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1 DETAILED DATASET DESCRIPTIONS

The proposed method is systematically evaluated over four bench-
mark datasets [1, 2, 4, 8]. The examples of the four datasets are

shown in Fig. 2 and different configurations for RAVEN-style datasets
[2, 4, 8] are illustrated in Fig. 1.

1.1 PGM dataset.

Barrett et al. [1] developed the first large-scale RPM benchmark
PGM (Procedurally Generated Matrices) evaluating the analogical
visual reasoning ability, which contains 8 different regimes and
each having 1.42M question samples with 22.72M images. It has
diverse analogical rules (i.e., AND, OR, XOR, Union and Progression)
among different attributes of shape and/or line objects, including
Size, Color, Number, Position and Type. Most existing methods
are evaluated on the Neutral regime, where the training and test sets
are sampled from the same distribution of Neutral regime. Other
regimes are used to evaluate the generalizability where different
types of rules are omitted from the training and validation sets and
the test set consists solely of the held-out rules.

1.2 Original RAVEN dataset.

Zhang et al. [8] developed the benchmark RPM dataset named
RAVEN with 70K question sets, where each contains 8 question im-
ages and 8 candidate answer images. The candidates are generated
by permuting the answer image by randomly shifting one attribute
value. The dataset is equally distributed into 7 configurations, i.e.,
Center, 2x2Grid, 3x3Grid, Left-Right, Up-Down, Out-InCenter,
and Out-InGrid. Each question contains 6 visual attributes (Angle,
Number, Position, Type, Size and Color) and 4 analogical rules
(Constant,Progression,ArithmeticandDistribute_Three). Ex-
tra noise is added to attributes to further challenge the solvers.
Compared to the PGM dataset, the number of rule instances and
structural combinations has doubled, and the data is only one twen-
tieth of it, which is more challenging.

1.3 Impartial- RAVEN and RAVEN-FAIR
datasets.

Due to the shortcut in the answer generation process of the original
RAVEN [8], the aggregation of the most common values for each
attribute could be the correct answer. Hu et al. [4] and Benny et
al. [2] fixed the loophole of the original RAVEN and developed
two RAVEN variants, i.e., -RAVEN (Impartial-RAVEN) and RAVEN-
FAIR datasets, respectively. In the I-RAVEN dataset, the negative
candidate answers are generated by hierarchically permuting one
attribute of the ground-truth answer in three iterations. For each
iteration, two child nodes are generated, where one node remains
the same as the parent node while the other permutes one attribute.
The RAVEN-FAIR dataset iteratively enlarges the answer set start-
ing with the correct answer only and changing one attribute value
from either the correct answer or a generated negative answer.

Except for the answer generation, other settings remain the same
as in the original RAVEN for both variants.

1.4 Comparisons of Three RAVEN Datasets.

The differences between three RAVEN datasets [2, 4, 8] are demon-
strated through an illustrative example shown in Fig. 2. The three
samples share the same question images, while the answer images
are generated through different schemes.

o The loophole in the original RAVEN [8] is shown in Fig. 2b
that the correct answer can be derived by aggregating the
most common attributes in the answer set, i.e., hexagon
shape, medium-gray color and medium size.

e As shown in Fig. 2c, the I-RAVEN dataset [4] fixes the loop-
hole by hierarchically permuting one attribute from the cor-
rect answer, i.e., the answer set in the I-RAVEN dataset has
balanced attributes for the overall eight options (two shape
types, two sizes and two colors), and the correct answer
can no longer be derived by aggregating the most common
attributes in the answer set as in the original RAVEN.

o Asshown in Fig. 2d, the RAVEN-FAIR dataset [2] rectifies the
loophole by generating the options with more randomness.
Compared with the I-RAVEN dataset, it has more attribute
diversities, while keeping the principle that the attributes
for the correct answers can’t be derived by majority voting.

2 STATE-OF-THE-ART METHODS

The proposed method is compared with the following state-of-the-
art methods on these four datasets: CoPINet [9], WReN [1], DCNet
[10], SRAN [4], MRNet [2], AlgebraicMR [6], HCV-ARR [3], STSN
[5] and PredRNet [7].

CoPINet [9] models the probability of each candidate answer by
applying a contrasting module.

WReN [1] applies a Relation Network to model the pairwise interac-
tions between questions and answers, and utilizes the constructive
metadata as the auxiliary loss for reasoning.

DCNet [10] consists of a rule contrast module and a choice contrast
module to exploit the inherent structure of RPMs, which compares
the latent rules among rows to increase the differences among the
options.

SRAN [4] utilizes a hierarchical rule embedding module and a gated
embedding fusion module to output the rule embedding given two
row sequences.

MRNet [2] is established by using multi-resolution convolution
layers for visual perception, and computing the row similarity as
the inductive reasoner over RPMs.

AlgebraicMR [6] contains an object detector to perceive discrete
entity attributes, and utilizes algebraic sub-routines like Grébner
basis and ideal containment to handle RPMs as computational prob-
lems.
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Figure 1: Examples of seven problem configurations in the RAVEN datasets [2, 4, 8]. Settings Center, Left-Right (denoted as L-R),
Up-Down (denoted as U-D) and Out-InCenter (denoted as 0-IC) have fixed positional layouts of objects, while 2x2Grid (denoted as
2x2G), 3x3Grid (denoted as 3x3G) and Out-InGrid (denoted as 0-IG) may contain complex relations over the number and position

of objects and hence are more challenging to resolve.

[ ]
ATl (o] @ o/ 0@ eoo@®
Q Q2 Qs Q: Q2 Qs Q Q2 Qs Q1 Q2 Qs
®
1T 1] 4ad||d |4|4|d 4|44
Q4 Qs Qs Qs Qs Qs Q4 Qs Qs Q4 Qs Qs
VIL 2] [el[@][2] [el]l@][2] [e]l@]?
Q7 Qs Qr Qs Q7 Qs Q7 Qs
®
= . @ 0eQ 0000 e0ee
Ay 2 Az Ay A Ay Az Ay Ay A Az Ay A, A, Az Ay
LT olelelle] elelO0 @ 0@ e
As Ag Az Ag A As Az Asg As As Az Asg A Ag Az Ag
(a) PGM dataset [1] (b) Original RAVEN dataset [8] (c) Impartial-RAVEN dataset [4] (d) RAVEN-FAIR dataset [2]

Figure 2: Examples of four benchmark datasets [1, 2, 4, 8]. The correct answers are framed in green. As shown in Fig. 2b-2d, the
three RAVEN variants share the same question images, while the answer images are generated through different schemes.

HCV-ARR (3] adapts a mixed model of convolution blocks and
vision Transformer blocks to extract multi-level features from RPM
images, and then dynamically learns the importance weights over
different dimensions of row features based on an attention mecha-
nism.

STSN [5] incorporates the problem-specific inductive biases as an
object-centric encoder, and a transformer reasoning module to solve
the abstract visual reasoning problems.

PredRNet [7] utilizes consecutive residual convolutional layers
to extract high-level visual features from images, and uses con-
volutional blocks to extract abstract rules to predict the correct
answers.

3 DETAILS OF ABLATION STUDIES

The full ablation results are shown in Table 1 and Table 2 for differ-
ent problem configurations on the three RAVEN datasets [2, 4, 8].
Problem configurations such as Center, L-R, U-D and 0-IC contain
constant object numbers and positions and rules are only applied to
object shape types, colors and sizes, while problem configurations
such as 2x2G, 3x3G and 0-IG are built based on more complicated
relations over all five attributes, including higher-order position

relations over objects like rolling-over or binary operations. Hence,
the position-related rules in 2x2G, 3x3G and 0-IG are more chal-
lenging to handle, even for humans.

The previously best performing method, PredRNet [7], is se-
lected as the baseline, which consists of an image encoder for visual
perception and a decoder for analogical reasoning. We substitute
the respective modules with the proposed modules and the results
are summarized in Table 1. The performance improvements shown
in Table 1 are derived by comparing either or both modules with
the baseline method. We can see from the average results that ap-
plying both HPALC and PredAlI individually will result in great
performance improvements over all three datasets consistently.
When the two modules are jointly utilized, the proposed method
HP2AT significantly outperforms PredRNet [7] on all three datasets
in terms of average accuracy. The performance gains over 3x3G and
0-IG are most significant, illustrating that the proposed HPALC
and PredAl are both effective in handling high-level number- and
position-related rules.

In Table 2, we analyse the major hyper-parameter settings for
the proposed HP?Al, including the number of hierarchical stages J
for both HPALC and PredAI modules, and the number of PredAl
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233 Table 1: Ablation studies of the two major components of the proposed HP?AI on three RAVEN datasets [2, 4, 8]. 201
234 292
2 Major Module Accuracy (%) on Configurations 293
236 294
yor HPALC PredAl Avg. Center 2x26G 3x36G L-R U-D 0-IC 0-1G s
238 . X X 958 99.8 95.1 87.6 99.2 99.4 99.9 89.4 296
9 2 v X 972(+1.4) 99.8(+0.0)  97.6 (+2.5) 91.6 (+4.0) 99.6 (+0.4)  99.5 (+0.1)  99.7(-0.2)  94.0 (+4.6) w7
240 298
N s X V' 97.7(+1.9) 100.0 (+0.2) 97.9 (+2.8) 929 (+5.3) 99.9 (+0.7)  99.8 (+0.4)  99.8 (-0.1)  93.5 (+4.1) o
v v V' 988(+3.0) 100.0 (+0.2) 98.8 (+3.7) 953 (+7.7) 99.9 (+0.7)  99.8 (+0.4)  99.9 (+0.0)  98.0 (+8.6) 0
23 X X %5 99.9 97.8 91.2 99.7 99.7 99.6 87.7 301
o g v X 983 (+1.8) 99.9 (+0.0)  98.7 (+0.9) 96.9 (+5.7) 99.8 (+0.1)  99.7 (+0.0)  99.6 (+0.0)  95.3 (+7.6) 0
245 303
» g X V' 981(+1.6) 99.9(+0.0)  99.3 (+1.5) 94.9 (+3.7) 99.9 (+0.2)  99.9 (+0.2)  100.0 (+0.4) 94.2 (+6.5) .
, v V' 99.4(+2.9) 100.0 (+0.1) 99.9 (+2.1) 97.4 (+6.2) 99.9 (+0.2)  100.0 (+0.3) 100.0 (+0.4) 98.8 (+11.1 o
247 305
28 X X 97.1 99.8 97.3 92.6 99.7 99.5 99.7 91.2 306
(s
2:9 - v X 980(+0.9) 99.9(+0.1)  98.8 (+1.5) 95.1(+2.5) 99.9 (+0.2)  99.9 (+0.4)  99.8 (+0.1)  93.3 (+2.1) j‘”
250 308
o z X V' 978(+07) 99.9(+0.1) 985 (+1.2) 94.2(+1.6) 100.0 (+0.3) 99.6 (+0.1)  99.8 (+0.1)  93.1 (+1.9) .
yoo v V986 (+1.5) 100.0 (+0.2) 99.4 (+2.1) 96.9 (+4.3) 99.9 (+0.2)  99.9 (+0.4)  99.7 (+0.0)  94.2 (+3.0) o

253 311
254 Table 2: Ablation studies of different hierarchical stages J and different K of PredAlI blocks for the proposed HP?Al on all three 312
255 RAVEN datasets [2, 4, 8]. 313

256 314

257 315
Accuracy (%) on Configurations

258 Params. 316
259 Avg. Center 2x2G 3x3G L-R u-D 0-IC 0-1IG 317
260 318
o J=1 871 98.7 72.5 74.0 99.4 99.2 99.6 66.3 o
s J=2  924(+53) 99.5(+0.8) 77.6 (+5.1) 77.7(+3.7)  99.9 (+0.5) 99.6 (+0.4)  99.5(-0.1)  92.8 (+26.5) 120
2 J=3  988(+11.7) 100.0 (+1.3) 98.8(+26.3) 953 (+21.3) 99.9 (+0.5) 99.8 (+0.6)  99.9 (+0.3)  98.0 (+31.7) o1
264 E J=4 986 (+115) 100.0 (+1.3) 98.8(+26.3) 93.9(+19.9) 99.9 (+0.5) 99.8 (+0.6)  99.9 (+0.3)  97.8 (+31.5) 322
s & K=1 981 99.9 98.1 92.2 99.6 99.6 99.6 97.4 w
jZ: K=2 984(+03) 99.9(+0.0) 98.6(+0.5) 92.9(+0.7)  99.8(+0.2) 99.8 (+0.2)  99.8 (+0.2)  98.0 (+0.6) Z‘;
s K=3 988(+0.7) 100.0 (+0.1) 988 (+0.7) 953 (+3.1)  99.9(+0.3) 99.8 (+0.2)  99.9 (+0.3)  98.0 (+0.6) o
o K=4 980(-0.1) 99.8(-0.1) 983(+0.2) 91.3(-0.9)  99.8(+0.2) 99.7 (+0.1)  99.9 (+0.3)  97.2 (-0.2) .
270 J=1 889 99.4 72.4 68.1 99.7 99.8 99.8 83.2 328
271 J=2  93.6(+41) 100.0 (+0.6) 93.4(+21.0) 81.5(+13.4) 99.8 (+0.1) 99.9 (+0.1)  99.6(-0.2)  76.7 (~6.5) 329
27 J=3  99.4(+10.5) 100.0 (+0.6) 99.9 (+27.5) 97.4(+29.3) 99.9 (+0.2) 100.0 (+0.2) 100.0 (+0.2) 98.8 (+15.6) 330
o E J=4  99.1(+10.2) 99.9(+0.5) 99.5(+27.1) 97.0 (+28.9) 99.9 (+0.2) 99.8 (+0.0)  99.9 (+0.1)  98.6 (+15.4) 1
274 o~ 332
275 ~ K=1 986 99.8 98.9 94.1 99.6 99.8 99.7 98.2 33
276 K=2 99.1(+0.5) 99.9(+0.1)  99.5(+0.6)  95.4(+1.3)  99.9(+0.3) 100.0 (+0.2) 100.0 (+0.3) 99.0 (+0.8) 334
277 K=3 99.4(+0.8) 100.0 (+0.2) 99.9 (+1.0) 97.4(+3.3)  99.9(+0.3) 100.0 (+0.2) 100.0 (+0.3) 98.8 (+0.6) 335
278 K=4 99.0(+04) 99.9(+0.1) 99.5(+0.6) 955 (+1.4) 99.8(+0.2) 99.9 (+0.1)  99.9 (+0.2)  98.0 (-0.2) 336
279 337
o J=1 914 98.8 82.2 81.2 99.7 99.8 99.7 78.8 s
. J=2  964(+50) 99.3(+0.5) 89.7 (+7.5) 89.9(+8.7)  99.5(=0.2) 99.9 (+0.1)  99.7 (+0.0)  96.8 (+18.0) 430
- L =3 986(+72)  100.0(+12) 994 (+17.2) 969 (+157) 999(+02) 99.9(+0.1) 997 (+0.0) 942 (+15.4) 540
283 —  J=4  985(7.1)  998(+10)  99.1(+169) 96.5(+153) 99.9(+0.2) 999 (+0.1) 999 (+0.2)  94.1(+15.3) 341
o % K=1 983 99.8 98.4 95.4 99.7 99.6 99.9 95.5 ?4?
j:f K=2 983(+0.0) 99.9(+0.1) 99.1(+0.7)  96.0 (+0.6)  99.9 (+0.2) 99.7 (+0.1)  99.9 (+0.0)  93.4 (-2.1) ji
. K=3 98.6(+03) 100.0 (+0.2) 99.4 (+1.0)  96.9(+1.5)  99.9(+0.2) 99.9 (+0.3)  99.7 (-0.2)  94.2 (-1.3) "
s K=4 982(-01) 99.9(+0.1) 99.0 (+0.6) 958 (+0.4)  99.6(-0.1) 99.8 (+0.2)  99.8 (-0.1)  93.1 (-2.4) e
289 347
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blocks K in the PredAI module. The performance improvements
shown in Table 2 are derived by comparing with ] = 1or K = 1. On
all three datasets, the best values for J and K are 3. Specifically, for
the number of hierarchical stages, we can see clear improvements
by increasing J from 1 to 3, which can result in over 20% perfor-
mance gains in settings 2x2G, 3x3G and 0-IG, which corresponds
to our design of HPALC that deeper layers are advantageous to cap-
turing high-level spatial semantics. The long-range dependencies
in the Patch Attention branch also contribute to such significant
performance gains. When the J goes deeper to 4, the reasoning
accuracy on all the configurations drops slightly, which is possibly
due to the insufficient information in the small feature maps of
the deeper stages. Regarding the number of PredAlI blocks K, we
can see that utilizing even K = 1 PredAI block yields competitive
results on all the configurations, which demonstrates the effective-
ness of the proposed AIB in conducting robust analogical inference
by predicting-and-verifying paradigm, and SECA that amplifies the
dominant attributes and rules in analogical reasoning. When the
PredAl blocks are iterated from K = 1 to 3, some initially wrongly
induced rules can be rectified during the iteration, which in turn
improves the accuracy. When K goes deeper, the model may suffer
from over-fitting, which imposes a slight negative impact on the
reasoning accuracy.

4 FAILURE CASE ANALYSIS
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Figure 3: Examples of the failure cases by the proposed HP?AL
The correct answers are framed in green while the answers
wrongly predicted by HP?AI are framed in red.

Although the proposed HP?AI achieves near-perfect perfor-
mances on the four benchmark RPM datasets, it is noticeable that
the proposed HP?AI performs slightly poorer on the configurations
containing high-level spatial relations, which are also challenging to
other methods. We take a step further into these failure cases on the
most complicated setting 3x3G and analyze the underlying reasons.
As shown in Fig. 3, the proposed HP2AI fails to correctly predict
the answers for those two representative questions, similarly as

Anonymous Authors

other methods do. In Fig. 3a, the HP?AI correctly predicts the Type
attribute and solves the question relying on Number attribute. How-
ever, Fig. 3a contains an extremely complicated Progression rule
over the Position attribute, which leads to the entities on each
panel rolling over the layout. Specifically, the entities in row-wise
images perform a rightward cyclic shift (—), and the boundary
entities perform an additional downward cyclic shift (—+]). The
proposed HP?AI fails to model such a complicated relation. Fig. 3b
contains another similar Progression rule over the Position at-
tribute, where the entities in row-wise images perform a leftward
cyclic shift together with a downward cyclic shift («—+]), and the
boundary entities perform only the leftward cyclic shift («). It is
even difficult for humans to induce such a complicated reasoning
rule and derive the correct answer for these two questions.

5 MODEL ARCHITECTURE

We provide the detailed architectures and parameters for the pro-
posed HPALC, PredAl and classifier as shown in Tables 3, 4 and
5, respectively. The following table starts with the input of size
(16, 1, 80, 80), which represents a complete RPM panel (8 question
images + 8 answer images), and each image of size 80 X 80 pixels.

In Table 3, the local/regional self-attention block (L/R-SA) com-
putes the gkv multi-head self-attention and has no layer operations,
which leads to the same dimensionality for the input and the output.
Every output feature map marked in bold is passed to the succes-
sive block, while simultaneously extracted as multi-level receptive
fields and sent into PredAl blocks to conduct relational reasoning.

The architectures and parameters for the proposed Predictive
Analogy-Inference block are shown in Table 4. The feature maps
from previous HPALC blocks are firstly reshaped, stacked and per-
muted into a matrix form, and column tensors of first two entities
in each row as shown in Eqn. (3) of the manuscript are passed to
AIB for prediction and verification.

Lastly, the reasoning features from different stages are jointly
passed to the classifier in Table 5 for final prediction, which utilizes
the Binary Cross-Entropy as the loss function.
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165 Table 3: Detailed network architecture for the proposed HPALC, with parameters of channels (C), kernel size (K), stride (S), 523

466 padding (P) and regional window sizes (W). The sizes of output features at each stage are marked in bold. 524
467 525
408 Stage | Module Layer Operations Parameters Input Output 526
469 527
” PatchSplit E:;:,r?\?orm Céélé:% (16:18080 (16,64,20,20) 528
471 529
472 LayerNorm Co64 (16,64,20,20) 530
473 L/R-SA W7 531
474 . Residual (16,64,20,20) 532
a5 1 gi‘gz}ﬁ’:genmn LayerNorm Co4 (16,64,20,20) 53
476 Linear Co64 534
477 GELU 535
478 Residual (16,64,20,20) 536
e Convad C32K3P1 (16,1,80,80) 57
480 LocalContext BatchNorm X3 C32 >3
o Block ReLU >
82 Residual (16,64,20,20) 540
483 541
484 Unfold C256 (16,64,20,20) (16,256,10,10) 549
485 PatchMerge LayerNorm C256 543
156 Linear C128 (16,128,10,10) "
487 LayerNorm C128 (16,128,10,10) 545
488 L/R-SA W7 >46
489 . Residual (16,128,10,10) 547
490 2 gii};‘:;tenuon LayerNorm C128 (16,128,10,10) 518
491 Linear C128 >49
492 GELU 550
493 Residual (16,128,10,10) 351
:: Conv2d C128K3P1 (16,64,20,20) z:
196 LocalContext BatchNorm X3 C128 oo
17 Block ReLU 555
1o Residual (16,128,10,10) o
499 Unfold C512 (16,128,10,10) (16,512,5,5) 557
500 PatchMerge LayerNorm C512 558
501 Linear C256 (16,256,5,5) 559
o0 LayerNorm C256 (16,256,5,5) 200
503 L/R-SA W7 561
0 _ Residual (16,256,5,5) o0
505 3 PatchAttention LayerNorm €256 (16,256,5.5) 563
506 Blockx2 Linear C256 564
507 GELU 565
%08 Residual (16,256,5,5) %66
509 567
510 Conv2d C256K3P1 (16,128,10,10) 568
511 LocalContext BatchNorm X3 C256 560
s12 Block ReLU 570
513 Residual (16,256,5,5) 571
514 572
515 573
516 574
517 575
518 576
519 577
520 578
521 579
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598
599
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601
602
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606
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608
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612
613
614
615
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617
618
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620
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624
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626
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Table 4: Detailed network architecture for the proposed PredAl, with parameters of channels (C), kernel size (K), stride (S) and

padding (P). The sizes of output features at each stage are marked in bold.

Anonymous Authors

Stage | Module Layer Operations Parameters Input Output
. Convad C32K1S1 (16,64,20,20)
DimReduc BatchNorm C32 (16,32,20,20)
Stack (16,32,20,20) (8,9,32,20,20)
MatReshape Permute (8,9,32,20,20) (8,32,3,3,400)
Convad C32K(2,1)S1 (8,32,3,2,400)
AIB BatchNorm C32
1 ReLU (8,32,3,1,400)
AvgPool2d (8,32,3,1,400) (8,32,1,1)
Linear C2
SECA X3 ReLU
Linear C32 (8,32,1,1)
Scaling (8,32,3,2,400) (8,32,3,2,400)
MLP Linear C128 (8,32,3,3,400)
Linear C32 (8,32,9,400)
. Convad C32K1S1 (16,128,10,10)
DimReduc BatchNorm C32 (16,32,10,10)
Stack (16,32,10,10) (8,9,32,10,10)
MatReshape Permute (8,9,32,10,10) (8,32,3,3,100)
Conv2d C32K(2,1)S1 (8,32,3,2,100)
AIB BatchNorm C32
2 ReLU (8,32,3,1,100)
AvgPool2d (8,32,3,1,100) (8,32,1,1)
Linear C2
SECA X3 ReLU
Linear C32 (8,32,1,1)
Scaling (8,32,3,2,100) (8,32,3,2,100)
MLP Linear C128 (8,32,3,3,100)
Linear C32 (8,32,9,100)
. Conv2d C32K1S1 (16,256,5,5)
DimReduc BatchNorm C32 (16,32,5,5)
Stack (16,32,5,5) (8,9,32,5,5)
MatReshape Permute (8,9,32,5.5) (8,32,3,3,25)
Convad C32K(2,1)S1 (8,32,3,2,25)
AIB BatchNorm C32
3 ReLU (8,32,3,1,25)
AvgPool2d (8,32,3,1,25) (8,32,1,1)
Linear C2
SECA X3 ReLU
Linear C32 (8,32,1,1)
Scaling (8,32,3,2,25) (8,32,3,2,25)
Linear C128 (8,32,3,3,25)
MLP Linear C32 (8,32,9,25)
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Table 5: Detailed network architecture for the classifier of the proposed HP2AL

Module Layer Operations Parameters Input Output
AvgPool1d C1024 (8,32,9,400) (8,1024)
AvgPool1d C1024 (8,32,9,100) (8,1024)
AvgPool1d C1024 (8,32,9,25) (8,1024)
Classifier Linear C1024 (8,1024x3)
BatchNorm C1024
ReLU (8,1024)
Linear C1 (8,1024) 8,1)
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