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ABSTRACT

Predicting electronic structure from crystal geometry is essential for computa-
tional materials discovery, as it determines key physical quantities such as band
gaps, DOS, and energy isosurfaces. While per-band prediction has been explored,
it requires fixing the number of bands or indexing each band across k-points, lim-
iting generality across materials. Predicting k-resolved electronic structure avoids
these constraints; we propose kRESForge, which predicts energy bin occupancy
at each k-point. Given a crystal structure and a query k-point, the model predicts
a probability distribution over 256 energy bins spanning +10 eV from the Fermi
level, naturally encoding prediction confidence. Band structure visualization fol-
lows directly from k-path queries, and downstream physical quantities such as
band gaps, DOS, and energy isosurfaces can be derived through k-space aggrega-
tion without additional training. On 28,517 non-magnetic materials from the Ma-
terials Project, kRESForge achieves a band gap MAE of 0.39 eV, 90% metal/non-
metal classification accuracy, and DOS MAE of 2.64 states/eV.

1 INTRODUCTION

Electronic structure underlies a material’s transport, optical, and thermal properties (Martin|, 2020;
Ashcroft & Mermin, 1976). Key physical quantities such as band gaps, DOS, and energy isosurfaces
are derived from k-resolved electronic structure, i.e., eigenvalues as a function of k-point. Predicting
k-resolved electronic structure from crystal geometry is thus a central challenge in computational
materials discovery: once this challenge is addressed, downstream physical quantities follow natu-
rally from k-space queries.

Density functional theory (DFT) (Hohenberg & Kohn,|1964;|Kohn & Sham,|1965)) and tight-binding
(TB) (Slater & Koster, [1954) methods have enabled electronic structure prediction. However, DFT
remains computationally prohibitive for high-throughput screening (Jones, 2015). Empirical TB
is computationally efficient but requires system-specific parameterization: hopping integrals and
on-site energies must be fitted for each material, and parameters rarely transfer across chemically
distinct compounds (Goringe et al.,|1997). Neither approach provides both computational efficiency
and transferability to novel materials.

Machine learning surrogates address this gap: once trained, they offer rapid inference without
material-specific fitting. However, to the best of our knowledge, no prior work has attempted to
predict k-resolved electronic structure in this unified manner. An alternative approach is to predict
electronic structure with respect to band. A recent study, Bandformer (Gong et al.l |2024), predicts
eigenvalues for a fixed set of bands along k-paths. However, per-band prediction is inherently lim-
ited: it requires fixing the number of bands under the assumption that band indices carry consistent
meaning across materials, which is not generally valid. To truly predict k-resolved electronic struc-
ture, a principled approach must handle arbitrary k-points without relying on the band concept.
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We propose KRESForge, which predicts energy bin occupancy at each k-point. Given a crystal
structure and a query k-point, the model outputs a probability distribution over 256 energy bins
spanning £10 eV from the Fermi level. This formulation provides native uncertainty through prob-
abilistic predictions, all within a fixed-dimensional output and without assuming consistent band
meaning across materials. Downstream physical quantities follow directly from the choice of k-
sampling strategy without additional training: k-path queries yield band structures, k-grid aggre-
gation yields DOS, and dense k-grid sampling enables energy isosurface extraction. On 28,517
non-magnetic materials from the Materials Project (Jain et al., 2013, kRESForge achieves a band
gap MAE of 0.39 eV, 90% metal/non-metal classification accuracy, and DOS MAE of 2.64 states/eV.

Our main contributions are:

* We formulate k-resolved electronic structure prediction as soft energy occupancy prediction in
kRESForge, enabling a band-agnostic approach with native uncertainty estimates.

* We show that the model directly yields band structure visualization via k-path queries, and en-
ables extraction of downstream physical quantities such as band gaps, DOS, and energy isosur-
faces through k-sampling strategy, all without task-specific training.

2 METHOD

Problem formulation. We model electronic structure as a k-conditioned prediction problem over a
configurable energy grid. Given a crystal structure and a query k-point k, we predict which energy
bins contain electronic states. We discretize the energy axis into Nyiys = 256 bins over Fr 4+ 10 eV
(~T78 meV resolution). The model outputs p(k) € [0, 1]™i, where p;(k) is the probability that
energy bin [ contains an eigenvalue. This fixed binning yields a band-count-invariant output, and
the probabilistic outputs provide a native uncertainty signal (values near O or 1 indicate confident
predictions, while intermediate values suggest uncertainty).

Architecture. KRESForge consists of three modules (Figure [T)):

(1) Crystal graph encoder. We adopt iComFormer (Yan et al.,[2024)), an attention-based GNN for
periodic crystals. Atoms are embedded from atomic numbers via a learnable lookup, and interatomic
distances are encoded with Gaussian radial basis functions. After L layers of edge-aware gated
attention, we obtain per-atom representations {h,}~ ; C R%.

(2) k-point embedding. Fractional coordinates k = (k1, k2, k3) defined with respect to the recip-
rocal lattice vectors, are encoded via sinusoidal functions (Cui et al., 2023)):

hy = MLP([sin(27rkj), COS(Qij)]?:l) e RY, (1)

which respects Brillouin zone periodicity by construction. This embedding conditions the decoder
on k, enabling k-resolved predictions with a shared fixed-dimensional output.

(3) Transformer decoder (Vaswani et al., 2017). We define 7' = Ny,,s/ P query tokens (patch size
P), where each token 1 < ¢ < T corresponds to a patch of P consecutive energy bins. Each token
is initialized as q; = h + e; + hy, where h = Zi h; is the sum-pooled structure representation and
{e;}1_, are learnable positional embeddings for each query token. Each transformer block applies
self-attention among tokens, cross-attention to per-atom features {h;}, and a feedforward network
(pre-LayerNorm). A linear head maps each token to P logits, yielding p € [0, 1]™i after sigmoid.

Training. We train with binary cross-entropy loss on ground-truth labels obtained by discretizing
DFT eigenvalues into energy bins. The model outputs soft occupancy probabilities, enabling flexible
downstream extraction.

Downstream extraction. Because kRESForge predicts eigenvalue presence at arbitrary k-points
without relying on band indices, the same trained model can extract diverse physical quantities at
inference by simply varying the k-sampling strategy, all without task-specific retraining.

Band structure and band gap. Querying along high-symmetry k-paths produces band structure
visualizations spanning the full Fr+10 eV range. To extract the band gap, we aggregate per-bin
predictions over the k-path to obtain a spectral sum S(E;) = >, pi(k) and apply a hard threshold
Teap = 9 (optimized on the validation set). We compute the band gap as the energy distance between
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Figure 1: Overview of kRESForge. The GNN encoder (iComFormer) produces per-atom features
{h;} independently of the k-point. The decoder conditions on k via sinusoidal embedding and
predicts per-k-point soft energy occupancy p(k). Different k-sampling strategies yield downstream
physical quantities: k-path queries produce band structures, uniform k-grid aggregation yields DOS,
and dense k-grid sampling enables energy isosurface extraction.

the highest-energy bin with S(E;) > 74, below Er and the lowest-energy bin with S(E;) > Ty
above Er. Materials with S(Er) > T, are classified as metals (band gap = 0).

Density of states. We obtain the DOS by aggregating predictions over a 8 x 8 x 8 Monkhorst—
Pack grid (Monkhorst & Pack, [1976). We apply a confidence squashing operator to down-weight
low-probability bins before aggregation using 74os = 0.2 (optimized on the validation set):

pi(k) = U(M> 7 2)

DraW<Ei> = Zkﬁi(k)a (3)

where o is the sigmoid function. Because soft occupancy predicts state presence rather than mul-
tiplicity, D;,y underestimates the true spectral weight. We correct this with a multiplicative scale
factor 3, predicted via simple linear regression on 1 Draw (E1), Ne, and Nygoms:

D(E;) =5 - Dnyw(E;). 4)

Energy isosurface. Per-k-point predictions over a dense k-grid yield 3D energy isosurfaces. For
metals, we extract Fermi surfaces by thresholding the maximum predicted probability near E'r; for
non-metals, energy isosurfaces at VBM and CBM energies reveal band-edge topology in k-space.

3  EXPERIMENTS

We do not compare directly with per-band methods such as Bandformer (Gong et al.,2024), as their
fixed band indices formulation differs fundamentally from our band-agnostic approach; we instead
evaluate on physically meaningful downstream quantities.

Setup. We use DFT band structures from the Materials Project (Jain et al., 2013)), computed along
Latimer—Munro high-symmetry k-paths (Munro et al.| 2020), selecting 28,517 non-magnetic mate-
rials (train: 22,815 / val: 2,899 / test: 2,803). We assess the quality of predicted electronic structures
via three derived physical quantities: (1) band gap (MAE in eV), (2) metal/non-metal classification
(accuracy), and (3) density of states (DOS) via k-grid aggregation (MAE in states/eV).

Results. Table |I| summarizes quantitative performance. kRESForge achieves a band gap MAE
of 0.39 eV (0.97 eV for non-metals) with Pearson » = 0.80, and metal/non-metal classifica-
tion accuracy of 90% (F1=0.89). For DOS, k-grid aggregation without calibration yields MAE
2.73 states/eV; calibration with structural features reduces this to 2.64 states/eV (Pearson r = 0.66).
The ~78 meV bin resolution sets a lower bound on band gap precision.

Figure Q] demonstrates representative predictions for a metal (TiAlCus) and a semiconductor
(S1ZrO3), and the model captures key electronic features for both materials. For the metal (a),
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Table 1: Quantitative evaluation on the test set (non-magnetic materials).

MAE Pearsonr Acc. Fl1
Band gap (total) 0.39eV 0.80 — —
Band gap (non-metal) 0.97eV — — —
Metal / non-metal — — 0.90 0.89
DOS (uncalibrated) 2.73 states/eV 0.66 — —
DOS (calibrated) 2.64 states/eV 0.66 — —
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Figure 2: Soft energy occupancy predictions by kRESForge. (a) TiAlCus (metal) and (b) StZrO3
(semiconductor), each showing DFT band structure (left) and predicted soft energy occupancy
(right) across Erp+10 eV.

the model correctly predicts continuous states across the Fermi level and captures the flat band re-
gion near —3 eV. For the semiconductor (b), the band gap region shows near-zero soft occupancy,
and the model captures the overall band shape near VBM and CBM.

Figure [3]shows DOS derived from aggregating per-k-point soft energy occupancy over an 8 x 8 x 8
k-grid, compared with DFT ground truth. For both materials, kRESForge captures key spectral
features including overall shape, peak positions, and peak spacing. The semiconductor (b) correctly
exhibits zero DOS in the band gap region, consistent with the k-resolved predictions in Figure 2]

Figure []illustrates energy isosurfaces extracted from 21 x 21 x 21 k-grid predictions (interpolated
to 105 x 105 x 105) for the same materials. For the metal (top), kRESForge reproduces the Fermi
surface topology, capturing the overall shape of the DFT reference. For the semiconductor (bottom),
the predicted VBM and CBM isosurfaces correctly localize in k-space, with VBM concentrated near
I" and CBM distributed at different k-points, consistent with the DFT reference.

4 DISCUSSION & CONCLUSION

Discussion The soft energy occupancy formulation departs from the traditional approach of pre-
dicting individual physical properties separately. Rather than tracking individual band identities,
kRESForge predicts per-energy bin eigenvalue presence at each k-point. By predicting k-resolved
electronic structure in this unified manner, the model enables both physical interpretation and extrac-
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Figure 3: DOS extraction for the same materials as Figure (a) TiAlCuy, (metal) and
(b) StZrO3 (semiconductor). Ground truth (solid) and kRESForge prediction (dashed) across the
full Er410 eV range.
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Figure 4: Predicted energy isosurfaces in the Brillouin zone. Top row: Fermi surface of TiAlCu,
(metal). Bottom row: VBM and CBM energy isosurfaces of SrZrOgs (semiconductor). Each row
shows crystal structure, Brillouin zone, DFT reference, and kRESForge prediction from left to right.

tion of multiple downstream quantities (band gaps, DOS, and energy isosurfaces), pointing toward
a foundation model approach for understanding electronic properties in materials.

The probabilistic outputs reveal interpretable patterns that may reflect underlying physics. As shown
in Figure [2] prediction confidence varies across energy regions, with the model capturing key fea-
tures such as flat bands and band edges. However, regions with increased prediction uncertainty
suggest greater modeling challenges, potentially due to intrinsic physical complexity, encoder ex-
pressiveness, or training data limitations. Intermediate probability values do not represent physical
electron occupations, but rather indicate model uncertainty.

Furthermore, by predicting soft occupancy for each energy bin at each k-point, our formulation pro-
duces a k-resolved, energy-resolved output that bears resemblance to the spectral function A(k, w)
measured in angle-resolved photoemission spectroscopy (ARPES) (Damascelli et al., [2003)), sug-
gesting potential alignment with experimental spectral data. This resemblance suggests potential
extension beyond DFT-derived training data to models trained directly on experimental spectra.
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Conclusion. We propose kRESForge, which reformulates electronic structure prediction as soft en-
ergy occupancy prediction. By predicting per-k-point occupancy over 256 energy bins, the model
has no dependence on band count, while probabilistic outputs provide inherent uncertainty esti-
mates. On 28,517 non-magnetic materials, KRESForge achieves a band gap MAE of 0.39 eV and
90% metal/non-metal accuracy, while enabling DOS and Fermi surface extraction from the same
predictions. This unified formulation offers a scalable alternative to eigenvalue regression for high-
throughput materials screening. Future work includes extending to spin-polarized systems and ex-
ploring alignment with ARPES measurements.
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A APPENDIX

A.1 IMPLEMENTATION DETAILS

Model configuration. The iComFormer encoder uses 4 attention-based message-passing lay-
ers (plus 1 edge update layer) with hidden dimension d = 256 and 1 attention head. Inter-
atomic distances are encoded via Gaussian RBF with 256 basis functions. The k-point embedding
maps the 6-dimensional sinusoidal encoding [sin(27k;), cos(2mk;)]5_, through a two-layer MLP
(6 — 64 — 256). The transformer decoder has 4 blocks (8 attention heads, FFN multiplier 4) with
patch size P = 4, yielding T' = 64 query tokens. We train for 600 epochs with Adam (Kingma &
Bal 2015) (Ir = 10~2), batch size 64, on a single NVIDIA A100 GPU. Checkpoints are saved every

20 epochs; the best is selected by band gap MAE on the validation set with threshold optimization.

Dataset details. We use band structures from the Materials Project (Jain et al.,[2013). Non-magnetic
materials are identified by filtering on the is_spin_polarized attribute. The final dataset con-
tains 28,517 materials (train: 22,815 / val: 2,899 / test: 2,803).

Band gap extraction. From the predicted 256-bin occupancy vector, we extract band gaps by
summing predictions over all k-points and applying a hard threshold 7 = 9.0 (optimized on the
validation set) to identify occupied energy bins. The gap is measured as the energy distance between
the last occupied bin below the Fermi level and the first occupied bin above.

DOS prediction. A soft calibration mask o ((p —0.5)/0.2) is applied before summation to suppress
low-confidence predictions. Because the model predicts binary occupancy probabilities rather than
state counts, the raw predicted DOS underestimates the true spectral weight. We predict a mul-
tiplicative scale factor via linear regression on three input-accessible features—raw DOS integral,
total electron count, and number of atoms—fitted on the training and validation sets (R?> = 0.91,
test R2 = 0.93).

A.2 DFT CALCULATIONS FOR ENERGY ISOSURFACES

DFT calculations for energy isosurfaces. Band structure data for training and evaluation are ob-
tained from the Materials Project (Jain et al.,[2013)). For energy isosurface visualization (Figure [4)),
we performed additional DFT calculations on a dense k-grid using VASP (Kresse & Furthmiiller,
1996) with the Perdew-Burke-Ernzerhof (PBE) exchange-correlation functional (Perdew et al.,
1996) and projector augmented-wave (PAW) pseudopotentials (Kresse & Joubert, |1999). A plane-
wave energy cutoff of 520 eV was used with an electronic convergence criterion of 2 x 1075 eV.
Electronic occupations were treated using Methfessel-Paxton smearing with a width of ¢ = 0.2 eV.

Spin-polarized calculations were performed with initial magnetic moments assigned as follows: for
TiAlCusy, 0.6 up for Ti and 5.0 up for Al and Cu; for StZrOs, 0.6 pg for all atoms. Hubbard U
corrections were applied to transition metal d orbitals following the Materials Project standard (Jain
etal. [2011): U = 0.0eV, Ucy = 4.0eV (withU = 5.0eV, J = 1.0 eV in Dudarev’s formulation),
and Uz, = 0.0 eV.
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