A Other related works

Let us discuss in passing additional prior works on learning equilibrium solutions in MARL, which
have attracted an explosion of interest in recent years. While the Nash equilibrium is arguably
the most compelling solution concept in Markov games, the finite-sample/finite-time studies of NE
learning concentrate primarily on two-player zero-sum MGs (e.g., Bai and Jin [4], Chen et al. [16],
Mao and Bagsar [44], Wei et al. [70], Tian et al. [64], Cui and Du [17, 18], Zhong et al. [83], Jia et al.
[29], Yang and Ma [76], Yan et al. [74], Dou et al. [24]), mainly because computing NEs becomes,
for the most part, computationally infeasible (i.e., PPAD-complete) when going beyond two-player
zero-sum MGs [20, 21]. Roughly speaking, previous NE-finding algorithms for two-player zero-sum
Markov games can be categorized into model-based algorithms [52, 79, 43], value-based algorithms
[4, 5, 73, 54, 31, 15], and policy-based algorithms [10, 22, 71, 82, 14, 81, 11]. In particular, Bai
et al. [5], Jin et al. [31] developed the first algorithms to beat the curse of multiple agents in two-
player zero-sum MGs, while Jin et al. [31], Daskalakis et al. [23], Mao and Basar [44], Song et al.
[63] further demonstrated how to accomplish the same goal when learning other computationally
tractable solution concepts (e.g., coarse correlated equilibria) in general-sum multi-player Markov
games. The recent works Cui and Du [17, 18], Yan et al. [74] studied how to alleviate the sample size
scaling with the number of agents in the presence of offline data, with Cui and Du [18] providing a
sample-efficient algorithm that also learns NEs in multi-agent Markov games (despite computational
intractability).

We shall also briefly remark on the prior works that concern RL with a generative model. While
there are multiple sampling mechanisms (e.g., online exploratory sampling, offline data) that bear
practical relevance, the generative model (or simulator) serves as an idealistic sampling protocol
that has received much recent attention, covering the design of various model-based, model-free and
policy-based algorithms [35, 69, 1, 3, 38, 32, 60, 67, 68, 39, 34, 61, 51, 36, 13, 26, 7, 71, 65, 77,
72,46, 75, 78, 25]. In single-agent RL, the model-based approach has been shown to be minimax-
optimal for the entire e-range [38, 1, 3]. When it comes to multi-agent RL, sample-efficient solutions
with a generative model have been proposed in the recent works [62, 19, 79], although a provably
sample-optimal strategy was previously unavailable.

B Regret bounds for FTRL via variance-type quantities

Before embarking on our analysis for Markov games, we take a detour to study the celebrated
Follow-the-Regularized-Leader algorithm for online weighted linear optimization, which plays a
central role in the analysis of Markov games.

B.1 Setting: online learning for weighted linear optimization

Let £1,...,¢, € R4 represent an arbitrary sequence of non-negative loss vectors. We focus on the
following setting of online learning or adversarial learning [37]: in each round k,

1. the learner makes a randomized prediction by choosing a distribution 73, € A(.A) over the actions
inA={1,---,A};

2. subsequently, the learner observes the loss vector ¢, which is permitted to be adversarially chosen.

To evaluate the performance of the learner, we resort to a regret metric w.r.t. a certain weighted linear
objective function. To be precise, consider a non-negative sequence {ay }1<k<n With 0 < oy < 15
for each 1 < k < n, we define recursively the following weighted average of the loss vectors:

Ly=0 and Ly =(1—ok)Lr—1+oply, k>1,
which can be easily shown to enjoy the following expression

k
Lk = Z Oé?gk
i=1

with ¥ defined in (5). When the sequential predictions made by the learner are {7y }x>1, we define
the associated regret w.r.t. the above weighted sum of loss vectors as follows:

R, = max R, (a) with R, (a) == kz_l agp (T, L) — kz_l apli(a), (32)
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which compares the learner’s performance (i.e., the expected loss of the learner over time if it draws
actions based on 7y, in round k) against that of the best fixed action in hindsight.

B.2 Refined regret bounds for FTRL

Follow-the-Regularized-Leader. The FTRL algorithm [57, 55] tailored to the above online opti-
mization setting adopts the following update rule:

. 1
Tht1 :argﬁemAl(I}A) {<7T,Lk>+ nk+lF(7r)}, k=12,... (33)

where 7;+1 > 0 denotes the learning rate, and F'(-) is some convex regularization function employed
to stabilize the learning process [56]. Throughout this section, we restrict our attention to negative-
entropy regularization, namely,

F(m) =Y n(a)log ((a)),
acA
which allows one to express the FTRL update rule as the following exponential weights strategy
(see, e.g., Lattimore and Szepesvari [37, Section 28.1])
exp (— nry1Li(a))
wea®XP (= M1 Li(a’))
This update rule is also intimately connected to online mirror descent [37].

Ter1(a) = 5 forall a € A. (34)

Refined regret bounds via variance-style quantities. As it turns out, the regret of FTRL can be
upper bounded by certain (weighted) variance-type quantities, as asserted by the following theorem.

Theorem 3. Suppose that 0 < a1 < 1 and 1 = n2(1 — «1). Also, assume that 0 < ay, < 1 and
0 < ey1(1 — ) < ny forall k > 2. In addition, define

~ 72, #kz:lv
M = . . 35)
{ 1172k7 ifk > 1.

Then the regret (cf. (32)) of the FTRL algorithm satisfies

R, <

w| ot

N log A LS _ 1
> apiarVar, (t) + — +3Za}:niai||£kl|§on(nkak||€k||oo>3), (36)
k=1 Mn+1 1

where for any { € R? and any 7 € A(A) we define
2

Varg (£) = " 7(a) (z(a) - Z 7r(a')£(d)> .

a

Remark 1. Note that the FTRL algorithm and the data generating process in this section are both
described in a completely deterministic manner; no randomness is involved in the above theorem
even though we introduce the variance-style quantities.

The proof of Theorem 3 is postponed to Appendix D. Let us take a moment to discuss the key
distinction between Theorem 3 and prior theory.

* A key term in the regret bound (36) is a weighted sum of the “variance-style” quantities
{Vary, (¢x)}. In comparison, prior regret bounds typically involve the norm-type quantities (e.g.,
the infinity norms {[|¢x]|%,}) as opposed to the “variances”; see, for instance, Lattimore and
Szepesvdri [37, Corollary 28.8] for a representative existing regret bound that takes the form of
the sum of {||¢||%,} that takes the form of the sum of {||¢x||2,}.> While Var(¢;) < ||[l|% is
orderwise tight in the worst-case scenario for a given iteration k, exploiting the problem-specific
variance-type structure across time is crucial in sharpening the horizon dependence in many RL
problems (e.g., Azar et al. [3], Jin et al. [30], Li et al. [41, 40]).

Note that the Bregman divergence generated by the negative entropy function is the (generalized) KL
divergence [6], which is strongly convex w.r.t. || - ||1 due to Pinsker’s inequality. Additionally, the dual norm of
|| - ||1 is the infinity norm.
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* The careful reader would remark that the final term of (36) relies on the infinity norm || ||oo
as well. Fortunately, when the products of the learning rates 7,y are chosen to be dimin-
ishing (which is the case in our analysis for Markov games), the number of iterations obeying
Mo |0k ]|0o > 1/3 is reasonably small, thus ensuring that this term does not exert too much of an
influence on the regret bound.

C Proof of Theorems 1-2

To begin with, we claim that Theorem 1 is a direct consequence of Theorem 2. Towards this, note
that in a two-player zero-sum Markov game, it is self-evident that 7_y = 75 and 7_o = 71 (see line
12 of Algorithm 1). Consequently, Theorem 2 (if it is valid) reveals that

e > gap(7; 5) = max { V{7 (s) = VI (s), V7 ~2(s) = Vi (s)
— max {Vlffz(s) — VP (s), VT (s) — Vfl(s)}, foralls € S.  (37)

Moreover, recalling that 1, = —ryp, for all b € [H], one has V", (s) = —VJ7;(s) for any joint
policy profile 7, which taken collectively with (37) results in

VIR () = VI (s) = VI () + Va2 () < VI () + V3T (9)
= V1*,’1ﬂ2(5) - Vlﬁ,l(s) + V;i*(s) - Vz,l(s) < 2e.
Analogously, one has V7rl *(s) — Vf{ 2 (g) < 2¢. Replacing e with £/2 immediately establishes
Theorem 1.

With the above argument in mind, the remainder of this section is devoted to proving Theorem 2.
C.1 Preliminaries and notation

Let us start with some preliminary facts and notation. Given that ¢ < H, the assumption (27)
requires

KSY, Ai> (38)

6
for some large enough constant ¢, > 0, which will be a condition assumed throughout the proof.
We also gather below several basic facts about our choices of learning rates {«;} (cf. (22)) and the
corresponding quantities {a¥} (cf. (5)).

K > ckHlog4 (

Lemma 1. Forany k > 1, one has

k
. 2¢q log K
— § , ko =
ap =1, o =1, 1?%)% o < - (39a)

In addition, if k > co log K + 1 and ¢, > 24, then one has

max of <1/KS. (39b)
1<i<k/2

Proof. The result (39a) is standard and has been recorded in previous works (e.g., Jin et al. [30,
Appendix B]). Regarding (39b), we note that for any ¢ < k/2 and k > ¢, log K + 1,

: : Co log K\ /2 cqlog K 1
af < H e« TT (- < (o < (1-SREK) ™ o (288 1
Jj=i+ j=k/2+1

Ca log K > Calog K

where we have used the fact that oy, = Firealog K = ok

and the assumption ¢, > 24. O

Additionally, recognizing the definition in (15) and the upper bound ‘/}»L"h+1 (s) < H — h (cf. (20a)),
we make note of the range of the iterates {qf h} as follows.
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Lemma 2. Forany i € [m] and any (h,k, s,a;) € [H] x [K] x § x A;, it holds that
0<qfn(s,a)) <H—h+1. (40)

Next, we introduce several additional notation that helps simplify our presentation of the proof. For
any policy p : S x [H] — A(A;), we adopt the convenient notation

un(s) = ma(- | s) € A(A).

We shall also employ the expectation operator Ej, ,_1[-] (resp. variance operator Vary, ,_1[-]) to
denote the expectation (resp. variance) conditional on what happens before the beginning of the k-th
round of data collection for step h (see Section 3.1 about the data collection process).

C.2 Proof outline

With the above preliminaries in place, we are in a position to present our analysis. Recall that the
joint policy 7 computed by Algorithm 1 takes the form of a mixture of product policies

K
> af (aky <o xwh ) (41)

.k
=T

at step h. Consequently, the value function under policy 7 satisfies the following Bellman equation:

Vi1 (s) =0 (42a)
K
)= Z Z ok nk(a]s) [ri,h(s, a) + (Py(-|s,a), thﬂ>] (42b)
k=1lacA

forall (i, s,h) € [m] x S x [H]. To establish Theorem 2, we seek to prove the following inequality:
VT (s) -~ Vi(s) e, 1<i<m, (43)

where we remind the reader of the definition of V;ff’i in (9).

Towards this, let us introduce the following best-response policy of the i-th player:

/

~% __ [~ — L><7T i
Ti = [ﬂ-i’h] helH] " arg W;ZSX[%]ai)(A(.Ai) &l
We make note of the following key decomposition:
Vi VRS (VT VT ) (VT Vi) + (Vi - Vi), @)
where we define the following auxiliary value functions:
TS XT . X X
Vih (s5) = Zak E “ [rf)h(s,ai) + <Pfh(- |s,a:), Vi >], with Vi " =0,
alwrrl n(s
(45a)
V:i?_7(8) = (}?Eaj( Zak {72 5,a;) <szh( |'s,a;), V: 1;:1>} with V::I:Zl =0,
- (45b)
Vzh(s) = Zaf IE}% “ [rf’h(s,ai)+<Pi’fh(~|s,ai),vzh+1>], withVZH_s_1 =0.
ai~my (s
(45¢)
Here, we have used the elementary fact V?’ ' < V: ;; ~'. We shall establish bounds for the above

terms in (44), which consists of three steps as outlined below.
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T4

Step 1: showing that \A/Z n is an entrywise upper bound on V:”h The following lemma ascer-

tains that the value estimate ‘27;, of the i-th player returned by Algorithm 1 is an optimistic estimate

of the auxiliary value V:,f ~" defined in (45b). Evidently, this result cannot happen unless the bonus
terms are suitably chosen.

Lemma 3. With probability at least 1 — 6, it holds that

*7T_

Vin >V, forall (i,h) € [m] x [H]. (46)

The proof of this lemma is postponed to Appendix E.1. Armed with Lemma 3, we can further bound
(44) as follows

Vifffﬂ - th < (Vififfi - fiﬁ”) + (‘Zh - Vih) + (Vih - V',%h)- 47)

— 2

Step 2: establishing a key recursion. Recall the definition of wﬁ in (41). Let us define the

><7T,

following auxiliary reward vectors 77,773 ", 7; 5 € R as well as the auxiliary probability

7T ><’7T,

transition matrices P, P,

‘. P;j € RS*9 such that: for any s, s’ € S,

K
= Z ok E [’I“i7h(8, a)], (48a)
1 a~mh(s)
K
= Z of R [Ph(s/ | s, a)}, (48b)
aw‘n'ﬁ( )
_~ o~ K
el B el o
k=1 (aua*’l)Nﬂ—i,h(S)Xﬂ—i,h(s)
— K
T ) = YAl E [Pa(s' |5, )], (434)
k=1 (amafi)"’ﬂ':,h,(s)Xﬂiiyh(s)
K
Tin(s) = Za 7r T (s, a:), (48e)
k=1 a;€EA;
K
P“L(s, §') = Za 7'(' nlai]s) o (5’ | s,a;). (481)

k=1 a;€EA;

—1

As it turns out, VZT h (resp V;Tihm , Al Vi n) stays reasonably close to the “one-step-look-ahead”

>< XTT_ 7T XT_i _
expression 77 h+ th hi1 (Tesp.r; ih i +PZT;L T Vit L Tin+ Py hV h+1), as revealed

by the recursive relatlons stated in the following lemma; the proof of this lemma is deferred to
Appendix E.2.

Lemma 4. There exists some universal constant cs > 0 such that with probability exceeding 1 — 6,

L Hlog? (K55
’Vi,h - (T;T,h + PiT,rhVi,h—&-l)‘ < 03\/ > (K ) 1
log® K52 A P —7 7 7 7 T
+c3 % { i.h (Vi,thl o Vi,h+1) - (Pi,hvi,thl) © (Pi,hvi.,h+1)]’
(49a)
e . H1 w
‘V’i,lhx B ( Zthﬂ- T+ Pzﬂ-flLXﬂ- 1VL h117 ) < CS\/ Og (K )1
10g3 M X, —TIXT_,; —7 T_; TEXT_; —T ™5 T T_itF
+c3 (KH5 ) |:P7;le>< (Vifhil ° V? hj—l ) - (Pz,L ) V’L hil ) (Pl ;lx V

(49b)
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BV Hlog® (K524
(Fi,h‘f’Pz’,hVi,h+1)’ §c3\/ o8 (K 5 )1

log? (“25)
KH

+es Pin(Visr 0 Visr) = PiVinsn) © (Vi) |
(49¢)
hold for all h € [H].

Remark 2. The right-hand side of each of the bounds in (49) contains a variance-style term (e.g.,
those terms taking the form of P; 5, (Vi n+1 © Vipt1) — (PinVint1) © (PinVipt1) for some prob-
ability transition matrix P; ; and value vector V; ,41). Such variance-style terms are direct conse-
quences of our Bernstein-style bonus terms, and are crucial in optimizing the horizon dependency.

With the above lemma in place, one can readily show that

—7 ~ —7 ~ Hlog (
Vin— Pf,rhvi,hﬂ‘ <rip+ C3\/

KSZA)
1

K

H log? (M) - - R R
+ H\/ K [ i,h(vi,h—H ° Vi,h+1) - (Pi,hVi,hH) ° (Pi,hvi,h+1)}
€4 1 T Sy T T —7 T —T .
< Zl + E{ ih (Vi,thl ° Vi,h+1) - (Pi,hvi,h+1> ° (Pi,hvi,h+1)} = (o
(50)
for some large enough constant ¢4 > 0, where the last line holds due to Condition (38), the basic fact

PF (VZ h1°Vine) = (PLth)hH) (PFV: h+1) and the following fact (for large enough cy)

03\/ o8 (K 8 )1+T;T,h,§03 o8 ( : )1+1§%41-

K

In addition, recalling that HVihHOO, ||Vf neilloo < H (cf. (20a)) and recognizing that (o > 0 (see
(50)), we can demonstrate that

U

‘Vih o Vin— (PEVins) o (PWZH)! = ‘(Vih + PEVine) o (Vig — Pfhvthrl)‘
(Vin+ PlViner) 0 o < 2HC
= %Hl t3 [ T (Vin © Viner) = (PRVine) © (Pf,hvihﬂ)] (1
This further leads to
Pfh (Vthrl OvihnLl) - (Pfhvihﬂ) © (Pthf,hH)
= P (Vi1 0 Vi) = Vino Vin + V'%h oVin— (PiVines) o (PEVine)
<P, (Vih+1 Ovih-&-l) Vi hO Vz - H1 Tl [ inh (Vih+1 on,h,+1) - (Pfhvihﬂ) ° (Pfhvihﬂ)]v

which can be rearranged to yield

IN

T (Vi © Vinr) = (PILVip) o (PR h+1) < 2[13 (Ving1oVs h+1) Vin OVZh} +caH1.

Substituting it into (49a) and combining terms give

‘Vi,h - (Ti,h + Pi,}LVi,h+1)‘ < 05\/ (K 5 ) 1

log? (K82idey —F g
+ 2¢3 %[ T (Ving1 o Vi,h+1) —VinoVinl

(52)
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where we take c5 = c3 + c3¢4.

An analogous argument (which is omitted here for brevity) also reveals that

7!' ><7T_

TrXT 5 TEXT_4 TEXT_4 i
‘V = (i, + PV i)

= i,

K KH

~

Vin — (Fin +E,h‘7i,h+1)’

Hlog® (K52 4i logd (K82 4y R N N
<05\/ o8 (K 0 )1+203 %[Pi,h(vi,h+lovi,h+l>_Vi,hOVi,h]
(54

Step 3: invoking the key recursion to establish the desired bound. We find it helpful to intro-
duce the following notation (please note the order of the matrix product)

1T 77 = PRy, ifR > 1,
o ifh=1.
J:j<h

Armed with this notation, we can invoke the relation (52) recursively and use VZT hil = th 1 =0
to obtain

V:—,h - th @ ’/‘1 h + i?,rhvz:h—i-l + (V?;h - (Tz?,h + PthZh-H)) - (Tz?ih + i, h‘/z h—i—l)
< P, (Vthrl ~ Vig1) + ‘V?,h — (rf + Pf,hVZthl)‘ (55)
(i) Hlog® (M) H N
= C5\/ K : Z H P
h=1j:5<h
log? (K5Xi Ay H I
+2c3 (— Z H { Ving1oV; h+1) Vino Vi,h}
h=1j:5<h
(i) [Hlog® (F5%i) [ g \/ H3log® (F55i4) ¢
< 05\/ P;T» 1=c5 1< -1.
PP 7 ;
(56)

Here, (i) uses the Bellman equation; (ii) applies the bound (52) recursively; (iii) holds since for any
transition matrices { P; , } and any sequence {V; j, } obeying V; 5+1 = 0, one can use the telescoping
sum to obtain

Hlog? (X82ife log® (K82t . —FIXF_ ARy X
<Cs\/ = ( 2 >1+2C3 % ( 2 )[P ;LXL (Vvlhil 1°Vzh+1 )*Vz'lh,x o

H H
S° T Pos|Pon(Vinsa 0 Vinsn) = Vino V| = Z I 2o Vinsr 0 Vinst) = > T Pos (Vi 0 Vi)

h=1j:j<h h=1j:5<h h=1j:5<h
H P;j(Vig1 0 Ving1) = VipoVin
Jig<H
=—-V;10V;1 <0,

whereas the last inequality in (56) arises from the assumption (27) when ¢ is large enough. Simi-
larly, replacing 7; with 77 in the above argument and recalling (53) directly lead to
AR R A TR (57)

In addition, recalling the definition of V (cf. (45¢)), 7 , and ﬁi,h (see (48)), we can deduce that

i,h

~

Y B — _ — -~ B — =
Vi = Vin =Tin+ PinVinsr + {Vi,h — (Fin + Pi,hVi,h+1)} —Tih = PinVipia
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<Py (‘Z‘,hﬂ —Vihﬂ) + ‘Z‘,h — (ﬁ,h +ﬁi,h‘7i,h+1) )

which resembles (55). Thus, repeating the above argument for (56) and applying (54) recursively,
we reach

—=

Vin —Vip <=l (58)

W ™

To finish up, combining (56), (57) and (58) with (47), we arrive at

~ ~x
*, T4 T XT—4

VATV, < (VT =V T 4 (Vi = Vi) + (Vi = V) <el.

This establishes the first inequality in (43), while the second inequality in (43) can be validated via
the same argument. We have thus completed the proof of Theorem 2.

D Proof of Theorem 3

This section is devoted to presenting the proof of Theorem 3. Before embarking on the analysis, let
us introduce a convenient auxiliary iterate

- . 1

i =g _min, { (L) + 2P}, (59)
or equivalently,

exp (— 7k Lk (a))

— foralla € A, (60)
wea D (= Tklr(a))

7T12+1(a) = D

which differs from (34) only in the learning rates being used (namely, 741 uses 141 while i1
adopts 7).

D.1 Main steps of the proof

The key steps of the proof lie in justifying the following two claims:

" _ log A
Ry < af(me — mppy, i) + —2 (61)
k=1 MIn+1
andforalla € Aandallk > 1,
B ( ) [1 — ﬁkak&c(a)]wk(a), lfﬁkakHEkHw > %,
™ . . N
=1 = A (ti(0) — Ex[04]) — 25203 Vare, () brila),  if a6l < 3,
(62)

where for any vector £ € R4 we define
Er [0 =Y mr(a)l(a).
acA

In words, the first claim (61) allows us to replace the action that appears best in hindsight (cf. (32))
by the time-varying predictions {7, +1} without incurring much cost, whereas the second claim (62)

controls the proximity of 7, ; and 7, in each round. Let us assume the validity of these two claims
for the moment, and return to prove them shortly.

In view of the upper bound (61), we are in need of controlling <71';c — Thi1s l k> We divide into two
cases.

* For any k obeying 7o ||k]lco > 1/3, invoke (62) and the non-negativity of ¢, to reach

(e — g ) < Z Mo () [fk(a)}z < Z ﬁkakﬂk(a)HEkHio = ﬁkangkHid (63)
acA acA
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* In contrast, if i ||€k |00 < 1/3, then it follows from (62) that

<7T1€ — 7T]:+1,Zk> < Z {ﬁkak (Ek(a) —E. [fk]) + QﬁiaiVarﬂk (Zk)}ﬂk(a)ﬁk(a)

acA
= e Y mi(a) (£e(@) — Bay [06])Eny [C] + e Y me(@) (Gr(@) — En, [64])°
acA ac€A
+ 20707 Vary, (6e) > mr(a)lk(a)
acA
= fwar > mi(a) (be(a) — B, [0:])7 + 20202 Vars, (6:) Y ()i (a)
acA acA
< nkakVarm (fk) + 2 akVarm gk)H&CHoo’ (64)
where we invoke the elementary facts that >, mi(a)({x(a) — Ex[¢k]) = 0 and

2o mk(a)lr(a) < [|€k] oo
Putting the above two cases together yields
Z ag (i — Tht1s lr)

k=1
n

~ 1\ | & e ~
< 3 aiinan 1 (onlnl, > ) + D ainanvors, (4) 1 (e

IN
Wl =
N——

n N 1
+2Y afiatvars, (6] 1 (Tl < )
k=1

P - . R 1
< § 2 clanvarn (1) £33 apizaz]e, (nkakHEka > 3), (65)
k= k=1
where the last inequality holds true since
n R n . . 1
> g ]2, 1 (Aenlll. > 3 ) <33 aritadl (Aanlal, > 3)-
k=1 et
n . 1 n
S afod ]| _Vars, (6) 1 <77kak||€k||oo < 3) L3 afaVars, (6).
k=1 k=1

Substituting (65) into (61), we can readily arrive at

5 = log A = 202 . 1
< § Yoot () + 252 3 Yot ] 1 (el > )

k 1
It thus remains to establish the claims (61) and (62), which we shall accomplish next.

D.2 Proof of claim (61)

We claim that it suffices to prove that
ap %%

Ne+1Qk NpQ—1

B an n . 3
af{my b)) + 772;1 F(mo) + Z {ozk (o1 Cr) + [
k=2

- 1
< min m, ally )+ F(m) . 66)
weA<A>{< ; * k> Mot ()} (

In fact, suppose that this inequality (66) is valid, then one can easily obtain

F(m>+f){az<wk+1,ek>+[ . }me}

«Q Qe
2 Me+1Qk  NpQk—1

[P}

a?<7r277€1> +

24



< min all < atl
T meA(A) {< Z i k> Tin41 ( )} - Tre{ea\aEA} {< Z k k> Th+1 ( )}
— : , ng — : ’ﬂg

g (e Z y mZ +(a)

with e, the a-th standard basis vector in R“, where the last line holds true since the negative entropy
obeys F'(e,) = 0 for any a € A. In turn, this implies that

R, = ;a2<ﬂ'k,€k> — raréii};ozZZk(a)

n n n n
<3 ap(me =T ) = Y [ = L | P +
k=1

o e
P Ne+10 NeCk—1

U jog A, (67)
(€51

where the last inequality invokes the elementary fact —F'(7) < log A for any 7 € A(A). Addi-
tionally, under the assumptions that 7;+1(1 — ag) < 1, (k > 1), we can use the definition (5) to

obtain N N
ap Il (1 —ay) S [T—x (1 =) ooy

Mk+1C% Mk+1 N Mk k-1
for any k > 2, which together with the basic fact 0 < —F'(7) < log A yields

_ Z { V-1 ]F(ﬁkﬂ) logA < Z [ - -1 J1og A + logA
Nk+10k nkakfl Nk+10k Nk —1 pres
n log A
e S N G- i (68)
n+10n Mn+1
Substitution into (67) leads to
- _ log A
< ap(m = m, ) + =2 (69)
k=1 MIn+1

as advertised. As a consequence, everything boils down to establishing (66).

Towards this end, we would like to proceed with an induction argument, with the induction hypoth-
esis w.r.t. n given by (66). Firstly, the base case with n = 1 simplifies to

1 1
1 1
o )+ —F < min ,al) + —F
1{mg 5 1) n (72) TreA(.A){<7T 161) n (W)}
given that a; = of; this inequality clearly holds since, according to (33) and (59),
1 1
=Ty = arg min L)+ —F = arg min yar by + —F .
Ty = gﬁeA(A){@f 1) n (W)} gﬂeA(A){@T 161) n (W)}

Secondly, suppose that (66) holds w.r.t. n, and we intend to justify it w.r.t. n 4+ 1. To do so, we
observe that

n+1 n L OZZ+1 O[Zi'%
ot (my ) + + {a2+ (1o Oe) + (nk+1ak " oron 1)F(7Tk+1)} + ant1 (T p 2, lnt1)
< _

n n

! F(W2)+Z{a2<ﬂk+1>5k>+( i S )F(MH)}}

20 2 Ne+10k MeQk—1

D (1 - any) {am,m +
+ an+1<7rr:+27€n+1>

< (1—-ay T, 7§ « €k>

( +1 {< +2 k 77n+
(i) = —a il

111 n+1 — .

? (o) e 52 = i (8 )+ o)

MNMn+1
(70)

( n+2)} + ant1 <777:+27 £n+1>
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Here, (i) and (iii) invoke the fact o} ™" = (1 — aps1)af and ] = ay,41 (according to (5)), (ii)
relies on the induction hypothesis (66) w.r.t. n. To finish up, invoke (70) and the definition (5) to
arrive at

+ n+1

F(ms +Z{ 71+1 ﬂk+1’£k>+ [ o g ]F(m+1)}

Nk+10k NkQk—1

O‘;L—H <7T2_, €1> +

n+1 an+1 n—&-i
n — k _
— 041+ (g, 01) + o F(ms) + Z {Ozk 7rk+1,€k> + [nkJrlOék — nkakl}F(mﬁl)} + Q1T 05 bng1)

1 1—a,
+[—- “}Fomz)
Nn+4-2 Mn+1

n+1
1—a, 1 1—a,
< {<wn+2, > ag+1ek> + +1F(7Tn+2)} + [ - “}F(WM)

b1 Min+1 Tn+2 Nn+1

n+1 n+1
1 1
n+1 n+1
= ( Tpio, « £k>+ F(m, min < oy, €> F(r) p,
< i ; F Mn+2 ( +2) TEA(A) { Z Mn4-2 ( )
where the inequality above makes use of (70), and the last 1dent1ty comes from (33). This justifies
the induction hypothesis w.r.t. n + 1. Applying the induction argument in turn establishes (66) for
all n, thereby concluding the proof.

D.3 Proof of claim (62)

We first make the observation that
Z exp (— MeLr(a Z exp (— neLi—1(a)) exp (— Nrarly(a))
a

- Z {wk(a) Z exp (— neLi—1(a)) } exp (— Mrarly(a))
= Zexp neLi—1(a’)) Z {mi(a)exp (= Mearli(a))}

where the second equality follows from (34). This in turn allows us to demonstrate that
7T];+1(a) _exp ( - ﬁkfk(a)) _exp ( - nkLk_l(a)) . exp ( - ﬁkakﬂf(a))
Saexp (= MeLli(a)) Y. exp(—mLi—1(a’)) >, mu(a’)exp ( — Mearli(a’))
exp ( — ﬁkakfk(a))
> Tr(a’) exp (= Nearli(a’))

= m(a > [1 = early(a)]mr(a),

where the last inequality holds since exp(—x) > 1 — x and Y, m(a)exp ( — frowli(a)) <
2o mk(a) = 1.
Next, suppose that 7o || €k || o < 1/3. In this case, it is self-evident that Ny ax|lk(a) — Ex, [¢k]] <

2/3 for all a € A. Recalling that E, [¢;] = > mi(a)lk(a), one can derive
1 1(@) = mila exp (— ﬁkakflc(a)) _ exp (— Meay (fk(a) —Ex, [k])) ()
Yoo (@) exp (= Mrarli(a’)) Y, mr(a’) exp (= Tro (€r(a’) — Ex, [0k]))
o 1 — Nrag (by(a) — Ex, [6])
~ Y a (@) exp (= frag (Ce(a’) — Ex [0
S 1 — ko (G (a) — Ex, [04])
- 1+ n2azVary, (4x)

here, the first inequality arises since exp(—z) > 1 — z, while the second inequality can be shown
via the elementary inequality exp(—xz) < 1 — x + 22 for any > —1.5 and therefore

> mu(a) exp = i (6h(a) — E, 6]

D)?Tk(a)

T (a); (71)
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<> Wk(a){l — Mk (Cr(a) — Ex, [0]) + 00 (G (a) — En, [ék])z}
- me){l T 202 (u(a) — En, wknz}

=1+ fraiVary, (6).

Applying the elementary inequality % >(1—-a)(l=b)=1—a—-b+ab>1—a— 2bforany
a € [—1,1] and b > 0, we can continue to lower bound (71) as follows

(71) > {1 — Mg (Ek(a) —E., [fk]) — Zﬁ,%aﬁVarmc (fk) }ﬂ'k(a)7
thereby completing the proof.
E Proofs of auxiliary lemmas and details

E.1 Proof of Lemma 3

—1

This section aims to prove Lemma 3, which establishes the inequality V; h > V h . In what
follows, we shall proceed with an induction argument. The base case with step H + 1 is trivially
true, given that

*Tr,

‘Z,H+1 Vz JH+1 — =0
holds for any joint policy. Next, let us assume that the claim (46) is valid for step ~ + 1, namely,

*71'_

Viner > Vinits (72)

and attempt to justify the validity of this result when h + 1 is replaced with h.

This step is mainly accomplished by applying our refined theory (cf. Theorem 3) for FTRL (see
(19)). More precisely, we claim that

K

max QL (s, 0:) < Y aff (b (s). alu(s.))
k=1
o log? (K A;) coH log? (K A;)
+ 10 QWZOZk Var k (g) (q’L }L( )) + 2 %
k=1
(73)

for any s € S, whose proof is deferred to Appendix E.1.1. Recall the construction (20a) of XA/Z pe If

* T

Vz n = H — h + 1, then the claimed result VZ > VL h
the case where

holds trivially. It thus suffices to focus on

i < Tin( qzh( )> + Bin(s)- (74)

k=1

In this case, recalling the definition of V, ’h ~'(s) in (45b) gives

K
—k, T —k, T
Vi (s) = max > aff [k (s,a0) + (PR, 5,00, V1)
Y ok=1
K
< mE}XZ ag [Tﬁh(sa a;) + <szh( |5, ai), Vi,h+1>} = max Qi{(h(s»ai)
vt ;

K
< Za§<ﬂﬁh(5)v @ n(s, ')> + 104/ % Zak Varzs, (s) (qz n(S )) +2
k=1

27

caH log? (K A;)

K



K
<> aff (whals), aals, ) + Binls) = Vin(s)

k=1
simultaneously for all (s, h) € S x [H]. Here, the second line follows from the induction hypothesis
(72) and the definition (17) of QZ 5,» the third line invokes the claim (73), whereas the last line comes
from our choice (24) of 3; 5, (prov1ded cp is large enough) and (74). This concludes the proof, as
long as (73) can be justified.

E.1.1 Proof of claim (73)

Consider any state s € S. By virtue of the identity Ql h = Z?:l afq{ n (see (17)), the policy

update rule (18) (or (19)) for 7;’ k. (s) can essentially be viewed as the FTRL algorithm applied to the
loss vectors

gk = _qﬁh(sv'% k Z 1.
Moreover, recalling the definition (23) of 7,41 and the definition (22) of oy (with ¢, > 24), we
have

Mk 2_ Qg _k72+calogK> k-1
Ne+1 _ak,l_k—l—&—calogK_k—l—i—calogK
This property (75) permits us to invoke Theorem 3 to obtain

K K
max QF(s.a:) = aff (w(s), aln(s.- >—;n€a;‘<{zak s>,ek>;a§£k<ai>}

k=1

=1l—ar>1—ap)? (75

5 nkak log A;
< Z E . k . ) L&
-3 r”?,h(S) (qz,h(sa ))+ NE1 +&in

—~

)

5 QCa log K
<3 Z o Vars ) (qfh(sa '))
K 2
20 cqlog® K . log A;
+ = Z ap %Varﬂﬁh(s) (Qf,h(& ')) + 200 &ihy (76)
k=K/2+1 MK +1
where &; j, is defined as
5 2 X n2az N 1 3
._ K 1 K Yk k Yk K, _2[ 1
6= Sl + {3 ol e (k> ) by satlaal,
k=2
(77
Here, to see why (i) holds, we make use of the facts that
calog K 1 1 :
1— a = 1— Ca IOgK > 1- 1+('aolligllg — 1+ca logil(( Z 2¢q long’ lfk 2 2’
k—=1+cqlog K K/ﬁcaglogK Rioc,Tog K = 27 ifk > K/2+1,
(78a)

log K Tog K log K _ [2¢, 108 K
Mo = | |2 < g =4[ Og ¢ Og (78b)
Oék_lH OLkH

where the first line makes use of (38) for large enough ¢k, and the second line relies on (39a) in
Lemma 1.

To proceed, let us control the terms in (76) separately.

* We start with the first term in (76). The elementary bound qu hHoo < H in Lemma 2 taken
together with (39b) in Lemma 1 helps us derive

K/2 . o K/2 2
oyt log” K & log” K &
———==—Var,x ( in(s, ) <y ———=Var.x ( in(s, )
kZZQ /LH Ea(s) q 7h( ) kzzg K6+/EH En(s) 4 ,h( )



K/2 2 3/2 K/2
log™ K 2 H lo
<> =, < —— Z
= KSVkH f
2H3/210¢® K 2H3/2 100 K
< Tﬁ VK2 < Kif. (79)

* Turning to the third term in (76), we recall the definition of nx 1 (cf. (23)) to obtain

log A; / [2¢q H 1 A
og < c og (80)
NK+1

where the inequality comes from Lemma 1.

* Finally, we move on to the last term in (76). For any k£ > 2, combine Lemma 2 with (78) to obtain

2calog2K
8c3 H1 K
bl < St =R log. 81)
ZCalogK

Clearly, the right-hand side of (81) is upper bounded by 1/3 for all k obeying k > coH log® %
for some large enough constant cg > 0 (see also (38)). Consequently, one can derive

5 1
i = zafmlala {32% s A Y CLCN P 3)}+3a1n2y|qmn
4 K
log K 2¢q log K cofl log" 5 31 K
SN T (R L P T B RO
k=2

24¢3 log* K 3
<My )
24(:3H210g K 1

< 6 < =1

(82)

where the second line comes from (78) and the fact that K /2 > cg H log4 % (as a consequence of
(38)), and the third line holds due to Lemma 2.

Putting the preceding bounds together and substituting them into (76), we arrive at

K
K K/ _k k
H}ﬁXQi,h(S: ai) — Z o7 <7Ti,h(s)’ i (5, ')>

k=1

5(2c0)'° 2H3?1og? K 20 [calog® K o~ g . 2 H log? A;
ST T g TR 2 Ve (de) H T
k=K/2+1

Ca log? (KA;) caHlogB(KAi)
<10 TZak Var k (S)(qlh( )) +2 #, (83)

where the last line is valid under Condition (38). This completes the proof of Claim (73).
E.2 Proof of Lemma 4
In this section, we present the proof of Lemma 4. To begin with, we introduce the auxiliary quantities

Qs a;) =18, (s,a;) + PE, (] 8,a) Vs Y(s,a;) € S x A;.

It is also helpful to introduce an auxiliary random action a;, s € A; generated in a way that

Ak,s ~ Trik,h(S%

29
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which is independent from g%, conditional on 7%, . This allows us to define another set of random
variables

afh(s) = aﬁh<87ak,s)7 Vs € 87 (84)

)

which plays a central role in our analysis. It is readily seen from the facts V; p41(s) < H — h
(cf. (202)) and 1}, (s,a;) € [0,1] that

0< (), @ n(s,0:) SH—h+1,  Y(s,a;,hk) €S x A x [H] x [K].  (85)
Letting e(i) € R“¢ denote the i-th standard basis vector, we learn from the law of total variance that
Varp, k-1 (quh(s)) = Vary, ;-1 (<e(a;€,s), ?]f;h(s, )>>
> Varp ;-1 (Eh,kq |:<6(ak,s)7 @ﬁh(& N (}th
= Vary 1 (<7r§fh(s), (s, .)>). (86)
With these preparations in place, we are ready to embark on the proof.

E.2.1 Proof of inequalities (49a) and (49b)

Recall the definition of VZ 5 (s) in (45¢) that

K
5) = ZakK E o) [rﬁh(s,ai) +Pi]?h('|3»az 1h+1} Zak < i n(8), Zh(37)>
k=1 s

a; Nﬂ'{c
i ih
(87)
It is first observed that

K K R N
ZEh,kfl [af@rﬁh(s), aﬁh(s’ )>} = ZakK E( ) [n n(s,a) + <Pi,h(' | s, a)vvi,h+1> | Vi,h+1?7rzl'€,h:|
1 1 awﬂ'h s

=17 h(8) + (PT(5,). Vi i), (88)

where the second identity arises from the definitions (48) of 7“1 , and PT, . Tt is also seen that

2cqHlog K
Ry = max|off (nf(5), (s, )| < { maxaff } { masc b (9)]] 8]l } < =222

where the first line invokes Lemma 1, (85) and the fact ||7rfC »(8)|l1 = 1. Another observation is that

< [t} {foﬁv (o), akh<s,->>)}

2¢q log K
< Tg ;afvmh,k_l(aﬁh(s)), (89)

where the second line makes use of Lemma 1 and the inequality (86). With the definitions (87) and

(88) in mind, invoking Freedman’s inequality (i.e., Theorem 5) with k1 = K k;f s then leads to
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N

log = H 10c, H log K 3K
< futalel
< 2¢q Zakvarhk 1<qzh( ))+<2“Klog1§+ K )log 5
log3 K K Hlog 3K
< 20041 5 ZakKVarh b 1<q1 n(s )) +4 T‘S (90)

with probability at least 1 — §, where the last relation holds true under Condition (38).

To continue, we note the first term in (90) can be bounded by Cauchy-Schwarz as follows:

Zak Vary, j— 1((11;1 ) Zak Ep k-1 [<th( 2} _iakK(Eh,kl [@k,h(s)}f
k=1 k=1 k=1

Z ap Ep k- 1[qzh } <ZakEhk 1 q,h( )])2 (1)

Further, we make note of two additional facts:

* The weighted mean of @f 5 (s) obeys

K K K ~
> ol B [@4)] =D af E [rasa)]+Y of E[(Palsa) Vi)l
k=1 h h

= Tih(s) + < f,h(sv ')aVZh+1> > <Pf,h(57 ')aVZh+1>- 92)

(@4(5)) = (s, o0) + (P 5, 000), Vi)

- <<Pfh( |s,aks), V§h+1>)2 + (rﬁh(s, ak,s))Q + 27"5 (s, ax S)<P (s, aks), Vih+1>
<<Pi]fh(' | Svak,s)v V?,HO)Q +3H
< <szh( s, ar,s), er,m—l oVih+1> +3H,

where we have used the fact that ||VZr httlloo < H and ||rfC nllee < 1; consequently,

K ~

K —~
>l Bpga [@k,h(S))Q} <> afBaga {<Pfh(~ |8, ak,s), Vipar © Vzhﬂﬂ +3H
k=1 k=1

K ~
=Y ol > Al 9Bng [(PE(15,0:), Viggs 0 V)| + 30

= (P75, Visr © Vi ) + 3H. ©3)

Taking (92) and (93) together with (91) yields

ZakVarhk 1(q2h ) ZakEhk 1[(qlh } (ZakEhk 1 [@ (s )])2

< < iTh(Sa ')avi,h+1 0Vi,h+1> - (< Z,Th(Sa ')7Vi,h+1>) + 3H.
To finish up, substituting these into (90) and making use of the assumption (38) give

’Vih(s) - (T?,h(s) + (Pl(s,), Vih“»‘
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log® & = =7 =7 = —7 2 | Hlog® &
< 2¢q KH6 |:<Pi,h(87 s Vi,h+1 © Vi,h+1> - (< Z-’h(s, )5 Vi,h+1>) } + (6ca +4) Té

for any s € S, thus concluding the proof of the first claim (49a) of Lemma 4.

The second claim (49b) of Lemma 4 can be established using exactly the same argument, and hence
we omit the proof here for the sake of brevity.

E.2.2 Proof of inequality (49c)

We then turn to the last advertised inequality (49c). Given that 7; ;,(s) + P; »(s, ')‘Z’h+1 e0,H -
h+ 1] forall s € S, we can recall the definition (20a) of V; j, to obtain

~

Vin(s)= (Fin(s)+Pin(s zh+1 ‘ <

Z o7 < y i, h( )>+ﬁi,h(s)— (Fi,h(s)“"?i,h(sa ')‘Z‘,h—i—l)
(94)

for all s € S. The remaining analysis is dedicated to bounding the right-hand side of (94).

Let us begin with the following identity:

Zak < (- 18), afn(s, )> + Bin( Zo‘k E " [Tﬁh(svai) + PEy (| 5,0) Vit | + Bin(s)

a1~7r

- m(s) +(Pin(s,) Viner) + Bin(s), (95)

where we recall the definitions of 7; 5, € R and P; , € RS> in (48). The key step boils down to
bounding the bonus term defined in (24), towards which we first claim that

K
Z%KVarﬂgh(s) (afn(s,) <242 [?M(s, Y (Ving1 0 Ving1) = (Pinls, ')‘Z,hﬂ)z] (96)
k=1

holds for all s € S. Assuming the validity of this claim, we can then demonstrate that

log® (KS S A K
Biunls) = E:a{wGh@@h@ﬁ)+H}
log? (K5 2idiy N R o R )
< 2¢p %{Pi,h(sy VY(Vint10Ving1) = (Pin(s, ) Vins1)” + H}7
o7
where we have used the identity Z = 1. Hence, we can readily establish the desired result

(49¢) by combining (97) with (95) and (94) provided that c3 > 0 is sufficiently large.

It remains to justify the claim (96). Towards this end, we make the observation that

Varx (o) (@in(s:-) SQVarw;ﬁh(s)(Tﬁ (s,)) +2Varze () (szkh s[5, WVinii(s ))

<242

2
S b | 9)PEn (- 5,00) (Tonss © Vi) — (}jmh% <|smwmﬁ)],

a;

which results from ||7’iC nllso < 1 and the following relation:

Vaf’v(s(z (s 8, ) Vinga(s ))
2
= S a9 (P, Ve ) = (mez 5.0 )
" 2
< S ntulasl )Pl 15,0 (o o o) - (mel 5,00 )
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This taken together with the fact 22{:1 aff =1 and Jensen’s inequality yields

K
O‘kaarﬂ'fh(s) (qf,h,(sv ))

k=1 '
K R - R 2

<> af {2 +2 > wk(ai|$)PF, (|5, 0:) (Vingr 0 Ving) — (Zﬂ—zk,h(ai | 8)Pfy (- | svai)Vi,h+1> ] }
k=1 a; a;

K 2
<24 2P; n(s,) (Vingr 0 Ving1) — 2(2 ar > why(ai|s)PFy(- s, ai)vz-,hH)
k=1 a;

— = = =~ 2
=2+2 {Pi,h(& V(Visht1 0 Ving1) = (Pin(s, ) Vins1) }
as claimed.
E.3 Minimax lower bound

In this section, we formalize the minimax lower bound claimed in (31).

Theorem 4 (Minimax lower bound). Consider any m > 2 and any 0 < € < ¢y H for some small
enough constant ¢y > 0. Then one can construct a collection of m-player zero-sum Markov games
{MGy | 0 € O} with S states, horizon H, and A; actions for the i-th player (1 < i < m) such that

. =N 1
ll%flgleaé(PMge {gap(7) >} > e (98)

provided that the total sample size obeys

CQH4S maxj<;<m Ai

N < 99

2
€
Sor some sufficiently small constant co > 0. Here, the infimum is over all (joint) policy estimator T,
and PMY9¢ denotes the probability when the Markov game is MGg.

Proof. Suppose without loss of generality that A; > max{Aa,...,A4,,}. Let us begin by consid-
ering the special scenario with Ay = ... = A,,, = 1; in this case, computing either the NE or the
CCE reduces to finding the optimal policy of a single-agent MDP with S states and A; actions. It is
well-known that for any given accuracy level € € (0, H|, there exists a non-stationary MDP with S
states and A, actions such that no algorithm can learn an e-optimal policy with 0(%) samples
[3, 41]. More precisely, for any given 0 < € < ¢y H for some small enough constant ¢; > 0, one
can construct a collection of MDPs { My | § € ©} such that

o 1
. M * _ (a3 > -
1%fr9n€aé(P {rgleagc (Vi(s) = V{'(s)) > 5} 27 (100)
with the proviso that the total sample size obeys
H*SA
N< 2220 (101)
€

for some small enough constant ¢ > 0. Here, the infimum is over all policy estimate i in this
single-agent scenario, and P¢ denotes the probability when the MDP is M.

Next, let us construct a collection of Markov games by augmenting each of the single-agent MDPs
My with A; completely identical actions for the i-th player (2 < i < m); that is, to construct MGy,
we take its reward function and probability transition kernel to be

Mo e
r, % (s,ar) ifi=1

rnd?(s,a) = —rp(s,a1) ifi=m  and  PM9(|s,a) = PM(|s,a1) (102)
0 else

forall (s, h,a = [ai,...,an]) € S x[H] x A. Evidently, finding either an NE or a CCE of MGy is
equivalent to computing the optimal policy of My, given the non-distinguishability of the actions of
all but the first player in MGy. This in turn immediately establishes the advertised lower bound. [
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E.4 Freedman’s inequality

In this section, we record the Freedman inequality for martingales [27] with slight modification,
which is a crucial concentration bound for our analysis.

Theorem 5. Suppose that Y,, = > _| Xy € R, where {X}} is a real-valued scalar sequence
obeying

X SR and B [X | {X;} —0  forallk>1

j:j<k]
for some quantity R > 0. Define

n
W, = Ep1 [X7],
k=1

where Ey,_+ stands for the expectation conditional on {X; }j:j < Consider any arbitrary quantity
k > 0. With probability at least 1 — §, one has

2
Yol < /8 log 22 4 5R10g 22 < kW, + (£ +5R)10g sn (103)
5 5 P 5

Proof. Suppose that W,, < ¢ holds deterministically for some quantity o. As has been demon-
strated in Li et al. [39, Theorem 5], with probability at least 1 — J we have

2 2K 4 2K
Y, < \/SmaX{Wn,;K}logé—&—gRlogé (104)

for any positive integer K > 1. Recognizing the trivial bound W,, < nR?, one can take 02 = nR?
and K = log, n to obtain

4logyn 4 4logyn
——+ =Rl
5 Taftlee—

< \/SWnlog?}n + \/8R210g3; + %Rlog?%n

3 3
< 1/8Wnlog?n 4 5Rlog 7”

where we have used 4 log, n < 3n for any integer n > 1. This establishes the first inequality in
(103). The second inequality in (103) is then a direct consequence of the elementary inequality
2ab < a? + b2, ]

|Y,| < \/Smax {W,, R?} log
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