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Abstract

We initiate the study of dynamic regret minimization for goal-oriented reinforce-
ment learning modeled by a non-stationary stochastic shortest path problem with
changing cost and transition functions. We start by establishing a lower bound
Q((B,SAT.(A. + B2Ap))Y/3K?/3), where B, is the maximum expected cost
of the optimal policy of any episode starting from any state, 7T, is the maxi-
mum hitting time of the optimal policy of any episode starting from the initial
state, SA is the number of state-action pairs, A, and Ap are the amount of
changes of the cost and transition functions respectively, and K is the number
of episodes. The different roles of A, and Ap in this lower bound inspire us
to design algorithms that estimate costs and transitions separately. Specifically,
assuming the knowledge of A, and Ap, we develop a simple but sub-optimal
algorithm and another more involved minimax optimal algorithm (up to loga-
rithmic terms). These algorithms combine the ideas of finite-horizon approxi-
mation [Chen et al., 2022a], special Bernstein-style bonuses of the MVP algo-
rithm [Zhang et al., 2020], adaptive confidence widening [Wei and Luo, 2021], as
well as some new techniques such as properly penalizing long-horizon policies.
Finally, when A. and Ap are unknown, we develop a variant of the MASTER
algorithm [Wei and Luo, 2021] and integrate the aforementioned ideas into it to
achieve O(min{B,SvV ALK, (B2S?>AT, (A. + B,Ap))'/3 K?/3}) regret, where
L is the unknown number of changes of the environment.

1 Introduction

Goal-oriented reinforcement learning studies how to achieve a certain goal with minimal total cost in
an unknown environment via sequential interactions. It has often been modeled as online learning
in an episodic Stochastic Shortest Path (SSP) model, where in each episode, starting from a fixed
initial state, the learner sequentially takes an action, suffers a cost, and transits to the next state, until
the goal state is reached. The performance of the learner can be measured by her regret, generally
defined as the difference between her total cost and that of a sequence of benchmark policies (one for
each episode).

Despite the recent surge of studies on this problem, all previous works consider minimizing static
regret, a special case where the benchmark policy is the same for every episode. This is reasonable
only for (near) stationary environments where one single policy performs well over all episodes.
In reality, however, the environment is often non-stationary with both the cost function and the
transition function changing over episodes, making static regret an unreasonable metric. Instead, the
desired objective is to minimize dynamic regret, where the benchmark policy for each episode is the
optimal policy for that corresponding environment, and the hope is to obtain sublinear dynamic regret
whenever the non-stationarity is not too large.
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Based on this motivation, we initiate the study of dynamic regret minimization for non-stationary
SSP and develop the first set of results. Specifically, our contributions are as follows:

e To get a sense on the difficulty of the problem, we start by establishing a dynamic regret lower
bound in Section 3. Specifically, we prove that Q((B,SAT,(A. + B2Ap))Y/3K?/3) regret is
unavoidable, where B, is the maximum expected cost of the optimal policy of any episode starting
from any state, 7, is the maximum hitting time of the optimal policy of any episode starting
from the initial state, S and A are the number of states and actions respectively, A, and Ap are
the amount of changes of the cost and transition functions respectively, and K is the number of
episodes. Note the different roles of A, and A p here — the latter is multiplied with an extra B2
factor, which we find surprising for a technical reason discussed in Section 3. More importantly,
this inspires us to estimate costs and transitions independently in subsequent algorithm design.

e For algorithms, we first present a simple one (Algorithm 2 in Section 5) that achieves sub-optimal
regret of O((ByS AT max (A4 B2Ap)) /3 K2/3), where Tay > T is the maximum hitting time
of the optimal policy of any episode starting from any state. Except for replacing T, with the
larger quantity 7}, ax, this bound is optimal in all other parameters. Moreover, this also translates
to a minimax optimal regret bound in the finite-horizon setting (a special case of SSP), making
Algorithm 2 the first model-based algorithm with the optimal (SA4)'/3 dependency.

e To improve the Ti,.x dependency to T}, in Section 6, we present a more involved algorithm
(Algorithm 4) that achieves a near minimax optimal regret bound matching the earlier lower bound
up to logarithmic terms.

e Both algorithms above require the knowledge of A, and Ap. Moreover, for a special kind of
non-stationary environments where the cost/transition function only changes L times, they are not
able to achieve a more favorable dynamic regret bound of the form v LK. To overcome these
issues altogether, in Section 7, we develop a variant of the MASTER algorithm [Wei and Luo,
2021] and integrate the earlier algorithmic ideas into it, which finally leads to a (sub-optimal)
O(min{B,SVALK, (B2S?>AT,(A. + B,Ap))"/3K?/3}) regret bound without knowing the
non-stationarity A., Ap, or L.

Techniques All our algorithms are built on top of a finite-horizon approximation scheme first
proposed by Cohen et al. [2021] and later improved by Chen et al. [2022a]; see Section 4. Both the
sub-optimal Algorithm 2 and the optimal Algorithm 4 are then developed based on ideas from the
MVP algorithm [Zhang et al., 2020] (for the finite-horizon setting), which adopts a UCBVI-style
update rule [Azar et al., 2017] with a special Bernstein-style bonus term. The sub-optimal algorithm
further integrates the idea of adaptive confidence widening [Wei and Luo, 2021] into the UCBVI-style
update by subtracting a bias from the cost function uniformly over all state-action pairs, which helps
control the magnitude of the estimated value function. The minimax optimal algorithm, on the other
hand, adds a positive correction term to the cost function to penalize long-horizon policies, which
helps improve the T},,x dependency to 7. It also incorporates several non-stationarity tests to ensure
that the algorithm resets its knowledge of the environment when the amount of non-stationarity is
large. Both algorithms maintain (update and reset) cost and transition estimation independently,
which is the key to achieve the correct B, dependency for both the A -related and A p-related terms.

To handle unknown non-stationarity, we adopt the idea of the MASTER algorithm from [Wei and
Luo, 2021]. Although the nature of MASTER is a blackbox reduction, we cannot apply it directly
due to the presence of the correction term that changes continuously and brings extra challenges in
tracking the learner’s performance. We handle this by redesigning the first non-stationarity test of
the MASTER algorithm. Specifically, we maintain multiple running averages of the estimated value
function to detect different levels of non-stationarity.

Related Work Static regret minimization in SSP has been heavily studied in recent years, for both
stochastic costs [Tarbouriech et al., 2020, Cohen et al., 2020, 2021, Tarbouriech et al., 2021, Chen
et al., 2021a, Jafarnia-Jahromi et al., 2021, Vial et al., 2021, Min et al., 2021, Chen et al., 2022a] and
adversarial costs [Rosenberg and Mansour, 2021, Chen et al., 2021b, Chen and Luo, 2021, Chen et al.,
2022b]. To the best of our knowledge, we are the first to study dynamic regret for non-stationary SSP.

There is also a surge of studies on online learning in non-stationary environments, ranging from
bandits [Auer et al., 2019, Chen et al., 2019, 2021c, Russac et al., 2020, Faury et al., 2021, Abbasi-
Yadkori et al., 2022, Suk and Kpotufe, 2021] to reinforcement learning [Gajane et al., 2018, Ortner



et al., 2020, Cheung et al., 2020, Fei et al., 2020, Mao et al., 2021, Zhou et al., 2020, Touati and
Vincent, 2020, Domingues et al., 2021, Wei and Luo, 2021, Ding and Lavaei, 2022, Lykouris et al.,
2021, Wei et al., 2022]. Compared to previous work, the model we study is quite general and
subsumes multi-armed bandit and finite-horizon reinforcement learning. On the other hand, it also
introduces extra and unique challenges as we will discuss.

2 Preliminaries

A non-stationary SSP instance consists of state space S, action space A, initial state sy, € S, goal
state g ¢ S, a set of cost mean functions {c }5_, with ¢ € [0,1]5*4, and a set of transition
functions { Py 1, with Py = {Pi 5.0} (s,a)esxa and Py s o € As,, where Sy = SU{g}, As, is
the simplex over S, and K is the number of episodes. The set of cost and transition functions are
unknown to the learner and determined by the environment before learning starts.

The learning protocol is as follows: the learner interacts with the environment for K episodes.
In episode k, starting from the initial state sj,;, the learner sequentially takes an action, incurs a
cost, and transits to the next state until reaching the goal state. We denote by (s¥,a¥, ¥, s¥, ) the
i-th state-action-cost-afterstate tuple observed in episode k, where ¢ is sampled from an unknown

:
distribution with support [0, 1] and mean ¢ (s}, a¥), and s¥ , is sampled from P, .« ,». We denote

by I}, the total number of steps in episode &, such that s’}k 1=9

Learning Objective Intuitively, in each episode the learner aims at finding a policy that minimizes
the total cost of reaching the goal state. Formally, a policy 7 € .AS assigns an action 7(s) to each
state s € S, and its expected cost for episode k starting from a state s is denoted as V" (s) =

E| Zfi Lck(st,m(sF))| Py, s¥ = s| where the expectation is with respect to the randomness of next
states s¥ L~ Pk_rsf’ﬂ(séc) and the number of steps I}, before reaching g. The optimal policy 7, for

episode k is then the policy that minimizes V," (s) for all s. Using V;* as a shorthand for V,:’z, we
formally define the dynamic regret of the learner as

K /I
Ri = Z < cf - V{(&mm)) ~
k=1 \i=1

When I, = oo for some k, we let Rg = oo.

Remark 1. Note that our learning setting does not fall into the general non-stationary reinforcement
learning framework in [Wei and Luo, 2021]. In their framework, they fix a policy to play throughout
an episode, and the cost incurs by any policy is bounded. While in our case, the learner may follow
several different policies within an episode. This is necessary since under unknown and changing
transition, the learner may not be able to identify a proper policy (which reaches the goal state with
probability 1) at the beginning of an episode, and committing to a single policy within an episode
may lead to infinite regret.

Several parameters play a key role in characterizing the difficulty of this problem: B, =
maxy, s V' (s), the maximum cost of the optimal policy of any episode starting from any state;

T, = maxy, T, * (sini) (Where TF (s) is expected number of steps it takes for policy  to reach the
goal in episode k starting from state s), the maximum hitting time of the optimal policy of any
episode starting from the initial state; Tinax = maxy s T,: *(s), the maximum hitting time of the
optimal policy of any episode starting from any state; A, = ZkK:_ll llck+1 — k|| o> the amount
of non-stationarity in the cost functions; and finally Ap = ZkK:_ll max g || Pit1,s,a — Pr,s,allys
the amount of non-stationarity in the transition functions. Throughout the paper we assume the

knowledge of B,, T, and Ty, and also B, > 1 for simplicity. A, and Ap are assumed to be
known for the first two algorithms we develop, but unknown for the last one.

Other Notations For a value function V € RS+ and a distribution P over S,, define PV =
Ey~p[V(s')] (mean) and V(P, V) = Ey.p[V(s')?] — (PV)? (variance). Let S = |S| and A = | 4|
be the number of states and actions respectively. The notation O(-) hides all logarithmic dependency
including In K and In % for some failure probability § € (0, 1). Also define a value function upper
bound B = 16B,. For integers s and e, we define [s,e] = {s,s + 1,...,e} and [e] = {1,...,¢e}.
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Algorithm 1 Finite-Horizon Approximation of SSP

Input: Algorithm 2 for finite-horizon MDP M with horizon H = 4T In(8K).
Initialize: interval counter m < 1.
fork=1,..., K do
Set S;n <— Sinit-
while s1* # g do
Feed initial state s7* to 2, b < 1.
while True do
Receive action a;" from 2, play it, and observe cost cj;" and next state s}", ;.
Feed cj" and s}", | to 2.
if h = H or sy, | = g or 2 requests to start a new interval then
| H,, < h. break.

else h < h + 1.

| Set st = sty andm < m+ 1.

3 Lower Bound

To better understand the difficulty of learning non-stationary SSP, we first establish the following
dynamic regret lower bound.

Theorem 1. In the worst case, the learner’s regret is at least Q((BySAT, (A, + B2Ap))Y/3K?/3).

The lower bound construction is similar to that in [Mao et al., 2021], where the environment is
piecewise stationary. In each stationary period, the learner is facing a hard SSP instance with a
slightly better hidden state. Details are deferred to Appendix B.2.

In a technical lemma in Appendix B.1, we show that for any two episodes k1 and ko, the change of
the optimal value function due to non-stationarity satisfies V;* (sinit) — Vi, (init) < (Ac + BoAp) T,
with only one extra B, factor for the A p-related term. We thus find our lower bound somewhat
surprising since an extra B2 factor shows up for the A p-related term. This comes from the fact that
constructing the hard instance with perturbed costs requires a larger amount of perturbation compared
to that with perturbed transitions; see Theorem 7 and Theorem 8 for details.

More importantly, this observation implies that simply treating these two types of non-stationarity as
a whole and only consider the non-stationarity in value function as done in [Wei and Luo, 2021] does
not give the right B, dependency. This further inspires us to consider cost and transition estimation
independently in our subsequent algorithm design.

4 Basic Framework: Finite-Horizon Approximation

Our algorithms are all built on top of the finite-horizon approximation scheme of [Cohen et al., 2021],
whose analysis is greatly simplified and improved by [Chen et al., 2022a], making it applicable to our
non-stationary setting as well. This scheme makes use of an algorithm I that deals with a special
case of SSP where each episode ends within H = O(Ty,.x) steps, and applies it to the original SSP
following Algorithm 1. Specifically, call each “mini-episode” 2l is facing an interval. At each step h
of interval m, the learner receives the decision aj* from %, takes this action, observes the cost c}",
transits to the next state sj, |, and then feed the observation ¢;" and sy’ | to 24 (Line 5 and Line 6).
The interval m ends whenever one of the following happens (Line 7): the goal state is reached, H
steps have passed, or 2 requests to start a new interval.! In the first case, the initial state s’f”rl of the
next interval m + 1 will be set to sjy;;, while in the other two cases, it is naturally set to the learner’s
current state, which is also s%; . ; where Hy;, is the length of interval m (see Line 10). At the end of

each interval, we artificially let A suffer a terminal cost cy(sf; ) where cf(s) = 2B,I{s # g}.

'This last condition is not present in prior works. We introduce it since later our instantiation of 2 will
change its policy in the middle of an interval, and creating a new interval in this case allows us to make sure that
the policy in each interval is always fixed, which simplifies the analysis.



Algorithm 2 Non-Stationary MVP
Parameters: window sizes W, (for costs) and Wp (for transitions), and failure probability .
Initialize: for all (s,a,s’), C(s,a) - 0, M(s,a) < 0, N(s,a) < 0, N(s,a,s’) « 0.
Initialize: Update(1).
form=1,...,M do
forh=1,...,H do

Play action aj' < argmin, Qx (s}, a), receive cost cj* and next state s}, ;.

C(sy, ar) <& ep, M(sy, ap) <& 1, N(sp, ap) < 1, N(spP, ap, st ,) < 1.2

if 57 = g or M(s}", ") = 2" or N(s}", af") = 2! for some integer | > 0 then

| break (which starts a new interval).

if W, divides m then reset C(s, a) < 0 and M(s, a) < 0 for all (s, a).
if Wp divides m then reset N (s, a,s’) < 0 and N(s,a) « 0 forall (s, a, s').
| Update(m +1).
Procedure Update (m)
Vii1(s) < 2B.I{s # g}, Vi(g) < Ofor h < H, ¢+ 2M . In (2848Em) and g+ L.
for all (s,a) do
N7 (s,a) + max{1,N(s,a)}, M*(s,a) « max{1,M(s,a)}, &(s,a) + %,

¢(s,a) + max {O,E(s,a) — 4/ A/E[(f((:)é) — M) } Poo() ll:llis(?a))
while True do
forh=H,...,1do

bn(s,a) < max {71 / V(%fg’%l)”, ﬁf(ﬁﬁ} for all (s, a).
Qn(s,a) + max{0,¢(s,a) + Ps o Vit1 — bp(s,a) — x} for all (s, a).
Vi (s) < min, Qp(s,a) for all s.

| if max, ., Qn(s,a) < B/4 then break; else r < 2.

This procedure (adaptively) generates a non-stationary finite-horizon Markov Decision Process (MDP)
that A faces: M = (S, A, g, {c™}M_, {P™}M_ cy, H). Here, ¢ = cj(y) and P™ = Py
where k(m) is the unique episode that interval m belongs to, and M is the total number of intervals
over K episodes, a random variable determined by the interactions. Note that ¢”* and P always
lie in the oblivious sets {cx }2_; and { P}/, respectively, but ¢™ and P™ are not oblivious since
their values depend on the interaction history. Let V""" (s) be the expected cost (including the
terminal cost) of following policy 7 starting from state s in interval m. Define the regret of 2 over

. . ° 2 M’ H 1 m ,m
the first M intervals in M as Ry = S0 _ (o7 — v H ™ (s77)) where we use CH. 41

as a shorthand for the terminal cost cf(s7; ;). Following similar arguments as in [Cohen et al.,
2021, Chen et al., 2022a], the regret in M and M are close in the following sense.

Lemma 1. Algorithm I ensures Ry < ]O%M + B,.

See Appendix C for the proof. Based on this lemma, in following sections we focus on developing
the finite-horizon algorithm 2 and analyzing how large Ry is. Note, however, that while this
finite-horizon reduction is very useful, it does not mean that our problem is as easy as learning
non-stationary finite-horizon MDPs and that we can directly plug in an existing algorithm as 2. Great
care is still needed when designing 2( in order to obtain tight regret bounds as we will show.

5 A Simple Sub-Optimal Algorithm

In this section, we present a relatively simple finite-horizon algorithm I for M which, in combination
with the reduction of Algorithm 1, achieves a regret bound that almost matches our lower bound
except that 7T is replaced by T1,.x. The key steps are shown in Algorithm 2. It follows the ideas

& y is a shorthand for z < z + y.



of the MVP algorithm [Zhang et al., 2020] and adopts a UCBVI-style update rule (Line 6) with a
Bernstein-type bonus term (Line 5) to maintain a set of ), functions, which then determines the
action at each step in a greedy manner (Line 1). The two crucial new elements are the following.
First, in the update rule Line 6, we subtract a positive value x uniformly over all state-action pairs
so that ||Qp ||, is of order O(B,) (recall B = 16B,), and we find the (almost) smallest such z via
a doubling trick (Line 7). This is similar to the adaptive confidence widening technique of [Wei
and Luo, 2021], where they increase the size of the transition confidence set to ensure a bounded
magnitude on the estimated value function; our approach is an adaptation of their idea to the UCBVI
style update rule.

Second, we periodically restart the algorithm (by resetting some counters and statistics) in Line 3
and Line 4. While periodic restart is a standard idea to deal with non-stationarity, the novelty here
is a two-scale restart schedule: we set one window size W, related to costs and another one Wp
related to transitions, and restart after every W, intervals or every Wp intervals. As mentioned, this
two-scale schedule is inspired by the lower bound in Section 3, which indicates that cost estimation
and transition estimation play different roles in the final regret and should be treated separately.

Another small modification is that we start a new interval when the visitation to some (s, a) doubles
(Line 2), which helps remove T,,,,x dependency in lower-order terms and is important for following
sections. With all these elements, we prove the following regret guarantee of Algorithm 2.

Theorem 2. For any M' < M, with probability at least 1 — 226 Algorithm 2 ensures R;w =
0, (M’ <\/B*SA(1/WC +B.Jwp) + B,SA (1w, + S/Wp)) (AW, + B*APWP)TmaX).

Thus, with a proper tunning of W, and Wp (that is in term of M), Algorithm 2 ensures Ry =
O((ByS AT max (A + B2Ap))Y/3M'*/%). However, this does not directly imply a bound on 1),
since M is a random variable (and the tunning above would depend on M). Fortunately, to resolve
this it suffices to perform a doubling trick on the number of intervals, that is, first make a guess
on M, and then double the guess whenever M exceeds it. We summarize this idea in Algorithm 3.
Finally, combining it with Algorithm 1, Lemma 1, and the simplified analysis of [Chen et al., 2022a]
which is able to bound the total number of intervals M in terms of the total number of episodes K
(Lemma 16), we obtain the following result (all proofs are deferred to Appendix D).

Theorem 3. With probability at least 1 — 220, applying Algorithm 1 with A being Algorithm 3 ensures
Ry = @((B*SATmaX(AC + BEAP))I/SK’2/3) (ignoring lower order terms) for any K' < K.

Note that Theorem 3 actually provides an anytime regret guarantee (that is, holds for any K’ < K),
which is important in following sections. Compared to our lower bound in Theorem 1, the only
sub-optimality is in replacing 7} with the larger quantity 7,,.x. Despite its sub-optimality for SSP,
however, as a side result our algorithm in fact implies the first model-based finite-horizon algorithm
that achieves the optimal dependency on S A and matches the minimax lower bound of [Mao et al.,
2021]. Specifically, in previous works, the optimal S A dependency is only achievable by model-free
algorithms, which unfortunately have sub-optimal dependency on the horizon by the current analysis
(see [Mao et al., 2021, Lemma 10]). On the other hand, existing model-based algorithms for finite
state-action space all follow the idea of extended value iteration, which gives sub-optimal dependency
on S and also brings difficulty in incorporating entry-wise Bernstein confidence sets.> Our approach,
however, resolves all these issues. See Appendix D.4 for more discussions.

Technical Highlights The key step of our proof for Theorem 2 is to bound the term
fo:l hH:I V(ngbﬂ}rbn,,‘/}f_ﬁ — Vi1), where V;"t iso the value of V41 at the beginning of
interval m, and V,;_T is the optimal value function of M in interval m (formally defined in Ap-

pendix A). The standard analysis on bounding this term requires Vh*ff(s) — Vi, (s) > 0, which
is only true in a stationary environment due to optimism. To handle this in non-stationarity envi-
ronments, we carefully choose a set of constants {z]'} so that V77 (s) + 2" — V7 (s) > 0

(Lemma 18), and then apply similar analysis on E%lzl St V(PR o, Vist — Vilta)

M’ H,, m *,Mm m m 1
D om=1 2onet V(P o, Vi + 23" — Vi'ty)- See Lemma 20 for more details.

3Note that the transition non-stationarity A p is defined via L; norm. Thus, naively applying entry-wise
confidence widening to Bernstein confidence sets introduces extra dependency on S.
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Algorithm 3 Non-Stationary MVP with a Doubling Trick

forn=1,2,...do
Initialize an instance of Algorithm 2 with W, = [(B,SA)Y/3(2" ' /(AcTmax))?/?] and Wp =
[(SA)/3(27 1 /(A pTmax))?/?], and execute it in intervals m = 271, ... 2" — 1.

Algorithm 4 MVP with Non-Stationarity Tests
Parameters: window sizes W, and Wp, coefficients c;, ca, sample probability p, and failure
probability 4.
Initialize: ResetC(), ResetP (), Update(1).
form=1,...,M do
forh=1,...,Hdo
Play action a}* < argmin, Qy, (s}, a), receive cost c}* and next state Sptq-

C(sr,apt) &= e, M(sp, apt) - 1, N(sp, apt) & 1, N(sp, ap, sp ) 4 1.
~ F ~ ~p + = -

X e —elspra), X Viga(siy) — P qm Vg1

if 57’ = gor M(sy', ap’) = 2L or N(s7, a*) = 2! for some integer | > 0 then
| break (which start a new interval).

if X¢ > X, (defined in Lemma 24) then ResetC(). (Test 1)
if X© > XL (defined in Lemma 25) then ResetC() and ResetP (). (Test 2)
if v¢ = W, then ResetC().
if v© = Wp then ResetC() and ResetP ().
ve &1,0F E1, Update(m + 1).
if HV’LHOO > B/2 for some h (Test 3) then
| ResetC(), with probability p execute ResetP (), and Update (m + 1).

Procedure Update (m)

Vig1(s) < 2BI{s # g}, Va(g) + Oforall h < H, and ¢ 21! . In (2348 Km)
pe— min{%, w1 el min{\/c#, 57} 1 < p°+ Bpt.

for all (s,a) do

N7 (s,a) + max{1,N(s,a)}, M*(s,a) « max{1,M(s,a)}, ¢(s,a) + C(s,a)

M+ (s,a)’
B, N(s,a,) - — c(s,a) L
Pyo(t) Ni(s,a)), ¢(s,a) < max {O,c(s,a) - M(Jr(s?a) ~ MG },
(s,a) < ¢(s,a) + 87.

(s,
forh=H,...,1do

V(Ps o, Vii1)t L
br(s,a) < max {71 / (N4(sfa+)1) 7 ‘ﬁf(ﬁ)} for all (s, a).
Qn(s,a) = max{0,&(s,a) + Py o Vi1 — bu(s,a)} all (s, a).
| Vi(s) = argmin, Qp (s, a) for all s.

Procedure ResetC()

| v¢41,X°«0,C(s,a) « 0, M(s,a) < 0forall (s,a).
Procedure ResetP ()

| vP + 1,XF + 0,N(s,a,5') + 0,N(s,a) < 0 forall (s,a,s’).

6 A Minimax Optimal Algorithm

In this section, we present an improved algorithm that achieves the minimax optimal regret bound up
to logarithmic terms, starting with a refined version of Algorithm 2 shown in Algorithm 4. Below, we
focus on describing the new elements introduced in Algorithm 4 (that is, Lines 1-3 and 6-4).*

The main challenge in replacing Ty,.x With 7T} is that the regret due to non-stationarity accumulates
along the learner’s trajectory, which can be as large as O((A. + B,Ap)H) since the horizon is H

“Line 4 and Line 5, althogh written in a different form, are similar to Line 3 and Line 4 of Algorithm 2.



Algorithm 5 A Two-Phase Variant of Algorithm 1

Initialize: Phase 1 algorithm instance 2(; and Phase 2 algorithm instance 2.
Execute Algorithm 1 with 2 = 2(; for every first interval of an episode, and 2 = 2(» otherwise.

(recall H = O(Tax))- Moreover, bounding the number of steps needed for the learner’s policy to
reach the goal is highly non-trivial due to the changing transitions. Our main idea to address these
issues is to incorporate a correction term 7 (computed in Line 7) into the estimated cost (Line 4) to
penalize policies that take too long to reach the goal. This correction term is set to be an upper bound
of the learner’s average regret per interval (defined through p¢ and p” in Line 7). It introduces the
effect of canceling the non-stationarity along the learner’s trajectory when it is not too large. When
the non-stationarity is large, on the other hand, we detect it through two non-stationary tests (Line 2
and Line 3), and reset the knowledge of the environment (more details to follow).

However, this correction leads to one issue: we cannot perform adaptive confidence widening (that
is, the —z bias) anymore as it would cancel out the correction term. To address this, we introduce
another test (Line 6, Test 3) to directly check whether the magnitude of the estimated value function
is bounded as desired. If not, we reset again since that is also an indication of large non-stationarity.

We now provide some intuitions on the design of Test 1 and Test 2. First, one can show that the
two quantities X and X we maintain in Line 1 are such that their sum is roughly an upper bound
on the estimated accumulated regret. So directly checking whether ¥¢ + X is too large would be
similar to the second test of the MASTER algorithm [Wei and Luo, 2021]. Here, however, we again
break it into two tests where Test 1 only guards the non-stationarity in cost, and Test 2 mainly guards
the non-stationarity in transition. Note that Test 2 also involves cost information through V, but our
observation is that we can still achieve the desired regret bound as long as the ratio of the number of
resets caused by procedures ResetC() and ResetP() is of order O(B,). This inspires us to reset both
the cost and the transition estimation when Test 2 fails, but reset the transition estimation only with
some probability p (eventually set to 1/B,) when Test 3 fails.

For analysis, we first establish a regret guarantee of Algorithm 4 in an ideal situation where the first
state of each interval is always s, (Proofs of this section are deferred to Appendix E.)

Theorem 4. Let ¢, = \/B,SA/T,, c; = VSA/T,, W, = [(B,SA)Y3(K/(AT,))*3], Wp =
[(SA)Y/3(K/(ApT.))?*/3), and p = 1/ By. Suppose s7* = sy for all m < K, then Algorithm 4
ensures R = O((B,SAT, (A, + B2Ap))Y/3K2/3) (ignoring lower order terms) with probability
at least 1 — 400.

The reason that we only analyze this ideal case is that, if the initial state is not si, then even the
optimal policy does not guarantee T hitting time by definition. This also inspires us to eventually
deploy a two-phase algorithm slightly modifying Algorithm 1: feed the first interval of each episode
into an instance of Algorithm 4, and the rest of intervals into an instance of Algorithm 3 (see
Algorithm 5). Thanks to the large terminal cost, we are able to show that the regret in the second
phase is upper bounded by a constant, leading to the following final result.

Theorem S. Algorithm 5 with 20, being Algorithm 4 and 203 being Algorithm 3 ensures Rk =
O((BLSAT(A.+ B2Ap))' /3 K?/3) (ignoring lower order terms) with probability at least 1 — 646.

Ignoring logarithmic and lower-order terms, our bound is minimax optimal. Also note that the bound
is sub-linear (in K) as long as A. and Ap are sub-linear (that is, not the worst case).

7 Learning without Knowing A_.and Ap

To handle unknown non-stationarity, we combine our algorithmic ideas in previous sections with a
new variant of the MASTER algorithm [Wei and Luo, 2021]. The original MASTER algorithm is
a blackbox reduction that takes a base algorithm for (near) stationary environments as input, and
turns it into another algorithm for non-stationarity environments. For many problems (including
multi-armed bandits, contextual bandits, linear bandits, finite-horizon or infinite-horizon MDPs),
Wei and Luo [2021] show that the final algorithm achieves optimal regret without knowing the
non-stationarity. While powerful, MASTER can not be directly used in our problem to achieve the



same strong result. As we will discuss, some modification is needed, and even with this modification,
some extra difficulty unique to SSP still prevents us from eventually obtaining the optimal regret.

Specifically, in order to obtain 7T, dependency, we again follow the two-phase procedure Algorithm 5
and instantiate a MASTER algorithm with a different base algorithm in each phase. In Phase 1,
since it is unclear how to update cost and transition estimation independently under the framework
of MASTER, we adopt a simpler version of Algorithm 4 as the base algorithm, which performs
synchronized cost and transition estimation and a simpler non-stationarity test; see Algorithm 6 (all
algorithms/proofs in this section are deferred to Appendix F due to space limit). In Phase 2, we use
Algorithm 2 as the base algorithm.

Our version of the MASTER algorithm (Algorithm 8) requires a different Test 1 compared to
that in [Wei and Luo, 2021], which is essential due to the presence of the correction terms in
Algorithm 6. Specifically, it no longer makes sense to simply maintain the maximum of estimated
value functions over the past intervals, since the cost function combined with the correction term is
changing adaptively, and a large correction term will interfere with the detection of a small amount
of non-stationarity. Our key observation is that for a base algorithm scheduled on a given range by
MASTER, the average of its correction terms within the same range is of the desired order that does
not interfere with non-stationarity detection. This inspires us to maintain multiple running averages
of the estimated value functions with different scales (see Line 2 of Algorithm 8). Then, to detect a
certain level of non-stationarity, we refer to the running average with the matching scale (see Line 3).

We show that the algorithm described above achieves the following regret guarantee without knowl-
edge of the non-stationarity.

Theorem 6. Let 2y be an instance of Algorithm 8 with Algorithm 6 as the base algorithm and 25 be
an instance of Algorithm 8 with Algorithm 2 as the base algorithm. Then Algorithm 5 with A, and
o ensures with high probability (ignoring lower order terms):

Ry =0 (min {B*S\/ALK, B,SVAK + (B2S2A(A, + B*AP)T*)1/3K2/3}> ,

where L = 1 + ZkK:_ll I{ P11 # Py or c41 # ¢k} is the number changes of the environment (plus
one). Moreover, this is achieved without the knowledge of A., Ap, or L.

The advantage of this result compared to Theorem 5 is two-fold. First, it adapts to different levels of
non-stationarity (A, Ap, and L) automatically. Second, it additionally achieves a bound of order
O(B,SvV ALK), which could be much better than that in Theorem 5; for example, when L = O(1),

the former is a v/ K -order bound while the latter is of order K2/3. As discussed in [Wei and Luo,
2021], this is a unique benefit brought by the MASTER algorithm and is not achieved by any other
algorithms even with the knowledge of L.

The disadvantage of Theorem 6, on the other hand, is its sub-optimality in the B, dependency for
the A.-related term and the S dependency for both terms. The extra B, dependency is due to the
synchronized cost and transition estimation. As mentioned, it is unclear how to update cost and
transition estimation independently as we do in Algorithm 4 under the framework of MASTER,
which we leave as an important future direction. On the other hand, the extra S dependency comes
from the fact that the lower-order term in the regret bound of the base algorithm affects the final regret
bound (see the statement of Theorem 13). Specifically, the lower-order term is B,.S 2 A instead of
B, S A, which eventually leads to extra S dependency. How to remove the extra S factor in the base
algorithm, or eliminate the undesirable lower-order term effect brought by the MASTER algorithm,
is another important future direction.

8 Conclusion

In this work, we develop the first set of results for dynamic regret minimization in non-stationary SSP,
including a (near) minimax optimal algorithm and two others that are either simpler or advantageous
in some other cases. Besides the immediate next step such as improving our results when the non-
stationarity is unknown, our work also opens up many other possible future directions on this topic,
such as extension to more general settings with function approximation. It would also be interesting
to study more adaptive dynamic regret bounds in this setting. For example, our B, and 7 are defined
as the maximum optimal expected cost and hitting time over all episodes, which is undesirable if only



a few episodes admit a large optimal expected cost or hitting time. Ideally, some kind of (weighted)
average would be a more reasonable measure in these cases.
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A Preliminaries

Extra Notations We first define (or restate) some notations used throughout the whole Appendix.

o Let Ay = STt |lett = Appy) = ST maxg |[PI — PL[,. Itis

T=1

straightforward to verify that A, (1 3 = Ac and Ap [ ) = Ap.

1

e Define A, = A, e ) and Ap = Ap e ), Where 4y, and il are the first intervals

after the last resets of M and N before interval m respectively.

e For all algorithms, denote by ¢, ™, P™, b, N\, M\, 1, the value of ¢, &, Ps 4, by,

s,a°
N+, M, ., at the beginning of interval m, and define ¢* = ¢ (s}, a*), &;* = ¢(s}*, a}),
N = N (s}, af*), and M} = M™ (s}, a}*). We also slightly abuse the notation and
write b (s}, a') as b)* when there is no confusion.
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H m/ m/
e Define &(s,0) = st S ch (s ) = (s,a)} & =

n m—1 D pm
" (SZI ) Pm :mZm’*zP h 1 H{(Sh ’ah ):(87a)}’Pm:PsT,a?’
and Ph = R§Z77a?,.

e Denote by L. [; j and Lp; ;) one plus the number of resets of M and N within intervals
[4, 7] respectively, and define L. ., = Le 1,m]» LPm = Lpj1,m)» Lm = Leym + Lpm for
any m > 1.

e Define f¢(m) (or f¥(m)) as the earliest interval at or after interval m in which the learner
resets M (or IN).

e Define m}? = I{M™(sj",a7) = 0}, nf* = I{N™(sj",ap) = 0}, Cuv =

Hop+1 . V(P™, ,V)im
S S en and bonus function 5™ (s, a, V) = max {7 (P V)em  49B/St, }

N (s,a) 7 Ni(s,a)

e Define Tg*’m(s) (or T}?*’m(s,a)) as the hitting time (reaching g or layer H + 1) of
W]:(m) starting from state s (or state-action pair (s, a)) in layer h w.r.t transition P, such

that 7; "™"(s,a) = 1+ P T;;_’lm, T,:r M(s) =Ty ’m(s,w;(m)(s)), and TIZ+T(5) =
T3 (sca) =Ty ™(g) = Ty "™(g,a) = 0.

. . . T m *
e For notational convenience, we often write V), ROmT g Vh7r m,

e Define (z); = max{0,x}.

Optimal Value Functions of M We denote by @}, and V,”™ the optimal value functions in

interval m. It is not hard to see that they can be defined recursively as follows: Vb*[fl = cy and for
h<H,

(s, a) =M (s,a) + P, V;ﬁl, Ve (s) = mln Q" (s, a).

For notational convenience, we also let Q"' (s, a) = V};!'; (s) forany (s,a) € S x A.

Lemma 2. Foranym > land h < H + 1, Q}"™(s,a) < QZ "(s,a) < 4B,.

Proof. This is simply by QZ*’m(s, a) <14 maxs Vi (s) + 2B, < 4B,. O

Auxiliary Lemmas Below we provide auxiliary lemmas used throughout the whole Appendix and
for all algorithms.

Lemma 3. With probability at least 1 — 30, fo;l ng‘l(cm(sf,a}f) - <
32771 1 h= 1( CI%Y/LI;"T:L Ln;”) + Z:\r/le ZhH;nl Acvm < @( SALCvM/C]W/+SALC»IW/) +

2Zm:1 Zhgl c,m and Zm 1 hHml ( %&? + ﬁ%) S @(\/SALC’M/C]W/ + SALC’]\/[/ +
\/SALC,M/ Zm:l Zh;”l A¢m) forany M’ < M.

Proof. First note that by Lemma 49, with probability at least 1 — 4, for any m > 1 and (s,a) € S X A,

~m m m 1
c’”(s,a) < ¢ (Sh 7ah ) (1)

™ (s,a) — M (s,a)  Mph(s,a)
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For the first inequality in the first statement, note that

M’ H,,

DD s ap) )
m=1h=1
M' Hp, om, M’ H,,
3 = h ‘m
<23 (Em<shm,am =i a) + [+ +mh> P IPIL

(definition of ¢;* and ¢ (s}, aj*) < ¢ (s, ap) + Acm + mj?

<3NZ[/HZM ChLm +NZI/HZMA (E 1 d m<#
< I e g (D and my' < oo

m=1h=1

The second inequality in the first statement simply follows from applying AM-GM inequality on
the second statement. To prove the second statement, first note that by Lemma 49, Cauchy-Schwarz
inequality, and Lemma 11, with probability at least 1 — 6,

M’ H,, M' Hp,
-m _ @ Ch 1
§ Ch = Ch + Mm + ™M™
m=1h=1 m=1h=1 h

M’ H,,

M’
=0 ZZ + 0| SALear Y @ + SALe

h=1 m=1 h=1

3

Solving a quadratic inequality w.r.t Zf\f,:l Zf;"l ¢y (Lemma 45) gives Zﬁf;l Zf;”l o o=
(’)(EM L "‘1 ¢t + SAL ar). Therefore, with probability at least 1 — 4,

m=1
M émy L Il
h tm m A —m
35 ([ ) 0 (st 3 N sas
m=1 h=1 m=1h=1
(Cauchy-Schwarz inequality and Lemma 11)
M’ Hp,
=O || SALear Y > @0 + SALe
\ m=1h=1
3 M' Hp, M' Hp,
= O | \|SALeawr D Y Do+ [SALear 3 Y e (s aft) + SALcar
m=1h=1 m=1h=1
M’ Hy,
=0 SALC’M/ Z Z Ac,m —+ \/ SALQM/C]W/ + SALQM/ . (Lemma 50)
m=1h=1
This completes the proof. O

Lemma 4. With probability at least 1 — §, for any m > 1, (s,a) € S x Aand s € Sy,
Pr(s') = PIL(s'

P (s)em tm P, (s')im L

2N, (s,a) 2N, (s,a) = N (s,a) N (s,a)”

Proof. The first inequality hold with probability at least 1 — ¢ / 2 by applying Lemma 49 for each
(s,a) € S x Aand s’ € S;. Also by Lemma 50, we have Pm( ") < 2P (8) + o

2N (s, a)
any (s,a) € S x A, s’ € S; with probability at least 1 — §/2. Substituting this back and applying
Va+b < \/a+ /b proves the second inequality. O

Lemma 5. With probability at least 1 — 6, for any (s,a) € S x Aand m > 1, ¢ (s,a) <
™ (s,a) + Ag .
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Proof. For any (s,a) and m > 1, when M, (s, a) = 0, the statement clearly holds since ™ (s, a) =
0. Otherwise, by Lemma 49 and Lemma 50, with probability at least 1 — 4, for all (s,a) and m > 1
simultaneously,

& (s.) — (s, )| < 3 (5,0) | 3284m> 21 3254m®
" (s,a) (s,a
M+ 4] M, (s, a)
m 121n 4SAm . 5
(20 (s,a) + m) 325Am5  2In 3254m- & (s,a)im L
=3 ¥ In T < ¥ TN
My (s, a) 4] M (s, a) Mi(s,a)  Mp(s,a)
(2)
Therefore, by max{0,a} — max{0,b} < max{0,a — b},
" (s,a) —c™(s,a) <E"(s,a) —c™(s,a) + Aem
_ (s, a)im tm
< max< 0,¢™(s,a) —¢c™(s,a) — - + Acm < Acm,
= X{ ( ) ( ) M;‘,T-L(S’a) M;";L(S,CL) } ) s
where the last step is by Eq. (2). [

Lemma 6. Given function V € [—B, B]S+ for some B > 0, we have with probability at least 1 — 6,

> = ~ SV(Pm |V .
(P, — PV <O ( N(:;'E’S";a)) + Nf(ia)) + BAP forany m > 1.

Proof. Note that with probability at least 1 — 6,
(P =PIV = (P, = PIL)(V = PILV))

N pPm(s') B
@) —\V P*V|4+ ——m— L 4
%: N+( ) | ( ) s,a | + Nnﬁ(s,a) ( emma )
SP(V — Pm V)2 SB
N;h(s,a) N;(s,a)

I
G

(Cauchy-Schwarz inequality)

- SPM(V — Pm V)2 SB SAp
=0 h LA + By | —2m ),
(\/ N (s,a) N (s, a) N (s,a)

Applying AM-GM inequality completes the proof. O]
Lemma 7. With probability at least 1 —5,V (P, Vi) < 2V(Py, Vi) +O (552 ) +2B2Apm
forany m > 1.
Proof. Note that:
V(PR Vi) < PV, — PV, (B5 = argmin, 3, pi(wi — 2)?)
= V(Ph 7Vh+1) (Pﬁn - Pf?)(vﬁ1 - Ph Vh+1)
< VPPV + (B = P Vi, = PVin)? + B Apm

Vith — PRV | SB?
Ny Ny

- SP( >
<V Vi) + 0O | B + B*Apm

(Lemma 4 and Cauchy-Schwarz inequality)

. SV(pP™ v SAp,, SB?
SV(szan}:rJlrl)_‘_O(B %4‘32\/ N;:; + Nm> + B*Apm
h h h

SB?
<2V(P, Vi) +0 <N

) +2B*Ap . (AM-GM inequality)
h
O
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Lemma 8. Given an oblivious set of value functions V with |V| < (2HK)® and ||V ||, < B for any
V €V, we have with probability at least 1 — 6, forany V €V, (s,a) € S x A, andm > 1, |( P, —

m VP, Vim 17Bm BApm pm _ pm 2V(Pr, V)im | 3BvSim
P a)v| < N:Z(a a) + Nﬁ(s,a) + and |(Ps,a Re,a)v| < N+(s ) + Nﬁ(s,a)'

Proof. Foreach (s,a) € S x Aand V' € V, by Lemma 49, with probability at least 1 — 72514(25}”()6 ,
forany m > 1

N’nl (370/)

_ = 1
(Pl — PV < NiGoa) > V(PLEV)im + B | - 3)

Denote by m; the interval where the i-th visits to (s, a) lies in among those N, (s, a) visits, we have

N, (s,a) N, (s,a)
—_— V(P V)= ——— PIi(V — PIWV)?
Nj;L(S a) Zl ( s,a ) N;’;L(S7 a) — s,a ( s,a )
1= =1
N, (s,a)
1
< N+ oa) S PV —PRV) V(PR V) + B Apy,
=1

where the second last inequality is by Zzp o t = argmin_ >, p;(z; — z)%. Thus by Eq. (3),

- V(P V)im B, Apmtlm
P — PV + + By —/———
e = VIS "Ny NG P\ NG
(P9 a’v) 17BLm BAPm
—. AM-GM inequalit
=\ "Ni(s,a) | Ni(s,a) 64 ( quality)
Moreover, again by 221” L = argmin, >, pi(z; — 2)%
N, (s,a) 1 N, (s,a)
AV PmT’ < - P vV — pm v 2
N+ S a P s,a = N;;(S, a) ; s,a( s,a )

SV( ;ma7v)’/7n SBQLm
Ni(s,a) N;(s,a)
(Lemma 4 and Cauchy-Schwarz inequality)

< V(P! V) + (PM — PI)(V — P V)2 <V(P™,V)+ B

25B2?,
< 2V(P™ . i AM-GM inequalit
(Psa: V) N7 (5.0) ( quality)
m 2V(ngavv)Lm L
( P )V| - NL(s,a) ?\IB,JZ\/(E@) : D

Lemma 9. For any sequence of value functions {V,"}, o with ||V € [0,B], we
have with probability at least 1 — 6, for all M' > 1, Zﬁf;l ZhHgl V(P Vi)

A M’ m m M’ H,, m(.m my/m

0 (Zm:1 VHm,+1(SHm+1)2 + X ome1 2 BV (i) — BVl )+ + Bz)-

Proof. We decompose the sum of variance as follows:

M' Hp, M' Hp,
Z ZV P Vi) = Z Z (Pgl(vﬁ-ﬁz - Vﬁl(STH)Z)
m=1h=1 m=1 h=1
M' Hy, M’ Hn,
+ Z Z Vit (sia)® = Vit (si)?) + Z Z — (PVi)?) -
m=1 h=1 m=1 h=1
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For the first term, by Lemma 49 and Lemma 47, with probability at least 1 — 9,

Z Z (P (Vit))? = Vit (sp0)?) = O Z ZV (P, (Vi y)?) + B2
1h=1

m= m=1h=1

= ZiVP;;%,VhH + B?

m=1 h=1

The second term is clearly upper bounded by Zf\:{/:l Vi 1 (s’Hnm _H)z, and the third term is upper
bounded by 2B M S Hr (prm(gm) _ pm Vi e bya® = b < (a + b)(a — b);. Putting

everything together and solving a quadratic inequality (Lemma 45) w.r.t Z _ Z hey V(P Vi)
completes the proof. O

Lemma 10. For any value functions {V;"* } 1, such that ||V,"'|| < B, with probability at least
1 -6, forany M' > 1,

M’ H,,

DD b s ai Vi)

m=1h=1
M’ Hp, M’ Hp

=0 | \|SALpar Y Y V(P Vi) + BS" ALp s + By | SALpar Y Y Apm
m=1 h=1 m=1 h=1

Proof. Note that:

Zzb (sh'sap', Vih) = ZZ \/m+i\;§
m=1h=1 m=1h=1

M Hp,
= @ SALP]\/[/ Z ZV P,;’ZVh“j_l + BSI'5ALP’]V[/
m=1 h=1
(Cauchy-Schwarz inequality and Lemma 11)
- 77], M, Hm,
=0 | | SALpw Z > V(P Viny) + BSYALp e + By | SALpar Y Y Apm
m=1 h=1 m=1 h=1
(Lemma 7, Lemma 11, and va + b < y/a + Vb)

O
, M’ Hn 1 A ! Hpo 1
Lemma 11. For any M" > 1, Y " > ™ o = O(SALeae) and Y 1 > 0™ o =
N h h
O(SALP,I\/[/ )
Proof. This simply follows from the fact that the sum of ﬁ (or ﬁ) between consecutive resets of
~ h h
M7} (or N7*) is of order O(SA). O
Lemma 12. 2 1{H,, < H s} .| # g} = O(SALyy) forany M’ < M.

Proof. This simply follows from the fact that between consecutive resets of M or N, the number of
times that the number of visits to some (s, a) is doubled is O(SA). O

Lemma 13. Suppose r(m) = min{ \;}n + co,c3}, A € ]le* is a non-stationarity measure, and

define A; j) = Zz;ll A(7). If for a given interval J, there is a way to partition J into { intervals
{Z}_y withT; = [s;, €;] such that A, ¢, 1) > 7(|L;|+1) for i < £—1 (note that |L;| = e;—s;+1),
then £ <1+ (2¢; A7) B3| TV + 5 A
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Proof. Note that

-1 -1 -1
Bz 23 Ay > 3or(T +1) = > min {er (T +1)72,e5 ]
i—1 i—1 i=1
-1 . oo,
L -1/2 — A7 -1/2 .
Zzlmln{2|ll| ,03}—21 2|L| + lacs,

where in the last step we assume |Z;| is decreasing in 7 without loss of generality and ¢1 + o = ¢ — 1.
The inequality above implies £, < c3 ' A7 and

A 41 3 £y 3 2A 2
1 1 1
6 =Y it < (Z |L-|‘”2> (Z |L-|> < (22) 1o
i=1 i=1 i=1

(Holder’s inequality with p = % and ¢ = 3)

Combining them completes the proof. O

B Omitted Details in Section 3
In this section we provide omitted proofs and discussions in Section 3.

B.1 Optimal Value Change w.r.t Non-stationarity

Below we provide a bound on the change of optimal value functions w.r.t cost and transition non-
stationarity.

Lemma 14. For any k1, ko € [K], Vi (Sinit) — Vi (Sinir) < (A¢+ BLAp)T,

Proof. Denote by g, (s, a) (or gj, (s)) the number of visits to (s, a) (or s) before reaching g following
7T22. By the extended value difference lemma [Shani et al., 2020, Lemma 1] (note that their result is
for finite-horizon MDP, but the nature generalization to SSP holds), we have

Vi (sinie) — Vi, (Sinit)
B quz (Vi (5) = Qi (3,5, (3))) + quz $,a)(QF, (5,a) = cry (8, a) = Pryys.a Vi)

<> ah,(s,a)(en, (5,0) = ey (5,0) + (Prysia = Pravs,a) Vi) < (Be + BuAp)T
where in the last inequality we apply |[[ck, — chylloe < Acs(Prisa — Prosa)Vi, <
maX g || Pr,s,a = Pro,sally HV,:1 HOO < B,Ap, and Zs,a %, (s,a) <T. O

We also give an example showing that the bound in Lemma 14 is tight up to a multiplication
factor. Consider an SSP instance with only one state s;,;; and one action a4, such that ¢(Sinit, ag) =

]75’:*, P(g|sinit; ag) = T , and P (Sinit|Sinit; ag) = 1 — P(g|sinit, ag) With 1 < B, < T,. The
optimal value of this instance is clearly B,. Now consider another SSP instance with perturbed

cost function ¢ (Sinit, ag) = ?* + A, and perturbed transition function P’ (g|sinit, ag) = % - A—QP,
P’ (sinit| Sinits ag) = 1 — P’ (g|Sinit, ag) with max{A., Ap} < =-. The optimal value function in this

instance is

B

z=+A: B, +T.A.

T = 1*_ A < (Ba + TA)(1+ TuAp) = By + (Ac + BLAp) T, + TEAAp
2

T, 2

< B* + 2(Ac + B*AP)T*;

where in the first inequality we apply 1 <142zxforxz €0, } Thus the optimal value difference
between these two SSPs is of the same order of the upper bound in Lemma 14.
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B.2 Proof of Theorem 1

For the ease of analysis, in this section we consider SSP instances with different action set at different
state similar to [Chen et al., 2021b]. The meaning of S A is still the total number of state-action pairs
in the SSP instance.

For any B,,T,,SA, K with B, > 1, T, > 3B, and K > SA > 10, we define a set of SSP
instances { M/ }; ; with i,j € {0,1,..., N} and N = SA. The instance M [ ;. is constructed as
follows: / 7

e There are N + 1 states {Sinit, S15-- -, SN }-
o At Sini, there are N actions aq, ..., ap; at s; for i € [IN] there is only one action ag.

B*JrEC,KH{Z';é’L-*} )
T

o ¢(Sinit, a;) = 0 and c(s;,ay) ~ Bernoulli( for i € [N], where e, x =

LZUN /NB,JK.
o P(si|sinit; ai) = 1, P(glsj,ae) =
where €p i = #\/N/K.

Note that for any Mf(], the expected hitting time is upper bounded by 7', + 1, the expected cost of
optimal policy is upper bounded by 2B,, and the number of state-action pairs is upper bounded by
2N. We then use {/\/lfg}z ;j to prove static regret lower bounds (note that static regret and dynamic
regret are the same without non-stationarity, that is, A. = Ap = 0) based on cost perturbation and
transition perturbation respectively, which serve as the cornerstones of the proof of Theorem 1.

Theorem 7. Forany B, T,,SA, K with B, > 1, T, > 3B,, K > SA > 10, and any learner, there
exists an SSP instance based on cost perturbation such that the regret of the learner after K episodes

is at least (/B SAK).

1+ep,xkI{j=5"}

T ,and P(sjlsj,aqy) = 1 — P(gls;, aq),

Proof. Consider a distribution of SSP instances which is uniform over { M }; for i € [N]. Let

E; be the expectation w.r.t M {,(07 P; be the distribution of learner’s observations w.r.t Mffo, and
K; the number of visits to state ¢ in K episodes. Also let €. = €. k. The expected regret over this
distribution of SSPs can be lower bounded as

1 & 1 & 1 &
E[Rk] = NZIEZ-[RK] > NZ]EZ-[K — Kjlec = €. (K NZE—[KA) :

Note that /\/léfo has no “good” state. By Pinsker’s inequality:

E;[K;] — Eo[K;] < K ||P; — Py||; < K+/2KL(FPy, B;).
By the divergence decomposition lemma [Lattimore and Szepesvdri, 2020, Lemma 15.1], we have:

KL(Py, P;) = Eo[K;] - T, - KL(Bernoulli(( By + €.)/T%), Bernoulli( B, /T ))

€2/T? 2¢2
_feltx < Zeporg].
B.(1_B-) = B, o K]

T, T,
([Gerchinovitz and Lattimore, 2016, Lemma 6])

< EolKy] - T, -

Therefore, by Cauchy-Schwarz inequality,
N N
S (K] < (BolKi] + 26K VEo[Kil/B.) < K + 26K VNK/B,.
i=1 i=1

Plugging this back and by the definition of €., we obtain

E[Rk] > e K <1 LR ) _ (- /N VB.NK = Q(y/B,SAK).

N NB, 8

This completes the proof. O
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Theorem 8. Forany B,,T,,SA, K with B, > 1, T, > 3B,, K > SA > 10, and any learner, there

exists an SSP instance based on transition perturbation such that the regret of the learner after K

episodes is at least Q(B,VSAK).

Proof. Consider a distribution of SSP instances which is uniform over {M{;}; for j € [N]. Let

E; be the expectation w.r.t Mo ML P; be the distribution of learner’s observations w.r.t MK s and
K the number of visits to state j in K episodes. Also let ep = ep i . The expected regret over this
distribution of SSPs can be lower bounded as

N
1 1 1
]E[RK]:N Ej[RK]ENZEj[K—Kj]-B* (1—1+€ )
i=1 j=1 P
N
B*Gp 1
> 550 K-y 2B

Note that M has no “good” state. By Pinsker’s inequality:

E;j[K;] — Eo[K;] < K ||Pj — Boll, < K4/2KL(F, P)).

By the divergence decomposition lemma [Lattimore and Szepesvari, 2020, Lemma 15.1], we have:

KL(Py, P;) = Eo[K;] - KL(Geometric(1/T,), Geometric((1 + €p)/T%))
= Ey[K}] - T\ - KL(Bernoulli(1/7} ), Bernoulli((1 + €p)/T%))

ep/T?

< Eo[Kj] TW

< 265 Eo K.
([Gerchinovitz and Lattimore, 2016, Lemma 6] and ep < 4)

Therefore, by Cauchy-Schwarz inequality,
ZE i < Z (Eo 14 2epK ]EO[Kj]> < K +2pKVNK.

Plugging this back and by the definition of €p, we obtain

E[Rx] > B.cpK (1_ 1 _gep\/§> > { 1/N) ~ " B.VNK = Q(B,VSAK).

2 N -

This completes the proof. O
Now we are ready to prove Theorem 1.

Proof of Theorem 1. We construct a hard non-stationary SSP instance as follows: we divide K

episodes into I = L.+ Lp epochs. Each of the first L, epochs has length 52 31> and the corresponding

SSP is unlformly sampled from {M K/(2Le )},E[ ~) independently; each of the last Lp epochs has
length & 51, and the corresponding SSP is uniformly sampled from {M(If J/ (QLP)} je[~v] independently.
By Theorem 7 and Theorem 8, the regrets in each of the first L. epochs and each of the last L p epochs

are of order Q(+/B,SAK/L.) and Q(By+\/SAK/Lp) r) respectively. Moreover, the total change in
cost and transition functions are upper bounded by < €Le and Q‘PL P respectively with ¢, = ¢, S

and cp = EPv% Now let Qfe = Acand m = AP, we have L. = (imuTN)Q/?’(zNB*)l/3
and Lp = (?éfﬁV)Q/?’(QN)l/S and the dynamlc regret is of order Q(L.. - \/B,SAK/L. + Lp -
SAK/Lp) = Q((B.SAT, (A, + B2Ap))/3K2/3). 0
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C Omitted Details in Section 4

Notations Under the protocol of Algorithm 1, for any k € [K], denote by M) the number of
intervals in the first k£ episodes. Clearly, M = M.

The following lemma is a more general version of Lemma 1.

Lemma 15. Forany K' € [K], Rg < ]-OEMK, + B,.

Proof. Let T}, be the set of intervals in episode k. Then the regret in episode & satisfies

Hy, H,,
S S — Y (zch Ve s )+ S V) - Vsl

meZL h=1 meZy h=1 meTy

< (@ -V s +

meTLy,

B
2K’

where the last step is by the definition of ¢} , and Vi () < ViE(st) + 2= < 3B, by
Lemma 46. Summing up over k completes the proof. O

Lemma 16. Suppose algorithm U ensures Ry = O(vo + v M ’V%M’l/z + 72M'2/3)
for any number of intervals M' < M with cetain probability. Then with the same probability,
My = O(K' + /By + (71/B)? + (73/B.)? + (12/B.)?) and Rur,,, = O(mK" +

Y Y Gl - M +91/Bx 473/ B} + ) for any K’ € [K].

Proof. Fixa K' € [K]. Forany M’ < Mg, letCy = {m € [M'] : s}; ., = g}. Then,

Ry =y (C™ =V () + Y (C™ =V ()

meCy m¢Cy

—(’)(70+71M’/ +yy M7 4y M’2/3> )

Note that Vf*’m(s’{“) < Vk(m)( ™) 4+ 2= < 3B, by Lemma 46. Moreover, C™ > 2B, when
m ¢ C,. Therefore, C™ — V" "™ (s7) > — 3B+ form € C, and C™ — Vi (smY) > B« for
m ¢ C,. Reorganizing terms and by |C,| < K', we get:

B.M’
2

<2B,K'+0 (’Yo + MY s M sz’Q/S) :

Solving a quadratic inequality w.r.t. M, we get M’ = O(K' + o/Bx + (71/B.)3/? + (73 /By)? +
(72/By)?). Define v = vo/ B, + (71/B)*? + (v1/Bx)? + (72/B.)’. Plugging the bound on M’
back to Eq. (4), we have

Ry =0 (70 + K 4y K2 4 qp K M3 a2 7272/3>
=0 (70 + K 4 K2 4 oK 4477 B ¢ V3/B.+73/B: + Bw)
=0 (’Yo + K + 7K V2 kPP 2 B 71 /Bi + 72/32)
where in the second last step we apply Young’s inequality for product (zy < a? /p + y%/q for x > 0,

y>0,p>1,¢g>1,and % + ~ = 1). Putting everything together and setting M’ = My completes
the proof. 0

D Omitted Details in Section 5

Extra Notations Let Q}*, V", z,,, be the value of ()}, V3, and z at the beginning of interval m,
and Q7 (s,a) = V7', (s) forany (s,a) € S x A.
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D.1 Proof of Theorem 2

We first prove two lemmas related to the optimism of ()}*. Define the following reference value
function: Q' (s, a) = (¢"(s,a)+ P Vth1 —b™(s,a,Vyt ) —&m)y for h € [H], where V™ (s) =
argmin, Q}*(s,a) for h € [H]|, V', = cf, Q1 (s,a) = Vi, (s) for any (s,a) € S x A, and
j}WL = Ac,m + 4B*AP7TI’L'

Lemma 17. With probability at least 1 — 29, COQZL(S, a) <Qp"(s,a) form < M.

Proof. We prove this by induction on /. The base case of h = H + 1 is clearly true. For h < H, by
Lemma 438, for any (s,a) € S x A:

Qh'(s,@) =" (s, @) + P Vil = 0" (5,0, Vii}y) = &
<E(s,a) + PV = 0" (5,0, VIET) — dm (by the induction step)
=" (s,a) + PV, + (P — POV — 0™ (5,0, Vi) — dim
@ e *,m ° (i) m m *,m *,m
<e"(s,a) + PV = < cM(s,a) + PV = QT (s, a),
where in (i) we apply Lemma 8 with [{V;""},,, ,| < HK + 1 to obtain (P Pm IV —
b™(s,a, V' 11 ") < 0; in (ii) we apply Lemma 5, Lemma 2, and the definition of 7 xm. O

Lemma 18. With probability at least 1—26, Q7" (s, a) < Q3" (s, a)+(A¢m+4BAp .y, ) (H—h+1)
and x,, < max{ﬁ, 2(Acym + 4B Ap )}

Proof. The second statement simply follows from Lemma 17, Q;™(s,a) < QZ*’m(&a) <

4B, = B/4 by Lemma 2, and the computing procedure of z,,,. We now prove Q}'(s,a) <
Q;L”(s, a) + (Acm + 4B, Ap,,)(H — h + 1) by induction on h, and the first statement simply fol-
lows from Q’Qf(s, a) < Qy™(s,a) (Lemma 17). The statement is clearly true for h = H + 1.
For h < H, by the induction step and HV,{’}rle < B/4 from the update rule, we have
Vit (s) < min{B/4, Vi1, (s) + (Aem + 4BeApn)(H — W)} < Vit (s) + yjy < B for
any s € Sy, where y;* = min{B/4, (A., +4B.Ap,,)(H — h +1)}. Thus,

p:lavi:L —0"(s,a, V1) — 2m < Plf’a(Vﬁl +yni) — 0" (5,0, Vi +yptg)
(Lemma 48 and z,,, > 0)

<PV — 0™ (5,0, Vi) — i + (Den + ABT Ap ) (H — h+ 1),

where in the last inequality we apply definition of &,, and b™ (s, a, Vﬁ1 +yt) = 0" (s, a, V,Z’}rl)
since constant offset does not change the variance. Then, Q7'(s,a) < Q7(s,a) + (Aem +
4B, Ap,)(H — h + 1) by the update rule of Q7 and the definition of Q}". O

We are now ready to prove the main theorem, from which Theorem 2 is a simple corollary.

Theorem 9. Algorithm 2 ensures with probability at least 1 — 226, for any M’ < M RM/ =

B SAL(‘]\/[/M/ + By \/SALPM/M/ + B, SALCA/[/ + B, 52 ALPM/ + Zm 1( e;m T+
B*AP,m,) )

23



Proof. Note that with probability at least 1 — 24:

M
R < ( cn +CH, 11— Vl*’m(sin)> (V" (s) < Vfr "(s1)
m=1 \h=1
M’ H,,
< ST ten - vlm(s;n)> + 3 (Aem + 4B Ap ) H (Lemma 18)
m=1 \h=1
M’ H,, M’
SIS GV (sih) = Vit (i) + D (Deun + 4B Apm)H + O (B, SALyy)
m=1h=1 m=1

(cf, +1 = O(By) and Lemma 12)

M' H,,
< Z (b =) + (Vi (siin) = PRMVRTL)) + (B = B )Vilky + by)
m=1h=1
M’ _
+ 2 (Ac,m + 4B*Ap,m)H + O (B*SALM/) s
m=1

where the last step is by the deﬁnitions of th( m), Ty < max{ mH,Q(AQm + 4B, Ap )}

(Lemma 18), max{a, b} < “* and Zm 1 '"1 L= = O(1). Now we bound the first three sums
separately. For the first term, Wlth probability at least 1 — 49,

M’ Hp, M' H,, M' Hy,
_/c"rln) — Z Z(chm _ Cm m m Z Z sh 7ah /C*;Ln)
m=1h=1 m=1h=1 m=1h=1
M’
< O (Vo + VSALowCar + SALerr) +2 > AgnH.  (Lemma 49 and Lemma 3)
m=1

For the second term, by Lemma 49, with probability at least 1 — 4,

M' Hy, M’ Hp,
Z Z(Vﬂl(sﬁnﬂ) b Vi) = Z V(P Vi) + By
m=1h=1 m=1h=1
M’ H, M’ Hp
=0 V(B Vi) + Z D VALV = Vi) + B
m=1h=1 1h=1

(VAR[X 4 Y] < 2(VAR[X] + VAR[Y]) and Va + b < v/a + V/b)
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which is dominated by the upper bound of the third term below. For the third term, by P;"V;"y | <
ﬁ,ZL”V}:j_l + 4B, (Ap,, + nj*), with probability at least 1 — 20,

M’ H,, M' H,, Hy,
PODILT TS 35 DL BN SIS ) WLALSHERY
1h= m=1h=1 m=1h=1
M' Hp, M’
S ( Pt — PV + (B = B (Vi = Vi) + 4B*n2n> + Z 4B, ApmH
=1h=1 _
M’ H M’
- V(P V5 ) SB Sv(pyr, vim
0 h o Vht1 * h+1 — h+1 B.Ap. H
( Nm Nt N + Z P,
m=1h=1
()" < = Lemma 8 with [{V; '} | < HK + 1, and Lemma 6)
h
SALp Z ZV PVt + | S2ALp Z ZV PVt = vimy)
m=1h=1 m=1h=1
+0O | B,S?AL M+ Z B.Ap.,,H | . (Cauchy-Schwarz inequality and Lemma 11)

Moreover, by Lemma 10, with probability at least 1 — 9,

M’ H,, H,, M’
Z me =0 SALPM/ Z ZV P;l", {11 + B*SlﬁALP’M/ + B, SAHLP’]WI Z Ap’m
m=1h=1 m=1h=1 m=1
_ M’ H,, M’ H,,
=0 SALP M’ Z ZV P}:n’ }:(-‘:,11 + SALP MY Z ZV h ’ h+1 ‘/;:(—;—T)
m=1h=1 m=1h=1
~ M/
+ 0O B*SI’E)ALPJW/ -+ Z B*Ap,mH
m=1

(VAR[X + Y] < 2VAR[X] + 2VAR[Y], Va + b < v/a + Vb, and AM-GM inequality)

which is dominated by the upper bound of the third term above. Putting everything together, we have
with probability at least 1 — 114,

Ry = O [ /SALearCorr + BuSALe sy + | SALp ar Z Z V(P Vi) + BoS?ALp

m=1h=1

M’

H,, M’
+0 SQALRM/ZZ (P Vit = Vi )+ > (Dem + Bipm)H

=0 (\/SALC, Oy + /BoSALp s Copr + BoSALe v + BoS*ALp, M,)

M/
+0 | Y (Acm+ BiAppm)H | . (Lemma 19, Lemma 20 and AM-GM inequality)

m=1

Note that Ry, = Zm [(cm— V™ (sm)) > Cpyr — 4B, M’ (Lemma 2). Reorganizing terms
and solving a quadratic inequality (Lemma 45) w.r.t C;s gives Cppr = O(B,M’) ignoring lower
order terms. Plugging this back completes the proof.

Proof of Theorem 2. Note that by by Line 3 and Line 4 of Algorithm 2, we have L. < [%/L

Lp < [M] , and the number of intervals between consecutive resets of IM (or IN) are upper bounded
Wp
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by W, (or Wp), which gives

M’ M’
Z (Ac,m + B*AP,m)H S Z (Ac,fc(m) + B*AP’fP(m))H S (WCAC + B*WPAP)H

m=1 m=1

Applying Theorem 9 completes the proof. O

D.2 Proof of Theorem 3

We first show that Algorithm 3 ensures an anytime regret bound in M.
Theorem 10. With probability at least 1 — 220, Algorithm 3 ensures for any M’ < M,

Rap = O((BoSATmax D)3 M 4 B, (SAT o Ap) 3 M'?/® 4+ (B, S AT max A)2/3 M3
By (525 ATy Ap)2/3 M3 4+ (Ae + By Ap) Tiax) -

Proof. It suffices to prove the desired inequality for A’ € {2" — 1},en,.  Sup-
pose M’ = 2N — 1 for some N > 1. By the doubling scheme, we run Al-
gorithm 2 on intervals [2771,2" — 1] for n = 1,...,N, and the regret on intervals
(271,27 — 1] is of order O((BySATmaxAc)3(271)2/3 + B (SATmaxAp)'/3(271)2/3 1
(ByS AT max Ae)?/2(27 D)3 4 Bo(S?% ATmax A)?/3 (273 4+ (A, + By Ap)Timax) by Theo-

rem 2 and the choice of W, and Wp. Summing over n completes the proof. O

Proof of Theorem 3. By Lemma 16 and Theorem 10 with v = (A:. + BiAp)Tmax

T = (B*SAﬂnaxAC)z/S + B (SQ'E)AT’InaxAP)Q/B, ’Y% = 0, and Yo = (B*SATmaXAC)l/g
B(SATwaxAp)'/?, we have 7?/BY? = O(BY?SATyaAe + BoS*®ATnap),

¥3/B2 = O(S AT maxAc/ B2+ By S ATymax Ap), and thus Ry, = O((B, S ATimax A) /3K 4

*(SATmaXAp)l/?’K’z/ P4 (BuSATmaxA)Y3K'™? 4 B (5%% ATpa M)A 4
BY2SAT, 0 Aw + B,S%% AT axAp) for any K’ € [K]. Then by Lemma 15, we obtain the same
bound as IQ%MK, for Ry O

D.3 Auxiliary Lemmas

Lemma 19. With probability at least 1 — 26, Zf‘f;l Zf;"l V(P Vi) = o (B«Cwrr + B?) for
any M' < M.

Proof. Applying Lemma 9 with HV* mH < 4B, (Lemma 2), with probability at least 1 — 26,

M’ H,,

> 2 VBV

m=1 h=1
M’ M’ H,,
= Z Vi (i )"+ Y > BeVir™ (sit) — PVl 4 + BE
m=1h=1

=0 (B.Cn + B2),
where in the last step we apply
(V™ (si') = PV )+ < Q™ (si's ap) — PRV )+ < < (si'sai'),
M, Hm m m m 2 ! Hm T
and Y.,y D050 <M syt apt) = O3 =1 22,74 ¢i') by Lemma 50. 0

Lemma 20. With probability at least 1 — 96, for any M’ < M, Zm 1 hH’”l V(P V}Z‘Jr"f —

Vi) = O(Bu/BiSALparCrtr + Buy/SALoaCarr + B2S2ALp s + B2SALear +

M By (Acn + BoAp ) H).

m=1
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Proof. Let z;* = min{B/4, (Acm +4B:Apym)H}{h < H}. By Lemma 18 and ||V, || < B/4,
we have V""" (s) + 2] > V;™(s) for all s € Sy. Moreover, by Lemma 12,

M’
STWVET (ST ) 2 = VI (s )

m=1
M’ ~ M’

<Y GH ) HsH, =9} + O [ B2 I{H, < Hs§ 4 # g}
m=1

m=1
M’
=4B, Y (Ao + 4B Apm)H + O (BISALyy) .

m=1

Also note that

Z B, Z Vi (sp) — Vim(sit) — PRV + PV + 2 — 2+
h=1

M’ H,, M’
<Y B Z ( (s7,a™) + POV, — V(s +4B*nh) +23 " Bu(Aom + 4B, Ap)H
1 1
m(v* m(sh ) <SQYM(spar), zt >z, and PV, < P;;IVMTJF 4B, (0" + Apm))
H,p,
< Z B, Z (™ (shsap) =@ + (P = BVl + (B = P (Vilky = Vi) + b+
" ]V}[L/ 1 M' H,,
+3 ) Bu(Dcan +4B.Apm)H +4B2 ) Y njt + O (B.),
m=1h=1

where the last step is by the definitions of V;™(s"), @, < max{7,2(Ac,m + 4B.Apy,)}
(Lemma 18), max{a, b} < ofb and Z%lzl Zf;"l L= O(1). Now by Lemma 3, Lemma 8,

Lemma 6, and nj* < Nm’ we continue with

M’ H m *,m
- m v(Pm,V, svpr, v —vo
(x) =0 | B, \/SALc,M’CM'-FSALc,M/—i—E E: \/ ( h h+1)+\/ ( h o Vht1 h+1)
m=1h=1

Ny Ny
M’ Hp, 2 M’ M' Hp,
+ > BulBen + BoApi)H + By Y by
m=1h=1 m=1 m=1h=1

= @ B*\/SALQM/CI\/[/ —|—B*SALC7M/ + B, SALPM/ Z ZV P}’T,Vh_'_l +BESZALP,M/

m=1h=1
~ M' H,, M’
+O [ By | S?ALpar Y Y V(P VT = Vit )+ Y Bu(Aem + BApn)H |
m=1h=1 m=1

where in the last step we apply Cauchy-Schwarz inequality, Lemma 11, Lemma 10, VAR[X + Y] <
2VAR[X] 4 2VAR[Y], and AM-GM inequality. Finally, by Lemma 19, we continue with

o) (BM /SALcrrCap + BoSALeyyr + Bor/BaSALpar Car + BESQALP,M,)

Hom M’
+0 | B, S?ALPMIZZV Vit = Vi) + ) Bu(Acon + Bulpn)H
m=1h=1 m=1
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Applying Lemma 9 on value functions {V,"™ + 2z — V,™},, }, (constant offset does not change the
variance) and plugging in the bounds above, we have

M’ H,, M H,,
DD VPV - Vi) = Z Z (P Vit + 21" = Vi)
m=1 h=1 1=1 h=1
( \/SALoar Carr + B2ESALe yys + Bun/BaSALpap Car + B2S?ALp M,>
B M’ H,,
+O | Boy| S2ALpar > Y V(PP VI = Vi) + Z Bi(Deym + BuApm)H
m=1h=1

Then solving a quadratic inequality w.r.t Zm Dy 7”1 V(P Vit = V) (Lemma 45) completes
the proof. O

D.4 Minimax Optimal Bound in Finite-Horizon MDP

Here we give a high level arguments on why Algorithm 2 implies a minimax optimal dynamic regret
bound in the finite-horizon setting. To adapt Algorithm 2 to the non-homogeneous finite-horizon
setting, we maintain empirical cost and transition functions for each layer i € [H| and let cf(s) = 0.
Following similar arguments and substituting By, Ti,ax by horizon H, Theorem 2 implies (ignoring
lower order terms)

(s/SAHQ/W M’ + \/SAH?[WpM' + (AW, + HApWp)H )

=0 (H(SAAC)1/3M’2/ S 4 (SAHSAp) 3N 3) 7

where the extra v/ H dependency in the first two terms comes from estimating the cost and tran-
sition functions of each layer independently, and we set W, = (SA)Y3(M'/A)*/3, Wp =
(SA/H)'/3(M'/Ap)?/. Note that the lower bound construction in [Mao et al., 2021] only make use
of non-stationary transition. The lower bound they prove is Q((SAA)Y/3(HT)?/3) (their Theorem
5), which actually matches our upper bound O((SAH>Ap)'/3 M’ 2/ %) for non-stationary transition
since T'= M'H and A = HAp by their definition of non-stationarity. It is also straightforward
to show that the lower bound for non-stationary cost matches our upper bound following similar
arguments in proving Theorem 1.

E Omitted Details in Section 6

Notations Denote by p¢, and p! the values of p¢ and p” at the beginning of interval m re-

spectively, that is, p&, = g¢°(v¢,) and pf, = g¢F'(vh), where g¢(m) = min{%, 5577} and
gF(m) = min{-2 Nk H} Denote by ¢™ the value of ¢ at the beginning of interval m and de-

fine &' = ¢(s7", a}"). Define QZ "™ and V}:T "™ as the action-value function and value function w.r.t
cost ¢™ + 81y, transition P, and policy 77, : and Cf; j) = S _ S 0™ Let Q5™ and
V™ be the optimal value functions w.r.t cost function ¢™ + 81,, and transition function P™. It is
not hard to see that they can be defined recursively as follows: V;Ifl =cyandfor h < H,

Q" (s,0) = c™(s,a) + 8 + PLVIY, VI (s) = min Q" (s, a).

For notational convenience, define Q7. (s,a) = Vi (s), Q”H*ﬂl(s,a) = Vg;{”(s), and
Qi (s,a) = Vil (s) forany (s,a) € S x A;let Lo = L1,k and Lp = Lp1 x).
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Proof Sketch of Theorem 4 We give a high level idea on the analysis of the main theorem and
also point out the key technical challenges. We decompose the regret as follows:

K K
Ri = Z(Cm - V(7)) + Z(Vlm(sl — VT (sT) + 8T Z m
m=1 m=1

(e =2 + Vil (sity) — PtV 4+ o) — 8my,)  (definition of V™ (s7))

A
1>
M 1=

+

i

(V" (s7) = V17r "(sT) + 8T an

N
Il
-

We bound the three terms above separately. For the second term, we first show that Vf”(sﬁ”) —
Vfr* () < (Acym + BApm) Ty, where Ag, = A, Jlic,.m]» Apm = Ap[;r n are the accumu-
lated cost and transition non-stationarity since the last reset respectively. Although proving such a
bound is straightforward when Vh is indeed a value function (similar to Lemma 14), it is non-trivial
under the UCBVI update rule as the bonus term b depends on the next-step value function and can
not be simply treated as part of the cost function. A key step here is to make use of the monotonic
property (Lemma 48) of the bonus function; see Lemma 22 for more details. Now by the periodic
resets of cost and transition counters (Line 4 and Line 5), the number of intervals between consecutive
resets of cost and transition estimation is upper bounded by W, and Wp respectively. Thus,

K K
(A + BApm)Th < (Ac pe(m) + BAP 7)) Ti < (WeAo + BWpAp)T,
m=1 m=1

=0 ((B*SAT*AC)U?’KQ/S + BL(SAT,Ap)Y3K2/3 4 (A, + B*AP)T*) :

where the last step is simply by the chosen values of W, and Wp.

For the third term, we have:

TZTImST ( f;jip) ~<T*<c1§:\/ﬂ75+3*@§\/1\7f>>
:0( \/ﬁJrBCz‘\/LPiK) (\/m+3\/m)

where M (or MiP ) is the number of intervals between the i-th and (¢ 4+ 1)-th reset of cost (or
transition) estimation, and the second last step is by Cauchy-Schwarz inequality. Finally we bound
the first term, simply by Test 1 and Test 2, we have (only keeping the dominating terms)

K H
SN (e =+ Vi (sit) — PV + b — S

m=1 h=1
L. Hopy, Lp Hp, M' Hp,

— m -~m rm m 7YL TYL m

= Z Z Z(Ch G+ E : E E (Vi (spy) — i) E g (b — 81y
1=1 meZ$ h=1 i=1 mEIf h=1 m=1 h=1

M e f e vy vem)\ .
s /1\6/112” N ] =0 (VB.SALK + B./SALPK) .

where {Z¢} 2, (or {ZF}E*,) is a partition of K episodes such that M (or N) is reseted in the last
interval of each Z7 (or IZP ) fori < L. (or ¢+ < Lp) and the last interval of ICC (orZF P) is K, and in
the second last step we apply the definition of x¢, (Lemma 24) and x/ (Lemma 25). Note that the
regret of non-stationarity along the learner’s trajectory is cancelled out by the negative correction term
—87m- Now it suffices to bound L. and L p. It can be shown that the reset rules of the non-stationarity
tests guarantee that

Le=O(K/W,+ B,K/Wp), Lp=0(K/Wp+ K/(B,W.)).

29



Details are deferred to Lemma 26. Putting everything together completes the proof.

Next, we present three lemmas related to the optimism and magnitude (Test 3) of estimated value
function.

Lemma 21. With probability at least 1 — 26, for all m < K, Q7*(s,a) < Q3" (s,a) + (Acm +
BApy)(H —h+1).

Proof. We prove this by induction on h. The base case of h = H + 1 is clearly true. For h < H, by
Test 3 and the induction step, we have V;"2 | (s) < min{B/2, V;}7 (s)+(Ac,m+BApm)(H—h)} <

V() + 2 < B where ' = min{B/2, (A m + BApm)(H — h+ 1)} and V"™ (s) <

V™ (s) < B 4 8Hp,, < 5. Thus, with probability at least 1 — 24,

& (s,a) + P Vlﬁ1 —b"(s,a, Vﬁl)

,a

< d™(s,a) + P;’Z(Vh*ﬂl + a7’ ) — b (s, a, V,;”f + 27 1) (Lemma 48)
o) o

< &(s,0) + PV + 23ha) (Lemma 8)
< ™ (s,a) + 80m + Acm + PIL (Vi + 27 y) + BApm, (Lemma 5)

< Q1(5,0) + (Do + BAp)(H — h+1).

Note that in (i) we use the fact that [{V,;"™ + 27"}, 1| < (HK + 1)% since [{(c™, P™)},n| < K,
|{an}m| <K, |{pi}m| <K, ‘{Ac,m}7n| < K+1,and |{AP,m}m| <K+1 (Ac,m = AP,m =0
when m is not the first interval of some episode). O

K

Lemma 22. With probability at least 1 — 20, for allm < K, Q7*(s,a) < Q) "™(s,a) + (Aem +
BAp)TT ™ (s, a).

Proof. We prove this by induction on h. The base case of h = H + 1 is clearly true.
For h < H, by Test 3 and the induction step, we have V™, (s) < min{B/2,V;",{"(s) +
(Aem + BARm)T;;_‘lm(s)} < Vhﬂ;’lm(s) + 23" (s) < B where z}'(s) = min{B/2, (A, m +
.BARm)T,f*’m(s)} and Vhﬂ*’m(s) <E4 San}?*’m(s) < £ 4 8Hn,, < £. Thus, with probabil-
ity at least 1 — 24,

™ (s,a) + 15;7 Vﬁl —b"(s,a, Vh’il)

a

< é™(s,a) + P&(Vh”;im + ) — b (s, a, Vhi’lm +aph ) (Lemma 48)
() ~ .

< c™(s,a) + R@(Vhﬂﬁm + xR y) (Lemma 8)
< c™(s,a) 4+ 8N + Ao + P;@a(vh”;{" +ap1) + BApm (Lemma 5)

< QT ™ (5,0) + (Do + BAp)TT ™ (s, a).

Note that in (i) we use the fact that |{Vhﬂ*’m+x2"}m7h| < (HK+1)% since \{Vhﬁ*’m}m7h| < HK+1,
|{p1cn}m| < K, |{P£}m| <K, ‘{Ac,m}m| < K+1, ‘{A*P7m}m| SK+1Acm =Apm =0
when m is not the first interval of some episode), and [{T}, "™}, | < HK + 1. O

Lemma 23. With probability at least 1 — 26, for allm < K, if Az < pS, and Ap,,, < pL | then
QM (s,a) < QF " (s,a) + nu Ty " (s,a) < B/2. Moreover; if Test 3 fails in interval m, then
A fie mi1] > 9°We, +1) or Apir i > g7 (v +1).

m>
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Proof. First note that QZ*”"(S, a)< B4 877mT,;r*’m(s, a) < 2 +8Hn,, < £. We prove the first
statement by induction on h. The base case of h = H + 1 is clearly true. For h < H, note that:
e (s, a)JFPm Vh+1 b™ (s, a, Vﬁ-l)

< &m(s,a)+ P;ZT (Vh”Hm + an;Ler) —b"(s,a, Vh+1 + an;;_’lm)
(induction step and Lemma 48)
() ~ . * *
< &(s,a) + PO (Vi ™ o T ™) (Lemma 8)
< c™(s,a) + 8nm + pr, + P;?a(V}ZT+1 + an}T-g-’lm) + err)z(B/?’ + Hip)
(Lemma 5, A, ,,, < p%,,and Ap,, < pf,;)

<Qp"(s,0) + Ty " (s, a). (Hn < B/12)

Note that in (i) we use the fact that [{V," ™ + 1, T "™ bon| < (HEK +1)8 since [{V,;" ™ }nn| <

HK + 1, {p%}m| < K, {pE},, < K, and |{T,:r*’m}m’h| < HK + 1. The second statement is
simply by the contraposition of the first statement. O

The next two lemmas are about Test 1 and Test 2.
Lemma 24. With probability at least 1 — 46, for any M' < K, if Ac yprr < pSy, then

M’ H,, m H,,
S S - <0 fauam + z z(,/ +) + z S 2

m= zM,h 1 M, h=1 M,h 1

Moreover, if Test 1 fails in interval M, then Ac ppr > p5y0-

Proof. Note that for any given M’ < M, without loss of generality, we can offset the intervals and
assume 5, = 1. Then with probability at least 1 — 44, for any M’ < K, assuming i5,, = 1 we have

M' Hp, M' Hp M' Hp,
(cp' = i) = (cp’ =™ (sh's ah')) + (™ (sp', ap') = ¢3')
m=1h=1 m=1h=1 m=1h=1
M' Hp,
<0 ( CM/) + Z (c™(spt,ap) —¢') (Lemma 49 and Lemma 50)
m=1h=1
~ M' Hn cm H,
<O |VCu + M’Lm+—m +Zme
m=1h=1 no M m=1h=1

(Lemma 3, and A, ,,, < Ac v < pSpr < 05

The first statement is then proved by noting 75;, = 1. The second statement is simply by the
contraposition of the first statement.

Lemma 25 With probability at least 1 — 160, for any M' < K, if A, i, oM S P =
, A{l’

min{Z \/T, 5577} and Ap < phy, then

M’ Hp, M’  Hp M’ Hp P V )
(Vi i (sity) = Brviey) < O V(P Vi) + —
h+1Sh+1 h Vht1) = b h+1
m=il, h=1 m=i", h=1 m=i, h=1

M’ H,

+ (;j (\/SA(B* + LC’[iJICI”]\/I/])C[iiI”M/] + \/‘B*T% + 33.552AHLC7[7JZI71\/[/]> + 4 Z Z ’rlm é Xﬁ["

m:i;, h=1

Moreover, if Test 2 fails in interval M, then Ac,[iﬁ,,M’] > pSpoor Ap > phy.
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Proof. Forany M’ < K, without loss of generality, we can offset the intervals and assume iﬁ, =1.
Moreover, for any m < M’, we have A pm < Apar < pﬂ, < pﬁ. Thus, with probability at least

1—26,

M’ H,,

Z Z (WL(S?H)

m=1h=1
M' H,,

- PVit)

M’

Hy

SZZVh+15h+1 — PMV) +ZZP}1 - Py Vh+1+ZZBPm+nh)

m=1h=1

Gz

I Mm

mlhl

m=1h=

1

(Ph h+1 S PthTr_t_l + B(Apym + Ilzn) and Apﬁm S pi)

M’

Hpm

V(PP Vi) + BSA | + >3 (B = PV, + Z inm

m=1h=1
’
(Lemma 49 and 2%21 Z,I;I’"l np’

<
T
3

3
I

H
>
Il

g

1

where the last inequality is by

V(P Vi) < PR (Vi

_ ~ (SB
s2V(P;T,Vﬁ1>+0< m
Nh

(P(s') < 2P (s)) +

M’

V(PP Vim )+ B.SA | + > (P

<Zm1

Ho

m=1h=1

= PVi)? < PRV -

2

1
N7

) +B?pp,

by Lemma 50, nj* < ﬁ,
h

H’"L
h=1 Nm

m=1 h=1

= argmin, » , p;(x; —

<SAbyLPM/ _1)

o M H,
- PV + Z ZQBme

m=1h=1

PPV + B (Ap +nf)
(Z pzmz

2)?)

and Ap,, < pb)

Lemma 11, Lp p; = 1, and AM-GM inequality. Now note that with probability at least 1 — 30,

M’ Hm

m=1h=1

H

IN
>
RagE

m=1 1

M

IN
O]
MF

m=1 1

P = 30 5" (1B - B + (e Py
m=1 h=1

Pm V* m)

h+1

SB,

Ny

Ny

’)(Vhwil -

S
Vh+1

M’ Hy,

+.]524 Z ZV(P,:”,V,{L

m=1 h=1

* m
h+1

m>)

+ZZBPm

m=1 h=1

(Lemma 8, Lemma 6, Cauchy-Schwarz inequality, Lemma 11, and Ap ,,, < p,ﬁ)

Pm v

h+1

SB,

Ny

where in the last step we apply

)|

Ny

=1h=1

("

M’ Hy,
[SPA D D VIR Vi — Vi)
m=1 h=1
Vi1
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by \/VAR[X + Y] < /VAR[X] + /VAR[Y] [Cohen et al., 2021, Lemma E.3] and

M H m

V ) Pm(vm V*vm))Q
B, h+1 h+1 h+1 h+1 h+1 h+1
PRI Z Z N
m=1h=1 m=1h=1
(% = argmin, Y, p;(z; — 2)?)
M’ Hy, m Vel m(1rm Vet M’ HWL
< \/2P ((Vh+1 - Vh+1) - Ph (Vh+1 - Vh+1))2 A
< + O
— Ny -
m=1h=1 m=1h=1
(P (s') < 2]3,;"(5’) +0 N—m) by Lemma 50)
M' H, * ™) M’ H M' H
QV Pm Vm V ) m m
S zi%zza/
m=1h=1 h m=1h=1 ~ N m=1h=1 Ny

m

~ = *, 1M / 7”B S M H
<O $SAZZVPZZ"”,V;1+1 Vh41)+ N{ ZZ 39

m=1h=1 =1h=1 m=1h=

(Cauchy-Schwarz inequality, Lemma 11, L pMm = 1, AM-GM 1nequa11ty, and Ap,, < pb)

Now by Lemma 28, Lp ;» = 1, and AM-GM inequality, we have with probability 1 — 100,

Hp,

S2A Z > VPP Vit = Vi) € O (VSALoa Crr + V/BLSA(Cur + M)

m=1h=1

M/
+ @ B*SQA + B*Sl'E)ALc,M’ + B*SQA Z (Ac,m + B*AP,m)H

m=1

Moreover, by i¢, > i and v5, < vl due to the reset rules, we have A.,, < A, WP, m <
P,
1. 15 1 1.5
A, JiP M) < oS < p5, < B Omln{ ﬁpy QSH} < B!®min{ 61/17%, 2BH} < B;°p¢,. Therefore,
by Ap., < pf and AM-GM inequality,

M’ H,, M/’ M’
B,S2A Z Z eon + Bulpy) < (| BESS2AH Y (05, + Buph) < BXSPAH + Y 1.
1=1 h= m=1 m=1

Plugging these back, and by Lemma 11, Lp s+ = 1, we obtain

H'm

Hu P Vv
PV, <O ZZ \/hﬂ) +V/B.SA(Cy + M)
m:lh:l m=1h=1 N3

S

M’ H,,

+0 (V/SALoar Copr + BoS S ALess + BESS?AH) 423> .
m=1h=1
Plugging this back and noting i{;, = 1 completes the proof of the first statement. The second
statement is simply by the contraposition of the first statement. O
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E.1 Proof of Theorem 4

Proof. By sT" = sinit, Wwe decompose the regret as follows, with probability at least 1 — 24,

K m
5 (zch b VT >)
m=1
(Zczwc;'; . Vf”(si”)) ¥
h=1
H’VTL
(Z Ch T+ CHL 41— Vf”(*ﬁ”)) +

h=1

I
Mx
M) >

(Vlm(s'in) _ V7T 7m ’H’L ) + 8T, Z N

1

3
Il

1

m

N
] >

(Ac,m + BAP,m)T* + 8T Z Tm
1 m=1
(Lemma 22)

1

3
Il
3
Il

We first bound the first and the third term above separately. For the third term, we have:

K K c Be _ L. _ Lp
s (rr)((WZVM>>

(1, L =07
0( (ei /LK + Boea/LpK) ) (\/B SAL.K + B, \/SALPK)

where M (or Mip ) is the number of intervals between the i-th and (¢ 4+ 1)-th reset of cost (or
transition) estimation, and the second last step is by Cauchy-Schwarz inequality. For the first term,
define {Z¢}Le, (or {ZF}E7) as a partition of K episodes such that M (or N) is reset in the last
interval of each Z¢ (or IP) fori < L. (or i < Lp) and the last interval of Izc (orZF P) is K. Also
let L = L. + Lp. Then with probability at least 1 — 200,

K H,, K Hpy,
> (Z cn +Ci, 1~ Vf”(si”)) <Y G+ Vil (site) = Vi (si)) + O (BLSAL)
m=1 \h=1 m=1h=1
(Lemma 12)
K H,,
<SS (G =T+ Vit (i) — PV, + byt — 8nm) + O (B, SAL)
m=1h=1
(definition of V;™(s}))
L. Hm H,, K H,, B
=> > -+ Z S Vi (siten) = BVt 4+ >0 (bit = 8nm) + O (BLSAL)
i=1 meZLy h:l =1 mEILP h=1 m=1 h=1
5 K H7n 1 K Hm K H7n
=0 M+ZZ<,/ >+ Lp Y D VBV )+ D> 0
m=1h=1 m=1h=1 m=1h=1
+0 (33-5S2AHLC +/B,SALp(Cx + K) + /SAL.C + HL. + B*HLP> :

(Test 1 (Lemma 24), Test 2 (Lemma 25), and Cauchy-Schwarz inequality)

where @(H L.+ B,HLp) is upper bound of the costs in intervals where Test 1 fails or Test 2 fails.
By Lemma 3 and AM-GM inequality, with probability at least 1 — 34,

K Hp, — X
> ( o N}m> = O (SAHL. +/SALCK) + Y Acn:
h h

m=1
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Following the proof of Lemma 10, we have \/ Lp Zm 1 hH L V(Pm, Vﬁl) is dominated by the

upper bound of Zm L S pm. Thus with probability at least 1 — 6,

K H,, B K H,,
Lp Y Y V(@R V) + >0 by
m=1h=1 m=1h=1
~ K Hp, K Hp,
=0 || SALp Y Y V(P Vim)) + B.S"ALp + B.\| SALp > Y Ap
m=1h=1 m=1h=1
B K
0 <\/B*SALP(CK T K)+\/SAL.Cx + B*Sl"r’AHL) + 3 (Aem + Bip),
m=1

where in the last inequality we apply AM-GM inequality on B, \/ SALp Zi:l Zf:l Ap y,, and
note that with probability at least 1 — 119,

K H,

SALp Y Y V(P Vim)
m=1h=1
5 K H»m K an
=0\ SALy S0 SV T + [ SALR Y SRRV, - Vi)
m=1 h=1 m=1 h=1

(VAR[X + Y] < 2VAR[X] + 2VAR[Y] and va + b < \/a + VD)
M’
—0 (\/B*SALP(CK K+ \/SAL.Cx + B*Sl'5AHL) + 3 (A + BiAp).

m=1

(Lemma 27, Lemma 28, and AM-GM inequality)

Putting everything together, we have

m=1

K
Rg=0 <\/SA(LC + B.Lp)(Ck + B.K) + B}*SAHL + » (Aem + B*Ap,m)T*> :

Now by Ry > Cx — 4B, K, solving a quadratic inequality (Lemma 45) w.r.t C'x and plugging the
bound on C'i back, we obtain

K
Rix=0 (x/B*SALCK + B/SALPK + BPSPAHL + Y (Aem + B*Ap,m)T*> :

m=1

It suffices to bound the last term above. By the periodic resets of M and N (Line 4 and Line 5 of
Algorithm 4), the number of intervals between consecutive resets of IM and N are upper bounded by
W. and Wp respectively. Thus,

K K
(Ac,m + B*AP,m)T* < Z (Ac,fc(m) + B*AP,fP(m))T* < (WcAc + B*WPAP)T*

m=1 m=1

~-0 ((B*SAT*AC)1/3K2/3 ¥ By (SAT.Ap)3K2/3 4 (A, + B*AP)T*) :

where the last step is simply by the chosen values of W, and Wp. Plugging this back and applying
Lemma 26 completes the proof. O

Lemma 26. With probability at least 1 — 20, Algorithm 4 with p = 1/ B, ensures
-0 ((B*SA)‘U?’(T*AC)W?’K”?’ 4 B (SA) V(T AP PKY3 + H(A, + B*Ap)) :

=0 ((B*SA)*1/3(T*AC)2/3K1/3/B* +(SA)V3(TAp)PKEY3 + H(A, + Ap)) .
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Proof. We consider the number of resets of M and N from each test separately. By Lemma 24
and Lemma 13, there are at most O((c; *A.)?/3K'/3 + HA,) resets of M triggered by Test 1. By
Lemma 25 and Lemma 13, there are at most O(((B; " Pc7 P AL)2/3 + (c; ' Ap)?/3)KY3 + H(A. +
Ap)) resets of M and N triggered by Test 2.

Next, we consider Test 3. Define I, = I{Ac i mg1] > 9°(v5, + 1)} and I}, = {Ap e gq) >

g” (vl + 1)}. Note that whenever Test 3 fails in interval m, we have IS, = 1 or I/) = 1 by
Lemma 23. We partition K intervals into segments 7y, ..., Zx,, such that in the last interval of
each Z; with ¢ < N, denoted by m, Test 3 fails and I, = 1. Since v° is reset whenever Test 3
fails, we have Az, gm+1} = Apic mg1) > 9°(vy, + 1) > ¢°(|Z;] + 1). By Lemma 13, we obtain

m?

Ne=O((c]*AL)?PKY3 + HA o)

Now define A,, as the indicator that Test 3 fails in interval m and I, = 1. Also define A/, as the

indicator that Test 3 fails and N is reset in interval m, and I}, = 1. We then partition K intervals into
segments 77, ..., T}y, such that in the last interval of each Z] with i < Np denoted by m, A}, = 1.

Since v’ is reset in interval m when A/ = 1, we have AzUms1y = Ape myy > g (vl +1)>
g% (|Z/]4+1). By Lemma 13, we have Np = O((c; ' Ap)?/3K'/3+ HAp). Moreover, by Lemma 50
and the reset rule of Test 3, we have p>_, A, = O(3., A!,) with probability at least 1 — &, which
gives 3, A, = O(Np/p).

Since I¢, = 1 or I = 1 when Test 3 fails in interval m, the total number of times that Test 3 fails
N3 <N A+ A= O((c7 PA)?PKY3 + B, (c; ' Ap)?*K'/3 + H(A, + B,Ap)). Now by
the reset rule of Test 3, the number of times M is reset due to Test 3 is upper bounded by N3, and
the number of times N is reset due to Test 3 is upper bounded by @(pN 3) with probability at least
1 — § by Lemma 50. Finally, by Line 4 and Line 5 of Algorithm 4, there are at most %C resets of Ml

and L resets of N respectively due to periodic restarts. Putting all cases together, we have

1) ((Cl—lAC)Q/Z)’Kl/B + B*(CQ—1AP)2/3)K1/3 + H(A, + B,Ap) +K/WC)

o ((B*SA)‘1/3(T*AC)2/3K1/3 4 B (SA) V(T AP PKY3 + H(A, + B*Ap)) ,
and

Lp=0 (;(c;lAc)2/3K1/3 + (' Ap)PKY3 - H(A 4 Ap) + K/Wp)

((B SA) BT AL)BKYS
=0

B,
This completes the proof. O

+ (SA) V(T Ap)?BKY3 + H(A. + AP)> .

E.2 Auxiliary Lemmas

Lemma 27. With probability at least 1 — 6, for any M' < K, Z%lzl ZhH;”l V(P ,Vh*ﬁl) =
O (B.Cy + B.M' + B?).

Proof. Applymg Lemma 9 with HV* mH < B, with probability at least 1 — 4,

> St v

m=1h=1

Hy,

M’
=0 ZVW Sho1)? ZZ Ve (sp) — BV s + B2

= O (B.Cy + B,M' + B?),
where in the last step we apply
(V;,m(szn) - P}TV};—T) < (Q; (shsap') — P}TV}::—T)+ < c"(sp'sap') + 8nm
< c™(sp' ap') +1/H,
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and also Lemma 50. O
Lemma 28. With probability at least 1 — 106, for any M’ < K, S"M_ S™H= y(pp v —
Vi) = O(Bu\/SALc a1 Capr+Ban/BoSALp ar (Capr + M)+ B2S?ALp vy +B2S ALy +
M Bi(Aem + BiAp ) H).

m=1

Proof. Let 2" = min{B/2, (Acm + BAp,,,)H}YI{h < H}. By Lemma 21, we have V,""(s) +
zpt > th (s). Moreover, by Lemma 12, we have
M/
Z (Vf*l m+1(5H 1)t 2H, V£L+1(5gm+1))2
m=1
M’ M’
< D G WS, 0 = 0} + 64B2 3 W{Hin < Ho sy # g}
m=1 m=1
~ M/
=0 | B.> (Acom + BApm)H + BISALypy
m=1
and
M’ Hp,

() =D By (V™ (sit) = Vi (i) = PVSy + P Vilks + 20 — i)+

m=1 h=1

M, H’"l
<30 BeY (s af) + 8 PV — Vi) + B(Apn +0f)) |+ B Z — ,11)
m=1 h=1 m=1
V™ (sp) < Qp™(sie, ag), 2t > 2y, and P, Vi < Py Vi) + B(Ap + 1)
M’ H,, ~ _
<Y B (i ap) =+ (P = PRV 4+ (P — B (Vi — Vi) + 070+
m=1  h=1
M’ M’ Hp,
+O0 | Y Bi(Aen+BApm)H+B2Y > nj | (definition of V;™ (s7))
m=1h=1
Now by Lemma 3, Lemma 8, Lemma 6, and n}" < Nm , we continue with
. A (P, V™ SV (pm, v, — v
(x) =O | Bs | /SALcy/Crpr + SALe apr + Z Z \/ h h+1 +\/ h h+1 sy
m=1h=1

M’

+ Y Bu(Aem + BiApm)H + B, Zme

m=1 m=1 h=1

M Hn gog
PIPIES
m=1h=1

=O | Bin/SALc ' Coapr + BoSALea + Bay | SALp Z ZV (P, Vi) + B2S?ALp

m=1h=1
Hopp, M’
+ O | Bey| S2ALp Ar Z S VPRV =V )+ Y Bu(Aem + BApm)H |
m=1h=1 m=1

where in the last step we apply Cauchy-Schwarz inequality, Lemma 11, Lemma 10, VAR[X 4+ Y] <
2VAR[X] 4 2VAR[Y], and AM-GM inequality. Finally, by Lemma 27, we continue with

(x)=0 <BH /SALq i Chpr + BoSALe p + By \/ B,SALp i (Crpr + M) + BESQALP,M,)

Hom M’
+0 | B. S?ALPMIZZV Vit = Vit ) + ) Bu(Acon + Bulpn)H
m=1h=1 m=1
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Applying Lemma 9 on value functions {V,: 2t — th}m, n (constant offset does not change the
variance) and plugging in the bounds above, we have

M’ M’ H,,

Z Z Ph 7V}:+nll ‘7}:11) = Z ZV(P;T,‘V/,::L—FZZL _thj-l)

m=1 m=1h=1

( By/SAL.yrCrr + BESAL, 0 + B, \/B*SALRM/ (Cyr + M) + BESQALRM,)

M OH,, M’
+0 | B, S?ALPM,ZZV Vi =, +ZB Acom + BiAp ) H

m=1 h=1

Then solving a quadratic inequality w.r.t Zf\f,:l Zf;"l V(PP Vh 11 Vh 't1) (Lemma 45) completes
the proof. [

E.3 Proof of Theorem 5

We first prove a general regret guarantee of Algorithm 5, from which Theorem 5 is a direct corollary.

Theorem 11. Suppose 2, ensures ]-OEK < R! when ST = Siir for m < K, and Ay ensures
Ry < R*(K') for any K' < K such that R?(k) is sub-linear w.r.t k. Then Algorithm 5 ensures

Ry = O(RY) (ignoring lower order terms).
Proof. Let T}, be the set of intervals in episode k, and m? be the i-th interval of episode k (if exists).

The regret is decomposed as:

K H,,

R cm1 +c7 - VX( s + et — cm]f
K = H ap % (s7) h H, p+1
k} 1

k=1 | h= =1 | mezy\{m*} h=1

ok k
Note that V;" "™ (s]") < V*(s¥) + B, /K by Lemma 46. Therefore,

k

m
1

K K k
*mF, m

Z Zch +CH L — Vi (sh) SZ ZC +CH mp 1 =V (st |+ Bs

=1 k=1 | h=1

< R'+ B,.

m
1

k k
For the second term, note that Czl pt1 = 2B, if s1"* exists. Define K; = Zszl I{|Zx| > 1}, we
have (define s;n = g if m% does not exist)

K H,, H,,
3 Z — - SOS - | - BuES

k=1 [ meZ\{m}}h k=1 \meZy\{mf} h=1

=

which is a lower order term since R?(K) is sub-linear w.r.t Ky. Putting everything together
completes the proof.

We are now ready to prove Theorem 5.

Proof. We simply apply Theorem 11 with R' determined by Theorem 4 and R? determined by
Theorem 3. O
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Algorithm 6 MVP-Base
Parameters: failure probability J.
Initialize: Y < 0, and for all (s, a,s’), C(s,a) < 0, M(s,a) «+ 0, N(s,a) + 0,N(s,a,s’) < 0.
Initialize: Update (1).
form=1,...,M do
forh=1,...,Hdo
Play action a}' = argmin, Qh(s’,?, a), receive cost cj* and next state s, ;.

C(sy, ar) < e, M(sy,a) <& 1, N(sp, ) & 1, N(sp, at, s y) < 1

if 57, = g or M(s)", a)") = 2 or N(s7, a}") = 2! for some integer | > 0 then
| break (which starts a new interval).

X & Om - Vi(s).
if X > xm (defined in Lemma 31) then terminate. (Test 1)
Update (m + 1).
| if ||Vi|| > B/2 for some h (Test 2) then terminate.
Procedure Update (m) 3
Viri1(s) < 2BI{s # g}, Vi (g) < Oforall h < H,and s + 2! . In (254HKm)

s (B.,SVA 1
7 < min{ T e )

for all (s,a) do
N7 (s,a) + max{1,N(s,a)}, M*(s,a) < max{1,M(s,a)}, &(s,a) + N?JS?:I;),
Pio(-) < g(f(:a)), ¢(s,a) + max {0, é(s,a) — ,/l\i(f(‘;);) ~ MG },
é(s,a) < ¢(s,a) + 8n.
forh=H,...,1do

br(s,a) < max {7\/ w%ﬁéi’:&l)b, ﬁf&%} for all (s, a).

Qn(s,a) = max{0,&(s,a) + Py oViy1 — bu(s,a)} all (s, a).
| Vi(s) = argmin, Qx(s, a) for all s.

F Omitted Details in Section 7

In this section, we present all proofs and details of learning without the knowledge of non-stationarity.
We first provide a base algorithm in Appendix F.1. The rest of this section then discusses the meta
algorithm MASTER adopted from [Wei and Luo, 2021], and its regret guarantee combining with the
base algorithm.

F.1 Base Algorithm

We first present the base algorithm used in MASTER (Algorithm 6). The main idea is again
incorporating a correction term to penalize long horizon policy and has the effect of cancelling
the non-stationarity along the learner’s trajectory when it is not too large (Line 3). When the non-
stationarity is large, on the other hand, we detect it through two non-stationary tests (Line 1 and
Line 2), and reset the knowledge of the environment (more details to follow).

Test 1 is a combination of the first two tests of Algorithm 4, which directly checks whether the
estimated regret is too large. This is also similar to the second test of the MASTER algorithm [Wei
and Luo, 2021]. Test 2 is the same as the third test of Algorithm 4, which guards the magnitude of
the estimated value function. When tests fail, the algorithm directly terminate instead of resetting
some accumulators. Note that the status of M and N are completely identical in this algorithm, but
we still maintain them separately so that the auxiliary lemmas in Appendix A are still applicable. The
rest of the algorithm largely follows the design of Algorithm 2.

Notations Note that here M and N are only reset at the initialization step. Thus, if, = if; =1,
Lc,m = LP,m =1, Ac,m = Ac,[l,m] and AP,m = AP,[l,m]- Let A{m = (Ac,m + BAP,m) and

39



denote by 7,,, QZ“, V}:” the value of 7, Qh, and Vh at the beginning of interval m. Denote by ¢™ the

value of ¢ at the beginning of interval m and define &* = ¢(sy*, ai). Also define QF " and V| '™
as the action-value function and value function w.r.t cost ¢ (s, a) + 8, transition P™, and policy

Fz(m).
Lemma 29. With probability at least 1 — 26, if Algorithm 6 does not terminate up to interval m < K,
then QT (s,a) < Qy ""(s,a) + ALTT "™(s,a).

Proof. We prove this by induction on h. The base case of h = H + 1 is clearly true. For h < H,
by Test 2 and the induction step, we have V;" | (s) < min{B/2, V", ;" (s) + A, Ty "(s)} <

Vhi’lm(s) + a3 1 (s) < B where z7'(s) = min{B/2, A;nT,?*’m(s)}. Thus,

ém(sa Cl) + p;?avﬁl - bm(sa a, Vﬁl)

< é&m(s,a)+ ng;(vh“;f" + ') — b (s, a, V}Ziim + 7 ) (Lemma 48)
() ~ . x

<& (s,a) + Pl (Vi 3™+ xpt ) (Lemma 8)
< ™(s,a) + 8 A Acm + P ( Vh”;’lm +xp ) + ApyB (Lemma 5)

< Q7 ™(sca) + ALTE ™ (s,a).

Note that in (i) we use the fact that [{V;" " +a7" }, n| < (HK+1)% since [{V," ™ }n| < HK+1,
{nmtm| < K +1, {AL | < K +1,and {T77 " b | < HK + 1. O

Lemma 30. With probability at least 1 — 26, for all m < K, if Al < n,,, then Q’;f(s, a) <
QZ*’m (s,a) + an,;r*’m(s, a) < B/2. Moreover, if Test 2 fails in interval m, then A}, | > yy1.

Proof. First note that QZ*’"’(& a) <8+ 877771T,:r*””(s7 a) < £ +8Hn,, < £. We prove the first
statement by induction on h. The base case of h = H + 1 is clearly true. For h < H, note that:

& (s,a) + PILVi, — b (5,0, ViTty)

,a
< é&(s,a)+ P&(Vhﬁ:im + an;Li’lm) — b (s,a, V}Zilm + an;Li’lm)
(induction step and Lemma 48)

—~
=

1

< & (s,a) + P (V™ + L) (Lemma 8)
< ¢™(5,a) + 80 + Do + PIL(VET + 0T ™) + Ap(B/3 + Hnyy)  (Lemma 5)
< Q™ (s,a) + Ty " (s,0). (Hnm < B/12.and A, < 1)

Note that in (i) we use the fact that [{V," ™ + 17, T "™} n| < (HK +1)5 since [{V;™ ™ }pn| <

HK +1, {nm}m| < K +1,and \{T,’J*’m}m)h\ < HK + 1. The second statement is simply by the
contraposition of the first statement. O

Lemma 31. With probability at least 1 — 120, for any M’ < K, if Ab;, < na, then

M’ /Hp,
Z (Z ch +CH, 41— Vlm(sgn)) =0 (B*SV AM’ + B*SQA> £ xmr-

m=1 \h=1

Moreover, if Test 1 fails in interval m, then Al > ny,.
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Proof. By A, < np and Lemma 30, the algorithm will not terminate by Test 2 before interval
M’ with probability at least 1 — 24. Then with probability at least 1 — 40,

M’

Z (Z Ch A+ — Vf”(si”))

T

m

M

< Z Z (e +Vim o (spq) = Vi (si)) + O (BLSA) (Lemma 12 and Ly = O(1))
m=1h=1
M' Hp, ) )

< (6 = &+ Vit () = BV, + (B — BV, + B — 8nm) + O (BLSA)
m=1h=1

(definition of V;™(si))

m=1 h=1
M’ Hp, _
+ (B = Py Vit + Brg? + by — 5y
m=1h=1
where in the last inequality we apply Lemma 3, i$,, = i}, = 1 Ay < nme, P Vﬁl <

P{L"VhJrl + B(n}* + Apm) Lemma 49 and Lemma 50 on both Zm LS (e — e (s, a),

and Lemma 49 on Zm:l thl (Vh+1 (sihe1) — B Vh+1). Now note that with probability at least
1 - 60,

M Hp,, M’ Hp,
Z Z = BiVilty + 0+ Boil) + O [ (| >0 > V(B Vi)
m=1h= m=1 h=1
} Ho Hom M’ BA
-0 SMZZVPgﬂ,Vﬁl )+ B.S2A +ZZW+ZZ o
m=1h=1 m=1h=1 m=1h=1
(mpr < Nm , Lemma 6, Cauchy-Schwarz inequality, Lemma 11, and Lp »;r = 1)
A 9 I, 2 BAPm
=0 SAZZVPgn,Vh+1+BSA +ZZ
m=1h=1 m=1h=1
(Lemma 10, Lp s = 1, and AM-GM inequality)
M’ H,, Al

. (Lemma 32 and AM-GM inequality)

=0 (\/B*S2A(CM’ + M) + B*S2A) * Z Z

Plugging this back and by A’;, < 1/, we have

Car = S V() = (\/B S2A(Cyp + M') + B, SZA)

Solving a quadratic inequality w.r.t C;s (Lemma 45), we have Cy;r = @(B*M "+ /B,S2AM' +
B,S?A). Plugging this back completes the proof of the first statement. The second statement is
simply by the contraposition of the first statement. O

Theorem 12. Suppose Algorithm 4 does not terminate up to interval M ~’ < K (including M') and

ST = Sinit for m < M. Then with probability at least 1 — 26, Ry = O(B,SvVAM' + B,S?*A +
M’ /

Zm:l ATILT*)'
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Proof. We decompose the regret as follows:

M’ H,,
° _ m m T m om
Bar = 320 D26 o = VI 1)

m=1 \h=1
M’ [Hp
_Z<ZC}L+CH+1 v 51)*‘2(‘/1 s1") Vf’mm>+8Tan
m=1 =
M’ M’
<xurt Y ALT A48T . (Test 2 and Lemma 29)
m=1 m=1
Plugging in the definition of x ;s and 7, completes the proof. O

Lemma 32. With probability at least 1 — 45, SN S (B, Vi) = O(BL(Car + M) +
B2S%A + B, Zm 1 hml Al forany M' < K.

Proof. Applying Lemma 9 with ||V;™||_ < B (Test 2), with probability at least 1 — 4,

Z ZV (P, Vim )

m=1h=1
(M M' Hp,
=0 Z w1 (SH,,41) +ZZ — PVt )+ + B
5 M’ m M Hm,
=0 | Bi(Cur + M) + By | SPAY D V(P Vim )+ B2S?A+ B, Y Y AL |,
m=1 h=1 m=1 h=1
where in the last step we apply
M' Hp, M’ Hp
Z(th(S?) =PVl )+ = Z Z (sn'sap’) — PVl )+
m=1h=1 m=1h=1
M' Hy,
< (@ + (B = PVilky + BApom) ¢
m=1 h=1

((a)1 — (b)1 < (a —b)4, definition of @7, and by* > 0)

M’ Hp M’ Hp, M’ Hpn
<N s+ M O [ (| S2PAY N V(P Vi )+ BUSPA | 423 Y A,
m=1h=1 m=1h=1 m=1h=1
(Lemma 5, 81, < %, Lemma 6, Cauchy-Schwarz inequality, and Lemma 11)
M’ Hp, M’ H,y, M' Hp,
SO D M+ [ S2PAY S V(P Vim )+ B.SPA| +2) Y AL
m=1h=1 m=1h=1 m=1h=1
(Lemma 50)

Solving a quadratic inequality w.r.t Z -1 hH’"l V(P V[}rl) (Lemma 45) completes the proof.
O

F.2 Preliminaries

Here we adopt the MASTER algorithm in [Wei and Luo, 2021] to our finite-horizon approximation
scheme. There are several issues we need to address: 1) under the protocol of Algorithm 1, the
total number of intervals and the non-stationarity in each interval are not fixed before learning start;
besides, we need to prove an anytime regret guarantee, so that it can translate back to a regret
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guarantee on the original SSP (see Lemma 16); 2) when the base algorithm has a regret guarantee
R, < min{cy+/m + co, cgm} without non-stationarity, the original MASTER algorithm ensures a
dynamic regret whose dominating term scale with ¢ + cac3/cq; this is undesirable as ¢ = O(Tiax)

in our case, and ideally we want c3 = O(B,); 3) when base algorithms incorporate correction term,
the original analysis of the non-stationarity tests breaks as discussed in Section 7; 4) The analysis
in [Wei and Luo, 2021, Lemma 17] that bounds the cost of non-stationary detection only works for
oblivious adversary. Our modified MASTER algorithm (Algorithm 8) manages to address all these
issues.

Setup To give a general result, we define the dynamic regret for the first M’ intervals as Ry =
SSMT(C™ — f2,), where the choice of benchmark { £, }M” | is flexible depending on the problem

and the algorithm.

Notations For any interval Z = [s, ¢], define Az = 32" A(m) and L = 1+ 35" T{A(m) #

0}, where A(m) € Rﬁ* is some non-stationarity measure satisfying |, — f7| < A(m).

We make the following assumption on the base algorithm used in the MASTER algorithm, and then
show two algorithms satisfying the assumption.

Assumption 1. Base algorithm A with failure probability 6 on intervals [1, M'] outputs an estimate

fm at the beginning of interval m < M’ if it does not terminate before interval m. Moreover, there
exists a non-decreasing function R(m) = min{c1/m + ca, csm} with ¢z > 1 and non-stationarity

measure A such that r(m) = R(m)/m is non-increasing, r(m) > ﬁ fm < ¢4 < s forall m,

and with probability at least 1 — 6, for any m < M', as long as Ay ) < r(m) and 2 does not
terminate up to interval m (including m), without knowing A(y ,,) we have:

m

Jon < ftrlm), S (CT = F) < R(m), and " (f ~ C7) < R(m).
T=1

T=1
Lemma 33. Algorithm 2 with arbitrary initial state for each interval satisfies Assumption 1 with
fo = VI(ST), fno = VST, Alm) = O((Acimm+1) + BAPmm+1)H), R(m) =
O(min{ B, SV Am + B,S2A, Hm}), and ¢y = O(B,).

Proof. The first two properties are simply by Lemma 18 and Theorem 9 with L. ,,, = Lp,, = 1 and
A1,m] < r(m) with a large enough constant hidden in O(-) in the definition of A(m). For the third
property, with high probability,

m m

S -0 =Y ()~ 0y = O

T=1 T=1

B, Z C™+ B, |. (Lemma 35)

T7=1

O|,|B. (fjf - R(m>> +B, | <O (B.vm+B.) + %R(m).

(the second property, V;"(s7*) = O(B,), and AM-GM inequality)

Plugging in the definition of R(m) completes the proof (again with a large enough constant hidden
in O() in the definition of R(m)). O

Lemma 34. Algorithm 6 withm < K and sT* = s;,;, satisfies Assumption 1 with [} = Vlﬂ*’m(sm,-,),
fm = V"(sT"), A(m) :~O((Ac,[m,m+1] + BAP,[m,m—i—l])T*)’ R(m) = O(min{B.SvVAm +

B,S?A, Hm}), and c4 = O(B,,).

Proof. For the first property, by Lemma 29, Ay ,,) < r(m) and a large enough constant hidden in

O(+) in the definition of A(m), we have

Im = vlm(sin) < Vlw*7m(3§n) + A;nT* < [ + 8T + o (A[l,m]) < fo Fr(m).

43



Algorithm 7 MALG

Input: order n, regret density function r.
for! =0,...,ndo
form € {0,2/,2-2!, ..., 2" — 2!} do
L With probability :gm)), assigns a new base algorithm on intervals [m + 1,m + 2].

f(;r each interval m do
Let 21 be the algorithm that covers interval m with shortest scheduled length, output g,,, = f*

(which is the fm output by (), follow 2’s decision, and update 2 with environment’s feedback.
if 2A terminates then terminate.

The second property is simply by Test 2 (Lemma 31) of Algorithm 6 (again with a large enough
constant hidden in O(+) in the definition of R(m)). For the third property,

m m

S0y =Y (W (si) — C7) <

T=1 T=1

m

B* *,T T
TS (R (sin) — CT) < R(m),
T=1

where the first inequality is by Lemma 46 and the last step follows similar arguments as in Lemma 33.

O
Lemma 35. With probability at least 1 — 35, for any m < M, > (V7" (s]) — C7) =
V B Z‘r:l cr + B
Proof. With probability at least 1 — 34,
m m H;
D) = CT) <N (Vi (sh) = Vi (shan) — €h) Vi o1 (sh, 1) < ¢ 40)
T=1 7=1h=1

7
I

m H; m H;
< Z (PrVihy = Vi (shq1)) = O J Z ZV(P}; Vi) + By
<

1
Q7" (s}, a},) and Lemma 49)

B Z C™+B,|. (Lemma 19)

O

F.3 MALG: Multi-Scale Learning with Base Algorithm

Following [Wei and Luo, 2021, Section 3], we first introduce MALG (Algorithm 7), which runs
multiple instances of base algorithms in a multi-scale manner. We then combine MALG with non-
stationarity detection to obtain the MASTER algorithm in Appendix F.4. We always run MALG
on a segment (an interval of intervals) of length 2" for some integer n, which we call a block.
Since we want to obtain an anytime regret guarantee, the failure probability of base algorithms and
MALG need to be adjusted adaptively. Specifically, if an MALG instance is scheduled on intervals
[M; — 2™ + 1, M), then the regret guarantee of this MALG instance and the failure probability
of base algorithms it maintains depends on M;. However, we ignore the dependency on M; in
algorithms and analysis since the regret bound only has logarithmic dependency on Mj;.

We show that MALG ensures a multi-scale regret guarantee in the following lemma. Below we say
an algorithm is of order [ if it is scheduled on a segment of length 2!. Also denote by fgl the fm
output by 2.

Lemma 36. For a given M; > 1, let n = log, My + 1 and R(m) = 2'%71n(2M;/8)R(m).
Algorithm 7 scheduled on [My — 2" + 1, M| with input n < log, M+ guarantees for any 2 it
maintains and any m € [U.s,A.e], as long as Ay s m) < 7(m') where m’ = m —U.s + 1 and all
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base algorithms it maintains do not terminate up to interval m (including m), we have with high
probability:

G < fotr(m”), D (CT—g) <Rm), and Y (ff—CT) < R(m),
7=2.5 7=2.5

where m”' is the number of intervals that ' is active up to interval m, and U is the active algorithm
in interval m.

Proof. Fix abase algorithm 2( and m € [2.s,2l.e]. Suppose ' is active in interval m, which implies
[A".5,2".e] C [A.s,2.e]. For the first statement, note that A/ g m) < Afgrs,m) < 7(m') < r(m”)
since r is non-increasing. Thus, by the guarantee of 2’ (Assumption 1), we have

Gm < fr A r(m").
For the second statement, first note that:

in: —3r) Z Z Z — P2 s active at 7},
7=2U.5 I=0A'eS; 7=U.s

where S is the set of base algorithms of order [ which starts within [2.s,m]. For a fix [, suppose
S ={A,..., A}, and define Z; = [™A.s,m] N [A}.s,A}.e]. Note that {I} v, are disjoint, and

Az, < Aprsm) < m(m') < r(|Zi]). Moreover, [U.s,2;.e] C [/U.s,2A.e] if A; is active at some
interval within [.s, m]. Therefore, by the the guarantee of 2 (Assumption 1) we have:
N
Z Z fT JI{2L] is active at 7} < ZR (|Z:]) < N - R(min{2,m'}).
i=1 7=2.s i=1

Now we need to bound N. Note that E[N] < 77((221))( o + 1) by the scheduling rule. By

Lemma 50, with probability at least 1 — W (simply choose a small enough failure prob-
ability such that the failure probability over all M; > 1 and all base algorithms is bounded),
N < 2E[N] 4 28In(2M; /6) < 27’.'((22[;) m’ 4+ 2581n(2M; /6) and

2:((22;;) S +258In(2M;/ 5)) R(min{2',m'})

N - R(min{2',m'}) < <

< <21§((;7>) + 258 In(2M; /5)) R(min{2",m'}) < 2°In(2M; /) R(m’).
(r(2") < r(m'))

Summing over [ and by n+1 < 7 proves the second statement. For the third statement, by Lemma 35,

*<Z §T+1§(m')> +B

m

T=2(.5 T=2A.s
(the second statement)
= O(B,) and AM-GM inequality)
This completes the proof. O

F.4 Non-stationarity Detection: Single Block Regret Analysis

Now we introduce the MASTER algorithm (Algorithm 8) that performs non-stationarity tests and
restarts. We first show the regret bound on a single block of order n (of length 2™) that starts from
m,, and ends on F,,. Clearly E,, < m, + 2" — 1 since it may terminate earlier than planned.
Also let My = m,, + 2" — 1 be the planned last interval. Define 7(m) = R(m)/m, oy = r(2'),
a; = 7(2%), and Iy = max;{12@;_; > c4}. We divide the whole block [m,,, E,,] into near-stationary
segments 7, ..., 7, with Z; = [s;, e;], such that Az, < r(|Z;]) and A, ¢, 41 > 7(|Zs| + 1) for
i < £. Note that the partition depends on the learner’s behavior, but whether m € Z; is determined at
the beginning of interval m before interaction starts. In the following lemma we give a bound on ¢.
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Algorithm 8 MASTER

Input: 7(-) (defined in Appendix F.4).
Initialize: m + 1.
forn=20,1,...do
Set m,, «— m, and initialize a MALG (Algorithm 7) instance on [m,,, m,, + 2" — 1].
while m < m,, + 2" do
Receive g, from MALG, follow MALG’s decision, and suffer C".
Update MALG and set U}, = maxX ¢y, +21-1,, 9% for all 0 < I < n, where gL =
2 s G and UL, = 0if m < m, +2' — 1.
Perform Test 1 and Test 2, and increment m <+ m + 1.
if either test fails or MALG terminates then restart from Line 1

Test 1: If m = Ql e for some order-/ A and 2 Z?:emq C™ < UL, —97(2Y), return fail.
Test 2: If ——— S —gr) > 3r(m — my, + 1). return fail.

T=Mp (

Lemma 37. Let J = [my,, E,]. We have ¢ < L7 and £ <1+ (2¢; ' A7)?B|T[V3 + c3' Ay
Proof. The first statement is clearly true. For the second statement follows from Lemma 13. O

We also define ng = Z:/:T_.Ql_'_l groand f3l =5 Z:,:T_QZH fr forT >m, +2' —1. We
first show a running average version of the first statement in Lemma 36.

Lemma 38. Forany T > m,,+2'—1, ifforanym € [r—2'41,7], A5 m) < r(m—=A.s+1) where
2 is the base algorithm of MALG active in interval m, then g-. < f*! + &y with high probability.

Proof. The case of [ = 0 is clearly true by Lemma 36. For [ > 0, we have

T

gL = % Z Grr = % i i Z FAT{ is active at 7'}

T'=7—-2l41 T/=r=2l411=0A'€S;,

% Z Z Z 2+ r(m ))]I{Q(' is active at 7'}

T/ =r2l411=0A'€S;/
(Appr sm) < 7(m — W5 +1) < r(m%) and Assumption 1)

1 o . /
£l g 5 SN Y () isactiveat 7'}

'=0A"€Sy 7/=7-2+1

2 n ' ,
< I3+ 5 > ISv|R(min{2!,2)),

I'=0

IN

IN

where m?‘/ is the number of intervals that 2’ is active up to 7/, Sy is the set of order I’ base algorithms
that intersect with [T — 2! + 1, 7], and in the last inequality we use the fact that for any m > 1,

m

S (7 imln{%+?,c3}smin{i<\c/}+ ),cgm}§2R(m)-

T=1 T=1

For I’ > [, we have |S;/| < 2. For I’ < [, note that E[|Sy|] < g 1,3(21 ” +1). By Lemma 50, with

high probability, |Sy:| < 2E[|Sy|] + 28 In(2M; /6) < fj(";?)) +2581n(2M; /). Plugging these back,

we obtain

5 Z |Sy|R(min{2",2"'}) < < Z (23;,)) + 258 In(2M; /5)) R2")+4) oy <ay

'=0 1'=0 U=l

This completes the proof. O
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Now we show the guarantee of non-stationarity detection on a single block [m,,, E,]. Define 7;()
as the smallest interval 7 € Z! £ [s; + 2! — 1, ¢;] (i(I) = e; + 1 if such an interval does not exist)
such that g — f*! > 12a;, and &;(1) = e; — 7 (1) + 1.

Lemma 39. Let the event in Lemma 36 hold. Then with high probability,

E’Vl

> (€T —Gr) <3R(E, —my +1) +c3,

T=Mg

E, 14
S @G- (Z z) 2102 R Nn(2M;/6).

T=Mp

Proof. The first statement trivially holds by Test 2 and the estimated regret in a single interval is
at most c3 (Assumption 1). For the second statement, define d. = g — f*!. For a particular
Z;and any | > 0,let Z, = Z; N [;(1) — 1]. If |Z}| < 2 - 2!*1, then clearly D oret! r<m(l) db <
|Z!|-128; < min{|Z;|,2-2!71}-12@;. If |Z}| > 2-2!*1, then Z/ can be partitioned into three segments
HY = [s;, 8 + 211 — 1), H} = [1;(1) — 244, 7(1) — 1], and H? = [s; + 211 Ti(l) — 2t ).
Note that for 7 € H?, the weight of d2 within the sum D orer ren () d' 1 is 1. Therefore,
Zfeﬁf ) < ZTeI§+1,T<T 0 d;*!. Moreover, Zreﬂguﬂg ) = Ql(dls yor1 ds yoreiog T
dlﬂ_(l)_1 + dln(l)—2l—1) <2.241.124; = min{|Z;|,2 - 2'*1} - 12@;. This gives

S odsya-(Te ¥ |a
TeLl,r<7i(1) TETL] TEHZ  TEHJUH!
< > df 4+ min{|Ti), 22} 124
T€I£+1,T<Ti(l)
> dH 4 1206(1 + 1) 4+ min{|Z;], 2'} - 48G;.
T€I£+1,T<Ti(l+1)

IN

(dFt = 3(d+d )

< > dH 4 248,16 (1+ 1) + min{|Z;], 2"} - 484,
T€I£+1,T<Ti(l+1)
o~ R R(2!+1 o~
(@ =2 < 220 < 95,,,)
Combining the two cases above, we have
>ood < > dF 4 248,16 (1+ 1) + min{|Z;], 2"} - 484,
eIl r<7i(l) €I < (141)
Applying this recursively, we have for a given Z;,
n—1 n—1
DG -fM= Y A< D dp+2) Gn&(+1)+48)  Rmin{|Zi],2'})
TEL; TELY , 7<7;(0) TEIN, 7<Ti(n) =0 =0

min{|Z;|,2'}a; < 7P(min{|Z;|,2'}) min{|Z;|,2'} = fz( in{|Z;|,2'}))

120706, + 243 )+ O (R |I|)<24Zal€z o (R(z.)).

=1

IN

Summing over all ¢ and by [ < ly = 12y > ¢y = &;(l) = 0, we have:

Eyp ¢ n /£
Z (G- —f1) <0 (Z R(|I1|)> + 242 Zazfi(l)

1=l i=1
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Now note that for any fixed [, we have:

¢ ‘ ¢
doakl) =a Zmin{fi(l)A 2 ra) (L) -4-2Y4
i—1 ; i=1

<4Z< (1Z:]) +—R( )ln(ZMT/5)>.

(Lemma 40 and &; min{&;(1),4 - 2'} < 47(min{&;(1), 2'}) min{&;(1), 2!} = él]?(lrnin{gi(l)7 21))
Putting everything together completes the proof. O

Lemma 40. Forany!l <n, Zle a&) —4-2hH, < %‘L’E(Ql) In(2M; /&) with high probability.

Proof. Denote by A; the number of candidate starting points of an order-/ algorithm in [7; (1), e;—2-2']
for some i. Note that this quantity is lower bounded by Zle(&(l) — 4 -2Y, /2!, Moreover, if
in interval m € [r;(l),e; — 2 - 2], an order-l algorithm 2 starts, then Test 1 is performed at
m + 2 — 1 < e;, and Test 1 returns fail with high probability because

A.e A.e
Z T < 21 gr + Qi Aprsae < Az, <r(|Zi]) < r(2') and Lemma 36)
T=2.s T=2.s
1 A.e
< 5 ;{: fr+2a;
(Lemma 38, Az, < r(|Z;|), and [A'.s, A .e] C [A.s,A.e] if A’ is active within [2A.s, 2A.e])

< fﬂf(w +2a; + Az,

<o — 128+ 3@ < G, ) — 90 Az, < r(Z)) < r(@) < @)
This is a contradiction by the definition of F,,. Therefore, all candidate starting points of order-
I algorithm in [7;(I),e; — 2 - 2!] does not instantiate an order-/ algorithm. Let X,, = {m €

[7:(1), e; —2-2!] for some i}, X!, = {m € [1;(l), e;] for some i}, Yy,, = {(m —m,,) mod 2! = 0}
and Z,,, = {} order-l 2’ such that 2’5 = m}, we have

my+2"—1 my+2"—1 my+2"—1
A= Y HXpYal= > HXpu Ve Zn}< > X,V Zn}

Note that conditioned on X/, N Y,,, the event Z,, happens with a constant probability 1 — 2=

Moreover, Z,,, = 0 implies X,,, = 0 for m’ > m. Therefore, Zm"+2 “Y{X!, Yy, Zim } counts
the number of trials up to the first success with success probability (;’l”‘ of each trial. Then with

probability at least 1 — 6/(2MT2), we have A; < % In(2M; /6). Thus,
¢ dav 4oy ~
@& —4-2) < @2 —In(2M;/6) < —R(2') In(2M; /5).
: Qn (679
This completes the proof. O

Now we present the regret guarantee in a single block.
Lemma 41. Within a single block J = [m.,, E,,], we have

2
Z (C <Cl\/€|j +C2€+ < > 2n/2 02 +63> .
C1 3

meJ

Proof. By Lemma 39, we have

S C" =)= S (€ =G+ S G — )

meJ meJ meJ

l n
( 07+ R0z + 2”1%(21)+03>.

i=1 I=ly ™
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Note that by Cauchy-Schwarz inequality:

14

ROTD + 3 R(Z) = ((clﬁm) Z(qw?wg))@(clmme).

Moreover, by the definition of Iy, we have 12d;, = 2'%7In(2M; /) min{ %
which implies ¢y < cy2M0 by ¢4 < c3. Now for any | > I,

YR =0 (R(Ql)zzn—l> ! ( ci2' + ¢ gn—l ci2' + 022n l)

2
\/QTO 210303} < ¢,

ap, R(Qn) c12M/2 4 ¢y c32n
l 2
=0 <612"/2 e B cQ?J)
C1 C3 C3

2 2 2
:(§<(1+Cz 4)2"/2+01+022—l>=@<(1+ )2"/2 022‘l>7
C1 C3 C3 C1 C3

2
where in the last inequality we assume ¢; < c3 27/2 without loss of generality and have Z—; <ec on/2

(note that if ¢; > ¢32"/2, then ¢;2™/2 > ¢32" and the regret bound is vacuous). Summing over [ and
putting everything together, we obtain:

Z( —fm) = <Cl\/€|7+c2f+( >2"/2 C%+Cs>.
1 3

meJ

F.5 Single Epoch Regret Analysis

We call [myg, E] an epoch if my is the first interval after restart from Line 1 or mg = 1, and F is the
first interval where a restart after interval m is triggered. The regret guarantee in a single epoch is
shown in the following lemma.

Lemma 42. Let € be an epoch, then Y., _o(C™ — fr) = O(ci+/Le|E] +cale + (1 + es)VIEN+
% + c3), where lg = O(1 + (¢ Ag)?B|E|V3 + ¢5 1A5) and lg = O(Lg).

Proof. Suppose £ consists of blocks 71, ..., , and the number of near stationary segments (as
discussed in Appendix F.4) in J; is £;. Then, |£| = ©(2"), and by Lemma 41 and Cauchy-Schwarz
inequality,

2
Z(Cm f* (CIZ /E |$ +CQZ€ n ( 0204) on/2 + 22 - +03>

me€ €1

Z€7|5| +62 Z€7+ <61 + > \/ |€ + — +C3
=1 =1

Finally by Lemma 37 and Hélder’s inequality, > 7, £; = O(1 + (c; 'Ag)?/3|€]Y/3 + ¢5 ' Ag) and
S0 — O(Le). 0

F.6 Full Regret Guarantee

To derive the full regret guarantee of the MASTER algorithm (Algorithm 8), we first bound the
number of epochs by the following two lemmas. Define 91}, ;) as the number of times MALG
terminates within [1, M’]

Lemma 43. Let m be in an epoch starting from interval mo. If Appg m) < 7(m —mg + 1), then no
restart would be triggered by Test 1 or Test 2 in interval m with high probability.
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Proof. We first show that Test 1 would not fail. Let m = 2.e where 2( is any order-/ base algorithm
in a block of order n starting from m,,. Then with high probability,

U = e s S et 1 ) (Lemma 39
<o D R+ B
T=2.5
1 m
<g > CT+ 272N + Apym < 21 Z 7 4 37(2Y).
7=2.5 T=2.5

(Lemma 36 and A, ] < Apng.m) < 7(m —mg + 1) < r(2')

)
Thus, Test 1 would not fail. For Test 2, by Lemma 36 and A, 1) < Ay m) < r(m—mo+1) <
r(m —my, +1):

> (€7 —Gr) < R(m—my, +1),

T=Mp
Thus, Test 2 also would not fail. O
Lemma 44. Assuming that MALG does not terminate without non-stationarity, with high probability,
the number of epochs within [1, M'] is upper bounded by Ly ) and 1 + (2c1_1A[1’M/})2/3M’1/3 +
-1

¢ Apn) + Npp -

Proof. The first upper bound is clearly true by partitioning [1, M’] into segments without non-
stationarity. For the second upper bound, by Lemma 43, if an epoch [mg, E] is not the last epoch,

then Ay, 5] > (£ — mg + 1) or MALG terminates with high probability. Applying Lemma 13
completes the proof. O

Theorem 13. If Assumption 1 holds, then MASTER (Algorithm 8) ensures with high probability
(ignoring lower order terms), for any M’ > 1:

EM/ =0 ((C1 + 6204) L[l,]VI’]M/) and

C1

Ry =0 <( 1+ ch‘*) (N + )M’ + ( 23 4 Ciiﬁf) A[llﬂ‘j’w,]M’Z/3> .

Proof. Let &,...,EN be epochs in [1, M'] and £ = Uf\il &;. Then by Lemma 42 and Cauchy-
Schwarz inequality, we have:

N
Ry =0 (Z <Clm+02€a + (61 + ) VIl + = +c3>>

=1
:@<61\/W+62€g+<01+>\/7+<22+63>N>7
3

where g = Efil (g, Below we assume sub-linear Ly /), A[1,2s/) and only write down dominating
terms. For L-dependent bound, note that N < L 5 by Lemma 44 and lg < N + Ly pp =

O(L[1 a1) by Lemma 42. Thus, cafe + ( G 4 ¢3)N is a lower order term, and

~ ~ C2Cy
RM/ =0 <(C1 + Cl) \/L[I,M’]M/> .

For A-dependent bound, note that by Lemma 42, Holder’s inequality, and Lemma 44,

@ (N + (Cl A[l M/])2/3M,1/3 + CS A[l ]\/[/])

=0 (m[l,M’] +1+ (Cl_lA[LM'])Q/BM/l/g + CglA[LM'O .
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Ignoring lower order term of the form /Ay 5 M’, we have

i/ leM' + ((:1 + CZ“) NM
=0 <<c1 + sz‘l) \/(‘ﬁ[l,M/] +1+ (CflA[l,M/])2/3M’1/3 " C;lA[l,M/]) M/)
=0 <<01 + Ci?) (N0 + 1M + (Cf/f3 + Zifg) A[ll/j’w]M’Q/S> '
1
The remaining cole + (% + ¢3)N is again a lower order term. 0

F.7 Proof of Theorem 6

We are ready to present the regret guarantee of the MASTER algorithm combining with different
base algorithms. Recall L = 1 + Zi:ll I{Py41 # Py or cpy1 # ci}-

Theorem 14. Let 2 be Algorithm 8 with Algorithm 2 as base algorithm. Then Algorithm 1 with 2
ensures with high probability, for any K' € [K],

Ry = O (Inin {B*S\/ALK’, B,SVAK' + (B2S?A(A, + B, Ap)Tax) /2 K" 3}) .

Proof. By Lemma 33 and Theorem 13 with ‘R[LM] = 0, we have for any M’ < M,

Rapr < Rapr = O (win { BoS\ /ALy an M', BoSVAM + (B2S2 AN ) /M2 ),
where Ljy arp = Land Apy ) = O((Ac 4+ B,Ap)Timax). Applying Lemma 16, we have for any
K' € [K] (ignoring lower order terms),

Ru, = O (min {B*S\/ALK/, B.SVAK' + (B2S2A(Ae + BoAp) Tia) /2 K'Y 3}) .
Applying Lemma 15 completes the proof. O

We are now ready to prove Theorem 6.

Proof of Theorem 6. By Lemma 30 and Lemma 31, when Algorithm 6 terminates in interval £

where [mo, E] is an epoch, we have A p 1) > Np—mgt2. Therefore, Ny k) = O(1 +
(BZS?A) M3 (TLAY )P KM? + HAp ) by Lemma 13 and the definition of 7,,,. Then by
Lemma 34 and Theorem 13, we have 2; ensures when s7* = sy for m < K,

Rk =R =0 (min {B*S\/ALK, B.SVAK + (B2S2A(A, + B*AP)T*)1/3K2/3}) :

where we apply AfLK] = @(AC + BiAp), Lk = L, and A g = (’~)((Ac + B,Ap)T,).
Moreover, by Theorem 14, 25 ensures Ry~ being sub-linear w.r.t K’ for any K’ € [K]. Applying
Theorem 11 completes the proof. O

G Auxiliary Lemmas

Lemma 45. [Chen et al., 2022b, Lemma 48] x < a+/x + b implies © < (a + \/5)2 < 2a2 4 2.

Lemma 46. [Rosenberg and Mansour, 2021, Lemma 6] Let T be a policy whose expected hitting
time starting from any state is at most 7. Then for any § € (0, 1), with probability at least 1 — 0, it
takes no more than 47 In % steps to reach the goal state following .

Lemma 47. [Chen et al., 2021a, Lemma 30] For any random variable X with || X ||, < C, we have
VAR[X?] < 4C?VAR[X].
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Lemma 48. ([Chen et al., 2021a, Lemma 31]) Define Y = {v € [0, B]S+ : v(g) = 0}. Let
[ As, xTxRT xRt x RT — RT with f(p,v,n, B,t) = pv —max {01 W,CQ%} with
c? < cy. Then f satisfies for all p € As,,v € Tandn,. >0,

1. f(p,v,n, B, 1) is non-decreasing in v(s), that is,

V’U,UI € T,’U(S) < U/(S),VS € S+ == f(p,v,n,B,L) < f(pavlvnaB’ L)7

2‘ f(pﬂ)Jl,B,L) Sp’l} - %\/ V(;DT;U)L - %%

Lemma 49 (Any interval Freedman’s inequality). Let {X;}5°, be a martingale difference sequence
w.rt the filtration {F;}32, and | X;| < B for some B > 0. Then with probability at least 1 — 0, for
all 1 <1 < n simultaneously,

S
1=l

16B2nb 16B2nb
6 n+231n6 n

<3, | Y E[X2|F;i 1]l

i=l

(&)

n 1B2 5 132 5
<3,02) X2In 65” +18BIn 65”. (6)

i=l

Proof. Foreachl > 1, by [Chen et al., 2022a, Lemma 38], with probability at least 1 — %, Eq. (5)

holds for all n > [. Then by Lemma 50, with probability at least 1 — %, Eq. (6) holds for all n > .
Applying a union bound over [ completes the proof. O

Lemma 50. Suppose {X;}32, is a sequence of random variables w.r.t the filtration {F;}$2, and
satisfies X; € [0, B] for some B > 0. Then with probability at least 1 — 6, forall1 <1 < n
simultaneously,

n n 2n
ZZ:;]E[XA]-}_l] < 2;)(1- +12BIn =,
zn:Xi < QiE[Xilfi_ﬂ + 24B1n 2£
= )

i=l =l

Proof. Foreach > 1, by [Chen et al., 2022a, Lemma 39], with probability at least 1 — %, the two

inequalities above hold for all n > . Taking a union bound over [ completes the proof. O
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