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ABSTRACT

We study distributed adaptive algorithms with local updates (intermittent commu-
nication). Despite the great empirical success of adaptive methods in distributed
training of modern machine learning models, the theoretical benefits of local up-
dates within adaptive methods, particularly in terms of reducing communication
complexity, have not been fully understood yet. In this paper, for the first time,
we prove that Local SGD with momentum (Local SGDM) and Local Adam can
outperform their minibatch counterparts in convex and weakly convex settings in
certain regimes, respectively. Our analysis relies on a novel technique to prove
contraction during local iterations, which is a crucial yet challenging step to show
the advantages of local updates, under generalized smoothness assumption and
gradient clipping strategy.

1 INTRODUCTION

Leveraging parallelism is crucial in accelerating the training of modern machine learning models
for large scale optimization problems. In distributed environments such as large data-centers or in
the federated learning setting, where the devices working together are spread apart, communication
between the distributed workers is a key bottleneck. In this work, we consider the task of

min f(z) := B¢ p[F(x;€)]. (L)
zER?
in a distributed setting with M workers. Each worker has access to f via the stochastic gradient
oracle VF(x;€), where & is independently drawn from the distribution D. In federated learning,
this is known as the homogeneous setting, since all workers draw from the same data distribution.

Perhaps the simplest algorithm for distributed optimization is distributed minibatch stochastic gra-
dient descent (SGD), in which at each iteration, each worker computes a minibatch of gradients, and
a gradient step is taken by averaging the gradient computed among the M workers. However, such
an algorithm requires communicating at each gradient step, which may be expensive. Thus numer-
ous works have proposed distributed algorithms with less frequent communication. A popular and
well-studied algorithm is Local SGD, also known as FedAvg (McMahan et al., 2017), where each
worker runs SGD independently and periodically synchronizes with others by averaging the iterates.

Despite the success of Local SGD in federated learning (McMahan et al., 2017), it may not ex-
hibit good performance when training Transformer-based large language models (LLMs). Many
empirical studies suggest that adaptive methods (e.g., Adam (Kingma & Ba, 2014)) are much bet-
ter suited for natural language processing than vanilla SGD (Goodfellow et al., 2016; Zhang et al.,
2020; Kunstner et al., 2023; Pan & Li, 2023). Furthermore, as shown in Zhang et al. (2019; 2020),
language models tend to have unbounded global smoothness and heavy-tailed noise, which may also
contribute to the worse performance of SGD. Parallelizing adaptive methods requires an even more
expensive communication cost since additional terms, such as the momentum or the Adam denom-
inator, need to be synchronized. Previous works on distributed adaptive optimization have utilized
compression and quantization techniques to address this issue (Bernstein et al., 2018; Wangni et al.,
2018; Wang et al., 2023). While Douillard et al. (2023) has shown the great empirical success of
Local Adam, to the best of our knowledge, there are no theoretical results trying to improve training
efficiency or adaptive methods from the perspective of intermittent communication.
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In this paper, we investigate distributed adaptive optimization algorithms in the homogeneous
regime, in order to establish theoretical guarantees for the benefits of local iterations in reducing
communication complexity. We focus on the convex or weakly convex setting'.

We propose a distributed version of Adam, namely, Local Adam, with gradient clipping. Our al-
gorithm also reduces to Local SGD with momentum (Local SGDM), with some specific hyper-
parameter choices.

* In Theorem 1,2, we establish the first convergence guarantee for Local SGDM in the convex
setting, which outperforms the convergence rate of Minibatch SGDM. The rate we obtain
is in line with the rate of Local SGD (Woodworth et al., 2020a) .

* In Theorem 3, we establish a convergence rate for Local Adam in the weakly convex set-
ting. We show that Local Adam can provably improve communication efficiency compared
to its minibatch baseline.

For the first time, we are able to show the benefits of local iterations for the two commonly used
algorithms, SGDM and Adam. This suggests that one can improve the training efficiency of large
models by using intermittent communication.

Additionally, our results hold under generalized smoothness and heavy-tailed noise. Our result is
the first high probability bound for distributed optimization algorithms with local updates, to the
best of our knowledge. The conventional in-expectation rate seems fail to capture some important
properties like heavy/light tailed noise distribution. The high probability convergence guarantee can
sometimes be more informative and useful in practice (Gorbunov et al., 2020).

As for technical contribution, we use a novel technique to prove contraction for adaptive meth-
ods, which bounds the consensus error between the iterates at different workers. This is a key step
in proving benefits of local updates. Different from Local SGD, our update direction involves mo-
mentum or even distorted momentum due to the denominator in Local Adam, making it challenging
to disentangle these accumulated stochastic gradients. To address this issue, we define and analyze
an auxiliary sequence which is conditionally independent of the latest stochastic gradient and thus
can construct a martingale. We will introduce the technique in more details in Section 5.

1.1 ORGANIZATION

Section 2 provides the most related work to ours. Section 3 provides the problem setup, assumptions
and the Local Adam algorithm. We then show our main results for Local SGDM in Section 4.1 and
Local Adam in Section 4.2. Finally, in Section 5, we present the proof sketch of Local Adam,
highlighting the technical challenges and our solution.

1.2 NOTATION

Let || - || be the standard Euclidean norm of a vector or the spectral norm of a matrix. For any

T,y € Rd, the expressions x + y,x © y, — stand for coordinate-wise sum, product and division,

respectively. And z < y means each coordinate of x — y is no greater than 0. Furthermore, we use

22, \/z,|z| to denote the coordinate-wise square, square root and absolute value. We use E,,[X,,]
M

to denote the average i Z X The coordinate-wise clipping operator clip(-, p) : R — R is

m=1
defined as [clip(X, p)]; = sgn([X];) -min{| X;|, p}. We use [N] to denote the set {1,2, ..., N'}. For
a subset Qg C R, let conv(-) denote the convex hull of 2 and By, (o) denote the neighborhood

of Q with radius Ry. Finally, we use standard O(-), (-), ©(-) to omit constant factors and O(-) to
omit logarithmic factors.

'Under the stronger assumptions of 3rd-order smoothness (Glasgow et al., 2022) and mean smoothness
(Patel et al., 2022), there are demonstrated advantages of local iterations in the non-convex setting. While our
theoretical results are for the convex or weakly convex setting, it is likely that local iterations are advantageous
in practice for non-convex objectives, just in the same way Local SGD has been shown to be advantageous in
practice for non-convex objectives (McMahan et al., 2017).
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2 RELATED WORK

Theoretical benefits of local updates in distributed optimization. Algorithms with local up-
dates have been used among practitioners for a long time to reduce communication complexity
(McMahan et al., 2017). In the homogeneous and convex setting, Local SGD and its variants have
been shown to outperform the minibatch baseline, for a fixed amount of gradient computations and
communication rounds. Woodworth et al. (2020a) is the first to show that Local SGD can prov-
ably outperform Minibatch SGD. Yuan & Ma (2020) develops FedAC to further accelerate Local
SGD. In the heterogeneous case, Woodworth et al. (2020b) demonstrates the advantages of Local
SGD when heterogeneity is very low. Algorithms with local updates have also been studied in the
non-convex setting (Karimireddy et al., 2020b; Yang et al., 2021; Glasgow et al., 2022), includ-
ing momentum-based and adaptive methods (Reddi et al., 2020; Karimireddy et al., 2020a), though
no advantage of local iterations over minibatch has been shown, without non-standard assumptions
such as 3rd-order smoothness. Notably, Liu et al. (2022) is one closely related work to ours, which
considers Local SGD with gradient clipping in homogeneous and non-convex setting and claims
that the convergence guarantee is better than naive parallel of centralized clipped-SGD. However, it
still cannot outperform minibatch baseline (with batch size K for each worker in each round) and
thus fails to demonstrate the benefits of local iterations.

Convergence of centralized Adam. Adam was first proposed by Kingma & Ba (2014) with con-
vergence guarantee in online convex optimization. However, Reddi et al. (2019) found a gap in the
original analysis of Adam and constructed a counter example to show its divergence. Since then,
many works have developed convergence analyses of Adam with various assumptions and hyper-
parameter settings. Guo et al. (2021) assumed the denominator is bounded from below and above
by two constants, which typically requires a bounded gradient assumption or the AdaBound variant
(Luo et al., 2019). Défossez et al. (2020) assumed a bounded gradient and their convergence guaran-
tee depends on poly(d). Zhang et al. (2022b); Wang et al. (2022) considered a finite sum setting and
showed that Adam converges to the neighborhood of stationary points. One closely related work to
ours is Li et al. (2024c), which established a high probability bound without a bounded gradient as-
sumption. However they assumed that noise is bounded almost surely. Another recent work (Wang
et al., 2024) provided a guarantee of O (1 / 54) with dependence on poly(d). Beyond the guarantees
on gradient norm given by non-convex analyses, no stronger bounds (e.g., on function error) are
known for Adam in the convex case.

Convergence of distributed adaptive algorithms. In the federated learning literature, Reddi et al.
(2020) introduced a framework, FedOPT, to leverage both worker optimizer and server optimizer.
Many works explored adaptive server optimizer while fixing worker side as vanilla SGD. The theo-
retical results of local adaptive algorithms are much fewer. Some works have studied Local Adam
and Local AMSGrad with fixed momentum state during local iterations (Karimireddy et al., 2020a;
Chen et al., 2020; Zhao et al., 2022). They also needed stringent assumptions such as a huge batch
size depending on the inverse of target error, bounded stochastic gradients, vanishing difference
between denominator, etc., which are not standard. Wang et al. (2021) explored adaptive worker
optimizer based on centralized algorithm, where the state of worker optimizer changes in local up-
dates. However, their analysis relied on an explicit assumptions (Wang et al., 2021, Assumption
1) on the contraction property of worker optimizer. Some recent works (Li et al., 2024a; Anyszka
et al., 2024) discussed Polyak stepsizes with an exact local proximal operator, which is inaccessible
in most cases by gradient-based optimizers. To the best of our knowledge, there is no end-to-end
convergence guarantee for distributed adaptive algorithms with local iterations.

3 PROBLEM SETUP

Consider the distributed optimization problem

min f(z) = E¢op[F(: ). 3.1)
zER?

Here D is the data distribution and f is the population loss function. We consider a setting with
M parallel workers, and a budget of R total communication rounds, and 7" total gradient computa-
tions at each worker. We will describe the implementation of the local and minibatch versions of
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a centralized algorithm A, which uses a single stochastic gradient in each iteration. And these are

illustrated in Figure 1.
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Figure 1: Minibatch A v.s. Local A in one communication round. Minibatch version computes
the average of all KM gradients and then executes one step of A, while local version runs A
independently for K steps at each worker.

In the local version of algorithm .4, in each round r of the R total communication rounds, each
worker m independently executes K = T'/ R steps of local updates (according to the algorithm .A).
For a worker m, we denote the kth gradient computed in round r by g,". Then the M workers
synchronize the iterates and related momentum state. We use Minibatch A to denote a distributed
implementation of .A run for R rounds, where K M stochastic gradients are computed and averaged
at each step. This is a fair baseline to compare the local update algorithms to, since the number of
gradient calls and communication rounds are the same.

Local Adam is shown in Algorithm 1, which is a natural extension of centralized Adam (Kingma &
Ba, 2014). The stochastic gradient is clipped by an coordinate-wise clipping operator with threshold
p. After K steps of local updates, all the workers average their current iterates x;", their first order
momentum uy", and their second order momentum v;". These averaged quantities become the values
used at the beginning of the next local round. Note that there are two slight differences from original
Adam. First, we do not involve bias correction here, i.e., u}" and v;" are not divided by 1 — 5{ or
1-— ﬁé, respectively. Second, A in the denominator is in the square root, while it is outside of the
denominator in original Adam. These modifications do not harm the spirit of Adam and are made
for the convenience of analysis.

3.1 ASSUMPTIONS

Throughout this work, we will use the following assumptions.

Assumption 1 (Lower-boundedness). f is closed, twice continuously differentiable and
xienugd f(x) = f(zy) = f > —00.

Assumption 2 (Smoothness). There exists some set @ C R and L > 0, such that for any x,y € €,
IVf(z) = Vi)l < Lllz = yll, (3.2)
IVF(@)I? < 2L(f(2) - /). (3.3)

Similar to Sadiev et al. (2023), we only requires some properties of f on a subset § of R, since we
can prove that all the iterates will not leave this subset with high probability. In contrast, the typical
smoothness assumption requires (3.2) on the entire domain.
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Algorithm 1 Local Adam

Require: initial model z, learning rate 1, momentum /31, 82 € [0, 1)
Set zg'y = o, ug 1 = 0, vo = 0 for each worker m € [M]
forr=0,--- ,R—1do

for each worker m € [M] in parallel do
fork=0,--- , K —1do

9w = VE@ 6%, 97 = clip(g;7x. p) > Compute clipped stochastic gradient
uyy, = Brugy_q + (1= B1) 9% > Update 1st-order momentum
v = Bavy_g + (1 — B2) 97 © 9%, > Update 2nd-order momentum
Tlg1 = Ty — +2 © Uy, > Update model
\/ Ve T A
end for
end for
m m m m m — m
Tri10 — Em[ﬂfr,K]a Upy1,-1 = E, [%«,K—ﬂ’ Ury1,-1 = Ur41 = E., [%-,K-ﬂ
> Communicate and average
end for

There are many works (Zhang et al., 2019; Crawshaw et al., 2022; Faw et al., 2023; Wang et al.,
2022; Li et al., 2024c) that make weaker smoothness assumptions (typically called “generalized
smoothness”), most of which are in the form of (Lg, L )-smoothness:

IV2f(@)]l < Lo + Li|[ V£ (@), Vo € R (3.4)

Li et al. (2024b) considers an extension called /-smoothness, which replaces the linear function of
IV f]] in the right hand side of (3.4) with a sub-quadratic function £(-). As pointed out in Li et al.
(2024b, Corollary 3.6), all of these will induce Assumption 2 if 2 is some level-set of the objective
function’. Therefore, we directly use this more general assumption to get cleaner results.

Assumption 3 (Bounded a-moment noise). There exists some set £ C R « > 4 and constant
vector o = 0 such that for any x € <),

Eep|VF(z;€) = Vf(2)|* 2 0. (3.5)
Let 0o = ||o||c = max{o;}, 0 := |lo|| = (6] + -+ 03)1/2.

Remark 1. To get a high probability bound under generalized smoothness, the assumption on
stochastic noise is crucial. Light-tailed noise with bounded exponential moment (e.g., bounded,
sub-exponential, sub-gaussian) are considered in Harvey et al. (2019); Li & Orabona (2020); Li
etal. (2024c). There are also attempts for heavy-tailed noise with finite a-moment (Gorbunov et al.,
2020; Cutkosky & Mehta, 2021; Faw et al., 2023). In the most literatures studying heavy-tailed
noise, they restrict to the case where 1 < o < 2. However, in the matter of getting a logarithmic
dependence on 1/0, where ¢ is the confidence level, the essence lies in whether we assume bounded
exponential moment or just polynomial moment (see Appendix E for detailed discussions). For con-
venience, we only consider oo > 4 in this paper, but our analysis methods can be extended to the
case where o < 4 with some additional technical computations.

Remark 2 (Noise of minibatch). It follows from Petrov (1992) that if the gradient is estimated by a
batch of i.i.d samples with batch size N, the a-moment of noise has upper bound of:

1 N a a
E{&}i.yplﬁizzlwmsn ~Vi@)]" = c(a)(e/VN)", (3.6)

where c(a) is a problem-independent constant. It is easy to see that this bound is tight when the
noise is Gaussian. Therefore, to get the rate for batch size N, we can just simply replace o with

o /V' N (up to a constant depending on «) in the original convergence guarantee for batch size 1.

*eg.,if Q C {x : f(x) — f. < A}, then (Lo, L1)-smoothness would imply Assumption 2 for L =
Lo + L3 A. Note that we may not obtain the optimal dependence on Lo, L; in this way though.
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4 MAIN RESULTS

In this section, we provide our main results for Local Adam and its simplified version: Local SGDM.
For the first time, we will be able to show the benefits of local iterations for the two algorithms,
compared with their minibatch baselines in certain regime of M, K, R.

4.1 LocAL SGDM

Before getting into Local Adam, we start with a simpler yet also important algorithm: Local SGD
with momentum. Note that when S = 1, A = 1, Algorithm 1 will reduce to Local SGDM. We
restate the complete version of Local SGDM in Algorithm 2 in Appendix C.

Assumption 4 (Convexity). There exists some set @ C R% and constant 1. > 0 such that f is
wu-strongly convex on 2, i.e., for any x,y € ),

(VF(2) = Vi), z —y) > ule -yl (CR))
I() 2 [(@) + (Vi) —a) + Glla (42)

Let Dy := ||zo — x«||. Now we state the results for Local SGDM below. Notably, our results are the
first convergence guarantee for distributed SGDM with local updates in (strongly) convex setting.

Theorem 1 (Strongly convex, full version see Theorem C.4). Let Assumption 1, 2, 3, 4 hold for
MKR

Q := {||z — .|| < V3Do} and 1 > 0. Further assume that K > log , 1= 51 =Q(1) and

Ha'||2ad%_ﬁ = O(o). Then with probability no less than 1 — §, Local SGDM yields

2(a—1)

X uKR ~ o? Lo? o2 L3 ¢
f(x)f*ﬁexp(@(L >>+O(MMKR+;¢2KR2+M e ) (4.3)

Theorem 2 (Convex, full version see Theorem C.5). Let Assumption 1, 2, 3, 4 hold for ) :=
{llz = z.|| < V3Do} and i = 0. Further assume that K > log ,1— 81 = Q1) and
Ho-||2ad%*i = O(o). Then with probability no less than 1 — §, Local SGDM yields

2(a—1)
LD% n oDy N L%U%D§ D (LDO)%aﬁ Sa—1
KR ' VMKR K3R3 0 KR

f@) = fi < (5( (4.4)

1
Remark 3 (Confidence level 8). d does not appear in the bound since we have log 5 dependence.
Our method can also be applied to Minibath SGDM (by substituting M, K with 1 and ¢ with

o
VMK

; see Remark 2), whose convergence guarantee is

o\ 1o i
o) f < exp< @<L)>+O<MMKR>’ if p >0, ws)
o O (LD% UiDO otherwise .
R VMKR)’ '

This rate matches the well-known in-expectation lower bound on the convergence rate of Minibatch
SGD (up to logarithmic factors). In fact, our analysis improves the state-of-the-art rate for strongly-

~ 2
convex SGDM (given in Liu et al. (2020b)), which has a stochastic term as O (27) In the
WMKR
convex setting, our rate is consistent with the state-of-the-art centralized in-expectation bound of
SGDM in Sebbouh et al. (2021). Further notice that the last term in both (4.3) and (4.4) is due to the
2

R a- R?
bias of gradient clipping and would be negligible as long as K*~2 > MT or K7 > %. In
0
this case, our guarantee for Local SGDM is aligned with the rate of Local SGD in Woodworth et al.
(2020a); Khaled et al. (2020) up to logarithmic factor. Therefore, we can see the benefits of local

iterations in the large M and large K regime compared to minibatch baseline.

We defer the complete version and detailed proof to Appendix C.
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4.2 LOCAL ADAM

The convergence of Adam is much more difficult to prove. Reddi et al. (2019) pointed out that
the original proof in Kingma & Ba (2014) in centralized convex setting was incorrect. Therefore,
the convergence of Adam in for convex function is of independent interest and beyond our scope.
Instead, we turn to consider Adam in the weakly convex setting.
Assumption 5 (Weak convexity). There exists constant T > 0 such that f is T-weakly convex, i.e.,
forany x,y € RY,

(Vf(2) = Vf(y),z—y) > —7le—yl? (4.6)

) 2 @)+ (VI (@).y = @) = Sl =yl V2f(@) = 7. )

Note that L-smoothness implies that Assumption 5 always holds with 7 = L. Also note that here we

assume the weak convexity holds in R? for technical simplicity. Let H, = diag(\/v, + A2) = Ay
and A := f(xo) — f.. Furthermore, define an auxiliary sequence {2, } as:

Hm _ (kazﬂ _5135%)/(1—/51) if k#K—1, (4.8)
mEAL T (271 — B1Tek) /(1 — B1)  otherwise. :

Let Z., := Ep,[27%]. Now we state the main result of Local Adam below (see Theorem D.2 for
more general results on Moreau envelope).

Theorem 3 (Full version see Theorem D.3). Let Assumption 1, 2, 3, 5 hold for Q = conv(Bg, (<)),
where Qo = {f(x) — f« < 4A}and Ry = VA/( 80L Further assume K = log(MKR/6),
1— B =Q1), |oll2ad? 2% = O(c) and 1 — By = O(K3/2R™/2). Then with probability no
less than 1 — §, Local Adam yields

2(a—1)

A TA LA LAG?2  (LAo)3 (LAoaal

A

KR r=0 k=0

IV 7 Gl - 1:(9( R xR T VuER T Kin2 KR

4.9)

TA LA
The RHS of (4.9) consists of four parts. The first partis — + ——

which is the optimization term
R KR’ P

Ac?

MKR’
to the standard statistical lower bound from M K R stochastic gradients (Arjevani et al., 2023).
LAo)3
%, which is sourced from the discrepancy overhead of doing local
3 3
Aga=t
LE
and can be dominated when K~ 2 > 0?R/(LA).

and determined by the upper bound of learning rate 7. The second term is corresponding

The third component is
2(a—1)

) e , is induced by the bias of clipped stochastic gradient

iterations. And the last one, (

Our analysis method can also be applied to Minibatch Adam (by substituting M, K with 1 and o
with o /v M K; see Remark 2), and the convergence rate is

~ LA LAo?
% *\ uxr) .10

aligned with (up to logarithmic factor) the state-of-the-art convergence guarantees for smooth

weakly convex functions (Davis & Drusvyatskiy, 2019; Deng & Gao, 2021). Suppose K >
0?R/(LA) and hence the last term in (4.9) would be dominated and negligible. Now we can ob-
serve the benefits of local iterations. Note that both (4.9) and (4.10) have the statistical lower bound
1/vV M KR. Hence when the statistical term dominates, both algorithms have similar worst-case

rate. Once we leave the noise-dominated regime, then Local Adam converges faster than Minibatch
Adam whenever K > 0?R/(LA). And the gap will increase as K grows until K < L/7.

Therefore, we conclude that in the large M and small 7 regime, Local Adam would outperform
Minibatch Adam. Since f is close to convex function when 7 is small, this is consistent with
Woodworth et al. (2020a). Please see Appendix D.5 for more comparisons about Moreau envelop.
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We defer further discussions on the choices of other important hyper-parameters including 31, B2, A
to Appendix D.5. The complete proof is in Appendix D.

5 PROOF SKETCH

In this section, we show high-level ideas in our proofs. We only demonstrate the Local Adam here
since Local SGDM is a special case of Local Adam (8 = 1) and has similar patterns.

As a common practice in the study of weakly convex function (Davis & Drusvyatskiy, 2019; Mai
& Johansson, 2020), the norm of the gradient of the Moreau envelope can serve as a proxy for
near-stationarity. Here we use a generalized Moreau envelope for adaptive algorithms, proposed by
Alacaoglu et al. (2020). For any positive definite matrix H and v > 0 such that v "' H > 71, define
the Moreau envelope of f as

1
HioN .o o 2
[y (@) = min f(y)+5|\x—y\\H- (GRY
With some abuse of notation, we define f,i‘(x) = f,i‘ld (r) = fy/x(z). The common con-

vergence metric for weakly-convex function is correspondingly ||V ff () |lzz-1, which can bound
IV f()||zz-1, as shown in the following lemma.
1
Lemma 4 (Full version see Lemma D.4). Let z € Qg and y := argmin f(x) + 2—||:c — 2|3 for
z Y
some H = N qand L/\ > 1> 27 /. Then

VIR =V =HE-y)/v,  IVf@)la-1 < 20LIVE () -1/ 5.2

In the rest of this section, we provide the proof sketch for general Moreau envelop.
For any integer 0 < t < T—1, we define r(t), k(t) € Nsuchthatt = r(¢) K+k(t) and k(t) < K—1.
We will omit the dependence on ¢ and let r = r(t), k = k(t) if not causing confusion. Further define

1,27671 = x:?kvggn = g:?kvg;n = g:j}ka u;n = u?kvv;n = ’U;’,Zkv sz = dlag( V U{n + >‘2) (53)
Then Algorithm 1 is equivalent to the following update rule:

o o — n(H™) " ul if tmod K # —1, (5.4)
1T T — R, [(H™) " ul™]  otherwise. '

. ——
Define an auxiliary sequence {z;"} as:

m (xfy — Prai")/(1 = pyr) if tmod K # —1, (5.5)
17 (2}, — BiTe)/(1 = B1)  otherwise. .

1 .
Let y; := arg rrgin fly) + 2*”1/ — %[, ,,- Define filtration F_y = 0, F; := o({g;}m U Fi-1)
and conditional expectation E;[-] = E[|F].

As standard practice in distributed optimization, our proof mainly contains two parts: contraction
and descent. Here contraction involves showing that the iterates of local training at different workers
will not diverge to different points. And decent involves showing that the objective value decreases
at each iteration. Our strategy is to inductively prove that some probabilistic event E; € F;_; holds
with high probability, which are designed to ensure contraction and descent. And event Er can
directly imply the upper bound in Theorem 3. In fact, event E; has the form of

E, ={A;;holds forall j <t —1,i€{1,2,3,4}}, (5.6)

where A;; € F; (defined later) is also some probabilistic event. As the components of E;, each
A ; is designed to ensure either contraction or descent. We will prove the high probability bound
of these components in sequence.
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5.1 BOUNDING THE TRAJECTORY WITH HIGH PROBABILITY

Similar to Sadiev et al. (2023), we only make assumptions on f and noise in certain subset  C R%.
However, we are able to show that all the iterates will not leave 2 with high probability. Specifically,
if it holds for all iterates before time ¢, using standard techniques for weakly convex optimization,
we can upper bound the function value and Moreau envelope at Z; by

A ) < Pa EZHVf @I + O EIWE Vi)~ I

stochastic noise

(N Y _IVF(z)) = EnlV )P
j=0

discrepancy

o) > (z; = nH; 3 VI (Z5) = 3 EmlEs[57'] - 7))

Jj=0

martingale

+ higher order terms.
5.7
To see that the last term is a martingale, note that H,; is independent of g;™ since the stochastic
gradient 5}71 is drawn during round r. Further note that E; [L(;J”\T] — 5"\1 is almost surely bounded

thanks to clipping. Now (5.7) allows us to inductively bound f. "¢ (z,) and thus bound ||z; —

. (J)V f(Z;) —yj;||. After these preliminaries, we are able to apply Berstein’s inequality (Bennett,

1962 Freedman, 1975) to control this martingale. Hence the Moreau envelope at z;y; can be
bounded by a constant with high probability. Combining this with contraction results below, we can
show that all the iterates stay in {2 with high probability.

5.2 CONTRACTION

Next, we aim to show contraction, ie., ||z;* — x}'|| will not diverge during local iterations with

high probability. This property is crucial for showing the benefits of local updates in distributed
optimization. However, different from Woodworth et al. (2020a); Khaled et al. (2020), the update of
2 in Algorithm 1 is in the direction of (H;™) ', which distorts the gradient by both exponential
moving average (EMA) and coordinate-wise product. Thus, the weak monotonicity (4.6) can not be
directly applied as in standard analysis of gradient descent. This will further impede contraction.

Our solution has two steps. Firstly, we try to diminish the negative effects of different denominators
used in local iterations. Then we turn to deal with the EMA of past gradient in first order momentum.

Lemma 5 (Informal). Define probabilistic events
Apy = { Y2 X H L HP <1+ (1~ B2)B and for all m € [M]} : (5.8)
Apo = {||H.y (H) ™ = (H)™ || < (1 = B2) By forall m,n € [M]}, (5.9)

where B, By are some constants. Define Ey1 = Ey N A1, Er9 = Er1 N Apg. For B =
O(K), By = O(K), it holds that P(E; 1) > P(E;) — §/(4T), P(E;2) > P(E;.1) —6/(4T).

Event A; ; implies the denominator of each worker during local iterations tends to be stagnant and
close to the averaged one after communication. Event A; 5 suggests the denominator at each worker

is close to each other. The key idea is to control the magnitude of v;"* = Z ﬂ
j=rt)K
ﬂ§ (t)Hvr(t). Since all the iterates stay in conv(Bg, (€)), the squared gradient V f(z )2 can be

—~2 —~2
bounded. Besides, we can handle the martingale induced by g7* —IE; [g;” ] by Berstein’s inequality.

—~2
The remaining term |E; [g;” |-Vf (xj”)2 is controlled by the property of clipping operator.
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Now that the denominator is relatively stagnant, the update of ;" is approximately preconditioned
by H,. () for all m. Hence we can turn to handle the first order momentum. A vanilla idea is to do
the following expansion:

oy = 2 lfr, = o = 2P, — 20 (2] = o uf® = uft) + O(?). (5.10)

By the definition of u;", however, it would be influenced by noises from past stochastic gradients.
In this way, u;" — u;’ is not independent of z;" — 7' and thus it is difficult to construct a martingale
and apply Berstein’s inequality. This is the reason why we introduce the auxiliary sequence {z;"}
defined in (5.5). Fortunately, noticing that 2" — 3" € conv({2]" — z]'} <), it suffices to show that
||z — z{*|| will not get too large with high probability.

Lemma 6 (Informal). Define probabilistic event
t
U — (1-p)%

. m n 2 m2
Avg = {1zt = 2l < KA, ZKngj [ Smforallmnew]},
J=r

i (5.11)
where A is some constant. Define E3 Eio N Ays. For A = O() and n =

O(min {1/(K7),1/L}), it holds that P(E 3) ; P(E; ) — 0/(4T).

Event A, 3 is the desired contraction property and can further imply that ||z}}, — x;’+1||%,r <

262 K A/ \ when combined with event E;. In fact, for {2/}, we can do the following expansion:
2ty = 22l & 128" = 22 W7, — 200" — 27 97" — g7') + O(r°). (5.12)
Informally speaking, E.[g7" — g7] is roughly Vf(xt ) — Vf(zy), which is close to V f(z") —

Vf(zl) since ||z — 2||* = O(||lz" — act 1II?) = O(n?). In this way, the middle term O() of
RHS above can be turned to —27 (z;" — 2, Vf(2") — V f(21")), where the weak convexity can be

applied. Finally we control the martingale induced by <zt — 2y, g,{” — gt E; [gt — g7 > through
Bersteins’s inequality.

5.3 DESCENT

Finally, we are ready to prove the descent lemma, which is the last component of E, ;. Define
H n !
At,4 = {fﬁ/ r(t+1) (ZtJrl f* 3 Z |vf T(J) Z] ||2 _1 < QA} (513)
j=0

We proceed with (5.7) and control the stochastic noise term by subtracting its expectation to con-
struct a martingale. As for the discrepancy overhead, we apply the upper bound of |z" — z

which is induced by the event E; and utilize the O(n?) bound on ||Z; — 7;||>. Therefore, thanks to
all the foundations above, we are able to bound each of these terms.

Lemma 7 (Informal). For sufficiently small n, it holds that P(Eyy1) > P(E; 3) — 6 /(4T).

Therefore, we prove that P(E; 1) > P(E;) — §/T. And by induction rule, P(E7) > 1 — §. After
carefully choosing the learning rate 1, we complete the proof of Theorem 3.

6 CONCLUSION

In this paper, we prove the benefits of local updates within distributed adaptive methods to re-
duce communication complexity compared to their minibatch counterparts. We study Local SGDM
and Local Adam under convex and weakly convex setting, respectively. We consider generalized
smoothness assumption and gradient clipping, and develop a novel technique to show contraction
during local updates. Future works may include improved analysis of Local Adam, benefits of local
adaptive algorithms in non-convex setting, advantages over non-adaptive methods, etc.

10
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A ADDITIONAL RELATED WORK

Gradient clipping. Pascanu et al. (2013) first proposed gradient clipping technique to address the
issue of exploding gradient problem of deep neural networks. Since then, it has become standard
practice in the training of language models (Gehring et al., 2017; Merity et al., 2017; Zhang et al.,
2022a; Liu et al., 2023). Furthermore, from theoretical perspective, gradient clipping is also used
for multiple purposes, including differential privacy (Abadi et al., 2016), distributed optimization
(Karimireddy et al., 2021; Liu et al., 2022), heavy-tailed noise (Zhang et al., 2020).

Generalized smoothness. The generalized smoothness condition was initially proposed by
(Zhang et al., 2019) to justify gradient clipping, and was called (Lo, L1 )-smoothness. The empirical
evidence therein illustrated that the norm of Hessian matrix of language models depends linearly
on the magnitude of gradient, contradicting the standard L-smoothness. A recent work (Li et al.,
2024b) further generalized this condition to ¢-smoothness and proved convergence of classical SGD
in this setting. Apart from bounding the Hessian through gradient, Sadiev et al. (2023) proposed to
assume that the norm of Hessian is uniformly bounded in certain subset of whole space, in order to
get high probability bounds for (accelerated) clipped-SGD. Gorbunov et al. (2023) further extended
this setting to composite and distributed optimization without local updates. Here we follow the
setting of (Sadiev et al., 2023) since (Lg, L1 )-smoothness would reduce to it in most cases. See
Section 3.1 for details.

B TECHNICAL LEMMAS

Lemma B.1 ((Bennett, 1962; Freedman, 1975)). Let the sequence of random variables {X;};>1
Sform a martingale difference sequence, i.e. E[X;|X;_1,--- ,X1] = 0foralli > 1. Assume that

.. . d .
conditional variances o? 2] E[X?X;_1,---,X1] exist and are bounded and assume also that

there exists deterministic constant ¢ > 0 such that | X;| < c almost surely for all i > 1. Then for all
b>0,V >0andn >1,

P X;| > band 2 < <92 - ). B.1
{; ;| > ban ;az _V}_ exp< 2V+20b/3> (B.1)

Lemma B.2. Let X be a random variable in R and X := clip(X, p), Then | X — EX|| < 2p.
Moreover, if for some o > 0 and o > 2,

EX]=z€cR, E|X—z|*<o°, (B.2)
and |z| < g p > 30, then
- 20) - - -
E[X] - 2| < < ;’fl . EX—z|°<o%,  EX-E[X]°<(20)°. (B3
p

Proof. The first claim is from (Sadiev et al., 2023) and we show the proof here for completeness.
To start the proof, we introduce two indicator random variables. Let

1, if [X]| > p,

o _ e
{X:|X|>p} 0, otherwise

s =l x_pise) = 2. (B4
(XX —al>5} {0, otherwise

Moreover, since | X| < |z| 4+ | X — x| < g + | X — x|, we have x < 7. Using that

5 . p 14

X:mln{l,}szX+(1—X)X, (B.5)
| X | X

we obtain

|]E[X}:c’E[X+x(|§1)X}x

-l )
DNEnE}
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Since 1 — ﬁ € (0,1) when x # 0, we derive

E[X] — 2|

(B.7)

By Markov’s inequality,

< ZE[X —x]%] (B.8)

IN
A~
&
~——
R

p
Thus, in combination with the previous chain of inequalities, we finally have

~ 2 a-1 2 a 24 yox
E[X] - 2| <o <U) +2 <0) -7 (B.9)
p 2\ p pe

For the second part, since
X — | = [elip(X, p) — elip(z, p)| < |X —a], (B.10)
hence IE|)~( —z|* < E|X — z|* < 0“. By Jensen’s inequality, we have for any ¢ € (0, 1),
E|X —E[X]|* < ¢'"E|X —2[* + (1 - ¢)'*[E[X] - 2|

20)*\ ¢ (B.11)
S qlfozo,a 4 (1 _ q)lfa <( ;7_)1 > .
p
Choose the optimal ¢ = % and we can conclude that
o+ e
- - 20)2\ ¢
E|X — E[X]|* < (0—|— ( 0)1 ) < (20)°. (B.12)
P
This completes the proof. O
Lemma B.3. For M independent random vectors X1, --- , Xy € R? such that E[X,] = 0,
E[|| X ||Y] < o, the following holds
9 4ot
E [[EnXm|?]” < i (B.13)
Proof. We prove by direct calculation as follows:
2
E [|EnXn|?]’ <E |— Xll? + — Xy, X
[” m m” ] = WZH m” +W < ms n>
m m<n
1 ’ 2 ’
M= ; Mz mg (B.14)
0'4 4 2
<op T Dl (Xm Xa)
m<n
40t
=
O
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Lemma Bd4. For any set Q@ € RY and r > 0, define B.(Q) =
{zeR?: 3y eQ,st.,|lz—y| <r} Then

B,.(conv(Q))) = conv(B,.(Q2)). (B.15)
Proof. For any z € B,.(conv()),there exist y1,--- ,yn € Qand (A,---,Ay) € AV for some
N, such that
N
lz =yl <7 =Y Ay (B.16)
n=1
N N
Thenz =y + (x —y) = Z An(yn +x—y) = Z AnTn, Where
n=1 n=1
Tn =Yn+2—y € B (Q). (B.17)
Hence z € conv(B,.(Q2)).
On the other hand, for any € conv(B,.(Q2)), there exist z1,--- ,zy € B.(Q),y1, -+ ,yn € Q
and (A1, -+, A\y) € AV, such that
N
x = Z)\na:n,Hxn—ynH <r. (B.18)
n=1

N N
Lety := Z AnYn € conv(Q2). Then ||z — y|| < Z Anl|Tn — ynl| < rand thus = € B,.(conv(Q2)).

n=1 n=1

O

C PRrOOF OF LocAL SGDM

We restate the Local SGDM algorithm here.

Algorithm 2 Local SGDM

Require: initial model x, learning rate 7, momentum 3; € [0, 1)
Set 2’y = o, ugy 1 = 0 for each worker m € [M]
forr=0,--- ,R—1do

for each worker m € [M] in parallel do
fork=0,---, K —1do

9% = VE(@: 80, g/:E = clip(g,"%, p) > Compute clipped stochastic gradient

u?,lk = 511‘:%_1 +(1— ﬁl)gffk > Update momentum
x?fk-{-l = xffk - Wl«’?k > Update model
end for
end for
xﬁ-Lo =E, [foL U:«n+17_1 =E,, [u:?K_l] > Communicate and average
end for

C.1 OVERVIEW AND MAIN THEOREM

For any integer 0 < t < T'—1, we define (t), k(¢t) € Nsuchthatt = r(¢) K+k(t) and k(t) < K—1.
We omit the dependence on t and let » = r(t),k = k(t) through out the proof if not causing
confusion. Define =" := 77, 9" = g%, 5{\” = g/;i, uy" = u,"y.. Then Algorithm 2 is equivalent
to the following update rule: ' 7

W — ﬁluﬁ1+(1—5l)§£n if tmod K # 0, C.1)
! Biti—1 + (1 — B1)gi™ otherwise, :

17
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m ) oz —nu® if tmod K # —1,
Tep1 = { Ty — Ny otherwise. (C2)
Define an auxiliary sequence {z;"} as:
1
g =4 1A ! (€3)

m

— Ty — 71@ otherwise.
1-5 1—p

Define probabilistic events (see (C.12) for definition of some parameters)

Ay o= {20 — 24| < nPo’KAforallm,n € [M]}, (C4)
: n ne j ny
Arp = ]Z:jo o (fE) = L)L = )"+ [[Z —2a? <20 = ) DG p . (CH)
Besides, let
E,:={A,;holdsforall j <t—1,i€ {1,2}}, Ey1:=E NA;. (C.6)

Now we present two of our major lemmas, the first of which is to show contraction and the second
is a descent lemma.

290%d . o MT o MT i, K|20]33

Lemma C.1. Let A := max{ o2 log T,2 log 5 ,2 02p2(a1)}' If n <

_[(1=51)* Do } .
min , and p > max{30.,2G }, then the following holds:
{ o AoV A P { 00 oo} S 8
)

P(Ei1) > P(Ey) — —. .
(Bea) 2 P(E) — 5 (€7

Lemma C.2. Foranye > 0, let

1
28 2 20\ 2(a—1)
max{(o-”m) ,3000726’00}, if p >0,

LE
' P Dol2ols,)
max <O€U2a) , 3050, QGOO} , otherwise. C8)
2 4pD3
~log 20 >0,
77 = :u‘T €
—4D(2) therwi
o otherwise.
If
1-8) M Lo?KA\'?
min ( Bl)a ET’( d ) 7i ’ lf,LL>07
< L o?log 5 € pVdlog L .9
" min (1-p)*  Me (LU2KA> o _ Do otherwise .
L 70_210g%7 c 7pﬁlog% ) )
where A is defined in Lemma C.1, then the following holds
)
P(F, >P(Ei1) — —. 1
(Bi1) > P(Ey 1) a (C.10)

The following is our main result, from which we will parse the implications in Theorems 1 and 2.

Theorem C.3. Let Assumption 1, 2, 3, 4 hold for Q := {||z — x| < V/3Dy}. Further assume that
SJoranyx € Q, |V f(2)|loo < Goo- Then with probability > 1—4, Local SGDM yields f(&)—f. < e

18
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if
D3 L 2 T Lo2KA d T
logu o g log — + 02 +p\flog— ,
T> e | (1=p1)%u Me 0 u2e VIIE 0
~| D} L 021 T4_/Lauc4+pvﬁl T
0 —— log —
3 (lfﬂl) g5 3 D() g5 ’
Here

28 2 20 2(a 2(a—1)
{ ‘ U” ) 30'0072Goo}a ifp>0,

1
8D 2
{( oH 0'||2a) 30.00’2@&}, otherwise,
0

2d MT MT K|]2032
2 9 12 2a
A= max{ oo? log 5 ,27 log 3 ,2 02/)2(&_1)}
2 4uD3
710g #8 ;o fu>0,
=9 s
0 .
e otherwise.

té
Proof. We prove by induction that P(F;) > 1 — T fort=0,---,T

if >0,

otherwise.

(C.11)

(C.12)

When ¢ = 0, this is trivial. Assume that the statement is true for some t < T'— 1. We aim to prove

that P(Ey11) > 1— t+1)o

(C.12) hold. Hence we have

0 (t+1)0
P(E >P(Ey) —2- >1- .
(Buvr) 2 B(B) — 2 5 21—
Therefore by induction rule, P(E7) > 1 — ¢ and this implies by event Ay o that
=7 nu\T— nu
Dz~ £ 1——) <2@——ﬂ D2.
3 3UE) (-%) < =) D}

T—=1¢1 _ nu\T—j=.
) nw ) - z
Letz := ZJ 0 ( 2 ) !

. By convexity, we have

) 2(1 - )" uDg
f(@) = fi < T
(1) Case 1 > 0.

A 201 D
(2) Case i = 0.

. 2(1 - )"pD§ _ 4D§ _
f(‘T)_f*S 17(177,7“)71 = TIT =

<4(1- 7) TuD? < 4e~T/2 DY = ¢.

. It is easy to verify the conditions in Lemma C.1, C.2 once (C.11) and

(C.13)

(C.14)

(C.15)

(C.16)

(C.17)

O

We now state and prove the implications of Theorem C.3 which yield the results stated in the main

body of our paper.
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Theorem C.4 (Complete version of Theorem 1). Under the conditions of Theorem C.3 and v > 0,
2a
5a MT Wdbos )
assume 1 — 31 = Q(1), <o-”2“ loll2ad>"2
JE é o

Then with probability no less than 1 — 6, Local SGDM with optimal 1, p yields f (&) — f« <&, if

D | L 2 T Lo?K log ML MT 20\ WD)
TZlogu 242 log — + ’ og HJH
€ w pMe é

(a—1)
) 2 Goo V 0o, and K 2 log

(C.18)
And equivalently, let k := L/,
. uKR o%log(MKR) KR
— f. < — log ——
16~ 1. sexo (-0 (M8 ) ) 4 BT D 1oy &
2 a1 MER\ o (C.19)
Lo?log”(KR) log MKR n o3, (kd) = [ log =5
u2K R? 1) 1 KR
Proof. Plug the definition of A in (C.11),
D |L 2 T Lo?K log M1 T
T 2 log "0 —+ T jog 44|80 +p\/alogf
€ uMe o pule VHE 8
uDo P e MT | K20l
K + p2(o¢—1)
(C.20)
D |L T | Lo K log 2L
xlogu 0 [=+ o log — s
e |p  uMe 5 u2e
uDo 2d o2 MT K|20|j32
S + pa=1)
Hence the optimal p is given by
1/« 1
K ol ) T
=max | ||o|2a | = | —= 1000, Goo ¢ - C.21
p=max{ o (V&log%T) (1 can

2(a 1)
Note that (l oI5 > 2 G V 0 and this implies

MT
uD3 | L o? T Lo?K log %5~
T > log P20 | & log = 44/ 2229875
<108 + T 8 + 2z
1,,
o2, K= <dlo ) <
uD:( |L o2 T LUQKlog Ha-||2a BGE)
=1 — log —
Oga u+uM€Og5+ 25

(C.22)

=
™
o

lol3a )(“ U 2MT

L
2

2a

ad 1_ 1 a—2 '
In the last equation we use K 2> log ( lorllaad® 2o ) . This completes the proof. O
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Theorem C.5 (Complete version of Theorem 2). Under the conditions of Theorem C.3 and pn = 0,
2a
MT [ ||o]jzadz=2s \ "

1
D a \ a=1
assume 1 — (1 = Q(1), <0||;T||2a> 2 G V0o, and K Z log

) o
Then with probability no less than 1 — 6, Local SGDM with optimal 0, p yields f(&) — f. < e if
. D 2 7 |Lo?Klog M 4L D % LT
€ Me ) )
And equivalently,
LD? oDy 1 KR
F@) = £ S 5 g2
KR VMEKR 1)
2(a—1)

Ll ZD?’ MK 20 Sa—1 1 MKR Ba—1
+ 2700 1og R+(|U|§JldLDo> D()(‘)g .

K3Rs3 ] KR
(C.24)
Proof. Plug the definition of A in (C.11),
D? o2 T Lo?Klog T ,J/d. T
T>=22|L+ —log=~ g log —
~ e + Me o8 ) + 9 + D() 8 1)
LK 2 MT K|20|32
+ 2(a 1)
D2 Lo2K1 LK d MT K2
S P Lo?K log 4L / P2 MT | Kl
g P 2(a—1)
(C.25)

Hence the optimal p is given by

1/« 1
K Dollo]|S, \ 1
p = max q [|o 2 (W) (0”5|2“> 1000y Goo ¢ - (C.26)
o

1
Dollo||5, ) “~F o
Note that (0||2”‘> 2 G V 0 and this implies
€

D3 T Lo?K log X
TZJ L+L10gg+ Lo o8 75
€

Me €

D |L MT\'"%  /Dylele.\ 7T MT
|z l0||2aK“ (leg > + (O”U|2°‘> dlog® 5 (C.27)
€ €

D2 Lo2K log M1 D =T MT
<=0 L+—1og6 (R °|‘7”2a) log =~

MT [ |loland—3
) o
bound of f(Z) — f.«. This completes the proof. O

In the last equation we use K = log

> . Solve € and we get the upper

C.2 PRELIMINARIES

In this subsection, we show that event E; implies all the iterates remain in certain area, so that we
can apply all kinds of properties of f afterwards.

21



Published as a conference paper at ICLR 2025

Lemma C.6. IfnovVKA < (\/§ - \/i)DO, Event Ey implies that for all j < t,m € [M], we have
o7y, 2" 25 € Q. And ||2T" — 27 || < noV KA for all m, n.

Proof. Event E; implies that for all j < ¢,

|Z; — 2.l < V2D, |z — zJ"|| <novKA< (\[ — \@)Do. (C.28)

j
Hence Z; € Q,||2]" — x.|| < V3Dy and z;" € . Also, notice that T; € conv{Z;};<; and

m n m n
o —x) € conv{z" — 2/'};<;. We have

|1Z; — .|| < V2D, |27 — 27| < noVKA, |27 —F;|| < noVKA < (V3 —v2)D,y. (C.29)

Therefore 27", 7; € €. This completes the proof. [

C.3 PROOF OF CONTRACTION LEMMA C.1

In this subsection, we aim to show contraction, i.e., ||z;* — z}'|| won’t be too large during local
iterations with high probability. This property is crucial for showing the benefits of local updates in
distributed optimization However, different from (Woodworth et al., 2020a; Khaled et al., 2020),
the update of z}" is in the direction of momentum w}"*, which incorporates information from all past
gradlent Therefore we cannot directly apply (x}"* — z7, E¢[u;* — uy]) > 0. Fortunately, noticing
that zy" — x;" € eonv({2]" — 27'};<¢), it suffices to show that [|2;" — 2'[| won’t get too large with
high probability. Besides, the update rule of z;" is much easier to handle.

Proof. First note that by the upper bound of 7, Lemma C.6 holds. Since 2} = 2" ng{”,
2ty = il = 12 = 2002 = 20 (" = 20,97 — g7 ) + P llgF — 712

<l = 2012 = 20 (2" = 2, VF(af") = V(D)) + 20° |V f(2}") = V()]

+ 2 (2" = 2 V(@) = VF@P) = g7 + g ) + 22V f(w]") = V(a}) - g + g7 I

(C.30)

1
Event F; implies z;", z;* € Q and thus by Vz,y € Q,(z —y, Vf(z) — Vf(y)) > EHVf(x) —
Viwl?

(2" = 20, V(") = Vf(a})) = (2" — 2, V(") = V() + (5" — 2 = (2" —2f), V(") -

> (" =z, V(") = V(i)
1
Ll = 27 = (@ = a)|I* + IV @) = V)

3 m n m n m
>E”vf(xt )—Vf(mt)Hz—LHzt — 2z — (z} _xt)”z

(C.31)
Therefore, for the second and third term in the RHS of (C.30),

=2 (2" — 2,V f(@}") = V(@) + 2%V f(2]") = VI (2])]?
< —zllvf(fﬂl”) = VF@IP + 2Lz — 2 — (af" — af)

(C.32)
By the update rule,

np
o=t~ e = (2) s
— M1

7761 t 1 7n
(1B1> (1=A) Zﬁ? o)

j=rK

IN

<34 ”B 1 Z BT IV A @) = VR + 9] - g - V(@]
o (C.33)

22
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t
Let S := Y By |V f(a]") = Vf(2]})||*. We further get
j=rK

4nL(np1)?

LHS of (C32) < ~ (8 = i) + = 2

St1+25”1\\g§”—97 V@) + V()]

j=rK

= 25y )4 S S g 9 e + VI

j=rK
(C.34)
Then plug in (C.30),
2y = 22 < g = 27117 = (S = Sh-)
4nL( 5
+ (b Z B gl — g — V) + VP
j=rK
+ 21 <z;” =SV = V@) = g+ gF )+ 2P g7 — gF — V@) + V@)
(C.35)

Notice that this recursive bound holds for any r K < 7 < ¢. Unroll it and recalculate the coefficients
using nL < (1 — 1)%/2,

t
m n n m n moom
lobs = 2l + 28 < 3 2 (5 = 2 V@) = V@D - g + 7 )

j=rK

t
+ > AP V@) = V@) - gt + gt )P

j=rK

t
<> (- Kl - - (g - g)))

j=rK

@: martingale

3 (- VG - V6 Bl - g))

@: clipping bias

+ Y 4P IV = VI - g + g - ElIVF@) - V) [ — g1

j=rK
®: martingale
+4n°K - 202
(C.36)
For @, define
C;n’n _ ) 2 <z — 2, Eilg gj] 97" — g;l]> , if event E; holds, (C37)
0, otherwise.

Then since event E; implies ||z]" — 27'[| < novV KA,
(") < 2 poVEA - 2pV/d = dn’opVdKA Y ¢, (C.38)
Var; (Cm " <dn? n?0’KA- 20 = 8ntct KA. (C.39)
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t
1
Letb = ZUZUQKA, V =8n'c*K?A. By LemmaB.1, | Z ;""" < b with probability no less than

=0
1—2ex __¥ >1- 9 (C.40)
P\aviaa/3) = aeT ‘
For @,
202, 1
@] < 2K -noVKA -2 p(‘:”f)a < 17720—21(,4. (C41)
For ®, define
o = { 4n? {HW(%}") — V(@) — g + g > — B[V f () — V(D) — g — g7lIIP]| .
0,
(C.42)
Then,
07" < di? - 4p%d = 169°p%d < ¢, (C.43)
Var, (07") < 160" - Bj[[[V f(2}") = V£(2}) — [g7" — g7]|*)* < 640 (C.44)

t

1
Leth = 1n202KA, V = 64Kn'c*. By Lemma B.1, | Z 07" < b with probability no less than

§=0
L vep (b V51 0 (C.45)
P\ov+2w/3) = T 4T '
0
Combine @, @, @and thus we can conclude that with probability no less than P(E}) — 2 - i event
E; holds and ||z, — 27, 1[|* < n?0> K A for all m,n. This completes the proof. O

C.4 PROOF OF DESCENT LEMMA C.2

Now we are ready to state the main descent lemma of Local SGDM.

Proof. Again, note that by the upper bound of 7, Lemma C.6 holds. Under event F,
Zes1 = 2l = 17 = 202 = 20 (72 = 20, ElgT']) + 72 B 977
< I = @l = 20 (21 = 2 BV 1 @7)]) = 20 (3 = 20, Bl — V(2)])

+ 202 [En [g7 — V(@)1 + 202 B [V £ (27)] %
(C.46)
Since z}"*, %+, Z; € €2, for the second term,

(Zt = 2, En[Vf(2i")]) = (@t — 2, Eno [V f(21")]) + (Z¢ — T, Enn[V f (27)])
=En (T — 2", V(") + (" — 2., Vf(27"))]
+ (Z — T, V(@) + Z — T, En [V f(2") = Vf(T1)]) .

(C47)
By smoothness,
En (@ — 2", V(@) 2 —LEm[|2]" — T, (C48)
L

Pz < F@) + (G =20, V@) + 5 70— 21 (C49)

By p-strong convexity,

Em (27" = 2., VI (@i"))] 2 B [f(2]") = fi + %IIw%” - z.])%)

(C.50)

_ W
> f(@) — fu + §H93t — z]%.

24

if event E; holds,
otherwise.
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Therefore,
(Zt — 2, En[Vf(@")]) = (@ — 2, ER [V (@)]) + (2t — T, En [V f(2")])

(C.48),(C.50)
@) = £+ 5% =l  LEnla} — %
+ (2t =T, V(@) + (2t — Tt, En [V f(2)") = Vf(Z)])

(C.49), AM-GM = W 9 L _ 2 m 2
5 S @) — o+ Blm = w2 - Sl - ml - LRl - 7]

L, . m o —
-3 (I[Ze = Z||? + En[ll2* — Z|1?)

AM-GM 3L

= [f@E) - ft szt — = = (17 =7l + Bl = 7)) -
(C.51)
For the last term in (C.46),
2% B [V £ (@i < 60 [L2 27" = Tel|* + L2z — Ze|* + [V (Z0)]1?]
_ L 1 - (C.52)
< 607 | Bl = 2P + L2~ 3P + 57 (1) - 1)
Combine all these inequalities plugging in (C.46) and notice that < 6L
[Zes1 — > < (1 - *)Hzt — P = n(f(Z) = fo) +4nL [[IZ0 — T + En |27 — 7]
=20 (%0 = @, Bulg? = VS )]} + 202 (B 97" = V()]
(C.53)
Define A; := Zat,jﬂfj — T % where a;; == BTNt — 5 + b ). By Lemma C.7,
— 1-5
. . . e 28(nL)*B}
we plug (C.85) in the above inequality and compute (C.53) + W x (C.84). Now let
— b1

98 (1 [,)3 32
Oy = |7 — z.|]? + (1L)" 51 A;_1. Hence we obtain

(1= p5)*

ua < (1= )%~ n(F(Z) ~ f2) +4nL —

Emux?—xtnmm( nh ) V£ >||2]

2 t—1
T 3L (1"_5;1) [(1 8 Y B [2LE g — 7]+ g wuwnﬂ]
§=0

=2 (%0 = 20 Enlg = VI @)]) + 202 [Enlg — VF (@]

< (=52 = S(f() = £2) + AnLEn 2] — 7]

t—1

e ”5}31) [(1 80 Y BT LBl — 7]+ Bl wwnnﬂ]
j=0

20 (%1 = 00, Enlgl = VF@)]) + 22 |Enlgf — V(2]

<(1- *)‘P - §(f(ft) — f.) +16nL - n’c? KA

+32 L( ”5/18) [151 Zf)’t THEmlg) — V£ (] >]||2]

—2n <zt — 24, Ep gl — V(2" )]> + 202 | Ennlgf® — V£ ()]

(C.54)
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Here in the second inequality we use ||V f(Z;)||> < 2L(f(Z;) — f.). In the last inequality, we apply
contraction results implied by event E ;.

Unroll this recursive bound and re-calculate the coefficients,

>0

Jj=0

s 3202 Lo2K A
(1—%5tJ+@H1§a—f§ﬁ“¢m+—ﬁ77——

230 B (% = @ Enlg] = VI @)])

J()

+4n22 ) I Enlg — V()]
(C.55)

NJ\S

Simplify &, term,

>0

j=0

foa -1

i = 32n°Lo*K A
2 B — w2 < (1= ) g — |+ ST

N?\J

t
NMH\e—5 /- 5 “5
~2m Y (1= ) (3~ o Elg] — Byl
=0

®: martingale

—om Z 7]# t J <ZJ — x4, Ep [E; [_&?] — Vf(a“gn)]>

@: clipping bias

+4n22 ) I Emlgf — VF (@]
(C.56)
For the last term,
W ) ) e
47722 )| B g7 — MIN? < 87722 ) [H]E 97 = E;lgPI* — E; (| Em[g7 — E;[g7]]1%]

7=0 7=0

®: martingale
t
MH N e—j e pe)
+81° ) (1- =) B Emlgy — B g7 ]]117)

J=0

Lemma B.2

+8n2z ) B Eslg"] = V£ (@)1

@: clipping bias
(C.57)
we finally get

>0

Jj=0

1\3\3

. 1
£ =y iz w2 < (- Byip2 g 32 (pLrA+ — | 1
2 2 M
+O+@+6+ O,

(1) Case p > 0.
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For @, define

(| - By (zj = 2 Elg] = By[g7']]) ,  if event E holds, (€.59)
0, otherwise.

Then since event E; implies ||Z; — x| < v2(1 — %)]ﬁDO,

Gl < 2n-V2(1 - )WD 2pVd = 4(1 — 2“)t/2np\/2dDo wf (C.60)
_; 4 o _.n*D2c?
Var; ((;) < 4n*(1 — %)2“ D201 - %)WS 9 =8 %)Qt JUTO. (C.61)
1 — 2e)t+1 )2 D22 t
Letb = %, V =16(1— %)tnioMa. By Lemma B.1, | Z ¢;| < b with probability
1 ;
7=0

no less than

1—2ex LA >1_i (C.62)

P\oviaa/3) =~ ar ‘

For @, since by Lemma B.2,

< 120z

2 2¢
event F; implies that
, 20|
@] < znz (1= "y Vo - Byirep, . Bl
< 4v/3(1 — Ty Do||20 |5, (C.64)
2 'upoz—l
0= y)ing
- 5
Here we use the definition of 7 and conditions of p in (C.12).
For ®, define
n/’L 77L /7;‘ /771 ffL 1
o, = [ 8070 =5 [IEnlq] By (g7 I ~ By [IEnle] — E;[g71)I?]] . if event £ holds,
0, otherwise.
(C.65)
Then
10, < 8 - 4p%d = 32°p%d < o, (C.66)
ny — Lemma B.3 ny . 4(20)4
Var (6;) < 64" (1= 5209 B |En g7 ~E, g7 P2 TS 64 (1- )2 S
(C.67)
(1 — w1 p2 213354 t
Letb = 25 V= e . By Lemma B.1, | Z 6;| < b with probability no less than
j=0
I —2ep (- Vs1- L (C.68)
P\oviaay/3) =~ ar ‘

For @, by Lemma B.2,
16n 12035 _ (1—%)"'Dj

|@‘ < — I p2(a71) -

(C.69)
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0
Combine the above claims, with probability no less than }P’(Et,l) —2- Vi

4
T
5 2

> que

M\S

(2) Case yu =

In this case, (C.58) reduces to

1\3\3

For @, define

2

D
Letb:?O,V:

For @, since by Lemma B.2,

event IV, implies that

For ®, define

Then

)L D2. By (C.58), these implies

. 1
FO =Y |z — a2 < (1= 2EY1DE 432 LKA+ —
2 2 M
4 NMHE\t4+1 12
(- Eyip
+ 5( 9 ) 0
<2(1- ) D3.
0
Therefore, we conclude that P(E;11) > P(E; 1) — 7
0.
—f)FFep—z.||* < D2+16 nLKA+ N’ (t+1)+0+@+3+@.
M
¢ = —2n < -z, En, [5;\” - ]E][g/fl]]> , if event F; holds,
! 0, otherwise.
Then since event E; implies ||Z; — x| < V2D,
1G] < 20+ V2Dy - 2pV/d = dnpV/2dDy < ¢,
0.2 87’]2D2 2
\% <4n*-2D] _— .
a‘r] (CJ) n 0" M M
2D3o>T :
%TOJ. By Lemma B.1, | Z ¢;| < b with probability no less than
§=0
2 0
1-2 7 )>1- 2.
P <2V + 20b/3> =TT
12035
B [g7" — VF())]* < pQ(afl) ,
20||% D3
@] < 2n(t+1)-V2Dy - 205 <=
p(a—l) 5
Here we again use definitions and conditions in (C.12).
o, = { 8 [IElg] ~ BT NIP ~ By IEnlg — Eg)I%)] . i event E; holds,
0, otherwise.
0;] < 8n* - 4p*d = 32n*p*d = f .
— — Lemma B.3 4(20-)4
Var;(0;) < 640" - E;[|En[g]" — E;[g7]][I°] 6dn’* - =5

28

we have |[©04+@+@+®@| <

(C.70)

(C.71)

(C.72)

(C.73)

(C.74)

(C.75)

(C.76)

(C.77)

(C.78)

(C.79)

(C.80)
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D2 212 t
Letb=—2,V =
© 5 M

7=0
2
1—2exp<

For @, by Lemma B.2,
|® < 8n*(t+1)-

Combine the above claims, with probability no less than P(E; ;) —2-

4
ng. By (C.58), these implies

1\3\5

<2D3.

Therefore, we conclude that P(E;11) > P(E,; 1) —

t—1
Lemma C.7. Let A; := Z ay ;|7

§=0
conditions in Lemma C.2, then the following holds:

At§<1—(12ﬂl)2)A_ + 3277

t—1

+ a4y B [ngEmW ~%[2) + [Enlg}"

j=0
5 =2 < 1B
7~ (1_51

7751

2t1

PG 2LE

b1
1-5

Proof. By definition, ||Z; — Z||* = (

[T = Te1* = 0? [T |®

:2 1_51 Zﬁile["b]

7=0

(1-p1) Zﬁt TR

(1—p51) Zﬁt TV ()

21— ) B Bl — 3] + Bl - VS

=0

29

1
—f) FZe — x> < D2+ 16 [nLKA + M] n?o?(t+1) +

whereat] .fﬁt i 1(t—j+1

By Lemma B.1, | Z 6;] < b with probability no less than

S P
2V+2cb/3) =T

D§

pla=1) = 5

L
AT

5

0

2T

A

1

IV Ol

- VIEIP]-

2
) (1612, + 32|V /(%)

mlle]” =[] + | Em g}

2
) Hit — ft_1||2 and

2

(Z‘;n)] + 1_51 Zﬁt Jj— 1

2

(C.81)

(C.82)

, we have |9+@+@+@| <

4
,Dg

(C.83)

O

. Under the
3 )

(C.84)

- ViEIP]-

(C.85)

97— Vf(

(1) -
(C.86)

i)
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Note that
2 1 2
(1-B) Zf)’t TIVr@E)| <2||(0-80)D BTTHVE@) - VI@E))| + 2V @)
7=0

2(1-p1) Zﬂt TP —m? 20V ()1

t—1
2(1=p1) Zﬂt TR (=) Yo lIE T P+ 21V @)
i=j

7=0
t—1
<2 a1 T — T P+ AIVFE) P + 4L F — =
j=0
t—2 4L2
<2L? Zat—l,jnfj —Zial? +4IVIE)+ [FEAE |7+
j=0

(C.87)
). For j <t —2, wehave a; ; < 81(2 — f1)as—1,;. Since

Here a; j = A1 77" (t —j +

b1
1-5
i1

A = Z at ;| Z; — Tj+1]|%, we can conclude that
=0

[T = Te-1]|* < 160°L2Aey + 320° ||V £ (Z) ||

t—1
FAP( = 51) Y B PR 3] + [Enlgf — V]
=0

(C.88)
which implies (C.85). We complete the proof by plugging the above inequality in
1
Ay < B1(2—=B1)A1 + 15 17 — T || (C.89)
O

C.5 FURTHER DISCUSSION

Coordinate-wise clipping and global clipping. Lemma B.2 can be easily extended to R, similar
to Sadiev et al. (2023, Lemma 5.1). Therefore, our results can be easily generalized to global
clipping operator clip, (X, py) := min {1 ||§§|‘ } X with threshold p, := p\/g. We omit the
details in this paper. Readers may also wonder why our Theorem C.4 and Theorem C.5 depend on
poly(d). However, if we assume ||o-||2ad%_i = O(o), both of which are of order O(d%), then
our convergence guarantee will not depend on poly(d) explicitly. Zhang et al. (2020, Corollary
7) claims that coordinate-wise clipping has better dependence on dimension d. But they simply
upper bound E¢ wp||VF (x, €)% by d*/?Eep || VF(, €)||2, which is too pessimistic. In fact, if we
assume E¢p||VF(z,6)[|* = O(d* 'Eep||VE(x,€)||2), both of which are of order O(d?),
then there is still no difference between coordinate-wise clipping and global clipping in their setting.

Prior works on distributed SGDM with local updates. There are many works on Local SGDM
in distributed setting. Liu et al. (2020a) studies Local SGDM in convex setting and rely on some
strong assumptions to show convergence. Xu et al. (2021) analyze Local SGDM with bounded
gradient assumption and the use a global momentum parameter during local iterations. Yu et al.
(2019) considers non-convex Local SGDM but is only able to prove linear speedup. Wang et al.
(2019); Cheng et al. (2023) also study non-convex problem and use momentum to handle hetero-
geneity in federated learning. All these works fail to show the benefits of local iterations compared
to minibatch baseline.
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D PROOF OF LOCAL ADAM

D.1 OVERVIEW AND MAIN THEOREM

For any integer 0 < t < T'—1, we define 7(t), k(¢t) € Nsuchthatt = r(¢) K+k(t) and k(t) < K—1.
We omit the dependence on ¢ and let r = T(t) k = k(t) through out the proof if not causing

confusion. Define =" := 77, 9" = g%, g{” = 9,7, uy" = ;. Then Algorithm 2 is equivalent
to the following update rule:
t — “m . .
Bits—1 + (1 — P1)g*  otherwise,
—2
m i+ (1= moif tmod K #£ 0,
vy = ﬂQvt 1 ( /82)g/t\2 . i—é (D2)
Bovi—1 + (1 — B2)g™  otherwise,
mo_ [ a = nH) if tmod K # —1,
T = { Ty — B [(H™) " *ul]  otherwise. (D.3)
Define an auxiliary sequence {z;"} as:
1
ﬁxﬁl 13 515 xzyt if tmod K # —1,
Zip1 = 1 ! (D.4)

m

——T ] — —L 7, otherwise.
1-5 1-p

Let
S b (Ig— H™(H™ )" Hu . (D.5)
1-5
Then the definition of {z;"} implies
Lmo M _n(Htm)i nﬂl( ) ut 1
e 1—p 1—p
np1 my— m \—11. m my—1"m D.6
= ) = () gy — () R

1-5
= —n(H™) " (g +ef").

. . 1
Finally, let y; := argmin f(y) + —|ly — Z:||% "
Y 2y r

Define probabilistic events (see (D.15) for definition of some parameters)

Ay = { 2 < H L HP <1+ (1~ B2)B and forall m € [M]} , (D.7)
Ao = {[[Hpy (H™) ™' = (H) ™Y < (1= B2)By forallm,n € [M]},  (D.8)

m n /81) o?
A = 2 — 28l < ||2 < W forallm,n € [M] ¢,

j=rK
D.9)
t
Ava = fy7 0 () - min £ + - Z IV £ ( Zj)5- <280, (D.10)
12 = )
Here A := f,j‘ (z9) — min fv)‘. Besides, let

By := {A;,; holds forall j <t — 1,i € {1,2,3,4}}, (D.11)
Ein:=ENA1,Eip:i=E1NA 2, B 3:=FE 2N Az, (D.12)
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Theorem D.1. For L/\ > vl > 27 /N, let Assumption 1, 2, 3, 5 hold for @ = conv(Bg,(Q)),

A
where Qg 1= {f;\ (2) — min fv)\ <2A}L A= ff,‘(xo) —min f§\ and Ry = 1/ ﬁ Further assume
that for any x € , |V f(2)|| < G, ||Vf(2)|oo < Goo, and

1 =p 1=BovVA n 1-5 1
_ B3, < 2 —
1 B2Nmm{K1/2B1 Ki2B,G "B KRB K [ (D.13)
240A . e ;
If n = 7 then with probability no less than 1 — 6, Local Adam yields
N RolE-d
5 2 S IVEr G <eif
r=0 k=0
;oM LT A [ LKA LA KrA LAp*dlog § D14
~ yMe2 S S min{e, 02 /Gs} (1 —f1)%e € (VB2 —Br)e
Here
26 2 2 ﬁ
PZmaX{(”Uba> a3000a2G00}7
€
6K (G2, +02) 16p* dMT VK (Goo + 00c)0o0 |\ 170 dMT
B := max 2 SV log 5 ,2 2 log 5 ,
16K02, 16p* . dMT _(VK(Goo +0x)0s0, 179 AMT
By :=max e log 5 ,2 2 log 5 [
220p2d MT 50, o MT 28[(”20.”%3
A= max{ K0‘2 1OgT72 log 5 ) 0_2p2(a_1) }
(D.15)

1)
Proof. 'We prove by induction that P(E;) > 1 — T fort =0,---,T.

When ¢ = 0, this is trivial. Assume that the statement is true for some ¢ < 7" — 1. We aim to prove

t+1)0
that P(Eyyq) > 1 — HT) By Lemma D.8, D.9, D.10, D.11, we have
) (t+1)0
> 4. >1— ) .
P(Ep1) > P(E;) — 4 1T = 1 T (D.16)
Therefore by induction rule, P(E7) > 1 — § and this implies
T-1
A H 24 AN
— Vi@l < 2 =& D.17
7 ; VA GG < S5 =¢ (D.17)
Now we verify the conditions in all the lemmas. In Lemma D.7,
e | BY > JIARA D.18
A~V Ao2KA ~e ' (D.18)
In Lemma D.9,
2 A L202K A
L N Py ity (D.19)
A"~ GoLoVKA € 0% /Gu
In Lemma D.10,
noo 1 (1-p1)2 > LA KtA
= _ . D.20
ANmIH{KT7 L = N(1*51)26+ € (D-20)
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1
A 2 2a\ 2(a—-1)
=¢,(D.113) is equivalent to p 2> (”UH%‘> and
€

In Lemma D.11, by noticing that

4A
nT
Smin{ (2B e <L2 ZKA)‘” VIE(VBz — B1)
~ € o? log )\pzdlog g’ Lp\flogl/2 T (-
(D21)

" Ao2 logl/2 T’

which can be ensured as long as
T A 1.2 QKA \/LAp2dlog £
5= 7 LR (D.22)

>3

Nl

T> max LA Ao? log’
~ (1—p1)%e’ yMe? e £ (VB2 — Br)e

A
Here we use the fact that v > —. Therefore we can conclude that all the lemmas hold if

\/LAp2dlog £
LA KtA 5 . (D.23)

Z A L202K A n n n
) (1-751)2% € 5

min{e, 02 /G }

Finally, we verify the upper bound of 1 — 35 in Lemma D.9, D.10 and D.11 as
1—- 1— A 1— 1
B (1=BovA g B } (D.24)

— By < mi M
1 52len{K1/2B1 K2B,G '~B K\PB' K
O
Theorem D.2. Under the conditions of Theorem D.1, assume 1 — (3, (1) and
(1 ol ) = o
A o > < %
1= 7 O<K3/2R1/2> ( € R Goo V0o, 3 o
20 (D.25)

1_ 1 a—2
K 2 log M;T (”UHQde h) .
g

Then with probability no less than 1 — §, Local Adam with optimal n,p yields

R-1K-1
e S Y IV G < i
r=0 k=0
1
Mo?) 3T LA MT | (L+KnA LA ([o]3a) ™ 1\ MT
log2 — —. 2K1 llollza pre .
~ yMer % 5+5% orilog =5+ £ g% € 08 —5
(D.26)
And equivalently,
R-1K-1
A H, TA LA AAo? 1 KR
R r, —_— log4
KR;MZO IV Gl S T + 55\ S3rkE 8 s
2(a—1)
(LAU)% 1 MKR 11\5%3 LAlogMKR ja—2
log? ( od Q) LAalog 75
Topigz 8 T T Ulelhadt R
(D.27)
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Proof. Plug the definition of A in (D.14),

S A\Ao? 1T A L202K10g% (L+ K7)A LAp2dlog £
r= vyMe? log 0 + e € + € + €
A [I2K [dlog® ML | oo
—_ . a (1—e)
o \/ 2+ K30

(D.28)
Mo? 1T A L%c 2Klog (L+ K7)A
= ——log? -+ — +
yMe ) €
L2K |dl]
el V s Kol g0
Hence the optimal p is given by
1/« 1
K ol )
=max{ ||o|2a | == | = 000y Goo p - D.29
p=max o <\/a10gMg> (e 0.29
ol )
Note that 2 Goo V 0 and this implies
€
AAo? T A [L20?KlogML (L + K71)A
T2 227 logh— 4 2. [T 28 L L+ K7
M 0 € € €
1
LA 11 1 MT 20\ 2a-1) MT
+ 3 ||U||2ad§7ﬁKE IOgl_éi"_ m dz lg
é € )
1
AMo? T LA MT (L+KT)A LA [|o|3a\ 2D MT
= log? — 2K 1 2 d2 log ——
yMe? 08 5+ cs TR0 T + € g% € %75
(D.30)

2a
1

lo[l2ad? 2

MT
In the last equation we use K = log 5 <
o

a—2
> . Solve € and we get the upper

R—1K—
boundof— Z Z IV LI Zr) 1,1
0 k=

Further note that A = O(1), B = O(K), B, = O(K),n = O(1/VT) and we can get the upper
bound of 1 — 35 as:

~ 1
1-B,=0 (W) . (D.31)
This completes the proof. O
A
Theorem D.3 (Complete version of Theorem 3). Under the conditions of Theorem D.2, let v = 7
and thus Qo C {z : f(x) — f« < 4(f(x0) — f*)} A < f(xg) — f«. Then with probability no less
R-1K-1
than 1 — ¢, Local Adam with optimal 7, pytelds — Z Z |V f(Zrk ||H 1 Zelif
r=0 k=0
LAc®. T LA MT (L+K7r)A LA [||lof2e\™D ,  MT
T2 log? — 2K 1 e dz log ——
NM{-:?Og (5+5% 7 Og(5+ 9 +52<€ o 1)
(D.32)
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And equivalently,
R—1K—-1
A TA LA LAc? 1 KR
. . R log4
KR £ £ VGl S 7 + %R+ arkR ' 5
2(a—1)
LAo)3 MK 11\ 5% [ LAlog MEE\ 22
( 10)23 log% R (||o-||2ad§*ﬁ)3 22208 5
K3Rs d KR
. , (D.33)
Further, if 1 — B3 < ﬁ, where p is definded in (D.29), then with probability no less than
1—24,
RZIKZIHW 2 < (14 Gotoe) T2 LA, LA | %KRJF(LAU)%l $ MKR
KR 2 & (r) ) R "KRVMKR™® 5 T kir: ® 5

2(a—1)

(” H d2 21)3" 2 LAlog]VIKR 56 =2
T2 =

(D.34)

Proof. By Lemma D.6, we have Qg C {z : f(z) — f. < 4(f(xo) — f)}, A =< f(xo) —
fi. By Lemma D.4, we have ||V f(Z,x)llg-1 < 2||Vf$T(ET,k)||H;1. Therefore, the bound

for T in Theorem D.2 will reduce to (D.32). Solve ¢ and we get the upper bound of
R-1K-1

Z D IVEGER) G

7=0 k=0
Now we turn to bound ||H,||. Note that H,. . = diag(\/v,+1 + A?) and

rK—1

[or1)i = (1= fa) Z By K I B g3

rK—1

=) 3 (B [ - BT BB ) D35)

rK—1

<(1- ) Zﬁ”‘“m[[ P12 - Byl + o2 + 3G,

where the last inequality is due to Lemma B.2. Define

oy = | 0B E, [[97')? — Bj[g7'12] . if event E; holds, (D.36)
! 0, otherwise.
Further note that
110;0:] < (1= Ba)p* < e, (D.37)
1— 2 p2(rK—j—1) P . 2
vary (0510 < L= g g (g2 - B ]
| 22K =i )
<UBIRT g m [ - V] D38)
_ 2 p2(rK—j—1)
< (1= 5) fj (202 +802.G%).
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2(1 — 2 2 4 2 2 2
Let b = GZO 4 30_207‘/ — ( /82)0'00(0—00 + Goo) If1— /62 SJ @’ then by Lemma
M p*log &
rK—1
B.1, we have | Z [0;1:] < b with probability no less than
§=0
1—2ex __¥ >1—i (D.39)
P\Tavteaw/3) = T AR’ '
which implies [H,];; < A + 2G o + 204. Therefore, we have
P{Er and ||H,|| < A +2Gx + 20 forallr < R} > 1 — 26. (D.40)
And thus
R—-1K-1 2
1 e Goo+0s ) |TA LA LAc?2 1T (LAo)3
__ - < (1 - = J— J— logd — log3
KR;kZ:OHVf(Z’k)H N( LY ) R KR VMER ®' 5T Kig: *®
MKR\ $a=7
11\ 32% [ LA 10g ST
adb o) (220
+ (llorllzad? = ( o
(D.41)
O

D.2 PRELIMINARIES

We start with theoretical properties of weakly convex function and Moreau envelop, which are re-
peatedly used in our proof.

1
Lemma D4. Let z € R? and y = y(z) := argmin f(z) + Q—Hx — 2||% for some H = X and
@ y
L/A>~"1>27/\ Then

H(z —
Vi(z) = Vi) = (2‘”) (D.42)
If further assume f7H (z) — min fi‘ <2A,0<n< %, then z,y € g, and
2vL
IVFE i < S2NVE ) (D43)
[1H(z —y) =V () a1 <AV @)a-1. (D.44)
2 .
IVET ()7 < ;(ff (2) — min f2). (D.45)
Proof. Since y is the minimizer,
1 H(y—=z
0=, [0+ 5l =l | = Vs + L=, (D.46)
and note that . H( )
s
VHE) = Ve [0 + 5 ) - | = T (D.47)
If f7H (z) — min fi‘ < 2A, then f,i‘ (z) < f,fl (z) and
W) < 1w < fly) < 12) < fa), (D.48)
which implies ¥, z € €.
By mean value theorem, there exists a symmetric matrix —7/q < H, = LI, such that
V(z) = Vf(y) = Hy(z —y) = yH,H 'V (y). (D.49)
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Hence,
L
IVf(z) = VfWla— <ANH'N @)l a-1m, < LIIVJZH(Z)IIH—I- (D.50)
2vL
IV g < (1+ f)HVfH( a1 < —— 7 IV £ (2) || -1 (D.51)
Also,
H(z—y) —nVf(2) = (vla —n(Ia + yHgH ")V f(y) =: YAV f(y). (D.52)
By noticing that
Iy = HYV2AHY? = Iy — oy —pH Y2H,HY? < 1, (D.53)
we have [|H(z —y) =V f(2)|[lg—1 <AIVFQ)lla-1.

Last,
min £ < £0) < 50) = 1G) = g-ly =2l = 110 = JIVA Gl DSy

This completes the proof. O
Lemma D.5. Ifx,y € €, then

— (& =y, Vf(2) = VI(y) + %va(ﬂf) = VIWI* < 2rle -yl (D.55)

Proof. By mean value theorem, there exists a symmetric matrix —71y < H <X LI, such that

Vi) -Vf(y) = H(z —vy). (D.56)
Therefore,
2

(e, V(@) ~ V) + IV ) - V@) = (@~ o) (H + ) )

L
2
(D.57)
<(r+ - )HI*yH2
< 27|z — y||2-
O
o A . f(z) — f*
Lemma D.6. If~ = I then for z € Q, it holds that —5 < fip(z) = fo < f(2) = fe

Proof. By definition of Moreau envelop, the second inequality is trivial. Let y = argmin f(z) +

L L
EHJ? — z||%. Note that z — f(x) + §||x — z||? is 2L-smooth. Then we have

L
F(2) < )+ Slly = 2 + Llly = 2I1* = fayn(2) + Llly — 2] (D.58)
Furthermore, by Lemma D.4
L 1
Sly =217 = 57 IVFWI* < fw) = fo. (D.59)
Therefore, f(2) — fo < fi/p(2) = fo + Llly = 2II* < 2(f1/1(2) = fo). 0

Next, we show that event E; implies all the iterates remain in certain area.

[ A~y
Lemma D.7. If \/ A< T6oN’ then event E; implies that for all j < t,m € [M], we have
Zj € Qo, ", Tj, ;”EQ And ||z — 27 || <—\/ A forall m,n.
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Proof. Event E, implies that for all j < ¢,

A= : A m n no A7
fﬂy(zj)—mlnf7 < 2A, sz =22 < TVKAg T60x" (D.60)
Hence z; € Q,|[2]" — 7| < %VKA and 2" € Bg,(0) C Q. Also, notice that 7; €

conv{Zz; };<; C conv({l) C Qand 2" — z} € eonv{z;" — 2;'};<;. We have

m n no m o —
oy — oyl < VKA, 2 -7, < TVEA< 160A (D.61)
Therefore by Lemma B.4, 27" € Bg, (conv(Qp)) = Q. O

The following lemma shows that the second order momentum v;"* does not change too much from
vy () during local training with high probability, which is also repeatedly used in our proof.

6K (G2 +02) 16p° log dMT 96 VE(Goo + 000) 000 Io
A2 N 5 22 TS
If p > max{300,2G }, then the following holds

Lemma D.8. Let B := max

)
P(Ei ) >P(E) — —. D.62
(Erq) = P(E) iT (D.62)
Proof. Lett = rK + k. By the update rule of local Adam, we have
vt = B3 o+ (1 Ba) Z By gl © g = B vy, (D.63)
j=rK
and hence
H™ = diag(y/ol" + \2) = B/ 2diag(\/v, + \2) = BX/2H,. (D.64)
For the upper bound, for any index i € [d], by Lemma B.2,
E[g? < o? + [E;[g7)i]? < 02 + 3G2.. (D.65)
Therefore,
t
o < Jorli + (1= B)K (0% +3G%) + (1= B2) Y [l ~Bilg 2] . (D66)
j=rK
Define — .
mi _ J 1g7']i —Ejlg]i, if event Ej holds,
167")i = { O,J ! otherwise. (D-67)
Event E; implies [07']; = [g/fﬁ —E; [g/;\”]f Further note that |[0]"];| < p° ef e,
2
Var; ([07"]:) < By (19712 - [V £(a})]2]
“m m 2 “m m m 2
=8 (g7 — (VA@L] [ = (VA + 20V £ @]
(D.68)
AM-GM — ST — 12 o
<" 28, (1970 — VS @]+ 8K (167 — 9/ @] 197 @)
Lemr%aB.Z 2U§o n 80-306'30
t
Letb = BA?/2,V = 2Ko2 (0% +4G2,). Applying Lemma B.1, we have | Z Ji| < b with
j=rK
probability no less than
1—2ex __¥ >1—L (D.69)
P\Tavv2a/3) =7 damT ‘
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1
which implies with probability no less than 1 — i for any m € [M],

o' v+ (1= Bo) K (05, +3G%) + (1 — B2) BA?/2 < v, + (1 = B2) BA%. (D.70)

and thus
H" <+/1+ (1— p2)BH,. (D.71)
O

D.3 PROOF OF CONTRACTION

In this subsection, we aim to show contraction, i.e., x| will not get too large during local
iterations with high probability. However, since the update of x}"* involves the coupling of both first
order momentum and second order momentum, it is much harder than showing the contraction of
Local SGDM. Our solution below is in two folds.

We begin with showing contraction of the second order momentum in some sense.

16K02, 16p1 dMT 26\f(G +000)000 | 172 AMT
JERSY 5 A2 %S

1 L
and1 — By < Vo If p > max{30s,2G }, %\/KAGOo < 202, then the following holds:

Lemma D.9. Let B; .= max{

5
P(Ei2) 2 P(Eea) = o7 (D.72)

Proof. Event E; ; implies for all j < ¢, 2", 2 € (2 and for any index i € [d],

'1—ﬁ22ﬁ [l ,—@]?H

[vi" = vi'ls
j=rK
<|a-p) X o e - @ - w e - ]|
j=rK
+ \(1 )Y A (B, [l - [970] - (940 = 195 @)12]] \
j=rK

; ‘(1 B S B VAR — (VD]

j=rK

< '(1 )Y A (1571 — 707 — & (197712 - (7] |

j=rK

+ (1 = Bo)K - 40 + (1 — B)K - QGOO”LT"\/KA

<l S s [ @ [ - ]| 0 - st

j=rK
(D.73)
Here in the second inequality we apply Lemma B.2 and contraction results implied by F ;.
Define
mon 57 |9712 ~ 9702 — By [1971 — [9712]] . if event E; holds
(=" = g i T Wik m R [y de sl o J ’ (D.74)
0, otherwise.
Then we have
‘[E}" "L <20 Y e, (D.75)
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(D.76)

t
Letb = B1A\?/2,V = 4Ko? (0%, + 4G2,) and by Lemma B.1, we have | Y [E7""];| < b with

j=rK
probability no less than
1-2e L B (D.77)
P\v i 2/3) = T 1adeT '
)
This implies with probability no less than 1 — T
" — | < (1= Bo)B1A?/2 4+ 8(1 — Bo)K - 02 = (1 — B2)B1 A% (D.78)

Combine this inequality and event E; 1,

‘Hr_ H| _ Vo, £ X2l — v
H" HP L o+ Nop 2o+ 02+ \/op + 02)
Vo, + 22 (D.79)
=< (1= B:)B; . .
(VU + A2+ \/op + A2)
=< (1—p2)Bs.

1
The last inequality is due to event E; ; and 1 — 3 < e We can conclude that under event E 1,
1)
with probability no less than 1 — T the inequality above holds for any m, n € [M], which implies

5
B(Ers) > P(Eyi) = 17 0

Now we are ready to prove contraction of z;".

220024 MT _,,, MT 28K|20|%
- Q@ <
K0_2 log 6 ? 2 IOg 5 ? 02[)2(0‘71) }' If ,'7 —

RV
min{ A (=B)7A } p > max{300,2G}, and

Lemma D.10. Let A := max

r

60K’ 64L
A =p1) (A1-=PBi)o 1—p
1—Bo)K? < ( A D.
(1= B) K2 Smin § "=, S e VA, — = (D-80)
then the following holds:
]
P(E:3) > P(Ei2) — —. D.81
(Eis) = P(Ei) — o (D81)
Proof. If t mod K = —1, then 2/} ; = 2", for all m, n and the claim is trivial. Below we assume
that t mod K # —1. The update rules implies
(D.6) - 1, ny—1/77
lepis = 22l 27 e = 2%, — 20 (a0 — 2, (P L GR + ) — (HP) T GF +el))
“m 7 ny— /R 7 2
P || () T ) = () (G + ef)
®
(D.82)
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Note that the first order term is

(o =20, () G+ ) — () NG + o))

s

= (" — = avf(l't ) V(@)

(2 =2 gT — g = V@) + V)

<Z'm _ Zt , Hm -1 m _ (Hn) 1 n>HT (D83)
@

(= 2 (o ()™ = Lgi = (o (H) ™ = L)y )

®

And for the first term above,

(7 = 2 V) = V() = (! = 2 V) - V)
(e = 2 (= ap), V) - V()
> (o] — af, V() - V()
L A
= G = 2) = @ =), - 7 VS = V@)

(D.84)
By definition of {z;"} and event E 5,

1-5
2
<o () [y i, + 1
At,zAt,z 9 ( 7751
1

m B 2 — ny— T
|<zt*—z?>—<x;n—x?>||;=( )l e = () g,

2
) [0 BB s = ]

o - B
(D.85)
Besides,
2
© < 4| ey = (Hp) e 4| T = gl - (DT = g |
+4llgi = g7 = V(") + V(D)5 + 4V (i) = V()5
(D.86)
1
|®] < 877KHZt -z HH + 20K - (%%). (D.88)

Ches <1 flm) )™ = ()~ g = ()™ = (H) ™,

2
=2 (1 ﬂlﬂl) TG~ = )™ = ()™ o+ () |,

L = ) =) ]

At‘l 1At~2 ﬁ 2 m m n
% 2( 161) (4100 B2 Bl 2, + 4101 — B2) B " — )l

—3 (511( — 5%)) {B%Huln\lfq;l 4 B2 ||(u]" — ug)”?{;l}

(D.89)

41



Published as a conference paper at ICLR 2025

(xx) < 2

|y — gz

|| = 1o - g

2
Hrl}
At’léAtz 1— B m 1— B2 mo_ —m||2

< 2\[(1=Ba) B g3 + (1= B2) Bl — g7 (13-

<201 - 82)* [BAIGT 1, +2B2 (|97 — g = VI (@) + V@ + [V F @) = V@)% )]
(D.90)
Here we repeatedly apply |[H, (H) ™" — Il < (1~ f2)B and | H,((H;")™" — (H) )] <
(1 — B2)By by event E, 5. Plug in (D.82),

m _.n < m 3) mo_ n/r\n_/ﬁ_v m v n (D'_84)2 m _ n oy my _y
251 — 24l [E# 2 25 Gt 9t f(@) + Vf(ay) n{x" — ', Vf(@)") f
(k%)
(D-84) n m ny (12 A m ny (12
+ 2 *||(Zt =) = (@ = @)y, + o7 V@) = V@)
(D.84)

- M (@+0®)+7n*- @

L m n m n >\ m n
<= B+ o) 420 | T IGE = 42 = o = oDy, + 23 197G = VA6

1 m n||2 (D-87)
| e =, 2 (64 2 (1)

(D.86) — . - . -
A0 [0+ (o) + G = g = VI @) + V@ + IV @) = V@]
2nL
< (U gl = U, + Goxw) + SN = 28) = @ =)l
4 —
L+ )V ) = VG + A [T~ — )+ A

&)
+ 807K ((+) + ()

<+ gl — 2, —20{af — af, Vi) ~ Vi) + LIVl - ViE|?
()

=2y (=" = 2 g7 = GF — V@) + V) + 80 ()

(D.55) 4L ( s

2
) [0 BB+l = ]

A \1-p4
(D.89) Bi(1—B)\> . o (D.90) -
+ 64 2K( - 5 D) B2+ B2 — 3] 6P E (0 - 5B,

<1+ ﬁ Mz = 28 5, + (88) + 807 - (1)

— 20 (=" = 2 g — oF —Edlg}" — > 2 (" — 2 Balgl — gF) = VI (@) + V()
2

2P =+ o5 (PP ) B 100K (L 5B
(#41)

1 —~ — —~ —
< (14 2)ll=" +(#) + 807 () — 20 (=" — 2" 97" — 9 — Belf” — g?]>

Lemma .2 8772K 1207135

+ (ﬁﬁﬁ) 2\ ’ p2(a71) :

D.91)

42



Published as a conference paper at ICLR 2025

L
In the second to last inequality we apply 8K (1 — 85)?B? < (1 — $5;)? and 777 < (1—B1)2 Also
notice that by definition of {u}"},

t
=(1=p1) Y B7gn + 8 (D.92)
j=rK
which implies
t
a2 < (1= B1) 3 B g7 + B . (D.93)
j=rK

t
t—i"m  n
g = 20 < (L= 80) 3 B g — g7

j—TK

20— ) 3 B IV F@) = V@I + g7 = gF = VI @) = V@] -
= (D.94)
And thus

t t
Sl —ulE o <2 3 [IVA@)) = V@I + g - g = (VI = V@] -
Jj=rK j=rK

(D.95)
1
Unroll the recursive bound (D.91) and note that (1 + g)K <3,

t

1., . —_ —_
2y = 2allF, < = > 21+ g)t ! <Z}” — 27,97 — g} —E;lg7" — 9}‘}>
j=rK

@: martingale
t

FY s }(> [-2n (e — a3 V)~ VD) + LIV - ViEDI]

j=rK
t t
24 3 PG - g — V@) + V@D + T2 Y = a2
j=rK j*T’K
5, (1— B2 )? Bl 2 2 g 24772K2 ||2°'||%g
+ 1951 Ki(l NG ][, + 4807 K ZKH [ )
j=r
(D.95) 1 J m n m n 277 m n
< O+ Z (14 )™ {—2n<xj — 2}, V(@) = V() + T IVI@E]) = V@)
j=rK
- (1— B2)*B?
— 2
144 3 g — g — V@) + VDG + 195 K 2
j=rK (1=p1)?
247]2K2 120|132
2 e 2
+48n K( ) Z 97112, - p2<a_{§~
j=rK
(D.96)
K -
Note that by definition, u, = (1 — /1) Z/B{_lEmQ:"K,j + B u, 1. By Cauchy-Schwarz inequal-
j=1
ity,
K K
2(j—1
el < B Tur—all + | D I Emglie 112 D1 = 8128777, (D.97)
j=1 j=1
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Therefore, event E} » implies

||2 ( 61)20'214 1-— ﬁl < (1 — 61)30'214

. : . D.98
el = S —gpBr T aK = 20 - AP B o9
By Lemma D.5, and ||V f(27")[| < G,
m n 2 Lemma D.5 772 2
2t — 2z, <©  + 67K - KA
t
= 1 - VIR + 18 - Vi
j=rK
1- 5\’ B} ¢
961K = ( v 2 G2>
+ 96 (1_ﬁ1> LS (I - A+
j=rK
(D98) 202 KA 240°K? ||20|3
LT W W e (D.99)
2 2 10,2
n-o LemmaB.2 2 n 9
SO+ 6nrK - KA Ko
10,,2 t N ) N )
max > [lgF = V()2 ~ B;lllg} — V(@)

A sE[]W]jZTK

@: martingale

B\ B, KA 24PK 2ol
96 2K2 G2 . 204.
+90n (1 “B) A 1)) S WP s

Define

1., — —~
e = { —2n(1+ ?)tﬂ <z;” — 27,97 — g7 — E;lg7 — gJ”]> , if event E; holds,

0, otherwise.
. (D.100)
gm — ||g] = Vf(z] I - J[”g;n - Vf(w}")Hz]a if event. E; holds, (D.101)
J 0, otherwise.
10,2
Then (D.99) implies ||z}, — 27|, < 2 X KA + Z ¢ m[ax 95 Note that
se[M
j=rK
by Lemma B.2,
07 < 4p%d < c. (D.102)
Var; (07") < E;[|lg7 — VF(@)[I'] < o™ (D.103)
2K A .
Letd = 02?, V = 0*K. Then by
j=rK
2 )
1-2 —_— | 21— —. D.104
P (2V ¥ 2cb/3> =T ’MT (0.104)
This implies with probability no less than 1 — 3T
KA
| Z 0| < "212 Vm € [M]. (D.105)
j=rK
Also note that )
24 d e
" SM-%VKA-ZLNEZ%MVKA .. (D.106)

44



Published as a conference paper at ICLR 2025

2 2 4 4
Var; (("™") < (677- HTU\/KA) g2 T ;’2" KA. (D.107)
n?o? 7277 ot ¢
Letb = 3 KAV = K?A. Then by Lemma B.1, | Z ¢;""'| < b with probability no
j=rK
less than
1-2e v >1 0 (D.108)
—2exp | -5——=7= - —. .
P\aviaa/3) =" saer
This implies with probability no less than 1 — 37
t 77202
< . .
| ,Z G KA,Ym,n € [M)] (D.109)
j=rK
t
We now turn to deal with Z g7 %
j=rK
Z g7 < 2 Z g7 = V@17 + IV £ (217
j=rK j=rK
t
<2 Y (I - VI~ BT — VI +2 Y Bl - VeI + 2K
j=rK j=rK
t
Lemma B.2 — man2 — man2 9 9
<2 Y (I - VI - Eillg - ViG] + 2K (02 + GP).
j=rK
(D.110)
t t
Then Z ||g]m||2 <2 Z 07" + 2K (0® 4+ G?) under event E;. Therefore, by (D.105),
j=rK j=rK
m 2 U 2 (1 _/81)2 2A
Z g7 1? < 211 A oK+ 62 < T ) D.111)
j=rK
In conclusion, combining (D.105), (D.109), (D.111), we have
t
77 o?KA g7 (1 ﬂ1) d
P{ Epand |28, — 204 |7 < — jZ;K” 12 < m forallm,n p > P(Et,g)—ﬁ.
(D.112)
O

D.4 PROOF OF DESCENT LEMMA

After laying all the groundwork above, we are now in the position of showing the main descent
lemma.

Lemma D.11. Assume that p > max{30,,2G~} and

nL 31 T
(T) 08§ < LA

no? T npVd 1T
ol T~ ) 10g2 < /S A o
AM 7 6 gl — BV 4 (1—B1)(VB2—p1) ~ p?d (D.113)
77L 2KA < %7 77202 < é7 Q ||2U|| 20 < é’
A T MyM ™~ T Xp2le=l) ~ T
and ( 5 )
n _nk gL _(1-5
1-— B < — —< . D.114
( 62) = 47 =4 ) N = 26 ( )
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Then the following holds:

1)
P(Ei1) > P(Ey3) — T (D.115)

1 1
Proof. Forany x € R?, since V2f(:) = —rI and H, = M4,y f(y)+2—||x—y||?{ is (f—g)-
g " Y
1
convex with respect to ||| g,.. Note that under event Ey, Z; € Q. Lety, := arg min f (y)+2—|\2t—
v Y
y||§{r and by Lemma D .4, y; € Qp. Then
1 _ _ 1, _ 1.1 7.,_
fye) + g”yt —Z|| 5, < f(Zeg1) + %Hztﬂ —Z||H, — 5(; - X)||2t+1 — |3, (D.116)
Recall that the definition of {z;"} implies
LMo am _n(Hgn)iluln nﬁl(Hﬁl)_luﬁl
t+1 — %t 1-5 1- 5
np1 m— m =11 m =1 D.117
1 2 [(H{™) 't (Hi"1) 1]U't—1 —n(H") 19t ( )
= —n(H") " g™ + ).
m ﬂl m m \—1\, m
Here e} = (Iq— HM(H™ )" ug™ .
1—p /
1 d A
Also, since ||Zi+1 — Z¢|| < ( (Jlr ?1;717?;[ < 163)\ = Ry, we have Z1 € Q and
_ _ = _ L, _ _ 2
fGEe1) = fly) < FZ) + V() Ze — 20 + §||Zt+1 —Ze|* = f(ye)
T L
<(Vf(Z),Ze41 — ) + 5||zt —uel* + E||zHl —Z||? (D.118)

. T - L _ _
<(Vf(Z), Zes1 —ye) + ﬁ”zt — el + ﬁ||zt+1 — %%, -

Combine this with (D.116),

+

_ 5 +
——Z — il -

1
n_y A

S
>3
>4
>~

I1Ze — wellFr, + —2—Zes1 — Ze| 3,

N [+

1 1
n
2

—~

IA DRI

H.(Z4sq —Z
<Zt+1yt,vf(2t)+t+nlt)>

(Ze = B[ (H") (G + )] = 0, VS (e) = HoE[(H") "M (gF + )] )

= (20— nH 'V £(20) =y, VF(20) = HEn[(HP) 7 (67 + )] (D.119)
+ 1|V F () = HEnl(H) 7 (G + e

< (20— nH; 'V () =y VI G — BEnl(H) Mg + )] )

+ |V I () = Bl VS @+ A0l En [V £ @) = g7

my— m 2 my—1_m1||?
4y |[En(H () = TGPl + 4Bl e, -

46



Published as a conference paper at ICLR 2025

By Lemma D.4, we have

(Z0 = H 'V (Z) =y, VF(Z) = HE[(H) " 7))
= (Z = nH 'V f(Z) =y, VI(Z) = EnlVf(ziM)])

+ (3= nH7 V() — 90 Bl VS (@) = 977

+ (20— nH; VI (2) = o, Enl(la — Ho(H) )7 )

(D.44)
< IV + 891V (E) — EnlV @I + 8|

+ (3= nH V() =y Enl VS @) — 7).

12
En((H (5 = g,

(D.120)

Also,
(71— nH; 'V £(Z) = yo, ~HER[(H?) ']y < T IV I @5 + 47 |[EnlE) |7,
(D.121)

Further noticing that n < % and by AM-GM inequality, we conclude that

LHS of (D.119)
|12
< SIVT@OIG s + 9V I E) B[V S @G0 + 97 Bl (B (B = L),
2
o [V = g7+ 5y Bl e

+(Z = nH IV F(Z) = 9, En V(7)) = 577]) -

Iz,

(D.122)
If t mod K = —1,thenr(t + 1) =r(t) + 1 = r + 1 and event E ; implies
Hi'Hyo <14 (1= 82)B <1+ L, (D.123)
Y
P o) < Fl) + 5= [Fers — w3
y Zt+1) = J\Yt 2y Zt+1 — YtllH,
(D.124)
14+n/4vy, _
< flye) + T/H%H — el -
Y
On the other hand, if t mod K # —1, thenr(t + 1) = r(t) = r,
Iy ey (Ze1) < flye) + *||Zt+1 - yt||H, (D.125)
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Hence the following always holds:

Hy(i41) (o - 1. 1+n/4v,_
£ Gn) < 1720 = - = il + o e - wly,
(D.122) 7771
< ) - -l
! 8y(n=t +71) o

(U 1/9) [HIT 501y + 919 F(30) ~ En[TA s + 9 B

H, ()™~ h)g?“]\(;l}

* Nty =T/A

B (VS - 7, +5 ||Em[<Hmlem||2r]
Yty =T/

(U n/49) (2 = nH 1V f ) =y BV £ (07) — 971

Yty =T/A)

(1+mn/47) [477 ‘

+

+

(D.42)

1077||Vf( 0 - m[Vf(wz")]llz+10?7H]Em[<Hr<Htm)fl*Id)gn]H;l

4 -~
(- A~ BV ) - 1)

(D.126)
Sum over ¢t and we get
t t
rt 17 TI
F G < f@0) = g D IVF@I + 52D 1B - gy H2+6n2||JE
j=0 j=0 j=0
107’] _ 2 m “m
TZHVf(zj)—lE[ F@l +10n2HEm[ HHM ™ = 10)g7]
j=0

— - o my _ o
e d ZT//\) > <Zj —nH 5 VZ) = 5. Em[VF(2]") = ] ]>'

()
(D.127)
By AM-GM inequality and notice that T, z; € €2,
IV f(Ze) = EnlVf ()]
<2|Vf(z) = V@) + 20V @) — Em[V ()] (D.128)
< 2Lz — T |* + 2|V f(@0) — En[V f ()]

Under event F 3,

—~ |2 —~
HIEm[(Hr(Hf“)_l - Id)gin]HH_l < (1-5:)’B’En, [Hgl”lli,;l} : (D.129)
1— 2
[Enl(H) " ey, <4 (W) B’E,, [Hu’gzlni[:l} : (D.130)

By the definition of w;" ;, we have

E [l 1||H_1} < 1-B) S AE, (171,
= (D.131)

I /\

f_
K/Q Z B/ B2) 7 By {QTHET(;J :
2 J

=0

48

H, (= n 2 5772 m “m12 my—1_m1||2
= t) — 5 t H;l N m t — Yt m t t
<" 1z = BV 50 g + SB[ El (7)€

s,

2

mH Hj)

J

2
HH*1

r(5)
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Plug these inequalities above in (D.127),

t t
Hy(t41) — n 77 nL
B G) < 1) = LIVl + 5 D TlE
j=0 =0

128

T"Z (L1 = %P + IV £(@)) — Eal VS @)]I1]
j=0

(D129)(Dm) 4851 > 90 t [ —
+10) (1 —-B2)°B E g -1 |+ (%)
< (1—=51)(VB2 = B1) ( ) jz::o 1193 ”Hr(j) *)
(D.132)
By AM-GM inequality and Lemma D .4,

B (197121 | < 4B [lg7" = V@0 + IV £ = VI @I
HIVF @) = VG- + IV I EIE

4 — m m _ 16(yL)?
< 3 Bl ~ VG + PEnlla — 77+ 2217~ 7?] + 20

(D.133)
Therefore, we achieve that

Hy (41 n 52 t 9712
FRe 2, ) < QZHnyJ [ 1+WZHE[ f@5) = g7l

7=0

UL [~ + IV ~En(O S
=0

16077(1—ﬂ2 : { sy -
(1_51)\ﬁ—/31 ggo HJ Vi)l [ll IFT| + (%)
(D.134)
By (D.160), (D.164) in Lemma D.12, under event E} 3,

2 2
I -mie < (125) Jour (||Vf<z]>||Hz+A2A )

U S T KA+ Bl - VIR |

i=r(G)K

(D.135)
Hence

t B 2 t L2
— — 1 — 2
Sl -l < (125) o S (195G + 5t
=0

j=0
(D.136)
3612 -1 n2L202 .
+2 o KA+ Enlg] = V()|
j=0
Additionally by Lemma D.12,
1 —B 9 t—1 64 2 t
A NIYE. S S\l
2 ; 1—p514 )
7=0 7=0
3602 -1 n?L%o2
j=0

(D.137)
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1—
Therefore, by noticing that A; > 0 and 77)\ < ( 16ﬂl) ,

7751 36 2L20'2
Z||zj—le2<2( ) 613 1946 ||H2+A2 [ KA+ Epllg = V@)
=0

7=0
(D.138)
For the third term of RHS of (D.130),

51 10 — —
T 2BV )~ g < 107 Z[HEm — B (g7 P + [1En (V£ (2}") — Eslg7 1]
j=0 7=0

Z {IE 97" — B, [P + Lﬁg!%ﬂ
i (1B 57 Bl 1" ~ B, [ " ~ B 7"

7=0

@: martingale

107°T [Il%llﬁg 02}

)\,-Y p2(a71) M
(D.139)
For the () term of RHS of (D.130),
14 n/4y !
T 2;< nH L VF () = 3, B V) — 671
]:
1+ /4y ~ Lo —
= YT+ —1/)) Z <Zj - TIHT(;)Vf(Zj) - yjaEm[vf(xj ) — ]Ej[gj ]]>
§=0
1+n/dy L 1 _ —_ o~
+ z — nH VF(Z) — v Em[E;[g7] — g7
,Y(n_l +'}/_1 —T//\) ;}< J n r(j) f( J) y] [ J[g] ] g] }> (D.140)

@: martingale

t
awon 2y 1 : 203
< 7;[12M||Hrm< ) = I + 30| e
(0.40 60n1 120132

¢
n
< G*Z”Vf( )HH(I +Tp((x 1)+®

Here we remark that @ is a martingale because H,.;) only depends on stochastic gradients drawn
strictly before round r(j) and thus independent of g/;\”, which is drawn during round r(5).
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Plug (D.138),(D.139), (D.140) in (D.130),

107°T {20”%3 02]

t
Ho, (41 n
I~ (Zet )<f (zo) — E;va(ya)HH L + @+ Ay p2le=1) " Mf
t
40 72(nLph)? 77112 § o| | MPLP0?
—1 KA+En|gm — Vi(a™ KA
160n(1—/32 ; { w2, TL20° }
mllg ; KA
AT g g7~ VP + 15
6007 [|20][50
by p2(a71) +®
t 2 20 2
A _n N2 109°T T|2050 g~
< Paw) = 35 190l + @+ 550 s 1 &
1607 [18(1521)2 4+ (1 — B2)2B?] — .
: > [Ewllgf - V@]
A (=8B =B1) =
16097 |1 18(1501)2 (1 - $5)*B?| n?L202 KA
A 4 (1= B1) (VB2 — B1) A2
6097|2030
by 2(()/ 10)‘ +@®
100°T [||20]38 o
2 2c .
ZHW O
+ (1_61 A ZE (197" = V£ @2 — B [lg7" = V)]
®: martingale
T 2L2 2 4 T 112 2a
50nT (KA+ 6 > 607 IIQUllzla )
A A2 (1= B)(VB2 — Br) A pHesh
t 2 2 272 2
n 2 10n°o 60nT n*L°o 60nT ||20]3%
- 12Z|\Vf(yg T v VR e KA+ = pceY
+04+0@+0.
(D.141)
L
where in the third inequality, we apply (1 — 82)B < 777
For @, define
1077 =l i w2 :
g, = HIE g7 — Eslg] ]]H ~E, HEm[gj —E, g} ]]‘ . if event E; holds,
O, otherwise.
(D.142)
t
Then event E; implies © = Z 0; and notice that
j=0
1092 5. 401n%p?d dey
6| < —— -4p"d = ——— = ¢, (D.143)
/\'y Ay
1072 2 . 572 Lemma B3 n?o? 2
Var;(0;) < E; |||En.[¢g™ —E;|g™T < 1600 . D.144
o6 < (50 ) By [IEwla] - B iFIP] ). o
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2 2\ 2 ¢
Letb = A/4, V = 1600T (’7 J ) . Then by Lemma B.1, | Y 6,| < b with probability no less
Ay M s
than 9 5
b
1-2 —_— | > 1 - —. D.145
P ( 2V + 2cb/3> =TT (D.145)
For ®, define
160n 20(%)2 2 2 .
o g = V) g"’ V(! , if event E; holds,
61 3 T g (B (197 = VI - Bl @17 -
y otherwise.
(D.146)
Note that ol 160 20(%)2 s def (D.147)
J A (1 51 2 g .
Vars ) 1607 20( L) mng Vf( I
S A (1= B)(VB2 = B) (D.148)

|
VR
[a—y
>3
3
—
|
s 28
—|
K]
>
%l“
N N
E
H
\_/

Leth — A4, v — (200 20(%5)” . Then by L B.1, |Z§|<b ith
ethb = ,V = — en by Lemma wi
T RE ) M 25

probability no less than

)
1-2 >1— —. D.14
eXp( 2V+20b/3> 127 (D.149)
For @, define
1+n/4y - - R _ o :
G = B P e ey < Hr(;)Vf(zj) — yj,Em[IEj[gj I g; ]>, if event E; holds,
0, otherwise.
(D.150)
t
Then event F; implies @ = Z ¢; and notice that by Lemma D .4,
§=0
B L L G E =) =V iG]
12— nH L V1) -yl < ;
Hoy —
VIV EDZ (D.151)
< r(4)
- A
< 2vA
- A
Therefore,
2 29A 2Ad de
Gl < 2y T2 20Vd = dnpy |55 (D.152)
~ A YA
2 2 2
2n\" v 2 o 477 o’ 2
Var; () < | — ) - — ; 1 — 1. D.153
i) < (2) LIV, 5 < IV ©asy
1 A
Letb=A/4,V = OOL. Then by Lemma B.1,
AM
t t b2 (5
P i b and Var;(¢;) <V » <2 _— | < —. D.154
|;JCJ| > b an jgo ar;(¢j) < = exp( 2V+26b/3) = o7 ( )
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Note that by Lemma D.4 and event F,

2 Huo o . 4AA
||vf(yt)\|§r(1) < ;(fy ®(z,) — min f) < - (D.155)
¢ i _ AP 2UA L 4A
Var, ({; < \Y (——F+—) W D.156
]
Therefore, combining @, @, @, with probability no less than P(E;3) — 3 - 5T event F; 3 holds
- AL A
and | ZZ:CA < Z |Z::O <7 z:: <T These implies
t 2 2 272 2 2a
Ho ) U 10n°c 60nT n*L%o 60nT |20 |50
Iy (Zt41) — mlnf < A —22::0 |V f(y; ||H L + Y, T+ T KA+ N pa-1)
<o LS VAOE,
- 12 =777 TNH Gy
(D.157)
In the last inequality, we apply
10n%0? A 60n,, n?L%0? A 60T ||203%
T<—, —T- KALZ —, —— * < — D.158
MM T T12 A A2 =120 A ple-D) T 12 ( )
0
Therefore, we can conclude that P(E;41) > P(E; 3) — 0 O
t—1 3,
Lemma D.12. Define A; := Za,‘]H;L’J —Tjy1||? where asj = BTNt — 5 + 5 ). Under
= p1
7=0
the same conditions in Lemma D.11, event E; 5 implies
1— B)? 6'477
as (1= B2 s B sl
(D.159)
36 L?0?
+—” (1-51) Z i 1[” KA+Ey|g7 — ViM)]?| .
j=rK
Proof. By the update rule, it always holds that
— — 2 _ ﬁl 2= = 2
12t = ZelI” = (+—=-) M1 — Tea ™ (D.160)
1-5
By AM-GM inequality and event E 1,
e — o1 ]|* = 07 [ B (H 1)~ 4|
1 2n? _
< WP B () ™ s+ 2 By — T 2 D.161)

1 2n° _
< 4P B Hy TP + S5 By — T %
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Event E; ; implies 27", 27" € conv(Bp, (£2)) for all j < ¢ and thus

t—1

1
Enlluf’y —@1]> < (1= 51) Y B Enllg] - 5,17

j=rK

2(1 - B) Zﬁt T 197 = @I+ IV ) — EnV £ ()]

j=rK

j=rK

t—1
21- 1) 3 B B [P — 70 + g — VS ()P
n 212

U

2(1=p) Zﬁtjl[

KA+ Enlg7 wwn?] .
j=rK

(D.162)

2

(1-B) Zﬂt IV f(z) (1) Zﬂt V(@) ~ V(@)

H A

j=0 H? H2
t—1 2 t—1 2
1= B EnlVE]) - V)] (1=51)> BT Bnlgl — V()]
j=0 H? j=0 HI2

< |IVf@)| 52 ! Zﬁt I 2T, — T

-1

Bl = VI @NE + 1BV (@) = V£ (@)]IP]

7=0

212 _ 51
<2|VFE) 52 + Sz lze — Tl + Zﬁt A anz—mn

”1[||E — VI @NP + B[V @) = V@)

t—1
9 2L? L?
<2(VfE) g2 + ?Ilzt —Z|)? Tz Zawﬂ% — T

”1[||E = VI + BV F () = V@I -
(D.163)
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Here a, ; :== 7~ 1(t—j—|—1f1

). For j <t —2, we have a; ; < B1(2 — f1)as—1,;. Since
1
t—1

Ay = Z ar;||F; — Tj41]|%, we conclude that

=0
o ) o, 12 rir [P 1202 ,
e = Ze-a[|” < 6477 | IV Z)l[r2 + g hemr| + 55 (L= B1) Z B KA+Epllg) - V()]
j=rK
32 ﬁ m m e
(= B) Zﬁt i [HE = VIEPNP + En VS ) = V(@)
< o1 [||Vf<zt>||i1;2 o]
36 —
O gy Y s [ Wl = 1R
j=rK
(D.164)
and 1
Ar < P12 = Bi)Ae—1 + 7 5 [T — T ] (D.165)
This completes the proof. O

D.5 FURTHER DISCUSSION

Compared to other results under centralized weakly convex setting. Theorem D.2 can reduce
g
to Minibatch Adam (by substituting M, K with 1 and o with in (D.27) (Petrov, 1992)), and
Y £ VIR

the convergence guarantee is

2(a—1)

R— _o 3a—2
A ~ [ LA A\o? LAo==T
= VI E)E - =0 = +4/ - . (D.166
REZ:OH 5z ”H R + 7MKR+ ((MK)z(anR) ( )

Therefore, in centralized setting with iteration number R and batch size 1, our guarantee for squared
norm of gradient of Moreau envelope is

2(a—1)

_ [ LA AAo2 LAga=1 **7?
——T +

(D.167)

0]
R R R

LA

The last term is induced by the bias of clipped gradient. For simplicity, let R 2, —- so that the last
o

term can be dominated by the first term. Then we obtain

~ [ LA VAN
O (R + 'yMKR> . (D.168)

In the previous literature of weakly convex function (Davis & Drusvyatskiy, 2019; Alacaoglu et al.,
2020; Mai & Johansson, 2021), f is typically non-smooth and stochastic gradient is assumed to have
bounded second order moment. This is weaker than the smoothness assumption but stronger than
that of noise with bounded moment. There are a few existing results for smooth objective (Davis
& Drusvyatskiy, 2019; Mai & Johansson, 2020; Deng & Gao, 2021), but they set 7 = L. Overall,
our result is the first convergence guarantee for smooth weakly convex function with 7 < L and
bounded-moment noise.

Dependence on 2. The default setting of 55 in the Adam optimizer of PyTorch is 0.999, which
is a constant close to 1. Adam with small 32 has been shown to diverge in some examples (Reddi
et al., 2019). However, if it is too close to 1, e.g., B2 > 1 — O(Tﬁl), then the denominator would
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be too stagnant to provide adaptivity. Therefore, to derive a proper range for s is crucial in the
theoretical analysis of Adam.

On the other hand, (5 is notoriously difficult to handle even under centralized setting. In finite
sum case, Zou et al. (2019) assumes By > 1 — O(T‘l). Shi et al. (2020) suggests that S, >
1- O(n*3‘5) suffices, where n is sample size. Zhang et al. (2022b) claims Adam can converge
to the neighborhood of stationary points with constant radius if 8, > 1 — O(n ™). Further, Wang
et al. (2022) shows Adam can converge to stationary points if 3, is sufficiently close to 1, but the
explicit bound is missing. In streaming data case, Défossez et al. (2020) shows 2 can be a constant

but relies on the bounded gradient assumption. (Li et al., 2024c) suggests 32 > 1 — O(T~2).

As for distributed setting, works discussing the range of 32 are much fewer. Our theory requires

B > 1— @(K *%R*%). For distributed Adam, Karimireddy et al. (2020a); Zhao et al. (2022)
fixed the denominator during local iterations and thus did not discuss the range of 85. To the best

. AL .
of our knowledge, our result is the first one to show the O(R™2) dependence with respect to R.
Nevertheless, it is an interesting question to improve the dependence on K. Since K is usually a

constant in practice, our results suggest S > 1 — @(R*%) in essence. Still, we believe that the
dependence on K has room for improvement. We leave this for future work.

Dependence on A. ) in the denominator of Adam is aimed to avoid numerical instability, and

usually a small constant in practice. Note H, = diag(+/V,. + A2) and v, is the EMA of squared
past gradients. Informally, v, vanishes as r grows and thus H, would gradually reduce to Al;. In
the worst case, H, can be bounded by a constant. In conclusion, the LHS in (4.9) is roughly the
averaged squared gradient norm if A is not too small. It is worth noting that A can be arbitrarily
small or even 0 in (Défossez et al., 2020; Wang et al., 2022; 2024). However, their results all depend
on poly(d). It is still an interesting question to get dimension-free result with small \.

Dependence on 3;. The default setting of 3; in PyTorch is 0.9, a constant away from 0 and 1. In
the centralized setting, Li et al. (2024c¢) requires 1 = 1 — O(T_%) to converge, which is too large.
Défossez et al. (2020) shows O ((1 - ﬁl)_l), which is the state of the art result to the best of our
knowledge. However, it relies on the bounded gradient assumption. Regarding the dependence on
(1, our convergence rate in Theorem D.1 suggests O ((1 — 51)*2). Although it also supports any
constant choice of 31, we leave the exploration of better dependence for future work.

E FAILURE OF STANDARD SGD WITH HEAVY-TAILED NOISE

The convergence of standard SGD in high probability is widely studied. If we assume the noises are
light-tailed, e.g., sub-exponential, sub-gaussian, then SGD can get high probability bound depending

on log 5 However, if only finite variance is assumed, Sadiev et al. (2023) has shown that standard

1
SGD fails to get a high probability bound having logarithmic dependence on —. In fact, this claim is
still valid when the stochastic noises only have finite ath-moment, as shown in Theorem E.1 below.

1
Therefore, gradient clipping is necessary to get the log 5 bound.

Theorem E.1. Forany e > 0, § € (0, 1), and SGD with the iteration number T and learning rate
7, there exists an 1D-problem satisfying Assumption 1, 2, 3, 4, with Q = R and L = p, such that, if

0<n<1/L, then
~ L

Proof. We follow the construction of the counter example in Sadiev et al. (2023). To prove the above
theorem, we consider a simple 1D-problem f(x) = Lxz?/2. It is easy to see that the considered
problem is L-strongly convex, L-smooth, and has optimum at xz, = 0. We construct the noise in
an adversarial way with respect to the parameters of the SGD. Concretely, the noise depends on the
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number of iterates ¢, learning rate 7, target precision €, the starting point o, and the moment bound
o such that

VF(It;ft) = Lxy — 0§, (E.2)

)
0, ift<T—10r(1—77L)T\a:0\>1/f5,

1
—A ith probability ——
,  with probability -,

where

& = (E.3)

1 .
0, with probability 1 — TR otherwise

1
A,  with probability JAa

2,/2¢
where A = max TL, 1 5. We note that E [§;] = 0 and E [VF(x¢;&:)] = V f(x:). Further-
g

more,

1 1
E[l&]4] < A“ A¥ =1 E.4
J601*) < 5 A+ 5 A = 1, (E4)
which implies that Assumption 3 holds.
We are interested in the situation when
P{f(xr) = f« > e} <9, (E.5)

2
for § € (0,1). We first prove that this implies (1 — nL)" |zo| < 4/ fg To do that we proceed by

contradiction and assume that
2e
(1 =nL)"|wol >/ 7 (E.6)

By construction, this implies that & = 0,Vt € {0,--- ,7 — 1}. This, in turn, implies that z7 =
(1- nL)Txo, and further, by (E.6) that

P{f(zr) = f« = &} =P{|xT| > \/2;6} =

2
Thus, the contradiction shows that (1 — nL)” |zo| < 4/ fg Using (E.3), we obtain

L 2
flzr) — fo = 3 [(1 — L)z + nafT_l] . (E.7)
Furthermore,
2e
P{f(zr) = fr 2 e} = HD{|(1 —nL) o +noér1| > L}
2e T
=P qlnotr_i| 2 \/ 7 + (1 =nL) |zl
(E.8)
[2¢e
> I[D{|770'€T1| >2 f
92./2€
\V T
=P { |&r—1| > } .
T]O'
2./2€
Now if L < 1then A = 1. Therefore,
NG
1=Pq [ér—1] > = <P{f(zr) — fr >} <9, (E.9)
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/2 2
. . .. . 2 fg . 2¢e . 2 fg
yielding contradiction, which implies that —— > 1, i.e., 7 < 24/ ——. In this case, A =

no Lo?’ no
and we have
2./2¢
L 1
0 >P{f(xr)— fe >} > P [&r_q| > = = Ta (E.10)
251/ [2 1 La?
This implies that 7 < \/ = Combining this inequality with T > —— log —-0 yields
L 2nL ° 2
o |L Lx%
This concludes the proof. O
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