here, 7,
is a Gaussian noise.

In our first experiment, measurements are supplied as in (T47) up to frame & = 127 and then vanish
(Cx = 0,k > 128), letting the different filters predict the next, unobserved, frames of the sequence.
We pass yi, as an input to the various filters (see Table ; T,y 18 the Kalman filter output. £y;c is the
perceptual filter in the spatial domain, given in (I0). Zay is our Algorithm (PKF) output reducing
the total cost in the latent space, Coye = ZZ:O E [||lzf* — &1]/]. All filtering is done in the latent
domain, and then transformed to the pixel domain. MSE is also calculated in the FA domain. In
(Fig. we can see that until frame k& = 127, all filters reconstruct the reference frames well.
Starting at time k£ = 128, when measurements disappear, we observe that the Kalman filter slowly
fades into a static, blurry output which is the average frame value in this setting. This is definitely a
non-‘realistic’ video; Neither the individual frames nor the static behavior are natural to the domain.
Our perfect-perceptual filter, Z,,., keeps generating a ‘natural’ video, both spatially and temporally.
This makes its MSE grow faster.

We now perform a second experiment, where CY, is set to zero until frame £ = 512. Attimes k > 513
measurements are given again by the noisy, downsampled frames as described in (146)-(147). In
Fig.[14] we present the outcomes of the different filters. We first observe that up to frame k = 512,
there is no observed information, hence outputs are actually being generated according to priors.

3Original frames are taken from ‘river-14205" by OjasweinGuptaOJG via pixabay.com, and are free to use
under the content licence.
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Figure 13: Frame prediction on a dynamic texture domain. In this experiment, measurements are
supplied only up to frame k = 127. The filter’s task here is to predict the unobserved future frames
of the sequence. Observe that the #3,; fades into a blurred average frame, while the perceptual filter
Tauc generates a natural video, both spatially and temporally. This makes its MSE grow faster,
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Figure 14: Frame generation on Dynamic texture domain. In the first half of the demo (k < 512),
there are no observations, hence the reference signal is restored according to prior distribution. We
observe that filters with no perfect-perceptual quality constraint in the temporal domain generate
non-realistic frames (Kalman filter output },;) or unnatural motion (Zy;.). Perceptual filter £, is
constrained by previously generated frames and the natural dynamics of the domain, hence its MSE
decays slower.

The Kalman filter outputs a static, average frame. Z;. randomizes each frame independently, which
creates the impression of rapid, random movement with flickering features, which is unnatural to
the reference domain. At frame & = 513, when observations become available, we can see that
2y, and 2. are being updated immediately, creating an inconsistent, non-smooth motion between
frames 512 and 513. PKF output Z,,., on the other hand, keeps maintaining a smooth motion. Since
non-consistent filters outputs rapidly becomes similar to the ground-truth, their errors drop. The
perfect-perceptual filter, Z,,., remains consistent with its previously generated frames and the natural
dynamics of the model, hence its error decays more slowly.
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