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Abstract

The standard assumption in reinforcement learning (RL) is that agents observe
feedback for their actions immediately. However, in practice feedback is often
observed in delay. This paper studies online learning in episodic Markov decision
process (MDP) with unknown transitions, adversarially changing costs, and un-
restricted delayed bandit feedback. More precisely, the feedback for the agent in
episode k is revealed only in the end of episode k + d*, where the delay d* can
be changing over episodes and chosen by an oblivious adversary. We present the
first algorithms that achieve near-optimal /K + D regret, where K is the number
of episodes and D = Zkl,(zl d" is the total delay, significantly improving upon the
best known regret bound of (K + D)?/3.

1 Introduction

Delayed feedback has become a fundamental challenge that sequential decision making algorithms
must face in almost every real-world application. Notable examples include communication between
agents [9], video streaming [8] and robotics [32]. Broadly, delays occur either for computational
reasons, e.g., in autonomous vehicles and wearable technology, or when they are an inherent part of
the environment like healthcare, finance and recommendation systems.

Although a prominent challenge in practice, there is only limited theoretical literature on delays in
reinforcement learning (RL). Recently, [18] studied regret minimization in episodic Markov decision
processes (MDPs) but assume that the delays (and costs) are stochastic, i.e., sampled i.i.d from a fixed
(unknown) distribution, which is a limiting assumption since it does not allow dependencies between
costs and delays that are very common in practice. The case of adversarial delays and costs was also
studied recently [28]. However, they focus on full-information feedback where the learner observes
the entire cost function, which is not realistic in many applications, and obtain only sub-optimal regret
bounds for bandit feedback (where the learner observes only the costs on the traversed trajectory).

In this paper we significantly advance our understanding of delayed feedback in adversarial MDPs
with bandit feedback. More precisely, we consider episodic MDPs with unknown transition function,
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Table 1: Regret bounds for Adversarial MDPs with unknown transition and unrestricted delayed
bandit feedback. K is the number of episodes, D is the total delay, H is the horizon, .S is the number
of states and A is the number of actions. Algorithms presented in this paper appear in grey.

| Algorithm [ Regret | Efficient | Regret w.h.p |
D-OPPO [28] O(HSVAK?*? + H?D?/3) v v
Delayed Hedge O(H?SVAK + H?'?\/SD) X v
Delayed UOB-FTRL O(H?SVAK + H?'?SA\D) v X
Delayed UOB-REPS | O(H?SVAK + (HSA)Y/*. H\/D)* v v
Lower bound [28] Q(H??\/SAK + HV/D)

*Under unknown dynamics Delayed UOB-REPS has an additional additive term in the regret that
scales linearly with d,,4,. One can avoid the dependency in d,;,4, but with a slightly weaker bound
than the one that appears in this table - for more details see Remark D.1 in the supplementary material.

adversarially changing costs (bounded in [0, 1]) and unrestricted delayed bandit feedback, i.e., the
learner observes the costs suffered in episode & only in the end of episode k + d* where the sequence
of delays {cl’“}f:1 are chosen by an oblivious adversary. We develop the first algorithms for this
setting that achieve near-optimal regret and provide a major improvement over the currently best
known regret bound [28] - see Table 1 for more details.

In the following paragraph we provide an overview of our contributions and the structure of the
paper. In Section 3 we devise an inefficient Hedge [13] based algorithm that treats every deterministic
policy as an arm. This can be seen as a warm-up — a relatively simple and elegant solution that shows
that order v/ K + D regret is attainable with delayed bandit feedback. Moreover, our adaptation of
Hedge to the setting of adversarial MDP with unknown transition and bandit feedback presents highly
non-trivial algorithmic and technical features that may be of independent interest. Then, we focus on
the pressing question: Can delayed bandit feedback be handled both optimally and efficiently? We
answer this affirmatively by presenting two efficient algorithms with near-optimal regret. Through our
unique analysis and algorithmic design, we shed light on the great challenges of handling efficiently
delayed bandit feedback. In Section 4 we consider a relatively standard algorithm we call Delayed
UOB-FTRL, based on the Follow the Regularized Leader (FTRL) framework, and focus on a unique
novel analysis that may be of independent interest. As seen in Table 1, our analysis of Delayed
UOB-FTRL shows regret similar to the inefficient Delayed Hedge. However, it has worse dependence
on S and A, and has regret guarantee on expectation rather than with high probability (w.h.p). In
Section 5 we propose our final solution which is mainly algorithmic: we introduce the algorithm
Delayed UOB-REPS that has a novel importance-sampling estimator which generalizes the standard
estimator and accommodates it to the delays. This approach allows us to follow the path of more
standard analysis, but most importantly, ensures w.h.p the best regret so far (see Table 1). The first
term of the regret bound matches the best known regret for adversarial MDP with non-delayed bandit
feedback [22], while the second term matches the lower bound of [28] up to a factor of (HSA) 1/4,

1.1 Additional Related Work

Delays in RL. While delays are popular in the practical RL literature [39, 30, 8, 32, 12], there is
limited theoretical literature on the subject. Most previous work [26, 45] considered constant delays
in observing the current state. However, the challenges in that setting are different than the ones
considered in this paper (see [28] for more details). As discussed in the introduction, most related to
this paper are the recent works of [28] and [18].

Delays in multi-arm bandit (MAB). Delays were extensively studied in MAB and optimization
both in the stochastic setting [1, 43, 44, 34, 6, 49, 14, 29, 10], and the adversarial setting [35, 7, 41,
3,52, 19, 15, 42]. However, as discussed in [28], delays introduce new challenges in MDPs that do
not appear in MAB.

Regret minimization in RL. There is a rich literature on regret minimization in both stochastic
[20, 2, 21, 23, 46, 47, 48] and adversarial [51, 36, 37, 38, 22, 25, 5, 40, 31, 24, 17] MDPs. Note that
regret minimization in standard episodic MDPs is a special case of the model considered in this paper
where d* = 0 for every episode k.



2 Preliminaries

We consider the problem of learning adversarial MDPs under delayed feedback. A finite-horizon
episodic MDP is defined by a tuple M = (S, A, H,p, {c*}X_|), where S and A are finite state and
action spaces of sizes |S| = S and | A| = A, respectively, H is the horizon (i.e., episode length) and
K is the number of episodes. p : S X A x [H| — Ag is the transition function which defines the
transition probabilities. That is, py (s'|s, a) is the probability to move to state s’ when taking action
a in state s at time h. {c* : & x A x [H] — [0, 1]}, are cost functions which are chosen by an
oblivious adversary, such that cf (s, a) is the cost of taking action a in state s at time h of episode .

A policy m : § x [H] — A, is a function such that 7, (a|s) is the probability to take action
a when visiting state s at time h. The value V;"” (s;c¢) is the expected cost of 7 with respect

/

to cost function ¢ and transition function p’ starting from state s in time h, i.e., V;"7 (s;¢) =
E™r' Zg:h cn (Swryan) | sp = s|, where E™r' [-] denotes the expectation with respect to policy
7 and transition function p’, that is, aps ~ 7/ (- | Sp/) and spr1 ~ ph (- | Spr, ans).

Learner-environment interaction. At the beginning of episode k, the learner picks a policy 7*,
and starts in an initial state s’f = Sinit- In each time h € [H], it observes the current state sﬁ, draws
an action from the policy af ~ j'(+|s) and transitions to the next state sj, ~ p(-|sF, af). The
feedback of episode k contains the cost function over the agent’s trajectory {c; (s¥,af )}, ie.,
bandit feedback (as opposed to full-information feedback which contains the whole cost function).
This feedback is observed only at the end of episode k + d*, where the delays {d*}¥_, are unknown
and chosen by the oblivious adversary together with the costs. If d* = 0 for all k, this model scales
down to standard online learning in adversarial MDP.

. . .. . /
Occupancy measure. Given a policy 7 and a transition function p’, the occupancy measure ¢™P €

[0, 1]H5 *Ais a vector, where 47" (s,a,s") is the probability to visit state s at time h, take action a and

transition to state s’. We also denote ¢, (s,a) = >, q;" (s,a,8")and ¢;" (s) =Y, a5"" (s,a).
By [36], the occupancy measure encodes the policy and the transition function through the relations
m(a | s) = @ (s0)/gr? (s); Pl (s | s,a) = a7 (s,:05) /7% (s,0). The set of all occupancy
measures with respect to an MDP M is denoted by A(M). Importantly, the value of a policy from
the initial state can be written as the dot product between its occupancy measure and the cost function,
e, V" (Sini;¢) = (q’“f’/,c>. Whenever p/ is omitted from the notations ¢g™* and V™7, this
means that they are with respect to the true transition function p.

Regret. The learner’s performance is measured by the regret which is the difference between the
cumulative expected cost of the learner and the best fixed policy in hindsight:

K K

K K
k . k .
Ry = E Vlk’ﬂ (Sinit) — min E Vlk)ﬂ—(sinil) = E (" ,cF) — min (g, "),
k=1 - k=1 a€AM) =

where V,"™ (s) = VP (s;¢%).

Confidence set. Since the transition function is unknown, we maintain standard Bernstein-based
confidence sets P* for each episode & that contain p with high-probability. For the exact definition of
PF see Algorithms 5 and 9, and the fact that p € P* for every k w.h.p is proved for example in [22]
(for more details see the appendix). Using P* we can define a confidence set of occupancy measures
by

AM, k) = {g™ | 7€ (M) p e PFy,

which is a polytope with polynomial constraints as shown in [36]. Note that as long as p € P,

A(M) C A(M, k).

Additional notations. In general, episode indices always appear as superscripts and in-episode steps
as subscripts. pf(s’|s,a) is the empirical mean estimation of py,(s|s, a) based on the trajectories
available to the algorithm at the beginning of the episode k. nﬁ(s, a, s") denotes the total number
of visits at state s in which the agent took action a at time & and transitioned to s’ by the end of
episode k — 1, and nf (s,a) = >__, nf(s,a, s'). Similarly, m} (s, a, s') denotes the total number of
visits from rounds j such that j + d < k — 1 at state s in which the agent took action a at time



Algorithm 1 Delayed Hedge

1: Initialization: Set w' to be the uniform distribution over all deterministic policies, and P! to be
set of all transitions functions.

2: fork=1,2,..., K do

3:  Execute policy 7% sampled from w*, observe trajectory {s¥,af }2_, .

4:  Update confidence set P*, compute upper occupancy bound u* and exploration bonus b* by:

uf (s,a) = max wk(ﬂ')qZ’pl(s,a) . bR(m) = max ||¢"P" — ¢
p' €PE p €PF
TEN
s forj:j+d =kdo
6: Observe::osts {C%(Siua%)_}thl’ compute loss estimator ¢/ defined in Eq. (1), and estimated
loss by ¢4 () = (q™F,&7).
7:  end for N
8 Update policy distribution w*** by: w* ! (m) oc w*(m) - exp (nb*(m) =0 Y. giey, (7).
9: end for

h and transitioned to s, and m} (s,a) = >, mi(s,a,s’). F* = {j : j + &' = k} denotes the
set of episodes such that their feedback arrives in the end of episode k. The notations O(-) and <

hide constant and poly-logarithmic factors including log(k/d) for some confidence parameter d, the
indicator of event E is denoted by I{ E'}, and z V y = max{z, y}.

Simplifying assumptions. Throughout this paper we assume that K and D = Eszl d* are known

and that the maximal delay d,,,,, = maxy d* < v/D. Both of these assumptions are made only for
simplicity of presentation and can be easily relaxed using standard doubling and skipping procedures
as shown for example by [41, 28, 4]. In addition, we focus on the case of non-delayed trajectory
feedback, where the learner observes the trajectory immediately at the end of the episode and only
the feedback regarding the cost is delayed. Delayed trajectory feedback mainly affects approximation
errors and the ideas presented in [28] for handling such delay apply to our case as well. Finally, the
regret bounds in the main text hide low-order terms that depends polynomially in H,.S and A but
only poly-logarithmically in K - the full bounds appear in the appendix.

3 Delayed Hedge

In this section, we consider running a Hedge-based algorithm over all Q = AS*!H] deterministic
policies. Algorithm 1, which we call Delayed Hedge, is inefficient but gives the first order-optimal
regret bounds for adversarial MDP with delayed bandit feedback. Although the main issue that
Delayed Hedge tackles is delayed feedback, we note that there are many additional challenges
introduced by the unknown transitions and the bandit feedback when we maintain a distribution over
policies instead of a single stochastic policy.

Delayed Hedge maintains a distribution w” over deterministic policies (starting from a uniform

distribution), and in the beginning of episode k samples a policy 7" to execute. Thus, the expected
loss incurred in episode k is > . w®(7) (¢™P,c*). The algorithm updates the distribution w*
based on the exponential weights update, for which we need to compute an estimated loss for every
policy 7 € €.

To do so, first we estimate the cost in each state-action pair. Due to unknown dynamics, following [22]
we use the confidence sets to compute optimistic importance weighted estimator that will induce
exploration:

ék(s a) _ CZ(S,CL)H{SZ = Saaﬁ = a}
A uk(s,a) +
S, Y

. ey

where uf (s,a) = max, cpr Y cqw®(m)qy l (s, a) is an upper occupancy bound on the probability
to visit (s, a) in step h of episode k, and -y is a small bias added for high probability regret [33].



Algorithm 2 Delayed UOB-FTRL

1: Initialization: Set 7! to be uniform policy, and P! to be set of all transitions functions..
2: fork=1,2,..., K do
3:  Execute policy 7*, observe trajectory {s¥,a¥}__  update confidence set P* and compute

upper occupancy bound uf(s, a) = max, cpr gy > (s,a).
4 forj:j+d =kdo

5: Observe costs {cib(sib, ai)}thl and compute the standard loss estimator &’ by
& (s,a) = c(s,a)l{s}, =s,a; = a}. )

up (s, a) +

6: end for _
7:  Compute occupancy measure by: ¢**! = arg minqemfi}A(M,j)@’ D itdi<k &) + ¢(q),

Where ¢(Q) = % Zh,s,a,s’ Qh(sa a, S/) IOg Qh(sa a, Sl).
8:  Update policy: 71! (a | s) = 4" (s.) [+ (s).

9: end for

Then, we use the empirical transition function p* to compute the estimated loss %(7() =

(q™P",¢*) for each policy 7. To ensure optimism, we introduce the exploration bonus b*(7) =
sk ’ o . .. I

max, epk||g™P — g™ ||1. As long as the real transition function p is in confidence set P, optimism

is indeed ensured in the sense that <q”’ﬁk ,¢) — b¥ () is always no more than the true cost {¢™?, c)
for any policy 7 and [0, 1]-valued cost function c.

k+1

With the estimated loss and the exploration bonus for each 7, the distribution w”™" is now updated in

a manner similar to that of [15]: w***(7) o< w*(mr) - exp (nb*(7) — n iirdi=k ()). Note that
all information required for this update has been received by the learner at the end of episode k. With
the help of all these definitions, we prove the following regret bound for Delayed Hedge, and defer
the details to Appendix A including the complete algorithm and regret analysis.

Theorem 3.1. With appropriate choices of parameters, Delayed Hedge ensures Ryx =
O (HQS\/AK + HS/Q\/SD) with high probability (w.h.p. ).

4 Delayed UOB-FTRL

In this section, we adjust the UOB-REPS algorithm [22] to delayed feedback and present the Delayed
UOB-FTRL algorithm (Algorithm 2) - the first efficient algorithm to attain order-optimal regret for
adversarial MDP with delayed bandit feedback. The proof is based on a novel analysis without
additional changes to the algorithm. Namely, we use standard loss estimators (defined in Eq. (2)).
Our algorithm is based on the Follow-the-Regularized-Leader (FTRL) framework, which is widely
used for deriving online learning algorithm in adversarial environments. Notable examples are [51]
that applies FTRL over occupancy measure space to solve the adversarial MDP problem with known
transition, and [52] that uses FTRL to achieve optimal regret for MAB with delayed feedback.

In our context, in the beginning of episode k, FTRL computes,

¢* = argmin <q,Zg”S> + ¢(q), 3)
qeﬂ.?zlﬁ(./\/l,j)

where L9 = Y i<k € is the cumulative losses observed prior to episode k, and ¢(q) =
%}Zhd’a& qn(s,a, s")logqp(s,a,s’) is the Shannon entropy regularizer. Note that Eq. (3) is a
convex optimization problem with linear constraints and thus can be solved efficiently [51, 36]. The
policy 7" to be played in the episode is then extracted from ¢*. Thus, our algorithm can be regarded
as a direct extension to MDP of FTRL for delayed feedback. However, unlike the successes in MAB,
it is highly unclear whether optimal regret could be obtained in adversarial MDPs with FTRL even if
the transition function is known.



In Theorem 4.1, we show that Delayed UOB-FTRL enjoys order-optimal regret. Through the key
steps of the analysis, we shall take a closer look at the key reason why traditional analysis fails: in
occupancy measure space, the interplay between different entries of loss functions is significantly
harder to analyze. Thus, many critical properties used in [52] do not hold anymore. The complete
algorithm and proof are deferred to Appendix B.

Theorem 4.1. With appropriate choices of parameters, Delayed UOB-FTRL (Algorithm 2) ensures

E[Rk] = O(H?SVAK + HSAVHD).

Proof sketch of Theorem 4.1. Let ¢* = ¢™ P be the occupancy measure associated with the optimal
policy 7*. We adopt the regret decomposition of [22]:

K ) K K K
RK:Z<q” —qk,ck>+z gk, ck -k +Z q*,5k>+z<q
k1 k=1

k=1 k=1

EsT BiASy REG BIASo

EST, B1AS; and B1AS; are standard and bounded in [22] w.h.p by 6(7HSAK+HZS\/ AK+H/7).

Now, we focus on bounding REG. To this end, we denote by Zk = Zf;ll ¢* the non-delayed
cumulative loss, and introduce the convex conjugate functions F7 with respect to the regularizer ¢(-):

Fi(z) == min {d(q) = (z,9)}.

qa€A(M,E)

We now use I’ to decompose REG into the following three terms as

K
SRR (I + (") + Fe (L - &) +Z —FY(~Ly =) + B (L) — (", 7)
k=1
+Z{ (~Lg =) + F(-L) = (~Fe(~Lu = &) + Fi (L) }- @
I~

The first term is associated with the unseen loss ¢. It is relatively standard and bounded by
O(nHSAK) w.h.p. The second term can be regarded as the regret of a “cheating” algorithm which

does not suffer delay and sees one step into the future. This term can be bounded by 9] (H /n) similarly
to [15]. The third term which only relates to delayed feedback, is the most critical object in the
analysis.

In the previous work of [52] for multi-arm bandit, the authors managed to rewrite and then upper
bound the delay-caused term for every episode k by

/0 1 (¢ VF(~L§ = ad*) = V(< Ly — ac) ydw <0 3 p*(0) - @) - (La() - L))

i€[N]

where [IN] is the set of arms and p¥ () is the probability that the algorithm chooses arm i in episode
k. Here, the first step uses Newton-Leibniz theorem and the differentiability of convex conjugates,
and the second step follows directly from [52, Lemma 3]. Importantly, the second step is largely
based on the specific structure of the simplex (over which MAB algorithms operate), which yields
the simple behavior of FTRL-based algorithms (e.g., EXP3). Specifically, it is based on the following
observation. Suppose that we increase the cumulative loss of arm ¢. Now consider the behavior of
p(i"), the probability of taking arm ¢’ where p is computed from the FTRL framework. One can verify
that p(i') will increase for i’ # ¢ and decrease for i’ = 4. In other words, the relationship between
any pair of arms is competitive, and this property is critical to achieve the optimal regret with delayed
feedback in [52].

However, this property does not hold for MDPs because the constraints of the transition function
can dictate positive correlation between entries of the occupancy measure. Similarly, consider two
state-action pairs (s, a, h) and (s’,a’, h’) from different states. It is highly unclear whether increasing
the cumulative loss of (s, a, h) will increase or decrease the probability g/ (s, a’) of reaching s’
in time A’ and taking action a’. In fact, the relation is related to the specific transition function of



the MDP. For example, the FTRL algorithm will decrease the probability in the cases where taking
action a at state s in step h is necessary to reach (s’,a’, h'), and will increase in other cases where
not taking action a at state s of step h is necessary.

Therefore, an alternative analysis is required in our case. Specifically, we are able to bound the
delayed-caused term by

~

1
/ <Ek, VF;:(*LibS — SU/C\]C) — VF]:(*L]C — ‘T/C\k)> dx S 2 H/C\k’|v_2¢(£) HLk — Lzbs
0

V=2¢(8)
k—1 .
cu Y (Ydeo] (Sdeo
j=1,j+di>k \ h,s,a h,s,a

where the first step uses the properties of convex conjugates for some valid occupancy measure £
(See Lemma B.6 for more details) with ||z||,, = V& T M« being the matrix norm for any vector x

and positive definite matrix M, and the second step follows from the facts that V~2¢(¢) is a diagonal
matrix with values {n - &,(s, a) : V(h, s,a)} on its diagonal and & (s, a) < 1.

While we managed to overcome the complex dependencies between different states in the MDP, it
comes at the price of a looser regret bound. The final bound does not have q;‘; (s, a) in the summations
which leads to an extra factor of S A. This follows from the application of Holder’s inequality and
also the relaxation of intermediate occupancy measure &.

Taking the summation over all episodes, we have that the third term in Eq. (4) is bounded by

O(nH?S%A2D) in expectation. Finally, with proper choice of the parameters 7, v and §, combining
the bounds for EST, BIAS;, BIAS, and the three terms in Eq. (4) finishes the proof. O

S Delayed UOB-REPS with Delay-adapted Estimator

Finally, we present our last algorithm, Delayed UOB-REPS equipped with our novel importance
sampling estimator which we call delay-adapted importance sampling estimator. The algorithm
appears as Algorithm 3 and in its full version together with the analysis for known and unknown
dynamics in Appendices C and D.

Much like Delayed UOB-FTRL, the algorithm is efficient; but it outperforms Delayed UOB-FTRL in
two important aspects: (i) it guarantees high-probability regret bound (and not only expected regret),
and (ii) the delay term in its regret bound is tighter. In fact, as long as A < .S (which happens in most
cases), it obtains an improvement even on the regret of the inefficient Delayed Hedge algorithm.

To maintain the occupancy measures ¢* from which the executed policies 7"

UOB-REPS uses the Online Mirror Decent (OMD) update rule:

¢"*' = argmin n<q7 > éj>+1<L(q|| q*),
gEA(M,k+1) iD=k

are extracted, Delayed

where 7 is a learning rate and KL(q || ¢’) is the unnormalized KL-divergence (see the full algorithm
in Appendix D for the definition of KL-divergence). We note that OMD is standard in the O-REPS
literature, and has similar guarantees to FTRL. In this case, OMD will be much more useful than
FTRL because we can utilize its update rule to prove certain properties for the relation between
consecutive occupancy measures (see Lemma D.8).

We do not use the standard importance sampling estimator, but the following delay-adapted estimator:

cZ(s, a)H{sZ = s, aﬁ =a}

max{uk (s,a), uf % (s,a)} +~

&i(s,a) =

&)

The delay-adapted estimator specifically tackles one of the main technical challenges in analyzing
algorithms under delayed feedback (especially in MDPs) — bound their stability. It is a biased
estimator, and in fact has larger bias than the standard importance sampling estimator, but allows us
to directly control the stability of the algorithm.

To describe the intuition behind the delay-adapted estimator, let us first consider a fixed delay d* = d.
The policy 7**¢ is updated based on the episodes 1, ..., k — 1. Thus, playing 7%*¢ at episode k is



Algorithm 3 Delayed UOB-REPS with Delay-adapted Estimator

1: Initialization: Set 7! to be uniform policy.
2: fork=1,2,..., K do
3:  Execute policy 7*, observe trajectory {s¥,a¥}__  update confidence set P* and compute

upper occupancy bound uf(s, a) = max, cpr gy > (s,a).
4: forj:j+d =kdo

5: Observe costs {c; (s7,a7,)}. | and compute the delay-adapted cost estimator &/ by Eq. (5).
6:  end for

7:  Update occupancy measure by: ¢**! = arg MiNge A (M k41) 7] <q, D jeFn éj> +KL(q || ¢*).
8:  Update policy: wﬁ“(a | 5) = an " (s,:0)/gh+1(s).

9: end for

equivalent to running OMD on the same loss estimators but in a non-delayed environment. Standard
analysis for delayed feedback (e.g., [41, 3] for MAB or [28] for MDPs) utilizes this fact to bound the
regret with respect to the estimated cost by the sum of: (i) the regret of playing 7%*; (ii) the “drift”

between the playing 7%*% and 7"
K K Je
(@ =) D (d" =) o > qpti(s,a)ck(s,a)?. (6)
k=1 k=1 h,s,a,k

DRIFT STABILITY

The term % is usually referred to as the PENALTY, and the bound (i) < PENALTY + STABILITY is

by standard OMD guarantees. The standard importance sampling estimator defined in Eq. (2) is
approximately unbiased (ignoring « and transition approximation errors), so the left-hand-side of
Eq. (6) is approximately the re%ret in expectation. On the other hand, to bound the STABILITY term,
one needs to control the ratio 4, " (5,0)/¢ (s,a) since ¢ (s, a) has ¢f (s, a) in the denominator and not
qF (s, a) (for simplicity we ignore the bias between ¢* and u*).

In MAB, this ratio is essentially bounded by a constant, but the proof heavily relies on the simple
update form of OMD on the simplex (i.e., EXP3), as explained in Section 4. However, it still remains
unclear whether this ratio is bounded by a constant when running OMD or FTRL on a more general
convex set such as A(M). While in the proof of Theorems 3.1 and 4.1 we are able to avoid bounding
the ratio in the stability term itself by using a “cheating"” regret approach, a similar issue re-appears in
the drift term. In Theorem 3.1 we bound the ratio between distributions by utilizing the simple update
form (for the specific argument see Eq. (21) in Appendix A), and in Theorem 4.1 we solve this issue
with the help of convex conjugates (specifically, Holder’s inequality with respect to the Hessian of
the regularizer at an intermediate occupancy measure &), but this comes at the cost of expected regret
guarantees and looser bound on the delay term of the regret.

The main idea of the delay-adapted estimator is to re-weight the cost of episode k using both ¢**+¢ and

q". The first allows us to control the stability and avoids the need to bound the ratio 4" (s:0)/g% (s,a),
while the second keeps the bias sufficiently small. More precisely, we re-weight using their maximum,
which remarkably, causes the estimator’s bias to scale similarly to the DRIFT term.

Finally, there are a few important points to notice with respect to our new estimator before we analyze
the regret of Algorithm 3 in Theorem 5.1. First, since the estimator ¢* is computed only in the end of
episode k + d* (when the feedback from episode k arrives), we have already computed both u* and

uk+d" at that point and the estimator is well-defined. Second, it generalizes the standard importance
sampling estimator and adapts it to the delays. That is, whenever there is no delay, our estimator is
identical to the standard importance sampling estimator. Third, there is no additional computational
cost in computing the new estimator since we compute u* for every k anyway. Moreover, there is
no additional space complexity because every algorithm for adversarial environments with delayed
feedback keeps the probabilities to play actions in episode k until its feedback is received in the end
of episode k + d*.



Theorem S.1. With appropriate choices of parameters, Delayed UOB-REPS with the delay-adapted
estimator (Algorithm 3) ensures with high probability that Ry = O(HQS\/ AK 4+ (HSA)Y/* .
HV/D).

The second term in the regret improves the guarantee of Delayed UOB-FTRL with the standard
estimator by a factor of H'/4(SA)3/%. It also improves Delayed Hedge by (H S)'/4, but on the other
hand has an extra factor A'/%. Generally, this term is tight up to the (H.SA)'/* factor [28]. The first
term in the regret matches the state-of-the-art regret bound for non-delayed adversarial MDPs [22].
In Appendix C we consider the case of known transitions, and present Delayed O-REPS with the
delay-adapted estimator that achieves the following regret bound. It has similar delay term but its
first term is optimal up to poly-log factors [51].

Theorem 5.2. Assume that the transition function is known to the learner. With high probability,
Delayed O-REPS with the delay-adapted estimator (Algorithm 7) ensures that Ry = O(H VSAK +

(HSA)Y*.HVD).

We conclude the section with a proof sketch of our main theorem (for the unknown transition case).

Proof sketch of Theorem 5.1. We first break the regret as follows:

K K K
k kK kK Z ok
RK:Z<qﬂ— _Q7C>+Z<q7c _C + *
k=1 k=1 k=1
EsT BIAS BIASo
K K
k k
+ D Aa" =g+ Y (@ — g
k=1 k=1
DRIFT REG

EST is the standard transition approximation error term which is bounded w.h.p by 0] (H?SVAK)
[22]. For B1AS; we use the fact that the delay-adapted estimator is always smaller than the standard

estimator and bound it by O(H /) similarly to [22].

The real advantage of the estimator appears in the REG term. Similar to the fixed delay case, we can
bound REG by,

74_7] Z qurd s,a)( Z %(s,a)) <—+77 Z Z

k,h,s,a jefk+dk khsajej:lwrdk

STABILITY

where the inequality above is exactly where we utilize the delay-adapted estimator, as by its definition
&k (s,a) < 1/uft (s,a) < 1/¢% (s, a), where the last inequality holds w.h.p. Then, using a stan-
dard concentration of & (s, a) around cf (s, a) < 1 we get that STABILITY < n(HSAK + dpaz /7).
Importantly, the concentration arguments hold only because the maximum of u* and uk+d* appears
in the estimator’s denominator. If it were only u*+d"
between the estimator ¢* and the real cost c*.

, we could not have bounded the distance

For the DRIFT term, let H* be the realization of all episodes j such that j + d/ < k. Note that u*
and u*+4" are completely determined by the history Z*+4", and on the other hand, the k-th episode
is not part of this history. Next, we take the absolute value on each element of ¢* — q’“*dk and apply
a concentration bound to obtain: DRIFT < Zszl E[(|¢* — gt eky | I?’”dk} + %

The specific definition of the history H*+4" is crucial because now we have:

K K
DRIFT S YO [(lg — g+, ék) | ] 2= St - g [ ) 4 D
k=1 v k=1 v
K K d* K d* H
<>t~ "y + =<YDl = + s S VKL ¢t + —,
k=1 k=1j=1 k=1 j=1 v



~ Wk 3 - 3
where the third step follows since w.h.p E[é} (s, a) | H*4"] = {qhk((r»r;)dzi:gi 5 < 1, the
max{uf (s,a),uy s,a

fourth step uses the triangle inequality, and the last is by Pinsker inequality. Finally, we utilize the
OMD update (which uses KL as regularization) to obtain a bound on KL(¢’ || ¢’*1) and finally a

bound O(nvH3SA(D+K)+H /~) on the DRIFT term. For B1AS1, we apply a similar concentration
on the cost estimators around E [ék | H k*‘ik] and show that BIAS; is mainly bounded by,

k k
> Imax{uf T b} — ¥y + yHSAK <2 [luf = ¢Fll + ) llg* T — ¢F|h + vHSAK,
k k k

where the maximum is taken element-wise. For last, the first sum is bounded similarly to the EST
term while the second sum is bounded similarly to the DRIFT term. Summing the regret from the
different terms and optimizing over 7 and v completes the proof. O

6 Conclusions and Future Work

In this paper we made a substantial contribution to the literature on delayed feedback in RL. We
presented the first algorithms that achieve near-optimal regret bounds for the challenging setting
of adversarial MDP with delayed bandit feedback. Our key algorithmic contribution is a novel
delay-adapted importance sampling estimator, and we develop various new techniques to analyze
delayed bandit feedback in adversarial MDPs.

We leave a few interesting questions open for future work. First, there is still a gap of (H.SA)/* in
the delay term between our upper bounds and the lower bound of [28]. Second, it remains an open
question whether our new estimator is necessary to obtain optimal regret in the presence of delays, or
is it possible to achieve optimal regret with standard algorithms. Finally, our algorithms are based on
the O-REPS framework but it remains an important open problem to achieve O (\/ K+ D) regret
with policy optimization (PO) methods that are widely used in practice, and were recently shown to
achieve near-optimal regret in adversarial MDP with non-delayed bandit feedback [31].
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Algorithm 4 Delayed Hedge
Input: State space S, Action space A, Horizon H, Number of episodes K, Learning rate 7 > 0, Exploration
parameter v > 0, Confidence parameter 4> 0.
Initialization: Set w!(7) = \QI for every deterministic policy m € €; set nj(s,a) = 0,n;}(s,a,s’) for every
(s,a,8,h) € S x Ax S x [H] and P be the set of all transition functions.
fork=1,2,..., K do
Play a randomly sampled policy from distribution w* and observe trajectory {(sk,af) L.

Compute upper occupancy bound uj (s, a) = max, cpr Y., cqw" (T )qh "(s,a).
Define confidence set P¥*! by Algorithm 5.
forj:j+d=kdo

Observe feedback {c] (s7,a7) HL .

Compute loss estimator ¢} (s, a) = Ci(s’a)f{(sib:)iji:a} for every (s,a,h) € S x A x [H].
uy (s,a

end for
Update probability distribution over policy space:

W (1) o W () exp [ - b (x Z O(x) |, vr e ASXIH
J]-‘rdJ k

where J (m) = ZhH 125 an’? ’ (s, a)E{b(s a) denotes the loss suffered by policy 7 with respect to the loss

estimator ¢ and transition function p7, b*(7) = max, cpr

q Pt q™P H is the exploration bonus for policy 7

at episode k.
end for

Algorithm 5 Update confidence set

Input: trajectory {(s¥,a¥)}L

Update visit counters: nIfLH(sh,aﬁ) — nk(sk,af) +1 nk“(sh,aﬁ,sﬁﬂ) — ny(sk,af, sk )+ 1 for every
h € [H].

k+1 ’
Compute empirical transitions function p**': pi (s’ | 5,a) = oy (s.0.5) Y(s,a,s’, h).

kT1
n, " (s,a)Vv1
Define confidence sets P¥*1 such that p’ € P**! if and only if, for every (s, a, s, h), p’ ensures 3, p}, (s'|s,a) = 1

and:
_k SA SA
|p/ (S/|S a) pk+1( /|S a)’ < 16ph+ ( /‘5 Cl)logM 10]ng
g ’ h T nftl(s,a) v 1 nft(s,a) v 1

A Delayed Hedge

In this section, we consider running Hedge over the policy space, that is, the set of all deterministic policies. We
propose Algorithm 4 with unknown transition and bandit feedback, which ensures 1) (\/? + \/5) regret as shown in
Theorem A.1 (ignoring dependence on other parameters).

Theorem A.1. Withn =~y =,/ m, Algorithm 4 ensures that
Ry = O (H2SVAKL+ HY*VSDi + H*S*A* + H2dypaat )
HSAK

with probability at least 1 — 649 and the coefficient . = log =42
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A.1 Proof of the Main Theorem

Proof of Theorem A.1. We first decompose the regret decomposition as:

i w —w* ék :i<wk,€k +bk>+§:<w —w* —bk>+§:< €k>. o

= k=1 k=1 k=1

EstT REG Bias

By combining Lemmas A.2 to A.4, we arrive at the following bound of regret with learning rate 7, exploration parameter
~ and confidence parameter J, with probability at least 1 — 646 that

Ry = O (HSln(A)

+nH? (D + H2SAK) + yHSAK + ("

H
H2 (dmaw + 1) + ) L)
Y v

®)
o) (HQS\/AKL 1 H*S?Aln Kﬂ) .

Setting the learning rate and exploration parameter n = 7 = 4/ #}%AK , one can verify that the regret Ry is
bounded by O (HQS\/AKL + H**\/SDu+ H3S3 A3 + H2dmazL). O

Throughout the rest of this section, we will bound the three terms separately in Lemmas A.2 to A.4.

A.2 Bound on the Bias of the Cost Estimator (BIAS in Eq. (7))

Lemma A.2 (BI1AS). With probability at least 1 — 76, Algorithm 4 ensures that BIAS = O (%)

Proof. Similar to the analysis in [22], we have BIAS bounded by

K K K K
Z <w*’@c bk £k> _ Z <q7r*,z')’“”c\k> _ Zbk(w*) B Z <q7r*7p’ck>

k=1 k=1 k=1 k=1
H HSA KoL
< — - TP p Lk k(i _x
_0<710g< 5 ))+I;<q q > b (")
SA Ko \
< —_ _— TP TP k *
_0< IOg( 3 )>+Zq q H1 b ()

Y
oZa(%2).
y )

where the second step applies Lemma A.8 with probability at least 1 — 66; the third step applies Holder’s inequality; the
last step follows from the event p € NP* which holds with probability at least 1 — d, and the definition of exploration
bonus b* (7). O

A.3 Bound on the Transition Estimation Error (EST in Eq. (7))

Lemma A.3 (EST). With probability at least 1 — 80, Algorithm 4 ensures that

EST= O ('yHSAK + H2S\/AK log: + S*H®Aln KL) .
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Proof. Observe that, K, wk, P + b* ) can be upper bounded under the event that pE NP b
k=1 PP y

Y k) () — (7)) + 30 e

k=17eN k=1meQ
K K K
=SS (@ = F) DS Wk (7 F =)+ 3D Wk mpt(n)
k=17meQ k=17eQ k=17meQ
K K
<D {dh F =) 2> Wbt () (10)
k=1 k=1mweQ

where ¢* = Y oreq wk(ﬂ)q”’ﬁk is the estimated occupancy measure at episode &, and the second step follows from the
definition of b* and Holder’s inequality.

Note that, <qk,5k> is bounded by H because p* € P* and uf(s,a) > ¢¥(s, a) by its definition. Thus, with the help of
Azuma’s inequality, we have with probability at least 1 — 6,

K
1
Z<qk’Ek [Ek] —Ek> <O (H Kln <5)> .
k=1
where E¥[] = E[- | H¥] and H* is the history of episodes 1,...,.k — 1. We then focus on the term

Zszl (¢",c* — E* [¢¥]) and rewrite it as

K k s — s ab —q
ZZqﬂwcﬁ(s,@(l—E[H{; .} }])

k=1 h,s,a uh(s’a) +FY

K 4

(s, a)

=Y di(s,a)ci(s,a) (1 - k(h(H>

k=1 h,s,a Un\ @ i

s,a)

- Z Z q” (ui(& a) — q(s,a) + ’Y) cf(s,a)

k= lhsa

K

<AHSAK +Y Y |ufi(s,a) — G5 (s, a)| an

k=1h,s,a

where % = Y orcq w¥()q™ P is the occupancy measure with the true transition p, and the last step comes from the fact
that u;j(s7 a) > q}’f(s7 a) for all state-action pairs according to its definition.

Fixed the state-action pair (s, a) and let p’ € P be the transition function that yields u} (s, a) for simplicity. Then, we
have the following inequality under the event p € ﬂ & PF that

uf (s,a) — G (s, a) Zw ( (s,a) —qy (s,a))

e
h—1 ,
=D W MY Y @@ y) - (pmElry) — vl ) - gt (s,al2)
Te m=0z,y,z
h—1 ,
= [uk(s,0) = @h(s,0)] < D (m) Y D anP(a,y) - e (la,y) - gyt (s,a2)
e m=0 s,a,s’

where the second step follows from [24, Lemma D.3.1] with the conditional occupancy measure q;"f;; 41 (s, alz) being

the conditional probability of visiting state-action pair (s, a) at step h from state z at state m + 1 with policy 7 and
transition p’; the third step comes from taking the absolute value of both sides and the fact that

k(o
k.t A : ph(s |S’a)L L /(o /
,a) 2O | min{1, > .a) — pn(s']s, 12
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for any transition tuple (s, a, s") and step h under the event p € (), Pk according to [24, Lemma D.3.3]. In addition,
we have q;"fnﬂ(s, alz) — q;"ﬁlﬂ(s, a|z) bounded by

Z Z qo\m—i—l u U|Z) ! (plg(w|uvv) _pi)(w‘uvv)) : QZ|7§+1(57a|w)

o=m+1 u,v,w

< mh(als) Z Z qo‘m_H (u,v|z) - ’p’j(w\u,v) —p;(w|u,v)’

o=m-+1 u,v,w

< mn(als) Z z:qo‘m+1 u,v|z) mm{2 Z (wu, v }

o=m+1 u,v

where the first step uses the fact that qz"g;I (s,alw) < mp(als) - q}ffil (s|w) = mx(a|s); the second step follows from
similar argument above; the last step uses the fact that Y_ [p% (w|u,v) — p),(w|u, v)| < 2.

Combining these inequalities, we have the second term of Equation (11), 22:1 Shsa|ub(s,a) —qi(s,a)l,
by

K h—1
S Y S Y Py - ey - al (s, al2)

k=1meN h,s,a m=0z,y,z
K h—1 h—1

+ Z Z wk () Z Z Z Z qup(x,y) o (zlz,y) - q olmﬂ(u,v\z) - min {2, Zelj(wm,v)} -mn(als).
k=17me h,s,a m=0 x,y,z o=m+1 u,v w

(13)
Note that, the first term of Eq. (13) can be bounded (under the event p € (), PF) as

K h—1
D MY Y a ey el ) g (sal2)

k=1meQ h,s,a m=0x,y,z

K H
=Y Y KM DD (e y) - en(zlay) < o>t (s.alz )

k=1meQ m=0z,y,z h=m+1 s,a

K H
SHY sy WM Y D> anP(@,y) - ezley)

k=1 7weN m=0x,y,2

HZ Z 3 (Zw (@ y)) (Z Efn(ZIf'ay))
)

k=1m=0 z,y \7we

1S S (z é (elo.y)
k=1m=0 =,y
:O<HZZZ@1)($;Z/)< nk(Sb n St ))

k
k=1m=0 z,y Z, y) v nm(x7y) V1

=O<H2S\/AKlogL> (14)

where the second steps follows from the fact that > _ qu’f; +1(8,a|z) = 1 for any policy 7 and step h > m + 1; the

fourth step uses the definition of ¥, the true occupancy measure at episode k; the fifth step uses the properties of €”

under the event p € (), PF; the final step applies Lemma A.6, which yields a high probability bound with the help of a
standard Bernstein-type concentration inequality for martingale.
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Observing that Zf:o 112 s.aTh(als) < SH, we can reorder the summation and bound the second term of Eq. (13) by
S H multiplying

h

k
ZZ Z Zq )€ (22, y) -qg‘fl+l(u,v|z) -min{Q,Zelg(wu,v)}.
k=1meN w

1
m=0z,y,z o=m+1 u,v

Similar to the proof in Appendix B.2 of [22], we can further rewrite and bound the term above by

(LTt MY Y Y X e Lo g 2ol
G 22 Y nk (z,y) V1 ofm+114: nk(u,v) V1

k=1meQ m=0z,y,z o=m+1 u,v,w
H-1
—|—O<ZZw Z M( Z Zqo‘m+1uv| mln{Ze (wlu, v), 2}))
k=17meR m=0z,y,z y o=m-+1 u,v w
K H o—1 .

by using the property of €} as in Eq. (12) and the fact that \/zy < z + y for any =,y > 0, therefore, e} (s'|s,a) <

(@] (ph(s'|s, a) + ) holds for any (s, a, s).

L
nk(s,a)v1

Clearly, the later two are able to be reformulated and then bounded as

@) (Zzwk(ﬂ) Z n‘im(x 5 \)/Ll ( Z ZQOIerl u, |z mm{z ’j(w|u,v),2}>>

k=1mweR m=0z,y,z o=m+1 u,v
K o— .
+0 (Z Z w* () Z Z (Z Z am? (2,y) - pm (2|2, y) - qz|ﬁ+1(u7v|z)> : nk(uv)\/1>
k=1meQ 0=0u,v,w \m=0z,y,z o\
N L S a7 (u, v)e
co(ny Yoy ¥ e +szw DepaE i
k=17eQ m=0z,y,z k=1meN 0=0 u,v,w

K H-1
quﬂy qouv

=0 (SQHA In K. ) (15)

where the first step comes from the facts that Zo i1 2w Qo u,v|z) < H forany z,and >, q¢p7(z,y) -

o|m+1 (
pm (2|2, Y) - q o|m +1(w,v|2) = ¢™P(u,v) for any (u, v) according to the definitions of conditional occupancy measures;

the second step follows from the definition of g*; the last step applies Lemma A.6 with probability at least 1 — 2.

20



On the other hand, the first term can be written as S H: multiplied by the following (ignoring some constants):

= = = (z]z,y) (wlu, v)
PIDILOD DD DD DD SR IR M-qmﬂw,vm- P2l

k k
k=17meQ m=0 z,y,z o=m+1 u,v,w ’I’Lm(.’lﬁ, y) vl Mo (u’ U) V1
iz Z Z Z Z :E Y pm( |“E y) o|m+1(u U| ) Cﬂ y)po(w\u ’U) o|m+1(uvv|z)
= w
iy, (z,y) V1 ng(u,v) V1
k=1meQ m=0 z,y,z o=m-+1 u,v,w

K Qm (x,y)pm(z|x,y)q§fl (U’?U"z) wk(ﬂ)q:’,{p($7y)po(w|u7v)q:’:l (U,UIZ)
Sy s e J

no(uav nﬁl(m,y)\/l

z W () gm” (@, Y)pm (212, Y) ) 41 (1, 0]2)
= Z ZZZZ nk(u,v) V1 -

i wk () qmi® (2, y)po (wlu, v)qypy 1 (v, v]2)
kzlgryzu;ﬂ n’fn(l',y)\/l
H-1 H K Wk (1) g K wk(w (2.9)
<Y Y yy y s 202 v
m=0 o=m+1 k=1meQ u,v,w =1nmeQ x,y,z m
- SHfl H K 3 (u, v)
N = ;H ];Zn’g(u,v)\/l. ;Z
m o=m =1 u,v .Y,z
=0 (52H2Aln K) (16)

where the third step uses Cauchy-Schwarz inequality; the fourth step follows from the properties of conditional
occupancy measure . . ¢5P (2, y)pm (2], y)qglflﬂ(u, v|z) = ¢5P(u,v); the last step applies Lemma A.6 with
probability at least 1 — 24.

Combining Equations (13) to (16) into Eq. (11), we have the following inequality holds with probability at least 1 — 49
under the event p € (), P* that

K

<q c —c> O(’}/HSAK+H2S\/AK10gL+SBHBAIHKL) (17)
k=1

With slightly abuse of notations, we use p* () to denote the transition function that yields b* () associated with 7 and

confidence set P*, that is, p*(7) = arg max,, c s Hq”’p/ —gmP" ‘ . Thus, for 22{21 (wk, %), we have the following
1

‘ 1

_k
p TP
1 1

H
<HY Y WFmY ap(s,a)- (95 C1s, @) = pulls, a)ll, + |12k () (1s,a) = pr(ls,a)]),)

H
<HY. Y wbm) Y g7 (s,a)- (Z (s']s, a>>

k=1me h=1

St
Sl ——

k=1h=1

<0 (H?SJTKL) (18)

inequality holds with probability at least 1 — 24 that

’éw b’c ZZUJ ‘

k=1meN

<3Sk

k=1me

() qﬂ,ﬁk

qmﬁk(ﬂ) —q™P
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where the second step follows from the triangle inequality for ¢; norms; the third step comes from Lemma B.1
and B.2 of [36]; the forth step uses the property of €* defined in Eq. (12); the fifth step follows from the fact that
> req Wk (m)g™P = g¥; the final step follows from the same argument as in Eq. (14).

Combining Equations (17) and (18) into Eq. (10) concludes the proof. O]

A.4 Bound on the Regret with respect to the Loss Estimators (REG in Eq. (7))

Lemma A.4 (REG). With probability at least 1 — 326, Algorithm 4 ensures that

HSIn(A) +

REG:O< HQ(SAK+D)+77~H2(dmax+1)L>.
¥

Proof. Let {@wF*! HE_ | be the sequence of probability distributions with both received and un-received loss estimators
prior to episode k + 1, that is,

k
SR () o wl(m) - exp | =7 sz(w) - € AS¥H],
j=1

<
M?r
L
S
o

On the other hand, according to the fact that b (7") < 2H, we add a constant 2H uniformly to the loss vector @C — bk

and construct mF(m) = @“(w) — b¥(m) + 2H to ensure the positiveness for any 7 . Clearly, adding the constant
uniformly will not change the outcomes of our algorithm.

With the help of these notations, we are able to decompose REG into two parts as:

REG — i <ak+1 o bk> 4 Z< kL e bk>

k=1

CHEATING REGRET DRIFT
where CHEATING-REGRET is bounded in [15] that
K Sx[H]
~k In |© In A HSIn(A
<wk+1 —w*,mk> < n || _ | | _ n( )
1 n n n

(19)
For DRIFT, we first rewrite it as
K K
S (k- B ) = 37 (- 2 B )
k=1 k=
K ~k+1
_ & W™ ()
_;;Zw <2H+€ (W)—bk(w)) : <1— ) )
K

oF L (m
=3 Tkt (1 N (75))) 0)

where the second step follows from the fact that Y., 0¥+ (7) = 3 w¥(m) = 1. Then, we consider the ratio
between w® () and WF 1 (7):

s e (DL (P -m)) oo (01X w0 P >+nz L))
I T e (T, (B b)) exp (15w D)+ 0T b))
exp (<0 iy (Bm —v(m) =n2H)  Seaexp (<15 0w Bir )+772k L))
Secaep (T, (B () —n2H) e (0T B+ T b))
e oD (15w O 0 i W () exp (-0, (B (r)— b (x)) — 2 )
Srcaesp (—nShy (B) —0()) —n2h)  exp (1% 00 B(m) + 0T ()

2
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where the second step follows from multiplying denominator and nominator together by exp(—n2H). Note that
b*(7) < 2H and %(w) > 0 for any 7 and k, we thus have the following inequality holds that
k k k—1 k—1
Z(?j(w/)—bﬁ(w’))mffzzzj( Zbﬂ J42H - = S B =S v
J=1 Jj=1 j=1,j+di <k Jj=1
which indicates that the first fraction is lower bounded by 1.
Therefore, the ratio @**! () /w* () for any policy 7 € € can be further bounded by

k—1
G () fwb(m) Zexp | = [ @)+ D () + (2H — b))

J=Llj+di>k

k—1

>1—n|mbm+ Y ),
j=1,j+d' >k

where the last step uses 1 + < e® for any z € R.
Plugging this inequality back to Eq. (20), we have DRIFT bounded and then decomposed into two parts as

K k—1
ZZwk(w)mk(W)<1— )nZZw Y mEm+ Y )

k=1meQ k=17€Q J=1,j+di >k
K K k=1

Y S Y Yt Y P @
k=17eR k=1meN j=1,j+di>k

where the first part associates with the regret incurred without the delayed feedback and can be controlled by standard
arguments as:

K K 2
DI SMEIIEE S 3] 09 ST IR R

k=1me k=1meQ 1 s,a

K 2
<23 3wt (zzqz*”%s,aﬁ'g(s,a)) 4 an?

k=1m7eN h=1 s,a

K H 2
<8H’K +2mH Y > wh(m) ) (Z ar? (s,a) - 2 (s, a))

k=17meQ h=1 s,a

_8nH2K+2nHZZZZw ’p (s,a)% - (s,a)?

k=1 h=1 s,a we

K H
<8nH’K +2mH > Y > 2(s,a)? (Z (g (s, a)2>

k=1h=1 s,a TeEQ

K H
< 877H2K+277HZZZEZ(S,CL)

k=1h=1 s,a

where the second step follows from the fact that (x +y)?2 <2+ y the third step uses Cauchy-Schwartz inequality;
the forth step follows from the fact I {s}; = s,af = a}1{s} = ' af =a’} = 0forall (s,a),(s',a’) € S x Asuch

that (s,a) # (s, a’); the final step uses the fact that uf (s,a) > Y o w" (7 )q;;”3 (s,a) and the definition of loss
estimator ¢”.

Moreover, with Lemma A.7, we can show that the following inequality hold with probability at least 1 — 94 that

K H
H?
SHK +2:mH Y S S @i(s,a) = O (nHQSAK—i- 1 L). (23)
Y

k=1h=1 s,a
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Similarly, for some part of the second term of Equation (22), we have

nZZw (2H — b* (m ) kz_:l t(m) < 277H§: kz_:l Zwk(w) (qu (s a))

k=1meQ j*l j+di>k k=1 j=1,j+di>k TEQ h=1 s,a

= 277HZ Z Z Z Zw ’p (s,a)cl (s,a)

k=1j=1,j4di >k T€Q h=1 s,a

<o(” H2dmaxb>+2nHZ Y Y S Y e (sa)

k=1j=1,j+di >k Tm€Q h=1 s,a
—-0 (”HQdeL + nH2D> (24)
v

where the third step uses Lemma A.7 under the event that p € N, P*, which holds with probability at least 1 — 94.

On the other hand the rest of the second part can be be bounded with respect to the conditional independence between
loss estimators ¢* and ¢; for any j < k satisfying j + &/ > k:

k—1
n Z Y@@ Y )
k=1meQ j=1,j+di >k

Y ¥ 3 (L oo ) (S Ta o)

k:ljfl j+dj>k7r€Q h=1 s,a h=1 s,a

NSRS zzzzchsa ) (zwkm~qgvpk<s,a>q;;pf<s/,aq>

k=1j=1,j4+di>k h=1 s,a h'=1s',a’ TEQ

where the first step uses the definition of loss estimators. Similarly, we have the following inequality holds with
probability at least 1 — 124 that

nz Z ZZZZchsach,sa (Zw P Sa)qh,(s’,a')>

k= 1] 1,j+dJ>kh 1 s,a h'=1s',a’ TEQ

DS zzzzchsa(zw a4 0 ()

k= lj 1]+d7>kh 1 s,a h/'=1s",a’ e

SN VDS 35 9 3) W UR YRRl (T

k=14j=1,j+di>k h=1 s,a h'=1s",a’ T€Q

K k—1 H . H y
Y Y Y (qu;&? <sla>) (zzqz’p <s,a>) <0 (Lt

k=1j=1,j4+dI >k m€Q h=1 s,a h=1 s,a

= < HdemL)+nH2Z Z 1_(9< HdeaxL)+?7H22 Z 1

k=1j=1,j+di >k J=1k=1,k>j,k<j+di
—0 (nHQD n ”HdewL) (25)
v
where the first and second step apply Lemma A.7 twice under the event that p € NP, based on the fact that
w,’j ‘n',’k ,p’
a5 (s, a') < Tand Yo cqw(m) - a7 (5,0)f7 (5',0) < S (7) - a1 7 (s,0) < uf (s, ).

Combining Equations (23) to (25) yields the following bound of DRIFT with probability at least 1 — 30 under the
K pk.
event p € N, P™:

DRIFT = O (nH2 (D+ H*SAK) + T2 (dmaz +1) L) . (26)
g

Finally, combining the bounds for CHEATING-REGRET and DRIFT in Equations (19) and (26) concludes the proof. [J
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A.5 Supplementary Lemmas

In this section, we list the supplementary lemmas which directly attained from the previous work [22].

Lemma A.5 (Lemma 4 of [22]). With probability at least 1 — 69, for any collection of transition functions
{pzh}ses,he[H] such that p}" belongs to the confidence set P* defined by Algorithm 5 for all every (s, h) € S x [H],

we have
. ' HSAK HSAK
qTrk7pk (Sh) . q-n—k,p(sh)’ -0 <H2S\/AK10g ( Sé. ) + HSSgA 10g3 ( 55 )) :

Lemma A.6 (Lemma 10 of [22]). With probability at least 1 — 25, we have for all h € [H],

Z > _4 M(59) O(\/STJrSAlogKJrlog(I;)),

k=1s€S,a€A k( a)Vv1

and

H
Z Z nhsa\/l O(SAlogK+log<6>>

k=1s€S,acA

where p here is the true transition function, and qj, “p (s, a) denotes the probability of visiting state-action pair (s, a) at
step h via the policy 7" for episode k.

Lemma A.7 (Lemma 11 of [22]). For any sequence of functions oy, as, . .. ax such that oy € |0, ZV]SXA is Fi-
measurable for all k, with probability at least 1 — § we have for every h € [H| that

K .p s,a
> S axlsa) (ﬁms,a) S ,<>> <0 (1%

k=1 s,a

where qzk’p(s, a) is the true probability of visiting state-action pair (s, a) at step h in episode k, and u¥ (s, a) defined
in Algorithm 4 is the upper occupancy bound of this probability.
Lemma A.8 (Lemma 14 of [22]). For any policy *, with probability at least 1 — 609, Algorithm 4 ensures that

K

S (g =0 <Ij log <H§’A)> .

k=1
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Algorithm 6 Delayed UOB-FTRL with Normal Loss Estimator

Input: State space S, Action space A, Horizon H, Number of episodes K, Learning rate 7 > 0, Exploration
parameter v > 0, Confidence parameter § > 0.
Initialization: Set 7} (a | s) = 4, ¢} (s,a,5') = <35,n}(s,a) = 0,n}(s,a,s') forevery (s,a,s',h) €S x A x
S x [H] and P! be the set of all transition functions.
fork=1,2,..., K do

Play episode k with policy 7% and observe trajectory {(sF,af )} .

Define confidence set P**! by Algorithm 5.

forj:j+d =kdo

Observe feedback {c] (7, a7)HL .

. /g
Compute upper occupancy bound 7 (s, a) = max, epi ¢ " (s,a).

Compute loss estimator ¢ (s,a) = C?L(S’a)f{(siz)i:i:a} for every (s,a,h) € S x A x [H].
uy (s,a

end for
Update occupancy measure:

k+1 _ i '
H —arg min 7. &) +¢(a),
where ¢(q) = % > hsa.s dn(8,a,8")10g qn (s, a,s") is the Shannon entropy regularizer, and A(M, k) = {g™" |
™€ (M) pt e PHY.

k+l(s,a,s’
Update policy: 7™ (a | s) = ZZSZ/qth(l(S a/)s,)
a’ s/ 9 L

forevery (s,a,h) € S x A x [H].

end for

B FTRL with normal loss estimator

In this section, we show that applying the FTRL framework with normal loss estimators and fixed amount Shannon
entropy can achieve o (\/f + \/T)) expected regret (ignoring dependence on other parameters). We propose Algo-

rithm 6 which based on this simple idea and Theorem B.1 below shows that our algorithm essentially achieves this
goal.

As one may noticed that, compared with Algorithm 8 which uses the Online Mirror Descent framework, Algorithm 6
uses ﬁ?zlA(M, J), the set of occupancy measures associated with transition functions that belong to all confidence
sets prior to episode k, as the decision space to compute ¢*. This setup is necessary to adopt the FTRL framework
for ensuring that a shrinking sequence of decision sets, which is critical to analyze the penalty term as in Lemma B.7.
Please see the proof of Lemma B.7 for more details. On the other hand, the unknown underlying transition p belongs to
all the confidence sets with high probability, which ensures that the intersection of confidence sets is nonempty with
high probability.

X _ 1 . _ H log HSSAK .
Theorem B.1. With confidence parameter 6 = fzgz 17555, learning rate ) = HSART(HSAD and exploration

log HSAK .
parameter y = \| —s5—, Algorithm 6 ensures that

E[Rk] = O (HQS\/AK log(HSAK) + HSA\/HDlog(HSAK) + H*S?A> 1og2(H5AK)) .

B.1 Proof of the Main Theorem

We first decompose the regret into four terms according to the work of [22]:

K K K K
R =3 (0" e e et ) )
k=1 k=1 =

k=1 k=1

EsT BiAs, REG BiASs

where ¢* is the computed occupancy measure of episode k; q”k is the underlying occupancy measure associated with
the unknown transition p and policy 7*; ¢* is the occupancy measure of the optimal policy 7* in hindsight .
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Then, with the help of Lemma 4, 6 and 14 of [22], we have the following lemma for EST, BIAS; and BIASs.
Lemma B.2. with probability at least 1 — 99, Algorithm 6 ensures that

EST =0 <H25\/AKlog <HS(;4K> + H*S? A% log? <HSSAK)> ,

HSAK
BiAS; = O <H25\/AKlog ( 55 ) +7HSAK> ,

Bias, = O (H log <HSA>) .
5y 1)

Proof. Without loss of generality, we convert our MDP setting to that of [22] by setting X = S x [H] and L = H.
Then, by direct application of Lemma 4, 6 and 14 of [22] (which are combined together in the proof of Theorem 3), we
arrive at the high-probability bounds of these terms. Note that, the double epoch scheduling and larger confidence sets
of transition functions only changes the constant of regret bound, which is hidden in O (-) operator. O

Based on the high-probability bound, we have the following corollary for the expected bound of these terms.
Corollary B.3. Algorithm 6 ensures that E [EST + BIAS1 + BIASs] is bounded at most O (H*52 A* log? (M))

5
plus:
@ (HZS\/AKIOg (HS(?K> +yHSAK + Elog <H6SA) +HK5> )
Y

Then, we prove the following lemma for the expected bound of REG with the help a unique novel analysis, and defer
the complete proof to to Appendix B.2.

Lemma B.4. Algorithm 6 ensures that E [REG] is bounded by:

72

H1 2A 2Q2 A2 173
0 <HS7S) +n (HSAK + (HSA)?D) + HSAK&) .

With the help of above lemmas, we are ready to prove the Theorem B.1.

Proof of Theorem B.1. Combining the expected bound of EST + BIAS; 4 BIAS3 in Corollary B.3 and that of REG in
Lemma B.4, we are able to show that the expected regret E [R ] is bounded by

Hln (S2A
) <H2S\/AKlog (HS;‘K) +~yHSAK + glog (HSA> + HE] ) +n (HSAK + (HSA)2D)>

5
2Q2 A2 173
+O(HSAK 5 452A210g2(HSAK>>'

v? 5

Finally, selecting a small enough confidence parameter § = m and picking up the learning rate n =

Hlog HSAK 10g HSAK

WH&SM)?D and the exploration parameter v = \/ —g~— ensure that

E[Rk] = O (HQS\/AK log(HSAK) + HSA\/HDlog(HSAK) + H*S? A 1og2(H5AK)) . O

27



B.2 Bound on the Regret with respect to the Loss Estimators (REG in Eq. (27))

In this part, we focus on REG defined in Eq (27) with delayed feedback of losses, and prove Lemma B.4 through the
introduced key steps in Section 4. To this end, we will use the following decomposition of REG in this section:
K K
REG = Z (" — ¢~ ") = Z @y (q") + (¢",2") — @.(7") (STABILITY)
k=1

k=1

K
+ Z ®5.(7") — ®i(q") — (5 (q},) — ®F (@) (DELAY-CAUSED DRIFT)

+ Z o (q,) — ®F () — (¢*,7") (PENALTY)
where the functions ®, &}, ®Z, <I>k and the occupancy measures ¢*, %, g, g}, are defined as
ila) = (0. L) + 0(a), ¢“ = argmin (g,
qGﬁJ 1A(ng)
% (q) = (0. I +) + 6(0), = agmin (g,
a€nf_ A(M,j)
) (q) = <q,Lk> + ¢(q), gx = argmin  ®P(q),

qeﬂ_’;zlA(M;j)

() = (0. L + ) + ola), g, = argmin P (q).
qeNf_ A(M,j)

with L, = 25;11 ¢ being the un-delayed cumulative loss estimator prior to episode k, and Ezbs = Zf 11 i<k G
being the received cumulative loss estimator.
On the other hand, with the help of F;(z) = — mingeqr a5 {#(x) — (2, ¢)}, the convex conjugate with respect
to ¢(-), these functions and occupancy measures ensures that
ule") = —F (~I) 4@ = —F; (~I = @) o @) = —F (~Ln) 0 @) = —Fi (~Le— 7).
In addition, according to the property of convex conjugates, these occupancy measures are able to be presented as the
gradient of the convex conjugate with different inputs as

= VE} (ff;z,‘”) ,§" = VF} ( I 2 ) G = VF; (fik.> ,§, = VF; (ffk - E’“) .
For notational convenience, we denote ﬁk = Ek — Zibs as the summation of un-received loss estimators prior to
episode k, that is, Ay, = Zf 11J+d]>k ¢j. Thus, ®2(g;,) and ' (q),) = —F¢ ( Ly — ) can be represented as
OF @) = —F; (~L - &), 0L (@) = —F¢ (~I9" - B - &) .

With the help of these definitions, we are now ready to bound the terms STABILTY, DELAY-CAUSED DRFIT and
PENALTY in following lemmas.

Lemma B.5. (Stability) With fixed learning rate n > 0 and exploration v > 0, Algorithm 6 ensures that

ST @) + (6", ) —21@) <D0 Y db(s,a)ek (s, )2
k=1

k=1 h,s,a

Proof. Let Dy, (u,v) = ¢(u) — ¢(v) — (u — v, V(v)) be the Bregman divergence with the convex regularizer ¢.
Then,
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where the third step follows from the first order optimality of ¢* with respect to ®;, in other words,
<Ejk — gk, L9 + V¢(qk)> > 0. Rearranging terms and adding (¢*, ") on both sides give us the following inequality:

To bound the right hand side term, we relax the constraints and taking the maximum as:

<qk - aka6k> - Dk(zjkvqk) < sgnfii[H]xs <qk - Q7Ek> - Dk(quk) = <qk - £k76k> - Dk(gkaqk)a
qE]RZO

where &, denotes the maximizer point. Setting the gradient to zero gives the equality that Vé(q*) — Vg (£F) = @*. By
direct calculation, one can verify that £ (s, a,s’) = ¢ (s, a, ') - exp (—nc} (s, a)) for all transition tuples. Therefore,
we have the following inequality that

(6" — €8 ) — Di(€*,4") = (¢" — €".2°) — o(¢") + o(d" < — &5, Vo(d")) = Di(q",€")

(¢") -

1« ak(
52 3 (ahto o () b0, ) eho0, )

h

nh—lsas’

72 Z ¢ (s,a,5") nch(s a) — 1+ exp (—nci(s,a)))

h 1s,a,s’
H
< nz > gis,a,8)ek(s,0)° =0 Y > qr(s,a)Ek (s, a)?,
h=1s,a,s’ h=1 s,a

where the second step uses Vo (¢*) — V(&) = ¢; the forth step follows from the fact that e=® < 1 — z + 22 for any
z > 0 . Finally, taking the summation over all episodes finishes the proof. O

Lemma B.6. (Delay-caused Drift) Algorithm 6 guarantees that

K H
S 8@ - () - (00 - V(@) <znz< zezsa)-(zz&;(s,a)).
k=1 h=1 s,a

h=1 s,a

Proof. With the help of the convex conjugate F(-), we have the following inequality holds for some 6 € [0, 1] that:

D) — Pk(d") — (O @) — OF @) = ~Fr(~ L3 ) + Fy (- L) — (P (<L — &) + Fi (- L))

1 1

:/ <ﬁf,VF,;(—LzbS—x€“)>da:—/ <ﬁf,VFk( Ly — e )>dx
0 0
1

:/O (@ VE(-I - ae*) - VEY (<L — a2*) ) da

= <8’“,VF,§(722"5 — %) — VE(—Ly — 9e’€)> :

where the second step uses Newton-Leibniz theorem; the forth step uses the mean value theorem. To analyze the right
hand side, we define the functions W and W' as

Wia) = (0, L +62) + 6(a) + W'la) = (0, Lx+ 07 ) + 6(a),

and denote their minimizer occupancy measures within the decision set ﬂleA(M ,7) by v and v. According to the

properties of convex conjugate, we have u = VFy(—L% — 62%) and v = VF}(—Ly, — 6¢%).

To analyze (u — v,¢*), we first lower bound W (u) + <u, £k> — W' (v) as

~ 1 1
W(u) + <u,Ak> — W (0) = W (u) — W (v) = (VW' (v),u — v) + 3 llu — U||2V2¢(§) > 3 llu — ”H2V2¢(§) )
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where the second step applies Taylor’s expansion with & being an intermediate point between u and v; the last step uses
the first order optimality condition of v. On the other hand, we can upper W (u) + <u, 3k> —W'(v) as

W(w) + (o L = L) = W/(0) = W(a) = W) + (u—v. Ly ~ L") < (u—0. Ly~ L§)

< u-— U”v%(g) Hik -

v-26(¢)

where the second step uses the optimality of u, and the last step comes from Holder’s inequality. Combining the lower
bound and upper bound, we arrives at the following inequality

o= vllgsg < 2L~ g

v-26(¢)

Therefore, we can upper bound the term <Ek, U — v> with the help of Holder’s inequality again as

<Ek7u o U> < H/c\kva%(g) ||u - UHV%(&) <2 H/C\kva%(g) Hik - Eibs

v-2¢(¢)

By direct calculation, one can verify the following:

ZHEkHV*%(E)'HA H 2¢(€)_2 nZZch5a2§sa5 nZZAk s,a)?¢(s,a,s")

s,a,s’ h=1s,a,s’
H
<2 ZZchsa ZZAZ(S,&)Q
h=1 s,a h=1 s,a
H H R
<o (Y00 (L8]
h=1 s,a h=1 s,a

where the second step follows from the fact that £ is a valid occupancy measure and ) __, £(s, a,s") = £(s,a) < 1 holds
for all state-action pairs. Taking the summation over all episodes concludes the proof. O

Lemma B.7. (Penalty) With the shrinking decision set sequence that I’W;?LIA(M,]') C ﬁ?zlA(M,j) for k =
1,... K — 1, Algorithm 6 ensures that

K
_ Hln (S%2A
S — ePG) - (&) < 1A
k=1 N
Proof. First, we observe that
oY (q,) = min <q, Ly + Ek> +o(q) < min <q, Lp+ 5k> + ¢(q)
a€nf_ A(M,j) qenttA(M,j)

min <q, Ek+1> +¢(q) = ‘I’k+1(§k+1),
qenftiA(M,j)

where the second step follows from the fact that P*+1 C P* by the definition. Therefore, we have the following
inequality:

K-1

>0l (@) - F @) — (") = 85 (ak) — 2P @) — (¢, Licsr ) + Y (@) — Oy (@)
_ k=1
~ T N ~ Hln (S%A
< OR(@) — P (@) — (¢, Lic1) < 6(a") — 6(@) < 57)
where the third step follows from the optimality of ¢ and the last steps follows the standard argument of Shannon
entropy (such as, Lemma 12 of [22]). O
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We are now ready to prove Lemma B.4 by combining the results of Lemmas B.5 to B.7 and taking the expectation.

Proof of Lemma B.4. By combining Lemmas B.5 to B.7, we have REG bounded as

REG < ZZthsa cr(s,a) +2nZZZZZch5aAh,s a').

k=1h=1 s,a k=1h=1 s,a h/=1s’,a’

To analyze the expectation, we use the indicator Z;, = I{p ¢ Py} to denote the event that the true transition function
D is not included in the confidence set of episode k. Clearly, one can verify that ¢ (s,a) < Z; + uf(s,a) and

an (s a)<Zr+u h(s a) due to the definition of upper occupancy bound wy, and the property of occupancy measures.
Therefore, we are able to bound E [REG] by

Hn (S%A) i

+nE ZZqi(sa cr(s,a) +QZZZZchsa ,a)

k=1h=1 h=1 s,a h'=1¢s’,a’
Hin (524 s H
< (524) nE ZJE;C ZZchsa +2nZZZZchSCL ,a)
N _k=1 h=1 s,a =1 s,a h'=1s’,a’
Hin (S2A PN - i o
< a )+771E » MJ& Z Z qhs“ Giv (5", 0)
" k=1h=1 s,a uh(s’a)—’—,y j=1,j+di >k h'=1s",a’ uh $,a +7uh,(s CL)+’Y
2
< Hln7(75 A) n(HSAK+2(HSA)2D) HSAK —|—;42(HSA ZZ

where the first step uses the fact that ¢ (s, a) < u} (s, a) for any state-action pair; the second step uses the definition of
loss estimators; the third step follows from the fact that q}{k (s,a) < Zk + uf(s,a).

According to Lemma 2 of [22], we have the expectation of E {25:1 Z k} bounded by 4K 6, and the following upper
bound of E [REG]:

2

0 (Hln(SQA) +1 (HSAK + (HSA)?D) +

H252A2K3
— 4.
n Y

31



Algorithm 7 Delayed O-REPS with delay-adapted estimator and known transition

Input: State space S, Action space A, Horizon H, Number of episodes K, Transition function p, Learning rate
1 > 0, Exploration parameter v > 0.
Initialization: Set 7},(a | s) = 4, ¢} (s,a) = 5 forevery (s,a,h) € S x A x [H].
fork=1,2,..., K do
Play episode k with policy 7% and observe trajectory {(sf,af )} .
forj:j+d =kdo
Observe feedback {c],(s7,a7) L ,.

. N o ci(s,q)ﬂ{s{l:s,a{l:a}
Compute loss estimator ¢, (s, a) = (el (5.0) 2k () 49 forevery (s,a,h) € S x A x [H].

end for
Update occupancy measure:

¢t =arg min 7 <q, >, > +KL(q || ¢"), (28)
gEA(M) !
Jig+di=k
where KL(q | ) = 32, .., n (5, @) In 259 + g} (s,a) — gu(s, a).
k41 v (s,0)

Update policy: 7, (a | s) = S e forevery (s,a,h) € S x A x [H].
O/, h e had

end for

C Delayed O-REPS with delay-adapted estimator
Explicitly solving this optimization problem in Eq. (28), we get [S1]:

kil - qZ(57a)€Blli(3»a‘vk)
qh (870’) - Z;:(’Uk) 9

for:

Bi(s.alv)=vi(s)=n D &(s,a) =Y pu(s' | s.a)onea(s)
Jijtdi=k s

Zh(0) = 3 dh(s.a)eh el

v* = argmin Z log ZF (v).
h

These different formulations will be helpful in the regret analysis.

HSA

HSA
Theorem C.1. Running O-REPS with the delay-adapted estimator, n = v = min{/ 102 Vo loi 5 i D} guarantees,
with probability 1 — 6,

RK =0 (H SAK log H§A + (HSA)1/4 -H DlOg HT‘% + Hg/zdmar IOg I;) .
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C.1 The good event

Let H* be the history of episodes {j : j + d’ < k}. Define the following events:

K
o 10
E° — E[¢k | HF 9 — b oFy < AH /K log —
{EHCH | —¢%q") <4H, 0g =

k=1
K K 10H
A k k 40H log
B¢ = qukiqkﬂrd "Ak Z k+d Ck>+ }
{kl k=1 Y
10H d,y 04 log 192
B — Z |]:k+d | Z ‘f_-k-&-d |C S a) + g5
Y
k,h,s,a k,h,s

10H dyyy 0z log 152

K K
B =03 N Wk <it+d <k+d"} > /gt (s,0)(E(s,a) — 4c),(s,a)) <

k=11=1 h,s,a v

H 1 10HS A
B {Z@k—ck,q*) <T5
k=1 v

=

The good event is the intersection of the above events. The following lemma establishes that the good event holds with
high probability.

Lemma C.2 (The Good Event). Let G = E¢ N E¢N EYN E%9 N E* be the good event. It holds that Pr[G] > 1 — 6.

Proof. We show that each of the events ~E°¢, ~FE¢, = E¢ —FE%1, - E* occur with probability at most 4/5. Then, by a
union bound we obtain the statement.

* Pr[-E°] < §/5 by Azuma inequality since it is a martingale with respect to the filtration {’r':lHdl JHEE }
where the differences are bounded by H.

Pr[~E¢] < 6/5 by [11, Lemma E.2] since (|¢" — ¢"T"|,¢*) < H /v, and E[(|¢" — ¢"*7"|, ¢k | Hitd] <
(lg" = g*+"|, k).

Pr[=E? < §/5 by [22, Lemma 11].

« Pr[-E%] < §/5 by [11, Lemma E.2] in the following way. Denote V; = >, I{k < i+ d" < k +
A"} ea méﬁl(s, a) and notice that Y; < Hd,qz /7, and that:

BTG | ) < SHE < < ) 3 .0
h,s,a

Pr[-E*] < §/5 by Lemma A.8. O

C.2 Proof of the Main Theorem

Proof of Theorem C.1. By Lemma C.2, the good event holds with probability 1 — §. We now analyze the regret under
the assumption that the good event holds. We decompose the regret as follows:

K

> d" =gt

Rk

=
Il
—

(29)

I
M ~
Q
|
Q
+
M >~
_l’_
| Fﬂ
’Q??‘
QR‘
&
o
+
M=
=
&
*
=

bl
Il
-
=
Il
-
o~
Il
-
Eal
Il
-

BIAS; BIASy DRIFT REG
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. * H log H34
B1AS, is bounded under event E* by O(fA

), REG is bounded in Lemma C.3 by O(w +nHSAK +
2dyaz log &), DRIFT is bounded in Lemma C.4 by O(nvVH3SA(D + K) + 2H3/ a0 log 2 + 2222 %), and

BIAS; is bounded in Lemma C.5 by O(H /K log + + YHSAK +nVH3SA(D + K) + 3H3/ %dmaz log 2. Putting
everything together:

1 A H
Rk =0 (H Klog - +nVH3SAD + K) + gHdew log 5) ;

1
and plugging in the definitions of 7 and + finishes the proof. O

11 HS
+(n+v)HSAK + (5 + ;)H]og 5

C.3 Bound on the Regret with respect to the Loss Estimators and Future Policies (REG in Eq. (29))

Lemma C.3 (REG Term). Under the good event,

K

Z<q}c+dk —¢-, =0 (Hlog(HSA) +nHSAK + QHdmax log ?) .
n Y

k=1

Proof. Let 3y (s,a) = qfi (s, a)e_"zjrﬂd-’:k ¢.(%) Taking the log,

n Z = log gj;(s,a) —log G "' (s, a).
Jijtdi=

Hence for any ¢

77< > 4. —q*> = (log¢* —log@* ™', ¢" — ¢*) = KL(¢" || ¢*) — KL(¢" [| "*") + KL(¢" || ¢"*")
jij+di=k

<KL(¢" || ¢") — KL(¢" || ¢"*") — KL(¢"*" || §*"") + KL(¢" || §**")

<KL(¢" || ¢") — KL(¢" || ¢"*") + KL(¢" || "*")

where the second equality follows directly the definition of KL, the first 1nequa11ty is by [50, Lemma 1.2], and the
second inequality is since the KL is non-negative. Now, the last term is bounded as follows:

KL(¢" || ¢**") < KL(¢" || ¢**) JrKL(Nk+1 || qk)
- s,a
—ZZ kHsa log Zthsa log g_}:_g( ))

= (¢" = ¢""",log " —log ") = n<qk S cﬂ>
jijdi=k
We get that

77< > éj,q’“—q*> < KL(¢" || ) — KL(¢" | qk“)+n<qk—6k“, > cj>
jijt+di=k jijt+di=k
Summing over k and dividing by n, we get

K * 1 * K
D3 (&, ¢ — gy < KL 16D ~KLlg g™+ +2<q —, Y cﬂ>

k=1j:j4+di=k N k=1 j:j+dj:k

* 1
CKL@ ) | <qk_ o >
n Jij+di=k
2H log(SA) < gy >
2 oews) &
J:j+di=k

Ui
(+%)

()

+

- 117

B
Il
_




where the last inequality is a standard argument (see [50, 16]). We now rearrange () and (s:):

K K K K
=31+ d =k} ¢ =) =YY Wi+ d =kHE " —q")
k=1 j=1 j=1k=1
K ‘ K i
_ Z<éj’qj+d] Z Ak: k:+d *>.
j=1 k=1
In a similar way,
K ‘ K K '
) =D > A" =) =D D i+ & =k - )
k=1 j:j+di=k k=1j=1
K K K
= ZZHU +di = k}gF — Gt ) Z k+db ~k+d"+1 ,éky.
j=1k=1 k=1
This gives us,
K k 2H lo (SA) K k k
Z<ék7qk+d - q*> S S + Z<qk+d - qurd +lvék>'
k=1 k=1

It remains to bound the second term on the right hand side:

k - k R R gk
DT =gy = Y e (s.a) (gt (s,0) — G (s,0))

k k,h,s,a
= Z & (s, a) (qflf+dk(s7a) - q;frdk (s,a)e " Xaitai=ktak éi(s"”)
k,h,s,a
_ Z qk+dk ( a) (1 e i bdickrah 6{7/(5,(1))
k,h,s,a
<n > g (s,0)é(s,0) > &lsa) (1-e"<u)
k,h,s,a jij+di=k4dk
K sk =s5,af = a}cf(s,a) ¥
=1 Z g, ™" (s,0) hk : ktd~ . &y(s,a)
k,h,s,a max{qh (87 a) qp (87 CL)} + 0 jij+di=k+dF
<n ) D Gl =n ) Y Hj+d =k+d}E(sa)
k,h,s,aj;_jerj:k;erk k,h,s,a J
=n Y &s,0)d Wj+d =k+d}<n > |FFH ek (s, a).
J,h,s,a k k,h,s,a

Finally, by event £l

Hdpop log Hdpap log 2
Z |.7-'k+d |éf (s,a) = O Z \]:k+dk|c’,§(s,a) + %Ogé =0 <77HSAK+ mf;og6> .0
k,h,s,a k,h,s,a

C.4 Bound on the Delay-caused Drift (DRIFT in Eq. (29))

Lemma C.4 (DRIFT term). Under the good event,
K

/T30 A H Hlo
Z<qk - qk+dkvék> <77 35 (D + K) nHB/ dme IOg (5 ,yg > .

k=1

Proof. By event E¢ we have:
K K

K H
Sk, gk - g+ AT | = <Z k qk_qk+dk>+H10g6>'
k=1

k=1 k=1 Y
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Now, by Pinsker inequality and Jensen inequality:

K K k+d*—1 K k+d*
Sokla =N <> S Y lasa) —al (s, Z 3 anh—qz“nl
k=1 k=1 j=k h,s,a k=1 j=k h
K k+dF-1 K k+dF-1
S5 Z VL 67 < SN ST AR
k=1 k=1 j=k h

Mw
g
M
M

k=1 j=k di+di=jh,s,a

where the last inequality is by ||z||2 < ||z||1, and the one before is by Lemma C.6. Finally, we rearrange as follows:

K k+d*-1
Z Z Z Z\/ s,a)é, (s, a) Zﬂ{k§j<k+dk7i+di:j}z\/qfl(s,a)éﬁl(s,a)
k=1 j=k d:i+di=jh,s,a k,j,1 h,s,a
=Y Hk<j<k+diitd =j}> /g
k,j,i h,s,a
_Zﬂ{k<z—|—dl<k+dk}2\/ (5, a)é (s, a)
h,s,a

‘ H
=0 Zﬂ{k<z+dl<k+dk}z gt (s,a)ch (s, a) + — 20 )

h,s,a

where the last relation is by event £°?. To finish the proof we use Lemma C.7:

Zﬂ{k§i+di<k+dk}z q;fd (s,a)ch(s,a) <V SAZH{k<z+dl<k:+dk} /Zq“‘d
h,s,a

ki h,s,a
=HVSAY Ik <i+d <k+d’“}§H\/SA(D+K). O
ki
C.5 Bound on the Bias of the Delay-adapted Estimator (BIAS; in Eq. (29))

Lemma C.5 (B1AS;). Under the good event,

K
1 H
Z & - =0 (H Klog < + YHSAK +nVH3SAD + K) + %H?’/Qdmm log 5> .
=1

Proof. Decompose BI1AS; as follows:

K K K
Z &k gk Z<Ck: 7E|:ék | 7_~lk+dk}’qk> +Z<E[ék | ﬁk+d’“:| _ ek by,

k=1 k=1 k=1
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The second term is bounded by O(H /K log %) under event F°. The first term is bounded as follows:

SBR[ = S gl E|I{sf = s,af =a} | 7
g |H ]7(1 >: Qh(87a)ch(s7a) 1-
k=1 k.hs,a maX{Qker (s,a),q5(s,a)} +

k S,a
Z qi(s,a)cy (s, a) (1— — kqh( ,a) >

max{qh d (Sa Cl), Q}Ii(sa a)} + ry

k,h,s,a
k
= T 4(5,0) (max{gf*"" (s,a), gk (s,a)} — qfi(s,a) +7)
k,h,s,a Ina’X{q (Sv a)a qh(s a)} + 0
< 3 (max{g}* (s,a). ¢} (s,a)} — gk (s,a)) + YHSAK
k,h,s,a
< 37 gt (s,0) — gfi(s,)| + yHSAK
k,h,s,a

<gWH3SA(D + K) + gH?’/ 2dinax + YHSAK.
k+d" are determined by the history Fktd" , the second equality is

since the k-th episode is not part of the history Fktd" as k ¢ {j:j+d <k+d"}, and the last inequality is as in the
proof of Lemma C.4. O

where the first equality uses the fact that ¢* and ¢

C.6 Auxiliary lemmas
2
Lemma C.6. 3, KL(q} | af™) <5 Y00 €h(5,0) (X4 Gh(5.0))7.

Proof. We start with expanding KL(g} || ¢f™) as follows:

k
k k+1 qh s,a) Zy(v )qh(s a)
zh:KL(qh I'dn Z an(s,a)log 57—~ k+1 Z ai(s,a)log k(s,a)e By (s.alv*)

h,s,a h,s,a h(
—thsalogZh thsth(saM})
h,s,a h,s,a
—ZlogZh th s,a)Bl(s,a | vF). (30)
h,s,a

For the first term in Eq. (30), by definition of v* and Z}:

ZlogZh ) < ZlogZ, Zlog (Z qr(s,a)e ”|0> Zlog (Z s,a)e " gval= CAC a)>

s,a

2

<Shoe [ Yabta) |10 X deatg(n X dea
h s,a

Jit+di=k jij+di=k

2

—Zlog 1—7)2 Z q(s,a)é (s, a) +—thsa Z ézl(s,a)

5,0 jij+di=k jijt+di=k

<Z —nz Z qhsachsa +—thsa Z é{;(s,a)

5,0 jij+di=k jijt+di=k
2
" k j
— Y Y deadear L Ydea| Y deal
h,s,a j:j4+di=k h,s,a jij+di=k
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where the second inequality is by e < 1 + s + s2/2 for s < 0, and the third inequality is by log(1 + s) < s for all s.
The second term in Eq. (30) can be written as follows:

Y an(s,a)Bh(s,alv") =Y ah(s,a)oh(s)—n Y Y ah(s,a)é(s,a)
h,s,a h,s,a h,s,a j:j+di=k

- Z a(5,0)pa(s" | 5,a)vf 41 (5).

h,s,a,s’
So now, by occupancy measure constraints:
k
Z %(3 a)pn(s' | s,a Uh+1 thﬂ ZQh (s,a)pn(s"| s,a) Z Qh+1 s',a )Uh+1( s'),
h,s,a,s’ h,s’,a’
which forms a telescopic sum, so by v (s) = v, (s) = 0, we have:
Y adi(sa)By(s.alv)=-n) D dil(s,0)8,(s,0). O
h,s,a h,s,a j:j+di=k

Lemma C.7 ([41]). Yr S8 Kk <i+d <k+d'}<D+K.

Proof.
K K K K
I He<itd <k+d}=> Y Hk<it+d <k+d}
k=11:=1 k=11:=1
k K K
=Y > Hk<itd <k+d}+> > Hk<it+d <k+d}
=1 k=1i=k+1
k K k K
= Z]I{k<z+dl} N> Wk <i+d, z+dl>k+dk}+z Y Kk<i+d <k+d}
k=11:=1 k=1i=k+1

M= 1M I 1M
-

K k K K
{i<k<i+d}-— ZZH{k+dk<z+d’}+ZZE{z>k+lk<z+d1<k+dk}

i=1 k=11i=1
K K K K K
= > Hi<k<i+d} ZZH{iSk,kerk§i+di}+ZZH{i2k+l,k§i+di<k+dk}
=1 k=1 —dit1 =11i=1 k=1 11=1
K K K K
SD+K-Y > Hi<kk+d <it+d}+> Y Hk<ii+d <k+d'}<D+K. O
k=11i=1 k=11i=1
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Algorithm 8 Delayed UOB-REPS with delay-adapted estimator

Input: State space S, Action space A, Horizon H, Number of episodes K, Learning rate 7 > 0, Exploration

parameter v > 0, Confidence parameter 4> 0.

Initialization: Set 7}, (a | s) = &, g} (s, a,8') = g3z, m}(s,a) = 0,m},(s,a, s') forevery (s,a,s’,h) € S x A x

S x [H].
fork=1,2,..., K do

Play episode k with policy % and observe delayed trajectory feedback {(sfz, ai) H_ forall j such that j+d’ =k

Update confidence set PF+1 by Algorithm 9.
forj:j+d=kdo
Observe feedback {c] (s, a7) HL -

Compute u) (s, a) = max, cpi qh 7rA(s, a) and uf (s, a) = max, cpr qil’”k (s,a).

Compute loss estimator ¢ ) (s,a) = C{L(S’?)H{Sg‘:i’ai:a} for every (s,a,h) € S x A x [H].
max{uj, (s,a),uf; (s,a)}+v

end for
Update occupancy measure:

k+1 _ . v X
= ar min é + KL ,
‘ 8 ealitisn <q’ D> > (a1l 4")
Jij+di=k

where KL(q || ¢') = 3, ;4.0 (5,0 s)ln% +q,(s,a,8') — qn(s,a,s") and A(M, k+1) = {¢™" |

= (AA)SX[H] p c fpk—o—l}.
k1 Sy (s,a.8)

S Lt (s,als")

Update policy: 77" (a | s) = for every (s,a,h) € S x A x [H].

end for

Algorithm 9 Update confidence set with delayed trajectory feedback

Input: trajectories {(s},, a}) bhe[m],j:j+di=k-
Update visit counters: my (s, a) < mf (s, a) + PO J+d7 k H{sh =s ah =a},

mk+1(3as)<—mh(sa5)+2“+d1 kH{sh s,a}, = a,s), , = s'} forevery h, s, s’ and a.

L (s | 5,0) = DrCtY) (s q, 8, B,

Compute empirical transitions function p**1: T v

Define confidence sets P**! such that p’ € P*T! if and only if, for every (s, a, s, h), p’ ensures 3, p}, (s'[s,a) = 1

and:

k+1 10HSAK 10HSAK
P}, (s[s,a) — BE (8|5, a)| < 16py, " (s[5, a) log =525 10log LHAL
- /]erl( s,a) V1 mZJrl(s’a)\/l

D Delayed UOB-REPS with delay-adapted estimator

Remark D.1. Note that the confidence set at time k in Algorithm 8 is constructed using only the trajectories from
rounds j such that j + d? < k (a.k.a delayed trajectory feedback [28]). The main reason for that is that our analysis
requires that 7" would be completely determined by the history from rounds j such that j + d’ < k. This is specifically
crucial for the analysis of B1IAS1 (see Lemma C.5) and in some of the concentration bounds. This means that our
algorithm performs under the weaker assumption of delayed trajectory feedback, but this also comes at the price of an
additional additive term in the regret of order H3S? Ad, ... In order to eliminate the dependency in d,,q. one can use

the skipping technique of [41]. In this case the regret would scale as O(H 28V AD), under the worst case.
Explicitly solving this optimization problem in Eq. (31), we get [36]:

ko, k gk
k N ,BF(s,a,s | et P
(s, ) BE s e 2

Z}]f(’l]'uk,e'“‘k’ﬁk) ?

g (s,a,8) =
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for:

Bl(s,a,s | v,e) = en(s,a,8) +vn(s,a,8) —n Z &l (s,a) — Zﬁ]fl(s” | s,a)vni1(s,a,s”)
it di=k o
(s,a,8) = p; (s,a,8") — ui(s,a,s")

e‘;’ﬁ(s, a, Sl) = Bh-‘rl(s/) - Bh(s) + Z(H}: (Sa a, 5”) + N;(S’ a, SN)>TII§(5// | 5, a)

s/’

o 16p% (s'|s, a) log 12HEAK  10]og 10HIAK
ra(s [ s,a) = mk(s,a) V1 mk(s,a) V1
h\9» 2GS

Zj(v,€) = Z ¢k (s, a, s")eBh(smslve)

s,a,s’
H
k pk _ : k(b ot
, 8% = arg min log Z7 (v, et?).
TN g,@,uZOI; g Z; )

IOg KHSA lOg KHSA
Theorem D.2. Running UOB-REPS with the delay-adapted estimator, 1 = v = min{\/ —gx7—,1/ \/HijD }
guarantees, with probability 1 — 6,

Ry = O(HQS, | AK log KH;SA + (HSA)Y*. H\|Dlog KIfSSA

KHSA | H3S%Alog? K }(I;S A).

+ H3S2Ad 0y log
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D.1 The good event

Let H* be the history of episodes {j : j + &/ < k}, €f(s' | 5,a) = 16 I:L’L((ssl‘ji'\l/)f + nk(zso?zL)Vl and . = log £54K
n\S, niS,

Define the following events:

B p ( / ‘ s a) log 1OHSAK log 10HSAK
EP ={Vk,s' s,a,h: "I's,a) — (s | s,a)| < 442 s
s, 8,a |ph(5 | s,a) = py(s’ | s a)| = mk(s,a) V1 mk(s,a) V1
KHSA
Eo { Z (q,’:k(s,a) —I{sp? = s,ap" = a}) min{2, e} (s,a)} < 104/ K log %
k,h,s,a
' 30KHSA
Eon? = Z q;’{k(s,a)eﬁ(s,a) <2 Z ]I{S];L’ =s ah = a}el(s,a) + 100H S log? —
k,h,s,a k,h,s,a
I kv — kv _
Eon3: Z <2 Z {S S’Gh a} +H10g7
k,s,a,h h( k,s,a,h nhsa)
K k
=[S e <4Hm}
k=1
K K 10H
N X 40H log =+
Fé — Z<|qk_qk+d e Ak ) <4 Z k+d" Ck>+ }
{kzl k=1 v
k 10H d,pqq log 192
Bl - |]_-k+d |C;L3a Z |]_-k+d|h ) )
k,h,s,a k,h,s,a v
K K 10H
) L , , 10H d 02 log =5~
B = {ZZW Sitd <k+d'} D\ g (5,0)(E (s,a) — Ach(5,0) < —
k=1 1i=1 h,s,a

K 10HSA
H log 10154
E{E (F—ch )< —2 5 }

k=1 v
The good event is the intersection of the above events. The following lemma establishes that the good event holds with
high probability.
Lemma D.3 (The Good Event). Let G = EP N E°"' N E°"2 N E°"3 N E° N ESN EYN E%1 N E* be the good event.
It holds that Pr[G] > 1 — 6.
Proof. Similar to the proof of Lemma C.2. Events EP, Eent, E°"2 and E°™3 are standard (see, e.g., [22, 27)). O

D.2 Proof of the Main Theorem

Proof of Theorem D.2. By Lemma D.3, the good event holds with probability 1 — . We now analyze the regret under
the assumption that the good event holds. We decompose the regret as follows:

K

k
R = {q" —q,c)
k=1
K K K K . K
(¢~ —q", ) +Zq r -k +Z +Zq — "t ) +Z ktd* — g5, . (32)
k=1 k=1 k=1 k=1 k=1

EsT BIAS BIAS> DRIFT REG

BIASy is bounded under event E* by O(%), EST is bounded in Lemma D.4 by O(H2SVAK:. + H?S? A% +
H?S Ad,,42), REG is bounded in Lemma D.5 by O(% +nHSAK + %Hdm(mL), DRIFT is bounded in Lemma D.6 by
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O(VH3SA(D + K) + LH??dypqpt + H), and Bias is bounded in Lemma D.7 by O(H?SvVAK: + H?S? Ai® +
yHSAK +nvVH3SA(D + K) + %H?’/Qdme) + H352Ad, .. Putting everything together:

Rk =0 (HQS\/ATQ + H*S3 AP + (n+~)HSAK

+ (% + %)HL +VH3SAD + K) + gH?’/QdmaxL + H352Admaz),

and plugging in the definitions of 1 and + finishes the proof. O
D.3 Bound on the Transition Estimation Error (EST in Eq. (32))

Lemma D.4 (EST Term). Under the good event,

K
S - gt (H2S\/AKL £ H2S?A2 + HQSAde) .
k=1

Proof. Let ¢ = q’rkvpk. By the value difference lemma [40]:

K
SN —dh = Y (.0) Y (b s.0) — puls | 5,0)) Vi ()

k=1 k,h,s,a s’
7Tk o
<H Y a4 (5,0)ph( | s.a) =pul-| 5,01
k,h,s,a
= O(H*SVAK.+ H*S*Ai* + H*S Ad o),
where the second inequality is by event EP and the last is by [28, lemma 5]. O

D.4 Bound on the Regret with respect to the Loss Estimators and Future Policies (REG in Eq. (32))

Lemma D.5 (REG Term). Under the good event,

K . H.
Z<qk:+d _ q*’ék> =0 (77 —+ HSAK + Hdmamb>
k=1

Proof. Let (jﬁ“(s, a,s') = q¥(s,a,s)e " 5 rai—k G (5,0) Taking the log,
n Z & (s,a) = logqf(s,a,s") —log g (s,a, ).

jijt+di=k

Hence,

77< > a4 - q> = (log¢" —1og @™, ¢* — ¢*) = KL(¢* || ¢") —KL(¢* || §"*") + KL(¢" || ")

Jijtdi=k
< KL(g* || ¢*) — KL(¢* || ¢"**) — KL(¢" " || 1) + KL(¢* || ¢*)
< KL(¢" || ¢") = KL(¢" || ¢**") + KL(¢" | ¢"*"),

where the second equality follows directly the definition of KL, the first inequality is by [50, Lemma 1.2], and the
second inequality is since the KL is non-negative. Now, the last term is bounded as follows:

KL(¢" || ¢"*") < KL(¢" || ¢"*") + KL(7""" || ¢")

~k:+
~k1 (s, a,8) a5(s,a,s')
_E E )1 g E )1
(s,a,s") qusas ¢ (s,a,5") og~k+1(

h s,a,s’ h s,a,s’ sas)

= (¢" =@ logq" —log @"*") = n<qk—5i’“+1, > cj>
jijrdi=k
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We get that

n< > & ¢

jii+di=k

Summing over k£ and dividing by n, we get

ST (g gy < KU L) KL 05 <5
k=1j:j+di=k U k=1
()
¢ || )\
<X + Z<
k=1 Gijdi=

K
S4Hlog (SA) +Z

k=1

< ey
i

> <KL(¢* || ¢") = KL(¢" || ¢**") + 1 <qk

(i

)

where the last inequality is a standard argument (see [50, 16]). We now rearrange (*) and (s

Yoo

jij+di=k

):

K K . ' K K . 4
(D= D M+ d =kHE " ) =D D i+ d =k}E ¢ ")
k=1j=1 j=1k=1
K K .
= Z<cﬂ j+d’ Z gordt — g,
j=1 k=1
In a similar way,
K . .
(o) = (¢" =g, ZZH{J +d =k} -, &)
k=1j:j+di=k k=1 j=1
K K K
:ZZH{j+dﬂ = k}g" — g"t &) Z htd' _ ghtd*+1 gky
j=1k=1 k=1
This gives us,
K

] >

=
I
—
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k=1

> o)

jii+di=k
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It remains to bound the second term on the right hand side:

k - k R R - k
g gLy = N (s a) g (s,0,8) = T (s,a,5)

k k,h,s,a,s’
= Z eh(s,a) (qlﬁerk(S, a,s’) — q;’i*dk (s,a,s)e N Xiitai=ktak éi(sv@)
k,h,s,a,s’
Z qk+d (s,a, 5,)‘5];;(5, a) (1 — e X ikt ab éjﬁ(s-ﬂ))
k,h,s,a,s’
<n Y " sada| Y Glsa) (1—e <)
k,h,s,a jij+di=k+dk
k I{sF = s,af = a}cF(s,a i
=7 Z qk+d { hk h k+d} h( ) Z c}l(s,a)
k,h,s,a max{uh(s, (L) up, (S’ Cl)} +7 jij+di=k+dk
<0 Y Y dsay=n Y S i+ =k+de(s.a)
k,h,s,a j:j+di=k+dF k,h,s,a j
=1 Y. &ls.a Zﬂmdﬂ —k+d"}<n > [FH e (s a),
,h,s,a k,h,s,a

k k
where the second inequality is since uffd (s,a) > qZer (s,a) under the good event. Finally, by event E¢,

" Hdmaz Hdmax
> 1FH s =0 | 3 1FH (s @)+ =2 ) =0 (nHSAK + VL) . O
k,h,s,a k,h,s,a

D.5 Bound on the Delay-caused Drift (DRIFT in Eq. (32))

Lemma D.6 (DRIFT term). Under the good event,

K
St -ty =0 (n\/H?’SA(D + )+ LY 2y + HL) :
Y v

k=1

Proof. By event E¢ we have:

K k K k K k H.
Z<ék’qk k+d Z Ak ‘q k+d ‘> -0 <Z<ck,qk—qk+d >_|_>

k=1 k=1 . v

—

Now, by Pinsker inequality and Jensen inequality:

K X K k4d*—1 K k+d"®
j i+1 1
UK =N <D YT D a(sa.8) = (s,0,8)] =Z Z Z\Iqh —ah
k=1 k=1 j=k h,s,a,s’ k=1 j=k h
K k+d"—1 K k4+d*—1
1 1
<Y > VKL gt <> 2H Y KL(q) [ ¢)™)
k=1 j=k h k=1 j=k h

<WHY. > Y Vs s a),

k=1 j=k ixitdi=jh,sa
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where the last inequality is by ||z||2 < ||«||1, and the one before is by Lemma D.8. Finally, we rearrange as follows:

Z Z Z Z\/ s,a)é;, (s, a) Zﬂ{k§j<k+dk7i+d":j}z\/qfl(s,a)éﬁl(s,a)
j=k ivit+di=j h,s,a k,j,i h,s,a
=> Hk<j<k+ditd =5}> /g
k,j,i h,s,a
—Zﬂ{k<z+dl<k+dk}zm (s,a)
h,s,a

L Hdmaa:
=0 Zﬂ{k<z+dl<k+d’“}z ¢ (s,a)ci (s, a) + °,

h,s,a

where the last relation is by event /9. To finish the proof we use Lemma C.7:

STk <itd <k+d'} Y \/ait (s,a)ch(s,a) < VH SAZH{k<z+dZ<k+d’f} IS g (s,
ki h,s,a h,s,a

=HVSAY Ik <i+d <k+d’“}§H\/SA(D+K). O

D.6 Bound on the Bias of the Delay-adapted Estimator (B1AS; in Eq. (32))

Lemma D.7 (B1AS; Term). Under the good event,
K
> (F-ikgfy =0 (HZS\/AKL + H3S3AB + yHSAK + nWH3SA(D + K) + LH32d,0pt + H352Admaw) .
0
k=1
Proof. Decompose B1AS; as follows:
K K

Sk — ek gty = 3 (et _E[ék | 7_~lk+dk}7qk> +§:<E[ék | ﬁk-ﬁ-dk} _ & ghy.

k=1 k=1 k=1

The second term is bounded by O(H+/ K ¢) under event E°. The first term is bounded as follows:

i G k+dk] k Z k "k E{H{Sﬁ =s,a} = a} | f’qﬁdk}

C |H q") = an(s,a,8)cp(s,a) [ 1—
k=1 k,h,s,a,s’ max{uﬁ(& a) Uﬁer (37 a‘)} +

k
k k ' (s,a)
= qr.(s,a)ci (s, a) (1 — )
k;a max{uf (s, a),u} ™" (s,a)} +
k
= > B0 d) (mac{uf (s,a), uf " (s, )} — ' (s.0) +7)

k,h,s,a max{ufb(s, a) Up, (57 a’)} + Y

< 37 (max{uf(s,a), uft (s,0)} — ¢ (s,0)) + YHSAK
k,h,s,a

< Y max{uf(s,a),uf " (s,0)} — qf (s, 0)| + YHSAK.
k,h,s,a

. ., k. . . = k . .
where the first equality uses the fact that u* and «*+" is determined by the history H**¢", the second equality is

since the k-th episode is not part of the history A+ as k ¢ {j:j+d <k+ d*}, and the first inequality is since

uk(s,a) > qF(s,a) under the good event. Finally, we bound:

> [max{uf(s,a).ui " (s.a)} = of (s.0)l < D Jufi(s.0) —qf ()l + D [t (s.0) —aF (s,a)].

k,h,s,a k,h,s,a k,h,s,a
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The first term is bounded in Lemma D.12 by O(H2SvV AK 1 + H3S3Ai® + H3S? Ad 4., and for the second term:
k ok k L
STt (s,a) = qf (s,a)l < Y0 gt (s,a) =g (s,a)]

k,h,s,a k,h,s,a

+ Z " ) —qf (s,0)],

k,h,s,a
where again the ﬁrst term is bounded in Lemma D.12. Finally,

> o —gi (sl < Yl (s0) —aft T (s,a)l+ Y lak(s,0) — af (s,0)]

k,h,s,a k,h,s,a k,h,s,a

+ 3 1 (s.0) — gf(s,a)],
k,h,s,a
where the first two terms are bounded similarly to Lemma D.4 and the last term is bounded similarly to Lemma D.6. [
D.7 Auxiliary lemmas

2 y
LemmaD38. >, KL(qh [ qkﬂ) <% Eh,s,a,s’ q,’i(s, a, s/)(Zj:jerj:k &, (s, a))?.

Proof. We start with expanding KL(q || ¢/™") as follows:

NN L
k+1 qh s,a,s") Zp (v e )
ZKL n H A Z Z qh 5 @, § IOg k+1 Z Z qh 5@, J 1Og Bk(s,a,s’lv“kye“k*ﬁk)

(s,a,s)
h s,a,s’ h s,a,s’
:ZlogZ;f(U“ et )—Z Z q(s,a,s' Bh(s,a,s’|v”',e”"5 ).
h h s,a,s’
(A) (B)

By definition of i*, 3¥, term (A) can be bounded by

A)SZlogZ,’f(OO Zlog thsas Bhsas‘oo) Zlog thsas Ye M Liisrai= kch(sa))
h

s,a,s’ s,a,s’

i @ (s,a))?
<Zlog thsas 1—n Y é(s,a)+ (nZJ-JerJ_k n(s,a))

2
s,a,s’ jj+d1 k
(s, a))?
“Sios(1-n Y 3 ablan e+ 3 ahn ) LR GO0
s,a,8" jij+di=k s,a,s’
(135 4ar—1 G (5,))?
_UZZZ qsas sa—l—Zthsas 5 )
h s,a,s’ j:j4+di=k h s,a,s’

where the second inequality is by e < 1 + s + s2/2 for s < 0, and the third inequality is by log(1 + s) < s for all s.
Term (B) can be rewritten as

B) =33 disa, el (s,as) + ol (s,a8) —n > E(s.a) = Y ph(s” | syl (s,a,5"))

h s,a,s’ jijt+di=k s’
k pk k
=" dis,a.8)el 7 (s,a,8) YD gh(s,a,8)) (s.a,8)
h s,a,s’ h s,a,s’
S22 2 alsas)ilea =) 3 ) disa s S| 8,0)00 4 (s,0,5")
h s,a,s jij4+di= h s,a,s’ s’
) k gk &
= Z Z qZ(S,CLS/)GZI P (s,a,s’) + Z Z qz(saaa S/)'UZ (87a78/>
h  s,a,s’ h s,a,s’
k
gOIPIED IR LA B B B
h  s,a,s’ j:j+di=k s,a s
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Notice that:
. _ k
Z qz(sa a)plfi(sn | s, a)vz+1(8a a, 3”)

h,s,a,s"

k k
Y ahlsa)ph(s” | s,a)vi(s,a ")+ Y ah(s,a)(@h(s" | s,a) = pE(" | 8,0))0fs (5,0, 8")

h,s,a,s’’ h,s,a,s’”
o k " ;Lk " k k.1 ko .1 ,uk 12
= Y dhalsas ) sas )+ Y dh(sa)@h(s” | s,a) = ph(s" | s,a)uf (s a08),
h,s,a,s’ h,s,a,s”

and therefore:

k gk .
(B) = Z Z Q}Ii(svaﬁsl)el}z o (Saavsl) - 772 Z Z q’ﬁ(s,a,s')éﬁt(s,a)
h s,a,s’ h s,a,s’ j:j+di=k
i k
— > ai(s,a)Bi(s" | s,a) = pi(s” | s,a) vk (5,0, 8).
h,s,a,s’

Overall we get:
(772 dj:ké;;(sva))2 k gk
ZKL((]Z I gi™) < Z a5 (s,a,s’) i+ 5 - Z aF(s,a,8)el P (s,a,5)
h

’ ’
h,s,a,s h,s,a,s

k
+ Z q(s,a)(pr(s" | s,a) — pi(s| 5,a))v) 4 (s,a,5").

’
h,s,a,s

To finish the proof we show that:
k k k
S s )i | 5.0) = ph(s s, a)of(sians”) < S qhs,a,8)el (s,a,8),
h,s,a,s’ h,s,a,s’
By definition of v"k and €, and since © > 0, we have:

k
Z qili(&a)(f)z(sl | s,a) 7p;€L(S, | S,CL))UZ+1(S,CL, S”)

h,s,a,s’

_ k,— k,
= > anls,)Bh(s' | s,a) = ph(s' | 5.0)) (i (5,a.8") — (5,0, 87))

h,s,a,s’
_ k,— k,
< Y ahsa)lpi(s [ s,0) = pi(s | s,0) (5 (s,a,8) 4+ 7 (5,0, )
h,s,a,s’
k,— k,
S Z q}i (37 0)62(8/ | S, a‘) (/‘Lh-}-l(sa a, sl) + /j’h++1 (Sv a, sl))a
h,s,a,s’

so to finish the proof it suffices to show that >, ., Br.1(s") = BF(s) = 0. Indeed, this follows as the sum is
telescopic and 85, ; = 8§ = 0. O
Lemma D.9 (Lemma 8 of [22]; see also Lemma B.13 of in [11]). Under the good event we have,

V(k,s,a,8,h):  |pn(s|s,a) — pr(s'|s,a)| < & (s | s,a).
where (s | .0) = 8, [BEEE 4 o

Lemma D.10. Under the good event we have, for any (k, s, a, s', h) such that m¥ (s, a) > dyaz,

[P (s'[s,a) = B (s'|s,a)| < (5" | 5,a).

pn(s’]s,a)e 200,
nk(s,a)Vv1 nk(s,a)v1’

where €} (s' | s,a) = 16

Proof. Note that if m’,?b(s, a) > dpq. then,

1 _ 1 nk(s,a) V1 _ 1 ) nk(s,a) V1 —mk(s,a)Vv1
mi(s,a) V1  nf(s,a)V1imF(s,a)V1l  nf(s,a)V1 mk(s,a) V1
1 dmaz 2
1+ < . 33
~ nf(s,a) V1 ( mk(s,a) Vv 1) ~ nf(s,a) V1 33)
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?r'

where the first inequality is since n h( a) —mi(s,a) < dpaq. We complete the proof by combining Lemma D.9 with
the fact that given Eq. (33) é¥(s' | s,a) < ¢ (5 | 5,a). O

-
~

Lemma D.11 (Lemma E.4 of [27] adapted to delays; see also Lemma 4 of [22]). With delayed trajectory feedback,
under the good event,

K H
S luk(s,a) —af (s, SHY Y eh(s,a)qf (s,a)
K
JrHSZ Z ef;(s’|s,a)q}7{k(s,a)min{2,z Ifl(s sa)}qh (s,a|s;h+1)

k=11<h<h<H S€S,a€A,s’€S 5€ 5'eS

%)
™
m
b

+ H3S%Ad, 00 (34)

Koo s .. P .
where 7 (3, a | §'; h) be the probability to visit (5,a) in time h given that we visited §' in time h, and er(s'| s,a) =

pr(s’[s,a)e 2000
16 h(e a)V1 + nk(s,a)v1

Proof. Let K, s = {k : s’fL = s aﬁ = a mﬁ(s a) < dpmas} and define I, s, = I{k € Kj 4} and
Thsak = 1 — Iy sak Let ¢©%" be the occupancy measure such that qk S h(s) = uf(s), and let p&>" be
the transition that corresponds to qk sk et on(s) be the set of all trajectories that end in s in time h, i.e.,
on(s) ={s1,a1,...,8h—1,an—_1, Sp} Where s, = s. We have:

up (s, a) = qkSh(S a) =mp(a|s) Z H mh(an | sn) Ph’« ' (Sh'+1 | snrsan)

op(s) h'=1
. h—1
@ (s,a) =mh(als) > T whlan | sw)pw(snia | snan).
op(s) h'=1
Then,
h—1
lufi(s,a)—qf (s,0)] = (a]s) Z H T (an | sw) H P (s | swryan) — H Pr(Sh41 | Shryans)|
on(s) /=1 =1 h=1
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We can rewrite the following term as,

h—1 h—1
k,s,h
IT 2" (snsa | snsan) = T o (snega | swsan)
h'=1 h'=1
h—1 1-1 h-1
E H pre(Sw41 | snesan) H " (snega | swr, ane) + H " (g1 | swe, am)
1=2 h'=1 h'=l h'=1
h—1 h—11-1
— H ph/(8h1+1 | sh/,ah/ E H Ph! Sh/+1 ‘ Sh', ah/ H ph/ s,h sh/+1 | Sh’,ah')
h'=1 1=2 h'=1 h'=1
h—11-1 h—1
= 1> T v Csnsn [ snsan) TT 23" (snega | snr, ame)
=1 h'=1 =1
ho1-1 h—1
k,s,h
= 11 pwCswra [ swyan) TT pis" (snea | swr, an)
1=2 h'=1 =1
h—1 1-1
T pr(snsa | snrvan) H P (sws | swvan)
=1 h'=1 =1
!
k,s,h
- E H Pr(Sh41 | Sy ans) H Py (Shg1 | Sy ans)
I=1 =1 /=141
-1 h—1
k,s,h k,s,h
= E P (s [ sean) = pilsien | sa)| [T paCsneg | swoan) T o™ (swga | snr, an)-
=1 h'=1 h=141

Hence,
7\—k
|uj;(s,a) — qf (s,a)|

mh(als) Y H e (ane | spe Z ’pg M1 | s, a) = pi(si | Slval)’

on(s) k=1
-1
' H ph/(sh’+1 | Sh/vah’ H Ph’ oh Sh/+1 | sh/,ah/)
h/=1 h'=14+1
h—1 1—1
S ‘p;cvs,h(sl_'_l | 3l7al) —pl(sl+1 ‘ Sl,al)‘ <7le(al | Sl) H WZ/(ah/ | Sh’)ph’(sh’+1 | sh/,ah/)>
=1 op,(s) h'=1
h—1
: (W]ﬁ(a | s) H o (an |5hf)PZ?S’h(5h/+1 \ Sh’aah’)>
h'=Il+1
h—1

=> > ‘pfs "(s141 | st a) = pi(sien | 3l7al)‘

=1 SIGS,aIGA,SH.l €S

-1
Z 7rlk(al | 1) H Wﬁf (ans | $n)pn (Sh+1 | Shryanr)
oi(st) h'=1
h—1
> > mi(als) T whan [ sn)pp™" (snsa | snr,an)
W €A LS, €8,a,n €AY L, h'=l+1
h—1
=> > ‘pf” "(sir1 | st ar) = pi(siga | Sz,az)( ar (star) - ™" (s,a | sipa), 35)

=1 5;€S,a;€A,5141ES
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where we ease notation and denote ¢}"*" (s, a | s;11) = ¢F*"(s,a | s;31;1 + 1). Similarly, we can show that,

k,s,h
gy,

h—1
S Z Z ‘pﬁis’h(sh'H | Snrsan) = pre(Sw41 | Snr an)

h'=l+15;,/€8,a,1€A,8;,1 11 ES

k
(s,a ] s141) =g (8,0 | si41)]

k
i (swran | si01)@y™" (s,a | sngr)

(36)
h—1
<7h(als) Y > ‘pzls’h(sh/ﬂ | sy ans) — P (Snrsn | s an) | @ (swsans | sii),s
h'=l+15,,€S,a, €A, sp1 11 ES
(37

where the last is since qf;s’h(s, alspi1) <mw ( | 5). Decomposing Eq. (35) for episodes k € K; 5, o, and k & Ky 5, q,

S luf(s,a) — g (s,a)]

h,s,a,k
h—1 .
> D ) 51,1,k ‘Pf’s’h(SlH | s, a1) = pi(sita | Slaal)‘ aF (stya) - a7 (s,a | s141)
h,s,a,k 1=1 s;€S,a;€A,5111€S
(#)
h—1 .
Y T [P s st a) = s |sea)| a7 (e, an) - g (s | siea)
h,s,a,k |=1 s;€S,a;€EA,s;41€ES
(i1)
Now,
h—1 .
DS ) 51,01,k ‘Pf’s’h(SIH | s, 1) = pu(sita | Slaal)‘ af (stya) - q"" (s,a | si141)

h,s,a,k 1=1 s;€S,a;€A,s141€S

h—1
k
<> > [1.s.a1.k ‘pf’s’h(sm EROESICY Szaal)‘ qi (si,a)-m(al s)
h,s,a,k [=1 sleS,aleA,sl“eS
h—1

k
=> > > LURRING ‘Pf’s’h(«?m | st,a1) — pu(si4a | Sl,al)‘ q (si, )

h,s,k 1=1 s;€S,a1€A,5141ES

h—1
= 252 Z Z I, sl,az,kQZ (517 al)

h,k I=1 s;€S,a;€A

<QSZZ D Dl

=1 s;€S,a,€A k

< 452 Z Y dmas <AH?S? Adyas,

=1 s;€S,a;€A

where the third inequality is since |Kp, 54| < 2dqq for any h, s and a. For (i¢) we first use Eq. (37) to bound,
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= . k k
)< Z ) LRI ‘Pf’b’h(SlH | st a1) = pi(sita | Sl»al)‘%ﬂ (st a1) - qiy (s,a | s141)

h,s,a,k 1=1 s;€S,a;€A,s5141€S

(i)

— — K
Z Z > 5.1k 'Pf’s’h(slﬂ | s1,a0) — pu(si41 | Slva’l)’ qi (s1,ar)my(a | 5)

a,k l=1 s;€S,a;€A,5141E€S

v —1

k,s,h
Z Z ‘ph/ (Sh’+1 | Sh's a'h’) - Pw (Sh’+1 | Sh's ah/)

h
k
iy
qpr (Shryans | S141)
h'=l+15,/€S,a,1 €A 8,111 ES

(iv)

Now using Lemma D.10,

(i) <Y > > Tt sp.an o€ (511 | 50, a0)af (s, 1) <Z ap (s,a| 5l+1)>

Jh 1=1 s;€8,a;€A,5141€ES

=

k
Z ¥ (si1 | s, a)qr (si,ar)

1<I<H s;€8,a,€A, s1+1E€S

H
S Y s sl (s.a)

h=1s€S,a€A,s’eS

1M 10

For (iv) we again devide into k € KCh/ s, , .a,, and k & Kpr s, a,,

h—1
— k
=> > > LIPS ’Pf’s’h(sm | sty ar) = pu(sien | si )| af (si,an)my(a ] s)

h,s,a,k =1 s;€S,a;€A,5141€S

h—1

Z k,s,h "
§ Hh’,sh/,ah/,k Py (Sh’-l-l | Sh/, ah’) - ph’(sh’—i-l ‘ Sh’aah’) qp (Sh’,ah’ ‘ Sl+1)
h'=l+1s,/€S,a, €A, 5y 11 ES

h—1
= k
+ > > LU ’Pf’s’h(sm | si,a1) = pu(sien | s )| af (si, )7y (a | s)
h,s,a,k 1=1 s;€S,a;€EA,s;41€S
h—1 k
Z Z Lns 10,000k pfﬁs’h(shurl | Sy ans) — pr(Shet | Snesan)| g (Snry ane | Sig1)
h'=l+1s,/€S,a, €A, sy 1 ES

(38)
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The first term is bounded in a similar way to (7) by,

h—1
_ ) k
Z Z Z Li,s a0,k )pf’é’h(slﬂ sty ar) = pu(sien | sia)| af (si, )7y (a ] s)

h,s,a,k 1=1 s;€S,a;€A,s5111€S
h—1

]I k,S,h 7'rk
Wosnransk [Prr (St | Swesan) — pre(Snar | Swrsan )| @iy (Swrsan | s141)
h!=l+1s,,€S,a,/ €A, 5,11 ES

h—1
_ ) k
<2 Z Z Z Iisia1,k ‘p?"s’h(szﬂ | si,a1) = pi(siga | s, a0)| qf (s, a0)7)(a ] s)

h,s,a,k 1=1 s;€S,a;€A,s5111€S

h—1
k
iy
E E Tnt 5,0 0y, kGh (Shesans | S141)

h'=Il+1 Spt Es,ah/ cA

h—1 h—1
— k
<2>°) > L sya,k ’Pf’s’h(sm | sia) = pi(si | sa)|al (spa)- [ ) I s 0

h,s,k =1 SLES,GLEA,(S[+1ES h'=l4+1s,/€S,ay/ cA
h—1 h—1
- Kk
<4330 > Dasd (sna)- | 3 D v
h,s,k 1=1 s;€S,a;€A h'=l41s,/€S,a,,EA

h—1 —
<4 Z Z Z Z thvsh’vah’vk

h,s,k 1=1 h/=l4+15,1€S,a;/ €A
h—1 h-—1

S0 D) DD SN DD ST

=1 h/:l+1sh/€S ah/E.A k
h—1 h-1

< 852 Z S Y dmae =8H?SAdpas

1 h'=l+1s,,/€8,a;,/ €A

where the last inequality is since |[Cp, 54| < 2daq for any h, s and a. Again, using Lemma D.10, the second term in
Eq. (38) is bounded by,

h—1

SN Y e snadd (sha)d whals
a

h,s,k 1=1 s;€S,a1€A,s5141ES

h—1
. k
Z Z min 2, Z EZ/ (Sh/+1 | Sh/,ah/) q;{/ (Sh/7ah/ | Sl+1)

h/=l+1 S,LIGS,(L}L/E.A sh/JrIES

K
- Z ) > el | snag (si.a)

= <h'<H s1€8,a41€A,5111€S 5,1 €S a1 €A

. k
-min ¢ 2, Z ehr (w1 | swsan) p ais (swryans | si41)

Spl41 €S
K k k
SZ Z Z Z i (s’ | s,a)qF (s,a)min X 2, Z (5 5,a) pqf (5,alssh+1).
k=11<h<h<H S€ES,a€EA,s'€ES 5€5,a€EA §'eS
Summing the different terms completes the proof. O
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Lemma D.12 (Lemma 4 of [22] adapted to delays). With delayed trajectory feedback, under the good event,
Z [uf (s, a) — q,’;k (5,0)] SVHAS2AK L + H3S® Ai? + H3S? Adyyas-

h,s,a,k

Proof. Given Lemma D.11, the proof proceeds exactly like the proof of [27, Lemma E.5].
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