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Abstract

Ensuring that classifiers are well-calibrated, i.e., their predictions align with ob-
served frequencies, is a minimal and fundamental requirement for classifiers to
be viewed as trustworthy. Existing methods for assessing multiclass calibration
often focus on specific aspects associated with prediction (e.g., top-class confi-
dence, class-wise calibration) or utilize computationally challenging variational
formulations. We instead propose utility calibration, a general framework designed
to evaluate model calibration directly through the lens of downstream applications.
This approach measures the calibration error relative to a specific utility function
that encapsulates the goals or decision criteria relevant to the end user. As such,
utility calibration provides a task-specific perspective on reliability. We demon-
strate how this framework can unify and re-interpret several existing calibration
metrics, particularly allowing for more robust versions of the top-class and class-
wise calibration metrics, and to go beyond such binarized approaches, towards
assessing calibration for richer classes of downstream utilities.

1 Introduction

Calibration is a fundamental property of probabilistic predictors. A calibrated model produces
predictions that, on average, align with observed frequencies. For instance, if a weather forecaster
predicts a 30% chance of rain on a given day, rain should occur on approximately 30% of such days.
In multiclass classification problems, calibration ensures that the predicted probabilities reflect the
true likelihood of each class. Formally, let X’ denote the input space, Y = {e1, ..., ec} the output
space, where e; is the i-th canonical basis vector in R, and A~! .= {z € RY| 3, #; < 1} denote
the simplex in R¢. A predictor f : X — A®~! is said to be perfectly calibrated with respect to
a distribution D over X x Y if E[Y | f(X)] = f(X). The most direct metric for quantifying the
deviation from perfect calibration is the Mean Calibration Error (MCE).

Definition 1.1 (Mean Calibration Error). For a distribution D such that (X,Y) ~ D and a predic-
tor f, the mean calibration error is defined as MCE(f) == E[||[E[Y | f(X)] — f(X)|l5]-

Without further assumptions, the MCE is fundamentally impossible to estimate, even in the binary
setting [1, 2]. While assumptions like Holder continuity of E [Y| f(X)] allow for consistent estimators
of E[Y|f(X)] or minimax optimal tests for MCE(f) [1, 3, 4], their sample complexity scales
exponentially with the dimension C', making MCE estimation intractable in high dimensions.

Due to the difficulty of measuring MCE, multiple relaxations are proposed, falling into two main
categories: binarized and variational. First, binarized approaches [5-7] simplify the problem by
focusing on specific binary events derived from the multiclass predictions, e.g. top-class or class-wise
calibration. However, these methods are by nature presumptive of downstream tasks. Moreover, their
reliance on binning schemes or kernel estimators for the underlying binary subproblems introduce
sensitivity to estimator choices and can suffer from high bias [8]. Second, variational approaches
[9-14] assess calibration through optimization problems, such as the distance to the nearest perfectly
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calibrated predictor or the worst-case error against a class of witness functions. Unfortunately, these
methods can be computationally intensive and can scale poorly as the number of classes C' increases.

To address these limitations and provide an application-focused perspective on calibration, we
introduce utility calibration. This framework evaluates a model f by considering a downstream user
who employs its predictions f(X). The core idea is to measure calibration error relative to a specific
utility function, denoted u, which encapsulates the goals, costs, or decision criteria relevant to this
end user. Utility calibration then assesses how well the expected utility (as estimated by the user
based on f(X) and w) aligns with the realized utility (obtained when the true outcome Y is observed).
In practice, models often serve diverse users or a single user with multiple objectives. We thus extend
utility calibration to handle classes of utility functions. The overall utility calibration for a class U
can be defined as the worst-case error over u € U, denoted UC(f,U). A notable aspect of this
class-based formulation is that it provides a structured way to express and analyze various existing
calibration notions. In particular, by defining appropriate utility functions within ¢/, concepts such as
top-class and class-wise calibration can be cast within the utility calibration framework. This offers a
unified perspective and a superior alternative to binning for examining those notions of calibration.

Contributions and outline: In Section 2, we review related literature on calibration metrics and
post-hoc calibration methods. In Section 3, we define utility calibration and relate it to existing
measures of calibration. In addition, we demonstrate how this framework can be used to frame
several existing calibration concepts within a common utility-centric perspective, offering consistent
interpretations and providing examples of relevant utility classes. To characterize the difficulty of
achieving utility calibration for classes of utility functions, we introduce the notions of proactive
and interactive measurability. While, for rich utility classes, proactive measurability is not possible,
we show that interactive measurability is achievable for many classes of interest. Drawing on
these insights, we empirically demonstrate the application of our proposed metrics and evaluation
methodology, in Section 4, to that end, we formulate a practical and scalable methodology for
evaluating calibration against interactively measurable utility classes in Section 4.

Notation: For any vector w € R®, w; denotes its i-th component and y(w) := argmax;,w;. For a
probability vector p € A€~ we write Z ~ p to denote a categorical random variable Z taking values
inY ={e1,...,ec} such that P{Z = e;} = p;, where ¢; is the i-th canonical basis vector. We use
1 {-} for the indicator function. E[-] denotes expectation, which is taken typically w.r.t. (X,Y) ~ D
and, for k € N4, [k] = {1,...,k}. Finally, for a,b € R with a < b, we denote I [a, b] to be the set
of closed interval subsets of [a, b].

2 Related Work

In this section, we review three classical and related approaches to measuring or ensuring a form of
calibration, namely binarized relaxations, variational approaches, and post-hoc calibration methods.

First, binarized relaxations aim to circumvent the difficulty of measuring the calibration error of
a high-dimensional predictor f by measuring the MCE of a single or multiple downstream binary
versions of f instead. Two commonly used relaxations are the Top-Class calibration Error (TCE) [7]
and the Class-Wise calibration Error (CWE) [6], which are respectively defined as

TCE(f ) =E[|E[L{Y = eyroxnt IF(X)yiroon] = F(XD)vrexn ]
CWE(f) = > wiE [[E[1{Y = e;} [/(X):] — F(X)il],
1€[C]

where w; is a class-dependent weight, which can be set to 1/C, w; = P{Y = ¢;}, or another
choice. Typically, TCE and CWE are estimated using binning schemes. Concretely, for (B;) jcm]

m disjoint subsets of [0, 1] such that U;c,,; B; = [0, 1], we consider the followmg binned estimators
TCE™(f) = Y [E[(F(X)ycre0n = 1Y = esis00n}) TH{FXDsirx)) € Bi}] [ @)
J€[m]
CWE™(f) = Y Z w; [E[(f —1{Y = e;})) 1{f(X); € B;}]|. (2.2)
i€[C] j€[m

Gupta and Ramdas [5] unified multiple instances of binarized proxies of MCE, such as TCE, CWE
and topK confidence calibration, introduced in [15], and proposed additional binarized reductions
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which offer stronger notions of calibration. Unfortunately, the binning schemes used in such binarized
proxies are known to have a large effect on the estimated error [8, 16]. Apart from the simpler
equal-size bins [7] and equal-weight bins [17], multiple binning schemes built on top of different
heuristics have been proposed [see, e.g., 8, 18-20]. Gupta and Ramdas [21] showed a simple equal-
weight binning scheme with better sample complexity guarantees for estimating bin averages. Kumar
et al. [22] developed adaptive binning schemes with guarantees for discrete f and showed that for
any binning scheme, there exists a worst-case continuous f such that the bias of TCE”™(f) as an
estimate of TCE( f) is lower bounded by 0.49 (noting that by construction TCE is bounded between
0 and 1). On the other hand, there exist binning-free alternatives for binarized reductions [see, e.g.,
3, 15]. Nonetheless, in an assumption-free setting, it is generally impossible to consistently estimate
the MCE of binary predictors [1, 2, 23]. As such, it is generally difficult to control the calibration
error defined by binarized relaxations.

Second, variational approaches do not strictly aim to measure the MCE. Instead, they consider
alternative formulations that do not require direct estimation of the conditional expectation. For
example, Distance to Calibration (DC) quantifies the calibration error of a predictor f as the distance
between f and the nearest perfectly calibrated predictors [10]:

DC(f) = it E[I£(X) = a(X)]h ]

A unified formulation of variational measures of calibration is weighted calibration, which assesses
the calibration error against a class of witness functions [9]. Concretely, let WV be a class of functions
mapping A°~! to [~1,1]¢. Then, weighted calibration error with witness class W is

CEw(f) = supyew Ex,y [(w(f(X)), f(X)-Y)]. 2.3)

A specific instance of weighted calibration is the Kernel Calibration Error (KCE) [24], which sets
W to be the unit ball of the reproducing kernel Hilbert space (RKHS) of a multivariate universal
kernel. This allows for efficient computation of the supremum but it remains hard to interpret the
impact of low KCE for a user of f. Btasiok et al. [10] showed that in the binary setting, DC(f)
and CEr;p(1)(f) are equivalent up to a (low-degree) polynomial scaling, where Lip(1) is the class

of 1-Lipschitz functions from A®~! to [~1, 1]. In addition, the authors proved that, for the binary
setting, CEr,ip(1)(f) can be well approximated by the RKHS of the Laplace kernel allowing for
efficient assessment of DC( f) using a calibration metric originally proposed by Kumar et al. [12].

The result on the equivalence between CEpi,(1)(f) and DC(f) was further extended to the multiclass
setting in [2, Theorem 15.5.5] and [11, Lemma 3.3]. In particular, Gopalan et al. [25] showed that
measuring either DC(f) or CEr,(1)(f) requires an exponential number of samples with respect to
C'[11, Theorem 3.2. and Theorem 3.4.]. Thus, even though DC (f) can be efficiently assessed in the
binary setting, it is quickly intractable as the dimension increases.

A particular case is Decision calibration, introduced by Zhao et al. [14], that tailors calibration
guarantees to downstream decision-making tasks. A predictor f is considered decision calibrated of
order K if, for any decision problem involving at most K actions, the expected loss computed using
the model’s predictions f(X) accurately matches the true expected loss incurred. Formally, for any
loss function ¢ mapping an outcome-action pair to a real-valued loss, decision calibration of order K
requires:

IE[E(Y,(S(f(X)))] =E[€(Y75(f(X))) :

where Y ~ f(X) and ¢ is a decision rule that picks the best action among K actions under the
model’s prediction f(X). This ensures that decision-makers can reliably estimate the consequences of
their choices when using the predictor. A key contribution of Zhao et al. [14] is showing that decision
calibration of order K can be achieved by having sup,c p(r) | E[(Y — f(X))1{f(X) € p}]|| =

0, where P(K) is the set of polytopes with at most K supporting hyperplanes. Unfortunately,
computational complexity is again an issue—Gopalan et al. [11] showed that even for K = 2 the
computational complexity of measuring decision calibration is exponential with respect to C'.

In summary, practitioners are faced with a dilemma in assessing the calibration error. On one hand, for
binarized approaches, it is generally impossible to have consistent estimation of the calibration error
of the binary subproblems. In addition, by preemptively only assessing specific binary subproblems,
they are fundamentally presumptive of the downstream usage of the model. On the other hand,
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variational approaches can offer more robust and well-motivated assessment of the calibration error
but they are computationally infeasible as the dimension grows.

Independently, post-hoc calibration refers to techniques applied to a pre-trained model’s outputs
to improve the alignment between its predicted probabilities and the true likelihood of outcomes,
without altering the original model parameters. Such methods are advantageous as they decouple the
calibration process from the training process.

Common post-hoc calibration methods often adjust the model’s outputs; popular examples include
Temperature Scaling and its multi-parameter extensions, Vector Scaling and Matrix Scaling [7], which
may all be regarded as a multiclass extension of Platt’s scaling [26]. Dirichlet calibration assumes the
model’s predicted probability vectors can be modeled by a Dirichlet distribution, whose parameters
are learned on a calibration set to transform the original probabilities [27]. Nonparametric methods
such as Histogram Binning [17] and Isotonic Regression [28] learn calibration maps by discretizing
the probability space or fitting monotonic (order-preserving) functions, respectively. Other methods
also include: [18], which applies a specific binning strategy followed by recalibration to minimize
class-wise calibration error, [29], which uses order-preserving transformations for recalibration to
maintain accuracy. Finally, a related body of literature aims to improve calibration by changing or
regularizing the training objective, e.g. [30, 3, 31, 12].

3 Utility Calibration

We consider the following utility-centric formulation of calibration. In particular, we are interested in
the setting, where for some input X, a downstream user leverages f(X) as an estimation of E [Y] X].
Based on this estimation of the conditional expectation, the user may then take arbitrary actions or
decisions. Finally, the user observes the true realization of the label Y and based on this realization,
may then suffer some loss or achieve some gain. To model such a pipeline of observation, action, then
consequences, we consider a utility function u : A“~! x ) — [~1, 1] such that u(f(X),Y’) models
the reward obtained or the loss suffered by the decision-makers after using f(X) to take arbitrary
actions/decisions. In such a setting, predictability is highly desirable, in the sense that when using the
predictor f, the utility obtained is similar to the utility expected. More concretely, for Y ~ f (X) and
a given input X, the user can use f(X) to construct the following estimate of utility:

va(X) = E [u(f(X), V)|X] = (F(X),@(X)). (3.1

where @ : X — [—1,1]% is defined as @(X) = (u (f(X),e;))icc. Ideally, we want the function
v, (X)) to be an unbiased estimator of the true utility. As such, we define the utility calibration with
respect to a utility function u as

UC(f,u) = o E [(u(£(X),Y) = vu(X)) T{vu(X) € T}]| (3.2)

and say that f is e-calibrated with respect to a utility function u if UC(f, u) < e. Note that for any
I = [a, b], the inner optimization problem in (3.2) can be rewritten as

E [u(f(X),Y) = u(£(X), V)]ou(X) € [a,8)] | B {ou(X) € 0,0}

In words, looking at the instances where v,,(X) € [a, b, the bias between the utility the decision-
maker expects to get (while using f(X) to take decisions and to estimate the utility) and the actual
utility the decision-maker achieves (when using f(X) to take decisions), is at most ¢ after being
weighted by the probability of the event {v,(X) € [a, b]}.

Combining (3.1) and (3.2) above, one obtains that UC (f, u) is equivalent to

UC(fiu) = sup [E[(Y — f(X),d(X)1 {vu(X) € I} - 3.3)

Iel[-1,1]

Thus, utility calibration is equivalent to weighted calibration (2.3), with the witness class WV set to
W (u) = {z — &u(z)1{v,(x) € I}|I € I[-1,1]}. In addition, our notion of utility calibration
requires that the predicted label Y ~ f(X) can be used for an unbiased estimation of the utility. This
is related to Outcome Indistinguishability (OI) [32], where a predictor f is considered reliable if its
simulated outcomes Y ~ f(X) are computationally indistinguishable from Nature’s true outcomes
Y. We also note that this perspective also connects to recent work that leverages OI variants to
establish links between loss minimization guarantees, omnipredictors, and multicalibration [33-35].
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3.1 Decision-Theoretic Implications of Utility Calibration

In a very recent work, for the binary classification setting, Rossellini et al. [23] introduced the CutOff
calibration metric, which assesses the calibration error by measuring against the worst-case bin,
and demonstrated that it provide robust decision-theoretic guarantees. We defer a more detailed
discussion of CutOff calibration to Appendix B.1. By assessing the UC (f, u) on the worst-case
interval of v, (-), our construction of utility calibration can be seen as a generalization of CutOff
calibration to multiple dimensions and arbitrary utility functions, and that in fact inherits analogous
decision-theoretic guarantees to the one shown in Rossellini et al. [23, Prop 2.1 and 3.2].

In particular, consider a decision rule based on thresholding the predicted utility v, (X) at some level
to € [~1,1], i.e., taking the action Uy, := 1 {v,(X) > to}. This models the situation in which a
user needs to commit a binary decision after estimating the utility using f(X). Then, the quality of
this decision can be assessed by the loss Cy (@i, U ) = | — t| 1{U # 1 {u > t}}, which penalizes
the deviation between the true utility uy and the decision threshold ¢, when a mismatch between Uto
and the ideal decision occurs. Consequently, let Ryii(g; to) = E[luii(u(f(X),Y), Uy, ;s to)] be the

associated risk. Then, we show that the decision process U, cannot significantly be improved by any
simple post-processing of v, (+) through a composition with a monotone function.

Proposition 3.1 (Utility Risk Gap). Let u : A1 x Y — [~1,1] be a utility function and v,,(X) be
the predicted expected utility. For any threshold to € [—1, 1] and the loss function ;) as described
above,

Rutil(vu(X); t()) - Rutil(h(vu(X)); t()) S 2UC(f7 U)

inf
hi[—1,1]—=[-1,1]
monotone

In words, Proposition 3.1 indicates that, if f is utility calibrated, in such a binary decision-making
scenario, the user can barely benefit from any monotonic post-processing to v,,. Another interpretation
of v, (X) is as a regressor for the realized utility uy = u(f(X),Y) € [—1, 1]. Similar to Rossellini
et al. [23, Prop 2.1], we can show that the regressor v,, satisfies a notion of calibration itself. First,
note that distance from calibration naturally extends to such a single-dimension regression problem by
considering a function g,,(X) to be a perfectly calibrated predictor of uy if E[uy | g.(X)] = gu(X)
almost surely. We denote this extended notion of distance from calibration as DCU( f, u), the
Distance to Calibrated Utility Predictor for v, (X) with respect to the realized utility u(f(X),Y):

DCU(f) =inf g xs-11 Elgu(X) —vu(X)] .
Efuy [gu (X)]=gu(X)

We show that DCU( f, u) can be effectively controlled through UC(f, u).
Proposition 3.2 (Utility Calibration upper Bounds DCU). Letu : A~ x Y — [~1,1] be a utility

function. Then,
DCU (f) < v/8UC(f, u) + UC(f. ).

Proposition 3.2 implies that if UC(f, ) is small, then v, (X), seen as a regressor for the true utility
u(f(X),Y), is a calibrated predictor itself. This further strengthens the interpretation of UC(f, u):
not only does it ensure actionable decisions based on v, (X ), but it also guarantees that v, (X) itself
is not far from calibration. We thus turn to the question of how to estimate UC(f, u).

3.2 Measuring UC(f,u)

A naturally arising question is on the difficulty of measuring and achieving a small utility calibration
error. We show in Lemma 3.3 that both the computational and sample complexity of estimating
UC (f, ) are generally feasible and of limited dependence on the dimension, allowing its scalability
to predictors with thousands of classes.

Lemma 3.3 (Estimating Utility Calibration Against a Single Function). Letu : A1 x Y — [~1,1]
be a fixed utility function and f : X — AC~1 be a given predictor. Define the empirical estimator

UC(f, u; S) based on n i.i.d. samples S = {(X:,Y;)}-y ~ D" as

n

UC(fw8) = sup |~ [(u(f(X:),Y:) - V(X)L{V(X,) € 1}]|.

Iel-1,1] |
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Then, for any § > 0, with probability at least 1 — § over the draws of the sample S,

[UC(f,u; S) = UC(f,u)] < O (\/“)g(;/‘”) : (34

Furthermore, ﬁ@( f,u; S) can be computed from S in O(n? + nT,,,q;) time, where Tyyq; is the time
to evaluate f(X;) and u(-,-).

First, we note that the constants hidden in the O(-) in (3.4) are dimension-independent. Similarly,
the only dimension-dependent term in the computational complexity is Teyqi- As such, UC (f,u)
is a completely scalable notion of calibration, allowing it to be implemented for classifier with a
thousand classes — as exemplified in Section 4. In addition, given that UC( f, u) can be formulated

as weighted calibration (see eq. (3.3)) and that UC(f, u; S) is both a computationally and sample
efficient, we can leverage the common patching-style post-hoc calibration algorithm, eg: [9, 36, 2] to
recalibrate f in order to minimize UC (f, u) while decreasing its Brier score. We summarize this fact
informally in Lemma 3.4 and defer to a more detailed discussion and experimental evaluation of the
recalibration patching algorithm in Appendix A.

Lemma 3.4 (Informal). For e > 0, there exists an algorithm, which given a classifier f : X — ),
outputs a recalibrated classifier f : X — Y such that UC(f,u) < € and its Brier score decreases:

E[IIf0 - Y1) <E [I5(X) - Y1) -

Those encouraging facts on the utility calibration w.r.t. a single u being established, we next turn out
attention to Utility Calibration against a function class /.

3.3 Utility Calibration against a Function Class

In many real-world scenarios, a single probabilistic predictor f might serve multiple downstream
users, or a single user might employ it under varying conditions or objectives. The exact utility
function relevant at the time of decision-making may not be known beforehand by the model provider,
or it might even change over time (e.g., due to changing costs, available actions, or strategic goals),
or might be fundamentally user-dependent.

Therefore, ensuring reliability often requires guarantees that hold not just for a single, pre-specified
utility function, but for an entire class of plausible or relevant utility functions, denoted by /. This
provides a more robust assurance that the model’s predictions are trustworthy across a range of
potential downstream applications. To capture this requirement, overloading the notion, we define
utility calibration against a function class as the worst-case performace over the class, i.e.

UC (f,U) = sup UC(f,u). (3.5)
ucl

To illustrate the practical relevance of this concept, we exhibit hereafter several examples of utility
classes, each motivated by different downstream tasks. We first demonstrate how to recover similar
notions to top-class (2.1) and class-wise (2.2) using the framework of utility calibration (3.5).

Example 3.5 (Top-Class and Class-Wise Utilities (Urcg,Ucwr)). Define the top-class utility
function uyop(p,y) = 1{y = e(p)}, where we recall that (p) = arg maxy, py, and the class-wise

utility function for class ¢ € [C] as u®(p,y) = 1{y = e.}. The corresponding utility classes are
respectively Urcr, = {Utop } and Ucwr = {u®, c € [C]}. It results in defining:

UC(f,Urcg) = S [E[(L{Y = eyro0n = F(XDrre0n) L{F(X)yrx) € 1]

UC(f,Ucwg) = sup sup |[E[(1{Y =e.}— (X)) 1{f(X). € T}]|.
ce[C] I€1]0,1]

)

In contrast to the binned estimators TCEP™ (2.1) and CWEP™ (2.2), utility calibration with the
classes Urcg and Ucwr offers a more robust, binning-free, computable assessment. Specifically,
UC (f,Urcr) and UC (f,Ucwer) are determined by maximizing the calibration deviation over any
possible interval I C [0, 1] (and additionally over classes for Ucwr), effectively identifying the



254
255
256
257
258
259
260
261

262
263
264
265

267
268
269
270

271
272

273
274

275
276
277
278
279

280

281
282

284
285

287
288

289

291
292
293
294
295
296

297
298

299
300
301

302

303
304

worst-case interval-based error. This approach inherently avoids fixed binning schemes, thereby cir-
cumventing pathologies where bin choices drastically alter estimated errors [8, 22]. Consequently, for
any binning scheme using m bins, m - UC (f, Urcg) and m- UC (f,Ucws) upper bound TCE™ ( f)
and CWEP"( f) respectively, while the converse is not true. We refer to Appendix B.2 for the formal
statement. Furthermore, by Proposition 3.1, a small UC (f, Urcg) guarantees that decisions based
on thresholding top-class confidence are robust to monotonic recalibration, and by Proposition 3.2
that this confidence is a calibrated predictor of actual top-class accuracy. Analogous guarantees hold
for UC (f,Ucwe) for individual class confidences, offering assurances for downstream applications.

Beyond the binarized perspectives offered by Urcgr and UcweE, the utility calibration framework
readily accommodates richer and more complex classes of utility functions. This allows us to move
beyond presumptive binary events and consider more nuanced downstream applications. In particular,
consider settings where the utility derived from an outcome Y is intrinsic to the outcome itself,
independent of the model’s prediction f(X). For example, in medical diagnosis, the cost or severity
tied to a specific disease Y = e; might be a fixed value a;, irrespective of the diagnostic prediction.
Formally, such situations can be modeled using a utility function u, : A®~! x J — [~1, 1] defined
by a payoff vector a € [—1, 1], where utility function and the expected utility are respectively
Uq (-, e5) = aj and v, (X) = (f(X), a), with a; represents the utility if the true outcome is e;.
Example 3.6 (Linear Utilities (Uiin)). Define the class of linear utilities as Uy, = {u, | a €
[—1,1]}, noting that the predicted utility v,,, (X) is linear in the prediction f(X).

A small UC(f, Uy ) ensures that for any payoff vector a, the predicted expected utility v,,, (X), as a
regressor of the realized utility, is close to calibration.

Alternatively, in applications like information retrieval or recommender systems, the realized utility
depends on the rank assigned to the true outcome Y = e;. Given a model’s prediction p =
f(X), assuming p1, ..., pc are distinct (or that ties are broken arbitrarily/randomly among equal
coordinates), the rank of class j, denoted rank(p, j), is its position across p, i.e. rank(p,j) =
> iec] 1{p;j < pi}. Using a valuation vector § € [—1, 1]¢, a rank-based utility function can then
be constructed as ug(p, ;) = Grank(p,;) With the associated expected utility function vy, (X) =
ZZ.CZI f(X )iOrank(f(x),:)- Calibrating for such utilities ensures the model’s expected rank-based
performance aligns with reality. A prominent special case is topK utility, where the valuation vector
05 for a given K € [C] is defined such that o) = 1ifr < K and 09 = 0if r > K.
Example 3.7 (Rank-Based and Top-K Utilities (Urank, Usropk))- The class of general rank-based
utilities is Upank = {ug | 0 € [=1,1]°}. The class of top-K utilities is then Uyopk = {uga) |
K € [C]}, where o) = 1{r < K}. Equivalently, ux(p,e;) = 1{rank(p,j) < K}. A small
UC(f, Urank) (or UC(f,Usopk)) ensures reliable prediction for general rank (or specifically top-K
accuracy) valuations, validating the model’s ranking capabilities.

As discussed in Section 2, decision calibration [14] ensures that for problems with up to K actions, the
model’s predicted utility for its recommended action matches the actual realized utility. We can frame
a similar guarantee within utility calibration. For any bounded loss function ! : ) x [K]| — [—1, 1]
and a prediction p = f(X), the optimal action is §;(p) = argminge(x) Ey_, [1(Y, a)]. The utility
function is then u;(p, y) = —I(y, J;(p)), representing the negative loss from outcome y under action
di(p). The predicted expected utility is vy, (X) = —Ey_; x) 1Y, 6,(f(X)))|X].

Example 3.8 (Decision Calibration Utilities (Ugec, k). Let Lix = {1 : Y x [K] — [—1, 1]} be the
class of all bounded K -action loss functions, and the utility class is Ugee k= {w,1 € L }. A small
UC(f,Udec,ic) implies that for any K-action decision problem | € L, the model’s prediction of
expected utility for its chosen action 0;(f (X)) reliably reflects the achieved utility —1(Y, 6;(f(X))).

These aforementioned examples illustrate that calibrating against classes U/ provides guarantees
tailored to diverse user needs, moving beyond simplistic binarized assessments. A critical question
then arises: how can UC ( f, /) be measured for a given class I/, which we address in the next section.

3.4 Measurability of utility calibration

Estimating sup,,c;;, UC (f, ) in (3.5) presents two key challenges: the computational complexity of
the optimization, and the sample complexity required for the empirical supremum to converge to its
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true value. We introduce the two notions of proactive and interactive measurability to decouple these
two aspects.

Definition 3.9 (Proactive Measurability). The utility calibration error w.r.t. class U is proactively
measurable if there exists an algorithm A and polynomial functions Npoly, Tpoty duch that for
any €,6 > 0 and n > Npyy(C,1/e,1/0) samples S ~ D", algorithm A(S) outputs @ satisfying
|[UC (f, @) — UC(f,U)| < € with probability at least 1 — ¢ and the runtime of A(S) is bounded by
Tpoly(C, n)

Generally, for a finite class U, if |{/| grows polynomially in C' then by Lemma 3.3 we can guarantee
proactive measurability. Nonetheless, even for simple infinite classes such as U;;,, proactive measura-
bility reduces to a non-convex optimization problem that cannot be generally solved in polynomial
time. In fact, even aiming for a weaker notion, namely improper auditing, Gopalan et al. [11] showed
that assessing both weaker and stronger notions than UC (f, Uj;, ) cannot be done in polynomial time
in both the error ! and the dimension C [11, Theorem 1.3, Theorem 5.2, and Theorem 8.6]. A
more detailed description of Gopalan et al. [11] hardness results is in Appendix B.3. The primary
bottleneck is the computation time. Next, we thus propose an alternative criteria of measurability that
decouples the statistical guarantee from the computational complexity of verifying the supremum.

Definition 3.10 (Interactive Measurability). The utility calibration error w.r.t. class U is interactively

measurable if there exists an estimator UC( f, u; S) and a polynomial function Ny, such that for
n > Npoy (C,1/e,1/6) samples S ~ D™, it holds with probability at least 1 — ¢ that

supyey [UC(f, u; S) — UC(f,u)| < e.

Interactive measurability represents a much more achievable goal. For example, while decision
calibration is computational hard to measure, Zhao et al. [14] showed that it admits polynomial
sample complexity. In Appendix B.4, we further demonstrate the interactive measurability of different
utility classes of interest with controlled Rademacher complexity.

In summary, while proactively measuring the worst-case utility calibration error UC(f,U) =
sup, iy UC(f, u) is often computationally prohibitive for expressive utility classes U/, interactive
measurability allows for efficient estimation of UC(f, u) uniformly for any specific u € U. Next,
we leverage this distinction to propose a scalable evaluation methodology that, instead of pursuing
the intractable worst-case error, characterizes the distribution of utility calibration errors across .
This provides a more nuanced understanding of a model f’s calibration reliability over a spectrum of
potential downstream applications, that we then evaluate in experiments.

4 Scalable Evaluation of Utility Calibration and Experiment

Scalable Evaluation of Utility Calibration. Our approach considers a probability distribution D,
over the utility class /. Many utility classes of interest admit a finite-dimensional parameterization,
making sampling from Dy, practical. We sample M utility functions {u,, }»_; from Dy, and, for
each u,,, compute its estimated error E,, ,, := UC(f, u,; S) using n data points from a sample S.
These M error estimates then form an empirical Cumulative Distribution Function (eCDF),

Fpain(e) = 55 Cmet W{Bman < e},
which serves as an empirical proxy for the true CDF, Fg(e) = Py.p, (UC(f,u) < e). We provide
guarantees on the difference between Fi(e) and Fi a7, (e) in Appendix B.5.

In particular, Ui, (Example 3.6) and U,k (Example 3.7) both admit finite-dimension parameteriza-
tion. For Ujiy,, we construct Dy, by sampling the payoff vectors a uniformly in [—1, I]C. Meanwhile,
for Upank, we also sample from Dy, , by uniformly sampling valuation vectors § € [—1, I]C, which
satisfy 1 > 65 > --- > O¢. This is to reflect a rational preference for better ranks, i.e. the higher the
rank of the true realization within the predictions of f(X), the higher the utility.

Numerical experiments. We now demonstrate how our approach can be used to empirically
validate model calibration. For all of our experiments, we used pretrained models for ImageNet
and CIFAR10/100 [37, 38]. In Appendix D, we further detail our experimental setup, provide
additional results, and list the licenses of all the assets used. Here, we present the results of two
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Figure 1: eCDF of utility calibration errors for ResNet20 on CIFAR100 (left two panels) and ViT on
ImageNet-1K (right two panels).

settings: (1) ResNet20 [39] on CIFAR100 and a Vision Transformer ViT [40] on ImageNet-1K.
For post-hoc calibration, we applied Temperature Scaling (T.S.) [26], Vector Scaling (V.S.) [41],
Ensemble Temperature Scaling (Ens. T.S.) [42], and Dirichlet recalibration [27]. In addition, we
fitted a shared Isotonic Regression (I.R.) [28] across different classes and an Isotonic Regression for
each class using one-vs-all approach (IR OvA).

In Table 1, we present a detailed comparison for the ResNet20 model on CIFAR100. This table com-
pares standard metrics (accuracy, Brier score), binned binarized metrics (TCEp;nneds CWEpbinned
with 15 equal-weight bins), and our utility calibration metrics for specific utility classes: top-class
(Urcr), class-wise (Ucwr), and top-K (Usopk). As expected, most post-hoc methods improve Brier
scores and reduce binned error over the uncalibrated model, often with minimal accuracy impact.
Our binning-free utility calibration metrics, Urcr, UcwE, and Uiopk, show similar improvements.
Notably, while Utcr and Uiopi are equal for the uncalibrated model, they can diverge for calibrated
models. Since Uiopk considers all K € [C], it upper-bounds Upcg (the K = 1 case). Although cali-
bration methods reduce Urcr, effectively, the typically higher Uk values can reveal miscalibration
for ranks beyond top-1. This suggest U,k as a more comprehensive benchmark.

Beyond specific utility functions, Figure 1 displays the eCDFs of utility calibration errors for
broader utility classes: rank-based ({4;anx) and linear (U, ). Each eCDF, generated from M = 1000
sampled utility functions, shows the proportion of utilities for which the calibration error is below a
certain threshold; thus, curves shifted to the left indicate superior calibration across the wider class
of utility functions. For the ResNet20 on CIFAR100 (left panels), the eCDFs reveal interesting
dynamics. While most post-hoc methods improved upon the uncalibrated model for U4;,, some
methods, specifically I.LR. and L.LR.(OvA), surprisingly worsened performance for U, .,k compared
to the uncalibrated model. This degradation was not apparent from the specific metrics in Table 1,
underscoring the necessity of the broader perspective offered by these eCDF plots across a class of
utilities. For the Vision Transformer (ViT) on ImageNet-1K (right panels), the uncalibrated model
exhibits the poorest performance across both U;ank and Uji,. Nevertheless, the eCDF plots still
provide a nuanced way to compare and evaluate different post-hoc methods against each other.

In conclusion, utility calibration provides a robust, unified, and application-centric framework for
evaluating classifier reliability. Its specific instantiations, Ucwg and Urcg, offer superior, binning-
free alternatives to traditional metrics with actionable guarantees, while U,k presents an even more
comprehensive ranking assessment. Furthermore, the eCDF plots across broader utility classes deliver
crucial nuanced insights into model behavior that single-metric evaluations obscure.

Table 1: ResNet20-CIFAR100 calibration results. Comparison of post-hoc methods using Accuracy,
binned ECEs (TCEcyBin, CWEcqypin), and utility calibration errors: Urcg (Top-Class), Ucwr
(Class-Wise), Uiopi (Top-K). Mean &= maximum devaition over 5 splits.

Method Accuracy Brier Score CWEbinned TCEbinned UCcwE UCTcE UCopk

Uncalibrated  0.677 +0.010 0.480 4+ 0.015 0.00214 £ 0.00016 ~ 0.1600 + 0.008  0.0124 +0.0011  0.1590 £ 0.015 0.1590 £ 0.015
Dirichlet 0.666 + 0.010  0.457 £0.008 0.00194 £+ 0.00014  0.0727 £ 0.0160  0.0111 £0.0004 0.0709 £+ 0.0165 0.0818 % 0.0154
IR 0.677+0.010 0.444 £0.011 0.00186 £ 0.00006  0.0264 £+ 0.0033  0.0113 £0.0005 0.0310 £ 0.0071  0.0756 =+ 0.0086
IR (OvA) 0.674+£0.010 0.454+£0.011 0.00156 £+ 0.00016  0.0454 £ 0.0103  0.0108 £0.0011  0.0467 £+ 0.0190  0.0927 £ 0.0091
T.S. 0.677 +£0.010  0.440 £0.014 0.00188 £ 0.00008 0.0250 + 0.0066  0.0114 £ 0.0005 0.0322 £+ 0.0090  0.0367 + 0.0046
Ens.T.S 0.677+0.010 0.440 £0.010 0.00196 £ 0.00006 0.0212 £ 0.0045 0.0114 £ 0.0005  0.0304 £ 0.0063  0.0393 =+ 0.0056
V.S. 0.680 £ 0.010  0.435+£0.010 0.00150 £ 0.00010  0.0334 £ 0.0117  0.0107 £0.0010  0.0375 £+ 0.0148  0.0403 + 0.0121
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NeurlIPS Paper Checklist

IMPORTANT, please:

* Delete this instruction block, but keep the section heading ‘“NeurIPS Paper Checklist",
* Keep the checklist subsection headings, questions/answers and guidelines below.

* Do not modify the questions and only use the provided macros for your answers.

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The main aim of the paper is to present a unified framework for assessing
calibration that allows for recovering similar notions to existing metrics while circumventing
some the difficulties/limitations in assessing them. In addition, it allows going beyond
binarized reductions and developing scalable assessment against infinite class through CDF
curves. We present the framework, cite the literature to highlight the limititations of existing
approaches, and provide proofs in the Appendix.

Guidelines:
¢ The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations

Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [NA]

Justification: The paper aims to introduce a new perspective on evaluating calibration.
There are many limitations related to calibration: it is an easy notion to satisfy by trivial
predictors, it is hard to measure, it is not the strongest guarantee for trustworthy deployment
of machine learning models. Nonetheless, we believe that those limitations are inherit to the
underlying problem rather than to the paper itself. Other aspects of the paper can be seen as
limitations. For example, proactive measurability is hard, so we propose assessing infinite
classes through a distributional approach. We find it hard to judge whether the hardness of
proactive measurability is in itself a limitation or not, making this question hard to answer.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.
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* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
Justification: Proofs included in the Appendix.
Guidelines:

» The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.

. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: We used pretrained models for reproducibility. More detailed description of
the experimental setup and additional results are available in the appendix.

Guidelines:

* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

* If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

* Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.
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* While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example
(a) If the contribution is primarily a new algorithm, the paper should make it clear how

to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: Code and detailed instructions are available in the supplemental material. We
intend to open source the code upon acceptance.

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be

possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not

including code, unless this is central to the contribution (e.g., for a new open-source

benchmark).

The instructions should contain the exact command and environment needed to run to

reproduce the results. See the NeurIPS code and data submission guidelines (https:

//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

 The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized

versions (if applicable).

Providing as much information as possible in supplemental material (appended to the

paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: We used pretrained accessible models and standard datasets. Additional
hyperparameter are further specified in the appendix.

Guidelines:

* The answer NA means that the paper does not include experiments.

» The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.
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* The full details can be provided either with the code, in appendix, or as supplemental
material.

7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: We report results over multiple splits using the mean and the maximum
deviation from it. We also include standard deviation in the Appendix.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

o If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification: Computational resources used are detailed in Appendix D.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: We satisfy Neur[PS Code of Ethics.
Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.
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10.

11.

12.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: This work applies to general classifiers and is not specifically tied to particular
applications.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

e The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: The paper poses no such risk.
Guidelines:

» The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?
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14.

15.

Answer: [Yes]

Justification: We cited the original assets. The licenses of the assets used are detailed in
Appendix D.

Guidelines:

» The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

o If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [Yes]

Justification: We use standard datasets and accessible open-source pretrained models. Other
aspects of the experiments are implemented in code and included in the supplemental
material.

Guidelines:

» The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: No crowdsourcing or research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects
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16.

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: No crowdsourcing or research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
Declaration of LLLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]
Justification: The paper does not tackle LLMs.
Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

* Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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Organization of the Appendix

The appendix provides supplementary material, organized as follows: Appendix A presents a post-
hoc patching algorithm for utility calibration. Appendix B contains deferred discussions on CutOff
calibration (Appendix B.1), binned estimators (Appendix B.2), proactive measurability hardness
(Appendix B.3), interactive measurability (Appendix B.4), and guarantees for the plotted eCDF
curves (Appendix B.5). Appendix C includes proofs of statements introduced in the main text.
Finally, Appendix D details our experimental setup and provides additional results.

A Post-Hoc Patching Algorithm for Utility Calibration

This section details a post-hoc calibration algorithm aimed at reducing the utility calibration error
UC( f,U) with respect for a specific utility function class /. As established in the main text (eq. (3.3)),
utility calibration can be cast as a form of weighted calibration. Recall that for a single ,

UC(f,u) = sup E[(f(X) =Y, w(f(X))],
weW (u)

where W(u) = {z — §u(X)1{v,(X) e I} | €1
to a utility function class U by defining W(U) =
CEwy (f)-

Given that utility calibration can be cast as weighted calibration, algorithms from the literature can be
used to post-hoc calibrate f such that it has a small utility calibration error. In particular, Algorithm 1
iteratively finds the worst witness w € W () and adjusts the predictor f to correct for this specific
violation. This approach is common in (multi)calibration literature, for example [36, 25, 9], a more
general version is presented in [2, Chapter 15]. A key property is that these adjustments can be made
such that the model’s Brier score decreases in every iteration.

[-1,1],¢ € {—1,1}}. This naturally extends
UueuW (u). Then it holds that UC (f,U) =

Algorithm 1 Iterative Patching for Utility Calibration

1: Input: Initial predictor f 0 . ¥ - A1 witness class W (U), target tolerance € > 0. Set
t<+0

2: loop

3: Find wy € argmax,, ¢y E [(fP(X) = Y, w(fP(X)))].

4. Leterr; + E [(f®(X) = Y, w, (f®(X)))].

5. iferr; < ¢ then

6: break

7 end if

8:  Choose stepsize 7;.

9:  Update predictor: f*+D(X) = mac—1 (fP(X) — nowe (FP(X))).

10:  t<+t+1.

11: end loop

12: Return f(®).

Here mac-1 is the projection onto the simplex and 7, is a, possibly adaptive, stepsize.

Proposition A.1 (Convergence and Brier Score Guarantee). Assume oracle access to compute erry
and the corresponding witness wy € W (U) at each iteration t. Let C' be the number of classes. With
the stepsize 1y, = erry/C, Algorithm 1 terminates in T = O(C/2) iterations

Proof. We include the proof for completeness. It follows the approach of [36] in using the Brier
score as a potential function and showing that it monotonically decreases across iterations. It is the
same as the version in Gopalan et al. [11]. A more general version can be found in Duchi [2, Chapter
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15.]. The change in Brier score L(f) = E[||Y — f( )13] from f® to f+D is:
L(fED) - 1(f©) <E[\ f“ = (FOXNIE = Y = FO X))
=B [200 (Y = FOC0, wi(£D(X)) ) + 5w (£ D (X)) 1]
—E[-2n, <f< ><X> =Y, wn(fO(X))) + nllen(FO (X)) 3]
= —2perr, + e (O (X)) 3]

Each witness w € W(U) is of the form p — &u(p)1{v,(p) € I} for & € {—1,1} and u € U.
Since u(-,¢;) € [~1,1], [70)[3 < 7o)l [7(p) ], < C. Thus, [lwy(p)[3 < C. Substituting
N = errt/C
L(F0) = D7) < ~2 e, + (T ) By (£ () B
- 2err; | em;C e}
- C cz - C

This proves that the Brier score does not increase and strictly decreases if err; > 0. If the algorithm
continues, it is because err; > ¢, so the decrease is at least €2/C. Since L(f) € [0,2] (as ||Y —
T3 <IYII3+ If(X)3 <1+ 1= 2), and each step where err; > ¢ decreases L( f) by at least
€2/C, the algorithm must terminate in at most O (C’ / 52) such steps. O

Empirical Implementation and Sample Complexity. In practice, direct computation of expec-
tations within Algorithm 1 is infeasible. Instead, the algorithm is implemented using a dataset S*
of N i.i.d. samples at each iteration ¢t. Both the maximization step to find the witness w; and the

computation of the error err; are performed using empirical averages By [-] over St

The theoretical convergence guarantees of Proposition A.1 (i.e., termination in O(C/£?) iterations)
can be extended to this empirical setting, provided that the empirically estimated error err; :=

O [(f(X) — Y, w:(X))] is a sufficiently accurate approximation of the true error err;. Specifically,
if erry is within O(e) of err; whenever err; > ¢, the iteration complexity remains O(C'/?).

The number of samples N required per iteration to achieve an O(e)-accurate estimation of erry,
with probability 1 — §, depends on the complexity of the witness class W(U). For the Top-Class
utility Urcg, where || = 1, using Lemma 3.3, N < 0) (k’gi#). Similarly, Class-Wise utility

Ucwr and Top-K utility Usopk, where for both |U/| = C, using a simple union bound, we recover
N<O (bgiﬂ)

B Deffered Content

B.1 CutOff Calibration

In Section 3, we highlighted that our utility calibration framework, particularly its focus on worst-
case interval-based deviations of predicted utility, can be seen as a natural extension of the binary
CutOff calibration concept to multiclass scenarios and general utility functions. This extension
preserves important decision-theoretic properties. For the binary setting (Y € {0,1}, f : X — [0, 1]),
Rossellini et al. [23] demonstrate that if the metric
Acutorr(f) = sup [E[(Y — f(X))L{f(X) € T}]|
I€1)0,1]

is small, then a simple decision rule Y, : X — {0,1} of the form ¥; = 1{f(X) > r} evaluated
against its associated binary decision loss, cannot be substantially improved by monotonic post-hoc

calibration. More concretely, let Rp,q(g; 7) := E[¢,q(Y, Y5; 7)] be the risk under the binary decision
loss bpa(Y,Y;7) =7(1-Y)Y + (1 — 7)Y(1 — Y). Then, Rossellini et al. [23, Prop. 3.2] show
that for any 7 € [0, 1]:

. _ : . < . .
Rbd(fa T) h:[O,i]n—f)[O,l] Rbd(h o f7 7_) = 2ACutoff(f) (B 1)
monotone
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This guarantee implies that if Ayt (f) is small, the decision-maker, thresholding f(X) to make
binary decision, gains little by applying any monotonic recalibration to f(X). Similarly, they showed
that in the binary case, CutOff calibration error can be used to bound distance from calibration. As
such, Propositions 3.1 and 3.2 extend the results of Rossellini et al. [23] to the multiclass setting.

B.2 Bounding Binned Estimators using Utility Calibration

To illustrate the relationship between binned estimations of calibration error and utility calibration,
let px = f(X),(f(x)) and correctness indicator Yy = 1{Y = e,(¢(x))}, definitions for m bins

(Bj)je[m] are:
TCE"™(f) =Y _|E[(px — Yx) 1{px € B;}]|,
j=1

UC(f,Urce) = sup [E[(Yx —px)L{px € I}]].
I€l(0,1]

Each binned term |E[(px — Yx)1{px € B;}|]| < UC(f,Urcg) (by setting I = B;j), thus

TCEP™(f) < m - UC(f,Urcg). Conversely, small binned errors do not imply small utility cal-
ibration, as binned errors can cancel within bins, while utility calibration is the supremum over
intervals.

For instance, let px be 0.45 or 0.55 (each with probability 0.5), with E[Yx|px = 0.45] = 0.05 and
E[Yx|px = 0.55] = 0.95. IfTCEan(f) uses bins By = [0,1/3), Bo = [1/3,2/3), Bs = [2/3, 1],
the expected error is 0. Thus, TCE™(f) = 0.

However, the inverse is not true. For example, for UC(f,Urcg), consider
the interval I; =  [0.45,0.46]. The term |E[(Yx —px)1{px € I1}]| becomes
|P(px = 0.45) - (E[Yx|px = 0.45] —0.45)] = 0.2. Since UC(f,Upcg) is the supremum

over such intervals, UC(f,Urcg) > 0.2. The binned estimator indicates perfect calibration, while
UC(f,Urcr) does not.

B.3 Hardness of Proactive Measurability

Proactive measurability for a utility class U/, as defined in Definition 3.9, necessitates an algorithm
to efficiently find & € U, whose utility calibration error UC( f, @) approximates sup,,c;; UC(f, u).
This is equivalent to efficiently finding an approximate worst-case function from the witness class

W) = | J{X = €a(X)1 {vu(X) € I} | T € I[-1,1] € € {1, 1}},
ucl
given that the worst-case interval for a fixed u is efficiently findable (Lemma 3.3). The work of
Gopalan et al. [11] establishes computational hardness for “auditing with a witness" for related,
expressive classes of witness functions.

Definition B.1 (Auditing with a witness [11]). An (o, 8) auditor for a witness class Wiarge: is an
algorithm that, when given access to a distribution D where CEyy,,,(D) > «, returns any function
w' : A7 — [=1,1] such that E(x yyp[(Y — f(X),w'(f(X)))] > B.

First, auditing with a witness is an easier task than proactive measurability, as it allows returning
any function w’, not necessarily from the original witness class. Thus, if auditing is hard for a class
Wiarget, and if our class W(U) is at least as expressive as Wiarget» then proactive measurability for I/
is also computationally hard.

Gopalan et al. [11] demonstrate hardness for two key notions.

1. First, for decision calibration, their witness class Wi, involves partitioning A“~! using hyper-
planes, i.e.
Waee = {z = ¢'1{a"z > b} + gL {a"z < b} |¢/.g,a e RO, D ER, st. [|¢g/]l,,]lgll, < 1}.

Auditing for Wye. is shown to be computationally hard under standard assumptions (Gopalan et al.
[11, Thm. 5.1]), i.e. cannot be performed in polynomial time for non-trivial o under standard
computational complexity assumptions. Up to a scaling, this is a slightly more general class
than Ui,.
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2. Second, Gopalan et al. [11] introduced projected smooth calibration, which is very similar to
our notion of utility calibration for 4;,, but replaced the hard interval indicator with Lipschitz
functions. Again, auditing for this notion was also proven computationally hard, in the sense that
no auditing algorithm can be polynomial in 1/a [11, Thm. 8.1].

B.4 Interactive Measurability

In this section, we establish conditions under which the utility calibration error UC( f, /) is interac-
tively measurable, completing Section 3.4. This involves bounding the sample complexity required
for the empirical estimates UC( f, u; S) to uniformly converge to their true values UC( f, u) over all
u € U. For a given utility class U/, we define the class of functions

Gu = {(X,Y) > (Y — f(X),@(X)1 {vu(X) € I}) |[uel, T €I[-1,1]}. (B2)

Definition B.2 (Rademacher Complexity [43]). Let F be a class of real-valued functions h : Z — R.
Given n samples Sy = (Z1,...,Z,) where Z; ~ Dy, the empirical Rademacher complexity of F
given Sy is

)

. 1 &
R, (F|Sz) =Es |sup — o:h(Z;
(F1Sz) lheg”; (2:)

where o; are i.i.d. Rademacher random variables. The expected Rademacher complexity is R,,(F) =
Es, [Rn(F[52)]-

We establish the following theorem.
Theorem B.3 (Rademacher Complexity Bound for Gyy). Let U be a class of utility functions. For
each j € [C, define the scalar-valued function class:

Py(U) = {X = u(f(X),e;)1 {vu(X) € I} |u €U, T € [[-1,1]}.

Then, the Rademacher complexity of Gy is bounded as:

C
Ra(Gur) < 2 R (P ).

Jj=1

Proof. The class Gy consists of functions g, 1(X,Y) = (Y — f(X),@(X)1 {v,(X) € I}). We

consider the empirical Rademacher complexity R, (G| Sxy ) for n samples Sxy = {(Xk, Yi) -1,
which is by definition:

n

- 1
mn(gM|SXY) = Eo” sup —
eu n

o (Y — f(Xp), €(f(Xp)) 1 {vu(Xi) € I}) |,
relio1] k=1

where o}, are i.i.d. scalar Rademacher random variables. For each k € [n], let W, = Y}, — f(Xk).
The function ¢y, : RE — R defined by ¢w, (2) = (Wi, z) is L-Lipschitz and ¢y, (0) = 0.
Specifically, for the £5-norm on RY, the Lipschitz constant Ly = ||[Wy|l2 = |V — f(Xi)|l2 < V2.

We t%ke L = /2 as an upper bound for all k. Let Wu be the class of vector-valued functions from X’
to R™:
Wy ={X = @(X)1 {v,(X) eI} |ucU,Iel][-1,1]}. (B.3)

The functions w € Wu map to [—1, 1]. Using Maurer [44, Corollary 1], we have
R, (GulSxy) < V2L - R (Wy|Sx),

where S)ARX{’C(V_\}M\S 'x) is the empirical vector Rademacher complexity of Wi given samples Sx =
{Xk}}_,. Itis defined as:

n

e 1
RECWy|Sx) =Eqs | sup — Z (o, w(Xg)) |, (B.4)
wGWu n k=1
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1027 where o), € {—1,1}“ are vectors whose components o are i.i.d. Rademacher random variables.
1028 Substituting L = v/2:

mn(QZ/l'SXY) < \/5 \/§ : f%:fc(WMSX) = Q%ZGC(WMSX)

1020 The vector Rademacher complexity 2?{;“ (Wu |Sx) can be then bounded as:

S)E{ZLeC(V_\'}u|SX) =E, Sup — Z Z OkjU Xk ej)]]_ {'Uu(Xk) c I} by eq(B3) and (B.4)
_IGH[ 1 1] k 15=1

c
<E, Z sup Z o u(f(Xk), €)1 {v,(Xg) € I}|  (subadditivity of sup)
j=1 Ie]l[ 4 1) k=

sup o u(f(Xg), ;)L {v,(Xg) € T
o nZ : ) en)1{vu(Xy) € 1}

C
2 Eo,
j=1 Iel[—1,1]
C
27

U)|Sx).

1030 Here o.; denotes the j-th column of the matrix & = ((0x;j)ke[m],jejc)). Combining these, we

1031 get R, (gu|SXy) < QZ] 1 R, (P i (U)|Sx). Taking expectation over Sxy yields the theorem
1032 statement. O

1033 Corollary B.4 (Interactive Measurability from Rademacher Bound). Let U be a class of utility
1034 functions and Gy be the function class defined in eq. (B.2). With probability at least 1 — § over the
1035 draw of S ~ D™:

sup [TO(f, 3 §) — UC(S, )| < 2%, (Gur) + 4y 2ELD),

uelU 2n
1036 Combined with Theorem B.3, this implies:

UC ¢ log(2/4)
sup [UC(f, u; 8) = UC(f )| <43 (P 0) + 4/ =5 =
u =

1037 Proof. Foru € U and I € I[—1, 1], define g,, 1 (X,Y) = (Y — f(X), d(X)1L {v,(X) € I}). With
1038 UC(f, u;S) defined in Lemma 3.3, it holds by definition that

sup [UC(f, u; S) — UC(f,u)| = sup

ueld uel |I€l[—1,1] Iel—1,1]

sup  [Enlgu,r(X,Y)]| = sup I]E[gu,I(X,Y)]||

<sup sup |[Bulgus (X V)] =~ [Elgus (X V)]

ueU Iel[—-1,1]

<sup sup [Balgus(X,Y)] - Elgu (X, )]
uwel I€l[-1,1]

= sup [Ba[g(X,Y)] ~ Elg(X,V)]|.

9€Gu

1039 The first inequality is by sup,, f(z) — sup, g(x) < sup,, |(f — ¢g)(x)|. Then using [43, Theorem 3.3]
1040 (standard symmetrization argument using Rademacher complexity and application of McDiarmid
1041 inequality), with probability at least 1 — 4, it holds that

A log(2/6
sup [Bafo(X,Y)] ~ Elo(X, V)] < 298, (Gu) + 4/ LY
9€Gu 2n
1042 The corollary follows by substituting the bound for R,,(Gs) from Theorem B.3 into the equation
1043 above. O
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We now apply the statements established above to the case of linear utilities (Example 3.6).

Corollary B.5 (Interactive Measurability of Ui, ). The utility calibration error is interactively
measurable for the class of linear utilities Uy, (Example 3.6). The sample complexity is N =
0 <03 log(n/C)+10g(1/6)>

Proof. For u, € Uiy, we have, by definition, u,(f(X),e;) = a; (see Example 3.6), where a €
[—1,1]¢. The predicted utility is v, (X) = (f(X), a). The component classes P; (Ui, ) are:

P (Uin) = {X = a; 1{{f(X),a) € I} | a € [-1,1]°, T € I[-1,1]} .

[—1
Each function in P; (Ui, ) is a product of a; and an indicator function 1{(f(X), a) € I}. First, we
consider the class of functions H, ; = {X — 1{(f(X),a) € I'}|a € [-1,1]}. H,.1 is a subclass
of the indicator functions of polytopes with two supporting hyperplanes. Thus, VC (7—[ 1) =0(C)

[45, Theorem 1] and R, (Ha,1) < O ( Clog(WC)). We now proceed to bound R, (P; (Uiin))-

n

Let Sx = {Xi,..., Xy} be niid. samples. The empirical Rademacher complexity of P; (Uin) is:

n

(P Ui)|5x) = o | sup ! Zakaj]l{< (Xp),a) € I}

<E, sup |ajl Zakﬂ{ ,ay € I}
ac[-1,1]¢
| T€1[—1,1]
1 n
<E, | sup |- oxl{(f(Xy),a)€I}|| (since|a;| <1)
acl-1,11° |5
| T€l[-1,1]

1 n
=FE sup — Eoph(Xk)
7 hEHQJ n ;
Lée{—1,1}

1
+Es | sup fZ—Ukh(Xk)

n
<Es | sup Zakh Xi) Sup ]
1€Ha, 1 k=1

}LE7ia I

f; 2Syin/( a,I|é;)()~

Thus, taking expectations over Sx:

R (P (Unin)) < 2R, (Ha1) = O (W) .

Using Corollary B.4, the uniform error bound is:

C
— . log(2/9)
sup [UC(f,u; 8) — UC(f,w) g Py (Uhin) + 44/ =5

03 log (n/C)  log(1 /5))

n

O

Corollary B.6 (Interactive Measurability of U,ank). The utility calibration error is interactively
measurable for the class of rank-based utilities Uyank (Example 3.7). The sample complexity is
N=0 (03 1og(n/0)+1og(1/5))_

£2
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Proof. First, we demonstrate that functions in Gy, can be expressed in a form analogous to those

in Gy, by applying a rank-based transformation to the inputs f(X) and Y.

Letp = f(X). Define m, : [C] — [C] as the permutation sorting p’s components in descending order,
SO Pr,(s) i8 the s-th largest confidence. This means rank(p, 7,(s)) = s. Define the rank-transformed

prediction f(X) € RC by f(X), = F(X)x;x)(s)» and the rank-transformed label Y (X) € R€ by
?(X)s = Yﬂf(x)(s). A utility function ug € Urank i ug(p, €;) = Orank(p,j)- The predicted utility
is vy, (X) = <f(X), 0>. The witness vector component is tg(X); = Orank(f(x),j)- A function
9 € G 18 (X,Y) = (Y — f(X),dp(X)1 {vy,(X) € I}). This can be rewritten as:

c

(Y = F(X0), @0(X)1{vy, (X) € I}) = (Z(Yw)(s) - f(X)mm)(s))es) 1{(7(x).0) e I}

s=1

- <17(X) — f(X),0-1 {<f(X),9> € I}>

This is equivalent to G, up to a fixed data preprocessing step. By repeating the same steps as
Corollary B.5, we recover

n

%, (G ):O< clgum)

which implies the stated sample complexity N = O (03 log(N/C)-+log(1/9) ) .

£2

B.5 Quantile Guarantees

The evaluation methodology in Section 4 relies on plotting the empirical CDF ﬁE M,n» constructed

from M utility functions and n data points. F'g ., serves as a proxy for the true CDF F'i of utility
calibration errors. Theorem B.7 bounds the distance between the curves, as characterized by the
Ly-distance. While weaker than characterizing the deviation using L.,-norm, Lo distance allows a
bound without any assumptions on the smoothness of the underlying CDF F'5. The bound depends on
two factors: first, the uniform accuracy ey, with which individual utility calibration errors UC( f, u)

can be estimated by @( f,u; S), and second, the number of utility functions M sampled to construct
the ﬁE,M,n-

Theorem B.7. Let Fg(e) = Pu.p, (UC(f,u) < e) be the true CDF of utility calibration
errors, where u is drawn from a distribution Dy over the utility class U. Let F B Mn(e) =

5 2%21 ]l{ﬁa(f, Um;S) < e} be its empirical estimate, based on M i.i.d. utility functions
Ui, ..., upr ~ Dy and a data sample S of size n (0g, €gar). Assume that, with probability at least
1 — dg over the draw of S,

sup |ﬁa(f7 Uu; S) - UC(f7 U)‘ S Estat-

ueU
Then, with probability at least (1 — 65 — 05) over the draw of S and {u,, }M_,, it holds that
~ In(2/6
1F'e — Feanllrzo2) < V20 + %

Proof. Let E(u) := UC(f,u) be the true utility calibration error for a utility function u ~ Dy, and
let Eg(u) == UC(f,u;S) be its empirical estimate based on data sample S. The CDF of E(u) is
Fp, and let 5, be the CDF of Eg(u) when u ~ Dy and S is fixed.

We condition on the event (occurring with probability at least 1 — dg) that S is such that |E(u) —
Es(u)| < egy for all w € Y. This implies that for any u, E(u) — egq < Fs(u) < E(u) + g
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Consequently, for any u € U, as E(u) and E(u) belong to the set [0, 2], it holds for any e € [0, 2]
that

Fr(e — ) = P(E(u) <e—ceg) < P(Es(u) <e) = Fg_(e)
Fg (e) = P(Es(u) <e) < P(E(u) <e+e) = Fple+ ).
Thus, Fr(e — sar) < Fg, (e) < Fg(e + &ga). This implies that
|[Fg.(e) — Fr(e)| < max{Fg(e+ewa) — FE(e), FE(e) — FE(e — €s) }-
Let Ag(e) denote the right-hand side. The L? distance squared between Fg, and Fg is

2
|Fs. — Fall22 0.0 = / (Fs_(¢) - File))*de

2 2
< / Agp(e)’de < / Ag(e)de,
0 0

since 0 < Ag(e) < 1. Further, as max(a, b) < a + b for non-negative a, b, it follows that

2 2 2
/ Ag(e)de < / [Fe(e+ ega) — Fp(e)]de +/ [FE(e) — FE(e — ega)]de.
0 0 0

The first term evaluates to f22+6’“‘“‘ Fg(v)dv — [;* Fg(v)dv. Since Fg(v) = 1 for v > 2 and

Fg(v) > 0, this term is < &gy The second term evaluates to f22*5-ml Fg(v)dv — fioam Fg(v)dv.

Since Fr(v) = 0 for v < 0 (errors are non-negative) and Fg(v) < 1, this term is < eg,. Thus,
2 .

Jo Ap(e)de < 2equ, which implies [|F5 . — Fp|lz2(0.2)) < V265t

Next, ﬁE M.n(€) is the empirical CDF of M i.i.d. samples {Es(um)}M_, drawn according to Fg,.
By the Dvoretzky—Kiefer—Wolfowitz (DKW) inequality [46], with probability at least 1 — dp;:

111(2/(5]\/[)

||FE,M7n_FESHOO = oM

The L2 distance can be bounded by the L°° distance, as

2
IF5, — FearnlZ2(02)) = /O (Fg,(e) = Fgan(e)?de

2
< / |Boarn — Fp_|de
0

= 111(2 61\4)
=2||Fgnm — Fg ll% < #

|20,2]) < 4/ W Finally, by the triangle inequality, combining the two

So, [|Fz, — Foan

bounds:
1FE — Fepmullrzqoz) < 1Fe — Fgllezqo2y  + 1F5, — Femmllzzo.2)
In(2/6
S \ 25slal + %
Using a union bound, this holds with probability at least (1 — g — daz). O
C Proofs

Before proceeding to the proofs of the statements in the main paper, we list a common result
combining Massart’s lemma, which bounds the Rademacher complexity using the growth function
[43, Theorem 3.7] and Sauer’s lemma, which bounds the growth function [43, Theorem 3.17].
Result 1. Consider a boolean class of functions B such that d = VC(B). Let d > n, then it holds
that

%, (B) < 2dlog(en/d).

- n
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1112 C.1  Proof of Proposition 3.1

1113 Proof. At a high-level, the proof is similar to the approach of Rossellini et al. [23] but some details
1114  differ. We start by analyzing the loss function

Casit (uy, Us o) = (to — uy ) (U — 1 {uy > to}). (C.1
1115 s IfU =1 {uy > to}, then £,,4; = 0.
1116 . If[{: 1 and uy < tp, the lossis tg — uy > 0.
1117 e If U =0butuy > ty, thelossis uy —ty > 0.

1118 The loss, which is only non-zero when a mismatch U # 1 {u + Y > ¢} occurs, is |uy —tg|. This loss
1119 function appropriately penalizes mismatches between the action taken based on v, (X ) and the ideal
1120 action based on uy. We now consider any monotone non-decreasing function h : [—1,1] — [—1, 1].
1121 The difference in risks between using v, (X ) directly and using h(v, (X)) is

AR = Rutil(vu (X)7 tO) - Rutil(h(vu(X)); tO)
= E|(to — uy) (1 {vu(X) 2 to} = 1 {uy 2 t0})] ~ E[(to — uy)(1 {h(vu(X)) 2 to} ~ 1 {uy 2 to})]
=E|(to — uy) (1 {uu(X) 2 to} = 1 {h(vu(X)) = to})].

1122 Let B4 = {X | ’Uu(X) < to,h(’l}u(X)) > to} and By = {X | UU(X) > to,h(’l)u(X)) < to}. The
12z term 1 {v,(X) > to} — 1 {h(v,(X)) > to} equals —1 on E; and 1 on Es, and 0 elsewhere.

AR=E :(to —uy)(—1{X € E1}) + (fo — uy)(L{X € E2})}
—E[(uy — o)L {X € E1}| ~E[(uy — o)L {X € B} ]

= E|(uy — vu(X) + 0a(X) ~ to)1{X € E1} | ~E|(uy — vu(X) + va(X) ~ to)1 {X € B2}

—E :(uy —(X)L{X e El}] +]E[(vu(X) Ct)l{X € El}]

A C
~El(uy —0u(X))1{X € EQ}} —E{(vu(X) —t)1{X € EQ}} .

B D

On Ey, we have v, (X) < tg, which implies v, (X)—to < 0,s0 C < 0. On E», we have v, (X) > to,
which implies v, (X) —tp > 0,s0 D > 0. Thus, AR=A+C—-B-D < A-B.

A= B =E[(uy —va(X)1{X € B}] + E[(va(X) — uy)1 {X € E»}].

Since h is monotone non-decreasing, the sets £ and E9 correspond to v,, (X ) lying within specific
intervals (or unions of intervals which can be decomposed). Let I; be the set of v,,(X) values defining
E; (e.g., vy (X) < to and h(v, (X)) > to) and I, be the set for Ep. The terms 1 {X € E;} and
1{X € E,} effectively restrict the expectation to regions where v, (X) falls into certain ranges. By
the definition of UC(f,u), for E € {E1, Es}

E[(uy — v, (X))1{X € E}] < o [Ef(uy = vu(X)1{vu(X) € I}]| < UC(f, u).

1124 Therefore, AR < A — B < UC(f,u)+ UC(f,u) = 2UC(f, w). Since this holds for any monotone
1125 non-decreasing function h, taking the supremum over monotone functions completes the proof. [

1126 C.2  Proof of Proposition 3.2

1127 Proof. The proof is the same as [23, Lemma A.2.], we include it for completeness. Assume
128 UC(f,u) > 0. Let Uy = u(f(X),Y) denote the realized utility. Both Uy and v,(X) take
1129 values in [—1, 1].

130 Let W € (0, 2] be a chosen bin width. We partition the interval [—1, 1] into Ky, = [2/W] disjoint
1131 intervals Aq, As, ..., Ak,,. These intervals are constructed as follows: For j = 1,..., Ky — 1,
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1132

1133

1134
1135
1136
1137
1138
1139

1140
1141
1142
1143

1144

1145
1146

1147

1148
1149

1150

let Aj = [-14(j —1)W, -1+ jW). For j = Kw, let Ag,, = [-1+ (Kw — 1)W,1]. This
construction ensures that Uf:“{ A; = [-1,1], and each interval A; has length A(4;) < W.

Let Yw : [-1,1] — {1,..., Kw} be the function mapping a value z € [—1,1] to the index
j of the bin A; such that z € A;. We construct a candidate calibrated predictor gy (X) =
E[Uy | ¥w(vy(X))]. The function gy (X) is perfectly calibrated: E[Uy | gw (X)] = E[E[Uy
Y (0, (X))] | gw(X)]. Since gw (X) is, by definition, measurable with respect to the sigma-
algebra generated by ¢y (v, (X)), it follows from the properties of conditional expectation that
E[Uy | gw(X)] = gw (X) almost surely.

By the definition of DCU( f, u), which is the infimum of distances E|g(X ) —v,,(X)| over all perfectly
calibrated predictors g(X), it holds that

DCU(f, u) < Elgw (X) — vu(X)].
To analyze the right-hand side, we introduce an intermediate term Viygbin(X) = E[v,(X) |
Yw (vy(X))]. This represents the average of v, (X) within the bin A, (,, (x)) Where v, (X) falls.
Using the triangle inequality:
Elgw (X) = vu(X)] < Elgw (X) = Vavgbin (X)| + E[Vaygbin (X) — vu(X)].

To bound the second term, E|V,ygbin(X) — v, (X)|: For any realization X = z, v, () is a point
in some bin A;. Viyepin(2) is the conditional expectation of v, (X’) given that v, (X') is in A;.
As such, Vygbin(2) must also lie within the convex hull of A;. Thus, |Vaygbin(2) — vy ()] < W.
Taking the expectation over X, we get E|Viyghin (X) — v, (X)] < W.

To bound the first term:
Elgw (X) — Vanbin(X)| =E[E[Uy | Yw (vu(X))] = E[vu(X) [ Pw (vu(X))]|
=E[E[Uy — vu(X) [ Yw (vu(X))]|

Kw
= ZPWW(%(X)) =J}HE[Uy —vu(X) | Yw (va(X)) = J]]
=Y E Uy — vu(X)) 1 {tow (vu(X)) = j}]]

j=1

Kw
= [E[(Uy — vu(X))1 {va(X) € 4;}]].
j=1

By the definition of utility calibration error UC( f, u), for each bin A;, we have:

[E[(Uy —vu(X)1{vu(X) € 4;}]| < o [E[(Uy —vu(X))1{va(X) € I}]| = UC(f,w).

Therefore,

Kw

HEl!]lﬁ’(‘Xf) - ‘(;Vgl)in(‘X:)‘ f; :E:: [J(j((f71i> = ]KTLW" [J(j(=f77L)'

j=1
Since Ky = [2/W], and for any © > 0, [z] < 2 + 1 (with strict inequality if z is not an integer),
we have Ky < 2/W + 1. Thus, E|gw (X) — Vavebin(X)| < (2/W + 1) - UC(f, w).
Combining the bounds for the two terms, we get:

2
DCU(f,u) < <W + 1) -UC(f,u) + W.

This inequality holds for any chosen bin width W € (0, 2]. Our goal is to select W to minimize
this upper bound. Set W = W,,, = /2UC(f, u), noting that W, is in the domain (0, 2] as
UC(f,u) < 2, for any w and f.

Substituting W, = /2UC( f, u) into the upper bound for DCU(f, u):
2
DCU(f,u) £ ———==UC(f,u) + UC(f,u) + /2UC(/,
(1) £ s UO(f) + VO TAD

= 2,/20C(f, u) + UC(f, u).
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C.3 Proof of Lemma 3.3

Proof. Let A(X,Y) = u(f(X),Y) — v, (X). Since u(-,-) € [-1,1], v, (X) € [-1,1], so
A(X,Y) € [-2,2]. Define the function class

Fue =1hr: (X,Y) = AX,)Y) - 1{v,(X) eI} | T el[-1,1]}.
The true and empirical utility calibration errors are UC(f,u) = sup,cr, . |E[h(X,Y)]| and
UC(f,u;S) = supper,. [En[h]|, where E,[h] = 1 37 | h(X,,Y;). We bound supycr. [E[h] -
E,[h]].

Let Gint = {X — 1{v,(X) € I} | I € I[-1,1]}. Since v, (X) is a fixed function and the class of
interval indicators on R has VC dimension 2, VC(G;,,;) < 2. By Result 1, for d = VC(G;p,i) = 2
(assuming n > 2):

2-2log(en/2 4log(en/2
SR X COD N TG
n n
The functions in F,. are hy(X,Y) = A(X,Y) - g7 (X) where g7 (X) € G;n¢. For a fixed f and u,
A(X,Y) is a fixed function with |A(X,Y)| < 2. By [43, Lemma 5.7] with [ = 2:

Functions h € F,. are bounded in [—2, 2], so their range is M = 4. Using a standard Rademacher
symmetrization argument and McDiarmid’s inequality (e.g., [47, Page 93]), for any 6 > 0, with
probability at least 1 — ¢:

Sup E[h]—ﬁn[h]’émn(acHM log(1/9)

hEFue 2n

<y <4 /log(in/2)> L 1og§;/6>

:8\/1%(671/2)_#2\/21%(1/5).

Computational Complexity: To compute ﬁé(f, u;S): Fori=1,...,n,compute V; = v,(X;) and
A = u(f(X3),Ys) = Vi. Thisis O(n-Teypar). Sort pairs (V;, A;) by V; to get (Viy), Agy): O(nlogn).
Compute prefix sums Py, = Z?Zl A(j): O(n). The supremum sup; |1 3~ A;1{V; € I}| is found
by checking O(n?) sums 22:]. Ay = P — Pj_1 (for 1 < j <1 < n,plus intervals starting at —1
or ending at 1). This takes O(n?). Total time: O(n - Tppar + n?). O

D Additional Experiments

Experimental Setup: Our experiments were performed using standard image classification bench-
marks: CIFAR10, CIFAR100 [38, MIT License], and ImageNet-1K [37, Provided for non-commercial
use]. We used publicly available pretrained models. For each model-dataset combination, the valida-
tion data was divided into a calibration set (70%), for training post-hoc methods, and a test set (30%),
for evaluation. We repeated the experiments across 5 different calibration/test splits and reported the
average results. For CIFAR10/100 datasets, we used the model checkpoints available in [48]. For
ImageNet-1K, we used timm checkpoints [49].

Calibration Methods and Evaluation: We benchmarked several well-known post-hoc calibration
techniques. These include Temperature Scaling (T.S.) [26, 7], Vector Scaling (V.S.) [41, 7], Ensemble
Temperature Scaling (Ens. T.S.) [42], Dirichlet recalibration [27], and Isotonic Regression (I.R.) [28],
which was applied both globally and in a one-vs-all (OvA) manner. For these methods, we based our
implementation on the one publicly available in [50]. For Dirichlet recalibration, we used the version
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with Lo regularization, with the regularization being tuned over 15 runs using BayesSearchCV of
scikit-optimize [51] with the goal of minimizing the Brier score.

In addition, we implemented the patching style post-hoc calibration algorithm (Algorithm 1), referred
to as Patch. We used the utility class U = Ucwr U Uiopk (Example 3.5 and Example 3.7). We found
that the theoretical stepsize in Proposition A.1 to not work well in practice and the algorithm to be
sensitive to stepsize choice. This observation was also recently reported in [52]. Instead, we tuned the
stepsize 7 in the grid [0.005, 0.01, 0.05, 0.1, 0.2]. We ran the algorithm for 125 steps. All post-hoc
methods were trained on the designated calibration set and subsequently evaluated on the test set.
The experiments took approximately 80 hours of A100 80G NVIDIA GPU and 100 CPU hours.

Evaluation. Model performance and calibration were assessed using a suite of metrics. Standard
evaluations included Accuracy and Brier Score. For binned binarized approaches, we compute
TCEP™ (2.1) and CWEP™® (2.2), using 15 equal-weight bins (each bin has the same number of
datapoints). Furthermore, we evaluated our proposed binning-free utility calibration metrics for
specific utility classes: Utck, UcwEk, and Uiopk.

As discussed in Section 4, to evaluate calibration over a broader range of diverse utility functions,
we also generated and plotted the empirical Cumulative Distribution Functions (eCDFs) across the
classes Uiy and U ani. For each sampled utility function u, we used a batch of 5000 datapoints to
calculate UC (f, u). We report the eCDF curves using 500 sampled utility functions.

The results are thus given in tables and figures as follows.

Metrics Results given in
CIFAR10 CIFAR100 ImageNet

TCE"™, CWE™™, Urcg, Ucws, and Uyopx ~ Table 2 Table 3 Table 4
Unin and Uy ank Figure 2 Figure 3 Figure 4

CIFAR10/100 Tables. We provide experimental results for the CIFAR10 and CIFAR100 using
RepVGG [53] and ShuffleNet [54] models. With the exception of Dirichlet, which degraded the
model accuracy, most post-hoc algorithms reduced the calibration error across different calibration
metrics without an effect on accuracy. In addition, we note that, even for uncalibrated models,
class-wise calibration metrics (Ucwr and CWEb“‘) were small. In some cases, post-hoc methods
degraded the class-wise metrics. Nonetheless, the miscalibration of the original models was most
pronounced for the top-class and confidence-based metrics, i.e. Uiopi, UTCE, and TCEbm, and most
post-hoc methods effectively decreased them. We note that the best performing post-hoc method
significantly varied across different metrics. In particular, Patch was the most effective at decreasing
Uiopk. On the other hand, we observed poor performance when using Dirichlet calibration.

ImageNet-1K Tables. For the large-scale ImageNet-1K dataset, we evaluated the EfficientNet
[55] and ViT_Base_P16 [40] models. The results shared common trends with CIFAR10/100. In
particular, uncalibrated versions of these models exhibited significant miscalibration across the
metrics Usopk, Urce, and TCE"™. In addition, the calibration error for the class-wise metrics
(Ucwr and CWEY™) was generally small and was occasionally worsened by post-hoc methods.
Meanwhile, post-hoc methods effectively reduced the metrics Uyopk, UTCE, and TCE"™. We note a
large disparity between the performance of Patch across the two models, indicating that the patching
style algorithms can be sensitive to the setting. We also note that Patch was generally sensitive to its
hyperparameters.

CIFAR10/100 eCDF. Figures 2 and 3 present the empirical Cumulative Distribution Functions
(eCDFs) of utility calibration errors for models evaluated on CIFAR10 and CIFAR100, respectively,
across the broader utility classes Uj;, (linear utilities) and U;..,i (rank-based utilities). These plots
illustrate the proportion of sampled utility functions for which the calibration error falls below
a given threshold. For CIFAR10, most post-hoc methods shift the curves to the left, indicating
improved calibration across a wider range of utilities. However, when examining the U, class for
RepVGG-CIFAR10, we observe that some post-hoc methods shifted the curves to the right, indicating
a degradation of calibration. In addition, observing the U,k and Uj;, across CIFAR10 results, we
observe that post-hoc calibration does not only shift the curve but it also changes its shape. Such more
nuanced shifts in calibration performance are not observable in table 2. This suggest that calibration
eCDF offers an additional valuable perspective to analyse model calibration. For CIFAR100, RepVGG
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followed similar trends as the CIFAR10 experiments. Nonetheless, for ShuffleNet, post-hoc
methods actively degraded {f;ank. Again, this was not observable from Table 3, indicating the added
value in considering the eCDF plots.

ImageNet-1K eCDF . The eCDF plots for the ImageNet-1K models are shown in Figure 4, detailing
performance across Uy, and Uyank. For both Uy, and Uik, the uncalibrated model is shifted to
the right of almost all post-hoc calibrated versions. We also note that post-hoc calibration does
consistently alter the shape of the curve making it more vertical, indicating a tighter concentration of
the sampled errors. Similar to CIFAR experiments, the eCDF curves provide an additional perspective
to contrast and compare the performance of different post-hoc calibration methods.

Table 2: CIFARI10 calibration results, comparing post-hoc methods using Accuracy, Brier Score,

binned ECEs (TCE®™, CWEP™), and utility calibration errors: Ucwg, Urce, and Uopk, With
mean + maximum deviation over 5 splits.

Method Accuracy (x10?) Brier Score (x10%) CWEP™ (x10%) TCEP™ (x10%) UCcwr (x10%) UCtcr (x10%) UCiopk (x10%)

Uncalibrated ~ 94.5 +1.30 8.92+2.03 39.6 £6.71 373+ 11.7 106 £19.7 39.0+11.5 39.0+11.5
Dirichlet 88.0 £0.767 14.4 +0.993 34.9 £18.4 15.2 +£12.8 102 £ 33.3 14.1£5.91 14.2 +6.00
IR 94.5 £1.30 8.10 £1.55 37.2£5.85 8.70 £6.00 76.3 £21.6 10.2 £ 5.02 14.3 +£1.91
IR (OvA) 94.6 £ 1.70 8.12+1.63 24.9 £5.56 9.05 £ 8.51 70.4 £ 16.4 10.9+£8.41 15.7£2.13
T.S. 94.5 £1.30 8.13 £1.62 62.3 £7.53 21.9 £3.94 87.0 £17.5 18.0 £5.93 23.4+£8.01
Ens.T.S. 94.5 £1.30 8.13 £1.62 62.3 £7.53 21.9 £3.94 87.0 £17.5 18.0+£5.93 23.4+£8.01
V.S. 94.7 £ 1.37 798 £1.72 476+ 11.6 17.0 £6.02 87.6 £ 29.7 14.6 +2.96 16.4 £5.30
Patch 94.7 £1.23 8.03 £ 1.60 38.1£13.0 9.09 £ 9.68 77.3+£15.0 10.1 & 3.05 11.1 £ 3.05

RepVGG-CIFAR10
Method Accuracy (x10?) Brier Score (x10%) CWEP™ (x10%) TCEP™ (x10%) UCcwr (x10%) UCTcr (x10%) UCiopk (x10%)

Uncalibrated ~ 93.4 £+ 1.17 10.8 +2.20 55.4 £ 16.2 42.6+11.6 129 + 32.5 428 +14.1 42.8 £14.1
Dirichlet 83.5 £1.57 21.3 £0.802 51.5£16.0 22.4+£154 145 £ 50.6 22.1£18.5 229+£179
IR 93.4+£1.17 9.89 £ 1.58 50.4+11.4 11.7+7.01 97.4 £ 23.6 11.5+6.41 15.2 +£2.79
IR (OvA) 93.6 £ 1.17 9.81 +1.67 33.8+11.5 11.4+2.50 88.8 +20.5 10.6 +6.18 18.0 £2.57
T.S. 93.4£1.17 9.89 £ 1.69 71.5+£13.6 18.4 +1.52 105 £27.2 17.9+6.94 22.4+£9.51
Ens.T.S. 93.4£1.17 9.89 £ 1.69 71.5+£13.6 18.4+1.52 105 £27.2 17.9+6.94 22.4+9.51
VS. 93.6 £ 1.27 9.61 +1.68 47.24+9.17 13.6 & 4.60 99.0 +50.3 12.7 £ 6.32 14.9 £4.32
Patch 93.5 £1.17 9.80 £ 1.64 47.9 £19.0 11.4 £ 8.61 94.2 £15.9 12.3+10.2 12.6 £9.61

ShuffleNet-CIFAR10

Table 3: CIFAR100 calibration results, comparing post-hoc methods using Accuracy, Brier Score,

binned ECEs (TCE®™, CWEP™), and utility calibration errors: Ucwe, Urce, and Usopk, With
mean + maximum deviation over 5 splits.

Method Accuracy (x10?) Brier Score (x102) CWEP™ (x10%) TCEP™ (x10%) UCcwr (x10%) UCTcr (x10%) UCtopk (x10%)

Uncalibrated ~ 77.2 + 1.47 32.7£2.55 152+ 1.75 58.1 £22.1 72.8 £14.6 55.5 £2.25 55.6 £2.43
Dirichlet 71.6 +4.60 40.9 £16.3 20.8 £4.21 61.0 £ 221 86.6 = 38.9 61.8 £ 219 65.5 £ 216
IR 7.2 £1.47 3194237 14.1+£1.55 20.1+11.3 65.6 £ 11.2 15.4+4.59 46.6 +8.74
IR (OvA) 76.6 £ 1.73 32.8 £3.29 14.4 £ 1.60 30.4 £13.0 65.3 £11.4 33.2+£11.7 50.0 £4.75
T.S. 77.2+1.47 32.5 £2.50 17.0 & 1.52 454 £22.2 72.6 £15.6 37.2£4.80 66.0 = 4.91
Ens.T.S. 77.2+1.47 32.4 4 2.46 20.0 £ 0.965 40.4+18.2 73.4+15.2 27.2£6.50 85.8 +6.30
V.S. 76.8 £2.17 33.0£3.17 17.8 £1.94 50.5 £13.3 729+11.4 454 £11.1 52.2£5.74
Patch 77.1+£1.63 32.1£2.04 20.6 £5.05 26.9 £14.4 66.8 £+ 6.25 21.6 £7.71 36.7 £ 21.6

RepVGG-CIFAR100
Method Accuracy (x10?) Brier Score (x102) CWEP™ (x10%) TCEP™ (x10%) UCcwr (x10%) UCTcr (x10%) UCtopi (x10%)

Uncalibrated ~ 75.4 & 2.47 35.2 £3.48 13.5 £ 2.41 76.1 £19.2 74.2£16.0 80.2 £22.9 80.2 £ 22.9
Dirichlet 65.0 £ 7.17 49.7+ 234 25.3 £4.35 86.2 £ 279 128 £23.9 85.9 & 284 101 £ 265
IR 75.4 £2.47 34.243.06 14.3 +£2.22 17.3 +£13.2 68.0+10.5 19.0 £ 9.16 494+ 5.77
IR (OvA) 75.2 +2.80 35.2 £3.59 14.5 £ 291 35.0£17.1 71.8+£15.4 34.3+£214 54.8 £2.94
T.S. 75.4 £2.47 34.6 £ 3.09 16.4 £ 1.82 37.6+17.0 72.9+£13.5 32.3+19.3 54.3 £4.63
Ens.T.S. 75.4 £2.47 34.5+3.12 19.0 £ 1.89 31.44+20.9 73.8+14.2 25.0+17.9 70.3 £7.57
V.S. 75.0 £2.90 34.9 £ 3.67 17.9 +2.80 40.8 £24.0 77.5£20.9 39.2 £20.3 48.5 £ 6.36
Patch 75.2 £2.67 34.6+3.21 22.8£6.14 35.4429.3 76.2 £33.3 28.5+18.3 47.7+38.1

ShuffleNet-CIFAR100
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Table 4: ImageNet calibration results, comparing post-hoc methods using Accuracy, Brier Score,

binned ECEs (TCEP™, CWEP™), and utility calibration errors: Ucwr, Urcr, and Uiopk, With
mean + maximum deviation over 5 splits.

Method Accuracy (x10?) Brier Score (x10%) CWEP™ (x10%) TCEP™ (x10%) UCcwr (x10*) UCrcE (x10%) UCtopk (x10%)

Uncalibrated ~ 77.8 £ 1.11 32.2+£1.26 2.13£0.0790 69.6 £ 7.57 33.1+£5.24 71.7£12.1 95.1 £ 3.50
Dirichlet 73.7£1.02 36.8+1.18 1.79 +£0.184 14.3 £15.2 34.0+5.03 23.5£14.3 30.6 + 2.60
IR 778+ 1.11 31.6 £1.34 1.44 £ 0.0991 13.3+4.49 32.0£3.24 19.1 +£2.04 31.5 £ 2.59
IR (OvA) 77.1 £0.867 33.1£1.61 1.43 +£0.0714 41.5 +£13.7 31.2+145 38.9£11.9 68.2 £ 7.41
T.S. 778 £1.11 31.4+1.36 1.61 £0.0975 13.8 - 4.84 32.6 +4.17 19.5 £5.77 32.1+5.48
Ens.T.S. 778+ 1.11 31.4 £1.36 1.66 & 0.0845 12.9+5.84 32.6 £4.24 19.0+£3.91 36.5 £ 7.83
V.S. 77.5+1.19 31.6 £1.39 1.52 4+ 0.0562 29.6 £9.42 31.2 £4.62 32.6 £10.6 32.8 £9.27
Patch 777111 324+ 1.17 3.10 £ 0.346 45.8 £21.3 40.7+23.2 46.1 £14.1 71.5 £ 36.6

EfficientNet-ImageNet
Method Accuracy (x10?) Brier Score (x10%) CWEP™ (x10%) TCEP™ (x10%) UCcwr (x10%) UCTcr (x10%) UCiopk (x10%)
Uncalibrated ~ 85.2 4 0.880 22.6 + 0.965 246 £0.0635 9424710 3044270 94.847.88 1244271

Dirichlet 84.6 £ 0.607 22.6 £1.04 1.30 £ 0.0731 15.2+4.95 28.7 £2.63 19.5 £ 7.53 26.0 £ 3.44
IR 85.2 £ 0.880 21.6 £1.05 1.10 & 0.0809 7.49 £4.58 28.7+£1.81 15.6 + 5.47 19.6 & 3.66
IR (OvA) 84.9 £+ 0.800 22.94+1.09 1.10 £ 0.0562 33.1+4.72 28.0£2.74 33.0+£3.28 55.6 = 4.90
T.S. 85.2 £ 0.880 21.6 £1.10 1.50 & 0.0447 21.2£4.89 29.3 £1.61 21.2£5.75 45.2 £4.15
Ens.T.S. 85.2 £ 0.880 21.6 £1.10 1.50 & 0.0447 21.2£4.89 29.3£1.61 21.2£5.75 452 £4.15
VS. 85.2 £ 0.653 21.9+1.12 1.22 £ 0.0895 32.1+6.21 27.3+£2.29 35.4+8.70 35.4+8.70
Patch 85.2 £ 0.900 21.8£1.21 1.87+£0.373 19.2+£9.35 34.7 £ 28.9 21.0 £10.8 30.2 £18.0

ViT_Base_P16_224-ImageNet
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Figure 2: CIFAR10 eCDF plots for U, and Uy ank-
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