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A APPENDIX

This appendix provides the supplementary materials for this work, constructed according to the
corresponding sections therein. For convenience, we here take both 7, and 7; as positive values, in
order to avoid the redundance led by |7, | and |7;|.

B PROOFS OF LEMMAS RELATIVE TO THEOREM 1

This section provides the proofs for three Lemmas [3, 4, 5], which we used to prove Theorem 1.

B.1 PROOF OF LEMMA 3

Recall the DEF scheme, that is,

deziit) = —(u(t) — Urest) + T fage (x(t)) -

For any ¢y, € [T], we have
du(tl) du(tg)

dt dt

lu(ts) — u(te)] < 7 + 7ol fage (®(t1)) — fage(®(t2))] -

According to the Picard-Lindelof theorem, the membrane potential «(¢) in the DEF expression exists
uniquely and is absolutely continuous. Let M, denote the maximum norm of the aggregation
function fuge(-), thatis, | fage((t))| < Miyge. Thus, one has

du(t)  du(ts)
dt dt

< Magg|t1 - t2‘ .

According to Subsection 3, the aggregation function fy(-) is linear and thus Lipschitz continuous,
i.e., there exist a constant L,g, such that | fuee((t1)) — fage(€(t2))| < Lagg|t1 — ta|. Therefore,
we conclude that the membrane potential u(t) in the DEF expression is Lipschitz continuous with
constant L,,

lu(ty) — u(ta)] < TmMagg|ts — to| + TeLage|ts — tof < Lulty —tof ,
where L, = TinMagg + Ty Lagg.
For any partition 0 =t < ¢; < --- <t, =T, one has
d
dt
according to the Mean Value Theorem. By summing up the absolute differences that gives the total
variation, we have

u(tt) — u(ti_l) = (’Ui) : (ti — ti_1) for some v; € (t’l:—17ti) s

Z lu(t;) — u(ti—1)| = Z vl (t; — ti1) -

It is observed that u(t) is bounded, i.e., |u(t)| < M,,. Thus, the total variation can be bounded by
n
i=1

Consider the spike excitation function, we also can conclude that

t —
) = s(ta)] = [fe(u(tr)) — Feluta))] < “L=A2)
Ufiring
It is evident that both u(t) and s(t) have finite total variation due to M, T" < oo and M, T/ tfiring < 0.
Therefore, the function expressed by single spiking neuron with the DEF expression is of bounded
variation. Since connection weights is independent to ¢ and bounded by M,,, we can further conclude
that the function expressed by an SNN with the DEF expression is the function of bounded variation.
This completes the proof. U
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B.2 PROOF OF LEMMA 4

We start this proof with the case of NV,, = 1. Let Du denote the distributional derivative of the
membrane potential «(¢) in the DEF expression and

J = {u € L*([0,T)) | u(t) is a non-non decreasing function w.r.t. time ¢} ,
B = {ue L'([0,T]) | [Dulo,r) < M.}

From the conversion of Zhang et al. (2021), the membrane potential «(¢) in the DEF expression is
evidently equivalent to finding solution to the following equation if «(t) is Lipschitz continuous
1 t
u(t) = u(0) + —/ —(u(T) = Urest) + Tr fage(2(7)) dT .
0

Tm

By taking norms, this yields
1 t
()] = [lu(0)] + ;/0 [a(T)I] + lltrest + Tr fage (2(7)) [ AT
m

1t t I
< Ol + — / () AT + —[lurest + 7r fage ((t))l (lnsertmg/ dr=t)
m JO m 0

According to the continuous Gronwall’s inequality in Lemma 2, we have

(]l < [||u<o>|| + i+ Trfagg@(t))l] exp (fn / t dT>

- [”“(0)” s + Trfagg(w(t)ﬂ] exp (t) ;

Tm m
Provided the L-layer SNN of the following form!
fla(t) = fo(™ (1)),
sV (t) = fe(u® (1)),
uD(t) « DEF [u@(t —1), wTsU—l)(t)} :
sO(t) = x(t)

the norm of the expressive function can be unfolded as

£ @) = |l fe(™(#) = fe (0) ]| < #\IU(L)(t) -0

Ufiring

1 t _ t . .
< 10+ o+ 07500 e (L) (insering Ba. )
Ufiring Tm Tm
u(0 t|lu t t,
< {H Ol + [ trest | ] exp <) + T ot/Tm [|w| Hs(l—l)(t)H )
Ufiring Tm Ufiring Tm Tm Ufiring

Next, we introduce a useful lemma relative the Gronwall’s inequality (Verma & Kumar, 2025).

Lemma 7 Let (Uk)kzo be a sequence that satisfies up, < agurp—1 + by for all k > 1, where
(ar)k>1, (br)k>1 are two positive sequences. Then it holds

k k k
up < Haj uo—i—ij H a; forall k>1.
j=1 j=1 i=j+1
According to Lemma 7, we can further bound the norm of the expressive function by
L - L—i-1 L AP~ — ATt
If @) < Allz(@)]| + Y BAMH = AF|jz(t)]| + ——1 & (©)

=1

"Here, the superscript indicates the layer. But we omit the superscript of connection weights w for simplicity.
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where
t t 0 U || tres t
T ex p< >||w|| and B = [u(0)l + ”uet”} exp <> .
Tm Ufiring Tm Ufiring Tm Ufiring Tm
Here, we employ N to upper bound || f(«(t))||. Provided that |[w| < M,, and ||z(¢)| < M, ~ 1,
we can intuitively force that

A:

Ny A+ AL g
AA-1)

- T T ~ T || T
A= i exp <> M, and B = lu(0 )H ”ueSt” exp () .
Tm Ufiring Tm Ufiring 7—m Ufiring Tm

Therefore, we can conclude that Ny € O[(T'M,,)* exp(—TL)], from which

with

max Ny(T,L)e O (e "),

N¢(T,L) =0 as T —0" or T— +oc,

and
N¢(T,L) -0 as T — +oo withan exponential ratio .

Next, we proceed to compute Nen(7, T, L2(Sy)). The proof line follows that of (Verma & Kumar,
2025). For a fixed positive integer N, let us set the discretization size as Az = T/N, Ay = N;/N.
To each z € J, we associate the pair of functions (1) *[z],1~[z]) defined by

N—

,_.

Y1k Az, (k+1)- Az,
k=0

where

v = {WJ and pF = V((kH)A-yAx—O)J L

For X~ < Xt € J,one defines U(X ™, X") ={z €T | X~ <z <Xt} Itis easily proved that
the setUd = {U(X ™ [z], X" [z]) | f € Z} is a covering of T due to z € U(X~[z], X T[2]).

According to
#U <{0<ag<ay < - <an_1 <N |(ar €N)}?
{1, pv41) ENVI [ pr 4 pygs = NY

(2N> 2
< )
—\N

2
the covering number for the class of functions in J is bounded by (215 ) . Consider sums of powers of

binomial coefficients
(r) — n\’
=3 () -
k=0

For r = 2, the closed-form solution is given by

2
alp) = ( n) .
n

This implies that the central binomial coefficients af) obeys the recurrence relation
(n+ 1)“512-21 —(4n+2)a? =0.
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By solving the aforementioned upper bound of #U{, we have
2N 4Nt 3
=Ci=—— |2 here, denotes the Pochh bol
<N) 11"(N—|—1) <2)2N_1 (here, ((x)) N denotes the Pochhammer symbol )
22(N—1) (3

7 (2, (402

220D P(S4n—1) 220D r N+1 VT
) 2

CL(N+1) T2 S T(N+1 2

22N (N + 1)

VT T(N +1)

P

VTN
22N

VrN

Hence, we can conclude that

( from the ratio of gamma functions (Gautschi, 1959) )

IN 2 94N 94N
< <=
(N> — 7N T 6m
where the second inequality holds from N > 6. Let N = [(T'N — f)/~] + 1, then
Q4TN—f)/v
61 '
From the bound proposed by Dutta & Nguyen (2018), that is,
Nen (7,8, L*(S,)) < N2, (v/2,3,L%(Sy))

a stricter bound is proved by

Ncn(% 3, LQ(Sn)) <

T Q16(TN—1)/y
P —
cn(PYa ) 2( n)) — (677')2

The above computations can be easily extended to the case of N,, > 1 where all variables are still
bounded by vector or matrix norms. For u(t) € RV», we have

24(TN7f) \% NW/'Y ok
67 ’

Ncn(r)/a ij 5 LQ(Sn)) S [

216(TNf)\/Nw/7] N

Ncn(’)/a SBNwaLQ(Sn)) < l (671')2

This completes the proof. (]

C PROOFS AND USEFUL LEMMAS OF THEOREM 2

This section provides the proofs for Theorem 2. The results of other LIF expressions follows closely
the proof of Theorem 1. Hence, we here only show the computational difference led by the SRM and
DTA expressions. We begin the proof by taking the SRM expression as an example.

Lemma 8 In the case of finite spikes in [0,T), the function expressed by an SNN with the SRM
scheme is the function of bounded variation.

Proof. Recall the SRM scheme, that is,

u(t) =y n(t—tf)+2wj > oe(t—t) .

£ 1<t e: t5<t
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According to Subsection 3, the kernels 7)(+) and €(-) are Lipschitz continuous, i.e., there exist constants
L,, and L, such that

In(t1) —n(t2)| < Lplty — t2| and |e(ty) — e(t2)| < Lelty —to] .

For any ¢1,t5 € [T], we have
u(ty) —u(t)| < Y (=) —nlta=t)[+D > |e(ti—t5) —e(ta—15)] .
f: tf<t Joeti<t

Consider a finite number of spikes N and V., the above inequality can be written by

u(ty) —u(t2)] < NpLylty —to| + NeLelts — t2| = Lu|t1 — t2] |
where L = NyL, + N.L.. Thus, we can conclude that the SRM function is Lipschitz continuous.
For any partition 0 =ty < t; < --- < t, =T, one has

d
u(tl) — U(tifl) = &(’Uz) . (tz — tifl) for some v; € (tiflvti) s

according to the Mean Value Theorem. By summing up the absolute differences that gives the total
variation, we have

Z lu(ti) —u(ti-1)| = Z vl (t; — tiz1) -

It is observed that u(t) is bounded, i.e., |u(t)| < M,. Thus, the total variation can be bounded by
Vol (u) < My Y (ti —ti1) = M,T .
i=1

Consider the spike excitation function, we also can conclude that

) = stta)] = [fe(u(tr)) — Feluta))] < “L=12)

Ufiring
It is evident that both u(t) and s(t) have finite total variation due to M, T" < oo and M, T/ tfiring < 0.
Therefore, the function expressed by single spiking neuron with the SRM scheme is of bounded
variation. Since connection weights is independent to ¢ and bounded by M,,, we can further conclude
that the function expressed by an SNN with the DEF scheme is the function of bounded variation.
This completes the proof. O
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