Doubly Robust Thompson Sampling
with Linear Payoffs

Wonyoung Kim Gi-Soo Kim
Department of Statistics Department of Industrial Engineering &
Seoul National University Artificial Intelligence Graduate School
eraser347@snu.ac.kr UNIST

gisookim@unist.ac.kr

Myunghee Cho Paik
Department of Statistics
Seoul National University
Shepherd23 Inc.
myungheechopaik@snu.ac.kr

Abstract

A challenging aspect of the bandit problem is that a stochastic reward is observed
only for the chosen arm and the rewards of other arms remain missing. The
dependence of the arm choice on the past context and reward pairs compounds
the complexity of regret analysis. We propose a novel multi-armed contextual
bandit algorithm called Doubly Robust (DR) Thompson Sampling employing the
doubly-robust estimator used in missing data literature to Thompson Sampling
with contexts (LinTS). Different from previous works relying on missing data
techniques (Dimakopoulou et al.| [2019]], [Kim and Paik] [2019]), the proposed
algorithm is designed to allow a novel additive regret decomposition leading to an
improved regret bound with the order of O(qﬁ’zﬁ ), where ¢? is the minimum
eigenvalue of the covariance matrix of contexts. This is the first regret bound of
LinTS using ¢? without the dimension of the context, d. Applying the relationship
between ¢? and d, the regret bound of the proposed algorithm is O(dv/T) in

many practical scenarios, improving the bound of LinT$ by a factor of v/d. A
benefit of the proposed method is that it utilizes all the context data, chosen or not
chosen, thus allowing to circumvent the technical definition of unsaturated arms
used in theoretical analysis of LinTS. Empirical studies show the advantage of the
proposed algorithm over LinTS.

1 Introduction

Contextual bandit has been popular in sequential decision tasks such as news article recommendation
systems. In bandit problems, the learner sequentially pulls one arm among multiple arms and receives
random rewards on each round of time. While not knowing the compensation mechanisms of rewards,
the learner should make his/her decision to maximize the cumulative sum of rewards. In the course
of gaining information about the compensation mechanisms through feedback, the learner should
carefully balance between exploitation, pulling the best arm based on information accumulated so far,
and exploration, pulling the arm that will assist in future choices, although it does not seem to be the
best option at the moment. Therefore in the bandit problem, estimation or learning is an important
element besides decision making.
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Table 1: The shaded data are used in complete record analysis (left) and DR method (right) under
multi-armed contextual bandit settings. The contexts, rewards and DR imputing values are denoted
by X, Y, and Y PF, respectively. The question mark refers to the missing reward of unchosen arms.

t=1 t=2 t=1 t=2
Arm1  Xi(1) ? X1(2) ? Am 1 Xi(1) YPEQ) X120 Y{PE(QQ)
Arm2  X»(1) ? Xap(2) Yo (2) Am2 Xo(1) YPPE(1) X.,(2) YEE(2)
Arm3 X, (1) Yo, (1) X3(2) ? Am3 X, (1) Y0R(1) X532 YR
Arm4  X4(1) ? X4(2) ? Arm4  X4(1)  YPEQ)  Xu(2)  YPEQ)

A challenging aspect of estimation in the bandit problem is that a stochastic reward is observed
only for the chosen arm. Consequently, only the context and reward pair of the chosen arm is used
for estimation, which causes dependency of the context data at the round on the past contexts and
rewards. To handle this difficulty, we view bandit problems as missing data problems. The first
step in handling missing data is to define full, observed, and missing data. In bandit settings, full
data consist of rewards and contexts of all arms; observed data consist of full contexts for all arms
and the reward for the chosen arm; missing data consist of the rewards for the arms that are not
chosen. Typical estimation procedures require both rewards and contexts pairs to be observed, and
the observed contexts from the unselected are discarded (see Table[I)). The analysis based on the
completely observed pairs only is called complete record analysis. Most stochastic bandit algorithms
utilize estimates based on complete record analysis. Estimators from complete record analysis are
known to be inefficient. In bandit setting, using the observed data whose probability of observation
depends on previous rewards requires special theoretical treatment.

There are two main approaches to missing data: imputation and inverse probability weighting (IPW).
Imputation is to fill in the predicted value of missing data from a specified model, and IPW is to use
the observed records only but weight them by the inverse of the observation probability. The doubly
robust (DR) method [Robins et al., 1994, |Bang and Robins|, |2005] is a combination of imputation
and IPW tools. We provide a review of missing data and DR methods in supplementary materials.
The robustness against model misspecification in missing data settings is insignificant in the bandit
setting since the probability of observation or allocation to an arm is known. The merit of the DR
method in the bandit setting is its ability to employ all the contexts including unselected arms.

We propose a novel multi-armed contextual bandit algorithm called Doubly Robust Thompson
Sampling (DRTS) that applies the DR technique used in missing data literature to Thompson Sampling
with linear contextual bandits (LinTS). The main thrust of DRTS is to utilize contexts information for
all arms, not just chosen arms. By using the unselected, yet observed contexts, along with a novel
algorithmic device, the proposed algorithm renders a unique regret decomposition which leads to a
novel regret bound without resorting to the technical definition of unsaturated arms used by |Agrawal
and Goyal [[2014]]. Since categorizing the arms into saturated vs. unsaturated plays a critical role in
costing extra v/d, by circumventing it, we prove a O(d+/T") bound of the cumulative regret in many

practical occasions compared to O(d3/ 2/T) shown in Agrawal and Goyal| [2014].

The main contributions of this paper are as follows.

* We propose a novel contextual bandit algorithm that improves the cumulative regret bound
of LinT$ by a factor of v/d (Theorem l in many practical scenarios (Section. This
improvement is attained mainly by defining a novel set called super-unsaturated arms, that is
utilizable due to the proposed estimator and resampling technique adopted in the algorithm.

* We provide a novel estimation error bound of the proposed estimator (Theorem[3]) which
depends on the minimum eigenvalue of the covariance matrix of the contexts from all arms
without d.

We develop a novel dimension-free concentration inequality for sub-Gaussian vector
martingale (Lemmad) and use it in deriving our regret bound in place of the self-normalized
theorem by |Abbasi- Yadkori et al.|[2011]].

We develop a novel concentration inequality for the bounded matrix martingale (Lemma

which improves the existing result (Proposition [5)) by removing the dependency on d in
the bound. Lemma6]also allows eliminating the forced sampling phases required in some
bandit algorithms relying on Proposition 5| [Amani et al., 2019, [Bastani and Bayati, [2020].



All missing proofs are in supplementary materials.

2 Related works

Thompson Sampling [Thompson, [1933]] has been extensively studied and shown solid performances
in many applications (e.g. |Chapelle and Li|[2011])). |Agrawal and Goyal| [2013]] is the first to prove
theoretical bounds for LinTS and an alternative proof is given by |Abeille et al.|[2017]]. Both papers
show O(d3/ 2T ) regret bound, which is known as the best regret bound for LinTS. Recently,
Hamidi and Bayati|[2020] points out that (j(d?’/ 2T ) could be the best possible one can get when
the estimator used by LinTS is employed. In our work, we improve this regret bound by a factor of
/d in many practical scenarios through a novel definition of super-unsaturated arms, which becomes
utilizable due to the proposed estimator and resampling device implemented in the algorithm.

Our work assumes the independence of the contexts from all arms across time rounds. Some notable
works have used the assumption that the contexts are independently identically distributed (IID).
Leveraging the IID assumption with a margin condition, |Goldenshluger and Zeevi| [2013]] derives a
two-armed linear contextual bandit algorithm with a regret upper bound of order O(d?logT). [Bastani
and Bayati|[2020] has extended this algorithm to any number of arms and improves the regret bound

to O(dzlog%d -logT"). The margin condition states that the gap between the expected rewards of
the optimal arm and the next best arm is nonzero with some constant probability. This condition is
crucial in achieving a O(logT') regret bound instead of O(+/T). In this paper, we do not assume this
margin condition, and focus on the dependence on the dimension of contexts d.

From a missing data point of view, most stochastic contextual bandit algorithms use the estimator from
complete record analysis except Dimakopoulou et al.|[2019] and |Kim and Paik|[2019]. [Dimakopoulou
et al.|[2019] employs an IPW estimator that is based on the selected contexts alone. [Dimakopoulou
et al. [2019] proves a O(dv/e~1T1+<N) regret bound for their algorithm which depends on the
number of arms, N. |[Kim and Paik| [2019] considers the high-dimensional settings with sparsity,
utilizes a DR technique, and improves the regret bound in terms of the sparse dimension instead
of the actual dimension of the context, d. [Kim and Paik| [2019]] is different from ours in several
aspects: the mode of exploration (e-greedy vs. Thompson Sampling), the mode of regularization
(Lasso vs. ridge regression); and the form of the estimator. A sharp distinction between the two
estimators lies in that|Kim and Paik|[2019] aggregates contexts and rewards over the arms although
they employ all the contexts. If we apply this aggregating estimator and DR-Lasso bandit algorithm
to the low-dimensional setting, we obtain a regret bound of order O(%\/T) when the contexts

from the arms are independent. This bound is bigger than our bound by a factor of d and N. It is
because the aggregated form of the estimator does not permit the novel regret decomposition derived
in Section[4.2] The proposed estimator coupled with a novel algorithmic device renders the additive
regret decomposition which in turn improves the order of the regret bound.

3 Proposed estimator and algorithm

3.1 Settings and assumptions

We denote a d-dimensional context for the i*” arm at round ¢ by X;(¢) € R?, and the corresponding
random reward by Y;(t) for i = 1,...,N. We assume E[Y;(t)| X;(t)] = X;(t)¥B for some
unknown parameter 5 € R?. At round ¢, the arm that the learner chooses is denoted by a; €
{1,...,N}, and the optimal arm by a} := argmax;—1. .~ {X;(t)TB}. Let regret(t) be the

difference between the expected reward of the chosen arm and the optimal arm at round ¢, i.e.,
regret(t) := Xqr (t)78 — X4, (t)" 8. The goal is to minimize the sum of regrets over 7' rounds,
R(T) := ZtT:I regret(t). The total round T is finite but possibly unknown. We also make the
following assumptions.

Assumption 1. Boundedness for scale-free regrets. Foralli = 1,..., Nandt =1,...,T, we
have | X;(1)]}, < 1 and [|3]], < 1.

Assumption 2. Sub-Gaussian error. Let H; := '} [{X;(")}Y, U{a,}U{Y, (7)}] U
{X;(t)} Y, be the set of observed data at round ¢. For each ¢ and i, the error n;(t) := Y;(t) — X;(t)T 3



is conditionally zero-mean o-sub-Gaussian for a fixed constant o > 0, i.e, E [7;(t)| H:] = 0 and
E [exp (i (t))| Hi] < exp(A20?/2), for all A € R. Furthermore, the distribution of 7;(¢) does not
depend on the choice at round ¢, i.e. a;.

Assumption 3. Independently distributed contexts. The stacked contexts vectors
{ XD, {XG(T)Y, € RN are independently distributed.

Assumption 4. Positive minimum eigenvalue of the average of covariance matrices. For each ¢,
there exists a constant ¢? > 0 such that Ay, (IE [% Zivzl X ()X, (t)TD > ¢2.

Assumptions 1 and 2 are standard in stochastic bandit literature Agrawal and Goyal| [2013]]. We point
out that given round ¢, Assumption 3 allows that the contexts among different arms, X1 (¢), ..., Xy (t)
are correlated to each other. Assumption 3 is weaker than the assumption of IID, and the IID condition
is considered by (Goldenshluger and Zeevi [2013]] and |Bastani and Bayati| [2020]. As|Bastani and
Bayati [2020]] points out, the IID assumption is reasonable in some practical settings, including
clinical trials, where health outcomes of patients are independent of those of other patients. Both
Goldenshluger and Zeevi| [2013]] and Bastani and Bayati| [2020] address the problem where the
contexts are equal across all arms, i.e. X(t) = X;(t) = ... = Xn(¢), while our work admits
different contexts over all arms. Assumption 4 guarantees that the average of covariance matrices of
contexts over the arms is well-behaved so that the inverse of the sample covariance matrix is bounded
by the spectral norm. This assumption helps controlling the estimation error of /3 in linear regression
models. Similar assumptions are adopted in existing works in the bandit setting [[Goldenshluger and
Zeevil, 2013| |Amani et al.|[2019, |Li et al., 2017, Bastani and Bayatil 2020]].

3.2 Doubly robust estimator

To describe the contextual bandit DR estimator, let 7;(t) := P (a; = | H¢) > 0 be the probability of
selecting arm ¢ at round ¢. We define a DR pseudo-reward as

DR\ _ _H(i:at) nT A3 I(i=a)
Y; (t) - {1 7TL(t) }Xz(t) Bt + Wz(t) Yat(t)a (1)

for some th depending on #;. Background of missing data methods and derivation of the DR

pseudo-reward is provided in the supplementary material. Now, we propose our new estimator J;
with a regularization parameter \; as below:

t N Lo
B = (Z > Xi(m)Xi(n)T + M) (Z > XZ-(T)YiDR(T)> . )
T=11i=1 T=11i=1
Harnessing the pseudo-rewards defined in (T]), we can make use of all contexts rather than just selected
contexts. The DR estimator by Kim and Paik| [2019]] utilizes all contexts but has a different form
from ours. While Kim and Paik|[2019]] uses Lasso estimator with pseudo-rewards aggregated over all
arms, we use ridge regression estimator with pseudo-rewards in (I) which are defined separately for
eachi = 1,..., N. This seemingly small but important difference in forms paves a way in rendering
our unique regret decomposition and improving the regret bound.

3.3 Algorithm

In this subsection, we describe our proposed algorithm, DRTS which adapts DR technique to LinTS.
The DRTS is presented in Algorithm[I] Distinctive features of DRTS compared to LinTS include
the novel estimator and the resampling technique. At each round ¢ > 1, the algorithm samples

f3;(t) from the distribution N(Bt_l, v2V,~1) for each i independently. Let Y;(t) := X;()7 5;(t)
and m, := argmax; Y;(t). We set m, as a candidate action and compute 7y, (t) := P(Y;,, (t) =
max; Y;(t)|Hy). [!| I %, (t) > ~, then the arm m, is selected, i.e., a; = m;. Otherwise, the
algorithm resamples 5;(¢) until it finds another arm satisfying 7;(¢) > ~ up to a predetermined fixed
value M;. Section[A.3]in supplementary materials describes issues related to M; including a suitable
choice of M;.

I"This computation is known to be challenging but employing the independence among 31 (t), . . ., Bn (),
we derive an explicit form approximating 7., () in supplementary materials Section H.1.



Algorithm 1 Doubly Robust Thompson Sampling for Linear Contextual Bandits (DRTS)

Input: Exploration parameter v > 0, Regularization parameter A > 0, Selection probability
threshold y € [1/(N + 1), 1/N), Imputation estimator 3, = f({X (1), Yo, (7)}*Z}), Number of
maximum possible resampling M.
Set Fp =0, Wy =0, 8o =0and Vy = A1
fort =1to T do

Observe contexts { X, (t)}Y ;.

Sample 31 (t), ..., Bn(t) from N(Bt_l, v2V,~}) independently. Compute Y;(t) = X;(t)7 5;(t)
Observe a candidate action m; := arg max; ﬁ(t)
Compute 7, (t) =P (maxi Y;(t) = Yo, (1) Ht).
for [ =1 to M; do
if 7, (t) < 7y then
Sample another (31 (t), ..., Sn(t), observe another m;, and update 7, (¢).
else
Break.
end if
end for
Set a; = my, and play arm a;.
Observe reward Yy, (t) and compute Y;PF(¢)

fjt =F_1+ Zf\il X; ()Y PR(t); Wy = Wy_q + Zf\il X;()Xi ()T Ve = W + AW
B = V;gilFt

Update (3;11 for next round.
end for

The resampling step is incorporated to avoid small values of the probability of selection so that the
pseudo-reward in (IJ) is numerically stable. A naive remedy to stabilize the pseudo-reward is to
use max{m;(t), v}, which fails to leading to our regret bound since it induces bias and also cannot
guarantee that the selected arm is in the super-unsaturated arms defined in (5) with high probability
(For details, see Section[4.2). The resampling step implemented in the proposed algorithm is designed
to solve these problems.

4 Theoretical results

Our theoretical results are organized as follows. In Section @.1] we provide the main result, the
cumulative regret bound of O(QS’Q\/T ) of DRTS. The main thrust of deriving the regret bound is to
define super-unsaturated arms. In Section[d.2] we introduce the definition of super-unsaturated arms
and show how it admits a novel decomposition of the regret into two additive terms as in (6)). In
Section .3 we bound each term of the decomposed regret bounds (6). The first term is the estimation
error, and Theorem [3|finds its bound. In the course of proving Theorem 3] we need Lemma[d] which
plays a similar role to the self-normalized theorem of |Abbasi-Yadkori et al.[[2011]. We conclude the
section by presenting Lemma [6and bound the second term of (6).

4.1 An improved regret bound

Theorem [I] provides the regret bound of DRTS in terms of the minimum eigenvalue without d.

Theorem 1. Suppose that Assumptions 1-4 hold. If B in Algorithmsatisﬁes 18; — Bll2 < bfora
constantb > 0, forallt =1,...,T, then with probability 1 — 26, the cumulative regret by time T
for DRTS algorithm is bounded by

AC). o 1272 22T
R(T) <2+ —2%4 [Tlog = +

>~ ¢2 5 ¢\/N7

where Cy,  is a constant which depends only on b and o.

3)



The bound (3) has a rate of O(¢~2+/T). The relationship between the dimension d and the minimum
eigenvalue ¢~ can be shown by

d N 1Y 1Y )
d¢® = ~ \min (E;Xi<t)Xi(t)T> < N]E;Tr (Xihx:)") = NE; X0z < 1.

This implies ¢~2 > d, E]but there are many practical scenarios such that =2 = O(d) holds. |Bastani
et al.|[2021] identifies such examples including the uniform distribution and truncated multivariate
normal distributions. When the context has uniform distribution on the unit ball, $~2 = d + 2. When
the context has truncated multivariate normal distribution with mean 0 and covariance ¥, we can set

2 =(d+2) exp(m). For more examples, we refer to|Bastani et al.| [2021]. Furthermore,

regardless of distributions, =2 = O(d) holds when the correlation structure has the row sum of off-
diagonals independent of the dimension, for example, AR(1), tri-diagonal, block-diagonal matrices.

In these scenarios, the regret bound in (3) becomes O(d\/T). Compared to the previous bound of
LinTS [[Agrawal and Goyall 2014, |Abeille et al.l|2017]], we obtain a better regret bound by the factor

of v/d for identified practical cases.

As for the imputation estimator f3;, we assume that ||3; — 3||2 < b, where b is an absolute constant.
We suggest two cases which guarantee this assumption. First, if a biased estimator is used, we can

rescale the estimator so that its /y-norm is bounded by some constant C' > 0. Then, ||3; — B2 <
I1Bell2 + IB]l2 < C 4+ 1and b = C + 1. Second, consistent estimators such as ridge estimator or
the least squared estimator satisfy the condition since ||3; — || = O(d+/logt/t). The term d is
cancelled out when ¢ > t4, where ¢4 is the minimum integer that satisfies log t/t < d~2. In these
two cases, we can find a constant b which satisfies the assumption on the imputation estimator ;.

4.2 Super-unsaturated arms and a novel regret decomposition

The key element in deriving (3) is to decompose the regret into two additive terms as in (). To allow
such decomposition to be utilizable, we need to define a novel set of arms called super-unsaturated
arms, which replaces the role of unsaturated arms in [Agrawal and Goyal, |2014]]. The super-
unsaturated arms are formulated so that the chosen arm is included in this set with high probability.
For each i and ¢, let A (t) := X, (1) 8— X;(t)T 5. Define A, := ' _| X, (7) X (7)7 + Al and
Vi = Zj—:l Zf\;l X;(7)X;(7)T 4 A 1. For the sake of contrast, recall the definition of unsaturated
arms by |Agrawal and Goyal|[2014]]

Uri={i s 8alt) < g0 X0 4.2, )
where g; := C'/dlog(t/5) min{\/d, /log N'} for some constant C' > 0. This g; is constructed to

ensure that there exists a positive lower bound for the probability that the selected arm is unsaturated.
In place of (@), we define a set of super-unsaturated arms for each round ¢ by

Boa =, IOy IO ) ©

N, = {i:Ai(t)§2‘

While g; || X;(t)]] -1, in (4) is normalized with only selected contexts, the second term in the right
o

hand side of (5) is normalized with all contexts including X, (), the contexts of the optimal arm.
This bound of A;(t) plays a crucial role in bounding the regret with a novel decomposition as
in (6). The following Lemma shows a lower bound of the probability that the candidate arm is
super-unsaturated.

Lemma 2. For each t, let my := argmax; fﬁ(t) and let Ny be the super-unsaturated arms
defined in (3). For any given v € [1/(N + 1),1/N), set v = (2log (N/(1 —yN)))~Y/2. Then,
]P’(mt S Nt Ht) Z 1 - 7.

Lemma directly contributes to the reduction of v/d in the hyperparameter v. In|Agrawal and Goyal
[2014], to prove a lower bound of P (a; € Uy| H;), it is required to set v = /9d log(t/d), with the

Some previous works assume ¢~ = O(1) even when || X;(t)||2 < 1 (e.g. [Li et al.|[2017]). As pointed out
by Ding et al.|[2021]], this assumption is unrealistic and the reported regret bound should be multiplied by O(d).



order of v/d. In contrast, Lemma shows that v does not need to depend on d due to the definition
of super-unsaturated arms in . In this way, we obtain a lower bound of P (m; € Ny| H;) without

costing extra v/d.

Using the lower bound, we can show that the resampling scheme allows the algorithm to choose the
super-unsaturated arms with high probability. For all i ¢ N,

Ti(t) =P (my = i| Hy) <P (Ujgn, {mu = 5} He) =P (my & No| Hy) < 7,

where the last inequality holds due to Lemma Thus, in turn, if 7;(¢) > -, then ¢ € N;. This means
that {i : 7;(¢) > 7} is a subset of N; and

{az € {i : mi(t) > v}} C {ar € N:}.

Hence, the probability of the event {a; € N} is greater than the probability of sampling any arm
which satisfies 7;(t) > . Therefore, with resampling, the event {a; € N,} occurs with high
probability. (See supplementary materials Section A for details.)

When the algorithm chooses the arm from the super-unsaturated set, i.e., when a, € N, happens, ()
implies

A, () < 2‘

Bis = B, + I O, + 1O . ©

By definition, A,, (t) = regret(t) and the regret at round ¢ can be expressed as the two additive
terms, which presents a stark contrast with multiplicative decomposition of the regret in|Agrawal and
Goyal|[2014]. In section [#.3] we show how each term can be bounded with separate rate.

4.3 Bounds for the cumulative regret
We first bound the leading term of (6) and introduce a novel estimation error bound free of d for the
contextual bandit DR estimator.

Theorem 3. (A dimension-free estimation error bound for the contextual bandit DR estimator.)
Suppose Assumptions 1-4 hold. For eacht = 1,...,T, let 5; be any H-measurable estimator

satisfying |3y — Blla < b, for some constant b > 0. For each i and t, assume that m;(t) > 0
and that there exists v € [1/(N + 1),1/N) such that m,,(t) > ~. Given any 6 € (0,1), set

A\t = 42N /tlog 12;2. Then with probability at least 1 — 0, the estimator Bt in (2) satisfies
Ch.o | 12¢2

‘ PR

forallt =1,...,T, where the constant Cy, , which depends only on b and o.

(7

By —BHQ <

In bandit literature, estimation error bounds typically include a term involving d which emerges
from using the following two Lemmas: (i) the self-normalized bound for vector-valued martingales
[Abbasi-Yadkori et al., 2011, Theorem 1], and (ii) the concentration inequality for the covariance
matrix [Tropp, 2015, Corollary 5.2]. Instead of using (i) and (ii), we develop the two dimension-free
bounds in Lemmas {]and[6] to replace (i) and (ii), respectively. With the two Lemmas, we eliminate
the dependence on d and express the estimation error bound with ¢2 alone.

Lemma 4. (A dimension-free bound for vector-valued martingales.) Let { F. }._, be a filtration and
{n(1)}._, be a real-valued stochastic process such that 7(t) is F,-measurable. Let {X (1)}'_, be
an Re-valued stochastic process where X (7) is Fr_1-measurable and | X (1)||, < 1. Assume that
{n(7)}L_, are o-sub-Gaussian as in Assumption 2. Then with probability at least 1 — § /12, there
exists an absolute constant C > 0 such that

t
> n(r)X(r)

T=1

4¢2

< Covity/log 5 (3)

2

Compared to Theorem 1 of |Abbasi-Yadkori et al.|[2011]], our bound (8)) does not involve d, yielding
a dimension-free bound for vector-valued martingales. However, the bound has \/Z term which
comes from using ||-[|,, instead of the self-normalized norm |[-[|y,-.



To complete the proof of Theorem 3] we need the following condition,
Amin (‘/t) Z Cty (9)

for some constant ¢ > 0. [Li et al.| [2017]] points out that satisfying (9) is challenging. To overcome
this difficulty,|Amani et al.|[2019] and Bastani and Bayati|[2020] use an assumption on the covariance
matrix of contexts and a concentration inequality for matrix to prove (9)), described as follows.

Proposition 5. [|Tropp, [2015, Theorem 5.1.1] Let P(1), ..., P(t) € R%*9 be the symmetric matrices
such that Apin(P(7)) > 0, Amax(P(7)) < L and Amin (E[P(7)]) > ¢, forall 7 = 1,2,... .

Then,
t t¢2 t¢2
P (Amm (2_:1 P<T)> < 2) <dexp (—SL) : (10)

To prove @) using 1| with probability at least 1 — ¢, for § € (0, 1), it requires ¢ > % log 4.
Thus, one can use (10) only after O(¢ 2 log d) rounds. Due to this requirement, |[Bastani and Bayati
[2020]] implements the forced sampling techniques for O (N 2d*(log d)2) rounds, and |Amani et al.

[2019] forces to select arms randomly for O (QS’Q log d) rounds. These mandatory exploration
phase empirically prevents the algorithm choosing the optimal arm. An alternative form of matrix
Chernoff inequality for adapted sequences is Theorem 3 in [Tropp| [2011]], but the bound also has
a multiplicative factor of d. Instead of applying Proposition [5] to prove (9), we utilize a novel
dimension-free concentration inequality stated in the following Lemma.

Lemma 6. (A dimension-free concentration bound for symmetric bounded matrices.) Let | A|

be a Frobenious norm of a matrix A. Let {P(T)}i:1 € RI*1 be the symmetric matrices
adapted to a filtration {F,}._,. For each T = 1,...,t, suppose that |P(7)|| < ¢ for some
¢ > 0 and A\pin (E[P(7)| Fr_1]) > ¢* > 0, almost surely. For given any § € (0,1), set

A > 4v/2¢v/ty/log %. Then with probability at least 1 — § /12,

t
Amin (Z P(7) + A,J) > ¢?t. (11)
T=1

Lemma@ shows that setting A; with V/t rate guarantees @) for all t > 1. We incorporate \; stated
in Lemma@ in our estimator , and show in Section |5|that the DR estimator regularized with \,
outperforms estimators from other contextual bandit algorithms in early rounds.

We obtain the bounds free of d in Lemmas 4 and [6| mainly by applying Lemma 2.3 in [Lee et al.
[2016]) which states that any Hilbert space martingale can be reduced to R?. Thus, we can project the
vector-valued (or the matrix) martingales to R2-martingales, and reduce the dimension from d (or d?)
to 2. Then we apply Azuma-Hoeffding inequality just twice, instead of d times. In this way, Lemma
[ provides a novel dimension-free bound for the covariance matrix.

Lemmas @] and [6] can be applied to other works to improve the existing bounds. For example, using
these Lemmas, the estimation error bound of |Bastani and Bayati [2020] can be improved by a factor
of log d. Proposition EC.1 of |[Bastani and Bayati [2020] provides an estimation error bound for the
ordinary least square estimator by using Proposition |S|and bounding all values of d coordinates. By
applying Lemmas ] and [6] one does not have to deal with each coordinate and eliminate dependence
ond.

Using Lemmal6] we can bound the second term of the regret in (6) as follows. For j = 1,..., N
1
XDl <1 X;(t Vo € din (Vi) V2 < oo (12)
X5y IOl /T i ()™ < s
Finally, we are ready to bound regret(t) in (6).
Lemma 7. Suppose the assumptions in Theorem[I|hold. Then with probability at least 1 — 26,
2CY » 12¢2 2
regret(t) < b, V2 (13)

i1V s +¢,/N(t—1)’

forallt=2,...,T.
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Figure 1: A Comparison of cumulative regrets and estimation errors of LinTS, BLTS and DRTS. Each
line shows the averaged cumulative regrets (estimation errors, resp.) and the shaded area in the right
two figures represents the standard deviations over 10 repeated experiments.

Proof. Since a; is shown to be super-unsaturated with high probability, we can use (6) to have

regret(t) < 2||fi—1 — Bll2 + \/||Xaf* N2 1 + [ Xa, @), 1, forall t = 2,...,T. We see that
i t—1 t—1

the first term is bounded by Theorem 3] and the second term by (12). Note that to prove Theorem 1,

Lemmalg]is invoked, and the event (11)) of Lemmalf]is a subset of that in (7). Therefore (I3) holds
with probability at least 1 — 20 instead of 1 — 39. Details are given in supplementary materials. [

Lemma [7] shows that the regret at round ¢ does not exceed a O(¢~2¢t~'/2) bound when a; € Ny,
which is guaranteed in our algorithm via resampling with high probability (See Section [A.3] for
details). This concludes the proof of Theorem ]

5 Simulation studies

In this section, we compare the performances of the three algorithms: (i) LinTS [Agrawal and Goyall
2013]], (ii) BLTS [Dimakopoulou et al.,|2019]], and (iii) the proposed DRTS. We use simulated data
described as follows. The number of arms NNV is set to 10 or 20, and the dimension of contexts d is set

to 20 or 30. For each element of the contexts j = 1, -- - , d, we generate [X1;(t),--- , Xn,(t)] from
a normal distribution N (i, V) with mean 19 = [~10, —8,---,—2,2,---,8,10]T, or oy =
[~20,—18,---,—2,2,---,18,20]7, and the covariance matrix Vy € RY*N has Vi (i,4) = 1 for

every ¢ and Vv (i, k) = p forevery i # k. We set p = 0.5 and truncate the sampled contexts to satisfy
[|IX;(t)||2 < 1. To generate the stochastic rewards, we sample 7;(¢) independently from A(0, 1).

Each element of /3 follows a uniform distribution, (—1/+v/d, 1/+/d).

All three algorithms have v as an input parameter which controls the variance of /3;(¢). BLTS and
DRTS require a positive threshold v which truncates the selection probability. We consider v €
{0.001,0.01,0.1, 1} in all three algorithms, v € {0.01,0.05,0.1} for BLTS, and sety = 1/(IN + 1)
in DRTS. Then we report the minimum regrets among all combinations. The regularization parameter
is Ay = v/t in DRTS and \; = 1 in both LinTS and BLTS. To obtain an imputation estimator Bt
required in DRTS, we use ridge regression with {X,_ (7), Y, (7)}:_}, for each round ¢. Other
implementation details are in supplementary materials.

Figure|l|shows the average of the cumulative regrets and the estimation error ||3; — || of the three
algorithms based on 10 replications. The figures in the two left columns show the average cumulative
regret according to the number of rounds with the best set of hyperparameters for each algorithm.
The total rounds are 7" = 20000. The figures in the third columns show the average of the estimation

error ||Bt — B||2- In the early stage, the estimation errors of LinTS and BLTS increase rapidly, while
that of DRTS is stable. The stability of the DR estimator follows possibly by using full contexts and



the regularization parameter \; = /¢. This yields a large margin of estimation error among LinTS,
BLTS and DRTS, especially when the dimension is large.

6 Conclusion

In this paper, we propose a novel algorithm for stochastic contextual linear bandits. Viewing the
bandit problem as a missing data problem, we use the DR technique to employ all contexts including
those that are not chosen. With the definition of super-unsaturated arms, we show a regret bound
which only depends on the minimum eigenvalue of the sample covariance matrices. This new bound
has O(d\/T) rate in many practical scenarios, which is improved by a factor of v/d compared to the
previous LinTS regret bounds. Simulation studies show that the proposed algorithm performs better
than other LinTS algorithms in a large dimension.
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A Detailed analysis of the resampling

In this section, we give details about the issues which can be raised from the resampling in our
algorithm.

A.1 Precise definition of action selection

We give precise definition of the action at round ¢, a;. For each round ¢ > 2, given H;, let

agl), a§2), NN ath) to be maximum possible sequence of actions to be resampled. These actions are

1D, with P (agl) = z‘ ’Ht) = 7;(t) fori = 1,..., N. Define a subset of arms Ty := {i : 7;(¢) > v}

and a stopping time

T :=inf{m>1: agm) € f‘t} (14)

with respect to the filtration F,,, := H; U {ail), e agm)}. Since the algorithm stops resampling

when the candidate action is in I'y, the stopping time 7 is the actual number of resampling in

algorithm. Thus we can write the action after resampling as a; := agmin{T’Mt}).

A.2 Computing the probability of selection

The probability of selection 7;(t) := P (a; = ¢| H,) is not the same as 7;(¢) due to resampling. This
might cause the problem of computing 7;(¢) which is essential to compute Y;?%(¢). However, with
the precise definition of a;, we can derive a closed form for 7;(t).

First, we consider two cases separately: (i) the case when the resampling succeeds and (ii) the case
when the resampling fails and the maximum possible number of resampling runs out. In case (i),
as € I'y, and for any ¢ € I';, we have

P(ay =il H) =P (T < My, af”) :i‘m)

M,
Z P (T: m, agm) = z‘ 'Ht>

m=1

My

> (u o) (T2 (4 e
j=0

15)

m=1

m—1
M,

=mi(t) Y (1= @l(t)
m=1 i€l
L= (1 - Zieft ﬁi(t))Mt

=T (t)

Now, for the case (ii) a; ¢ I';, and for any i ¢ T';, we have
P(a; =i|H) =P (7'> My, oM = z‘ Ht>

M (M)
—P m ¢f‘ 7 ) _ .
( 1) o o =

Mi—1

= 1= mt)| w).

iely

)
(16)

With and (16), we can compute 7;(¢) foralli = 1,..., N.
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A.3 The number of maximum possible resampling

The proposed algorithm attempts resampling up to M; times to find an arm in {4 : 7;(t) > ~}. The
main point in selecting M; is to bound the probability that the resampling fails in finding an arm
whose selection probability exceeds - for some 4, i.e.,

Pla; ¢ {i: 7:i(t) > ~}) < 6/t2. (17)
Intuitively, as M; increases, we have more opportunities for resampling and the probability that the

resampling fails in finding arms in {i : 7;(¢t) > ~} decreases. Since v < 1/N, there exists j such that
7j(t) >+, and the probability that the resampling fails is less than 1 — -y in each resampling trial.

Specifically, we can achieve by choosing M; as a minimum integer that exceeds log % / log ﬁ

For any given § € (0, 1), the event {a; € T;} occurs with probability at least 1 — §/>. By , we
have
M

P(at¢f‘t

Hi) =B (T > M| Hy) :IP’< ﬁ {af™ ¢ T}

m=1

Ht> = 1= w(t)

iely

Since 7 < 1/N, there exists at least one arm in T, and thus P (at ¢ T, ’Ht) < (1 =M Ifwe

-1
set M, as a minimum integer that exceeds (log %) (log ﬁ) then holds. Thus, by choosing

M, for each round that satisfies (I7), the algorithm finds an arm j such that 7;(¢) > -y in all rounds
with high probability.
Selecting an arm from the set {7 : 7;(¢) > ~} with high probability is crucial in achieving the regret

bound of order O~(¢*2\/T ) for two reasons. First, it guarantees that the arm is super-unsaturated
and our novel regret decomposition (6) holds to achieve our regret bound. Let NV; be the set of
super-unsaturated arm defined in . With Lemma we prove that if 77;(¢) > - then i € N;, which

implies f‘t C N¢, and thus
Ht) .

Thus we can conclude that a; is super-unsaturated with probability at least 1 — §/¢2 with M; defined
in Section Second, the inverse probability, 7., () ! is bounded by v~! which appears in
Y,PE(t) and the proof of Theorem From (T3) we can deduce 7,, (t) > 74, (t) > v, for a; € T;.
This shows that the assumptions regarding 7, () in Theoremhold.

]P’(at c Nt‘Ht) 2 P(at c ft

B Technical Lemmas

Lemma 8. [|Wainwright, 2019, Theorem 2.19] (Bernstein Concentration) Let { Dy, S, }32 , be a
martingale difference sequence and suppose Dy, is o-sub-Gaussian in an adapted sense, i.e. for all

ANeRE [e/\Dk ’ Gk,l] < A 12 almost surely. Then for all x > 0,

n 1:2
P Dy| > <2 — .
(m22) <20 ()
Lemma 9. [Azuma, |1967|] (Azuma-Hoeffding inequality) If a super-martingale (Yy;;t > 0)

corresponding to filtration Fy, satisfies |Y; — Yi_1| < ¢ for some constant ¢y, forallt =1,...,T,
then for any a > 0,

a2
P(Yr—Yy>a)<e 2%iaf,
Lemma 10. /Lee et al| 2016, Lemma 2.3] Let { N} be a martingale on a Hilbert space (H, ||-||,,)-
Then there exists a R*-valued martingale { P,} such that for any time t > 0, ||Py||y = ||N¢||,, and
[Pry1 = Pelly = [ Nea — Nellg-

Lemma 11. [Chung and Lu} 2006, Lemma 1, Theorem 32] For a filtration Foy C F; C --- C Fr,
suppose each random variable X, is F;-measurable martingale, for 0 < t < T. Let By denote the
bad set associated with the following admissible condition:

Xt — Xi—a| < e,
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for1 <t < T, wherecy,...,c, are non-negative numbers. Then there exists a collection of random
variables Yy, . .., YT such that Y is Fi-measurable martingale such that

Vi = Yia| <,
and {w : Vi(w) # Xi(w)} C By, for0 <t <T.

Lemma 12. Suppose a random variable X satisfies E[X]| = 0, and let 1) be an o-sub-Gaussian
random variable. If | X | < |n| almost surely, then X is Co-sub-Gaussian for some absolute constant
>0

Proof. By Proposition 2.5.2 in|Vershynin|[2018]], there exists an absolute constant C; > 0 such that

N2 Cio? V2 V2
E A2n?) < 1 e |-
exp( T])_eXp( 2 ’ VA€ C’la’Cla
Since | X| < |n| almost surely,
N2 Cio? V2 V2
Eexp (\*X?) < L AE | —o— A
exp( ) =P ( 2 , VAE C’10'7 Cio

Since E[X] = 0, by Proposition 2.5.2 in|Vershynin| [2018]], there exists an absolute constant Cy > 0

such that

N2C2C30°
2

Setting C' = C1C5 completes the proof. O

Eexp(AX)§eXp( ), VA eR.

C Missing details in proof of Theorem 1]

In section we prove that a; € ft with probability at least 1 — §/ t2, for all ¢ > 2. Thus, for any

Nfacer})+r(Ufuers)

t=2

The last inequality holds by Assumption 1. Since I, is a subset of N; and by @,
P(R(T) > x)

§P<2+i{2’

B —5H2+\/ | Xaz OIIF1 + 1 X (- } > () {oe ft}) o
t=2
(18)

To bound the term ‘

ﬁt - 5“ forallt=1,...,T — 1, we use Theorem Before that, we need to
2
verify whether the two assumptions on 7;(¢) in Theoremhold.
First, we show that 7, (t) > ~v. When ¢ = 1, we have 7;(1) = 1/N for all i. Since v < 1/N, we
do not need resampling and thus w@ =7;(t) > ~. When t > 2, a; € I'; is already concerned in
(15

(18), and thus 7,, (t) > . From (15)), we can deduce that 7;(t) > 7;(t) for all i € T, and thus
Ta, (£) > 7.
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Now, we prove that 7;(¢) > 0 for all ¢ and ¢. The case of ¢ = 1 is already proved above. When ¢ > 2,
from (T3], we have

M, m—1
mi(t) =P (ay =i|Hy) = 7:(t) Y 1—27@-(15) > T(t) > 7,

for all i € T. If there exists an arm i ¢ T';, from (T6),

mt)= (1= ) Ta(t).

iel’,

The first term is positive since there exists an arm ¢ ¢ I';. The second term is also positive since the
distribution of j3;(t) has support R%, which implies that

Ti(t) =P <Xi(t)T5~Z-(t) = max Xj(t)TBj(t)‘ Ht) >0,

for all 4. Thus, ;(t) > 0 for all ¢ and ¢. This implies that the two assumptions on 7;(¢) in Theorem 3]
hold.

Now we can use Theorem [3land Lemmal[@lto have

e ﬁﬁ P Ol + 1O < s

forallt = 2,...,T with probability at least 1 — . Thus, setting

4Cy & 1212 2T
b, Tlog —— + vT

TR 5 T ovn

in (T8) proves the result.

D Proof of Lemma 2]

Proof. First, we bring attention to the fact that the optimal arm a; is in IV; by definition. Suppose
that the estimated reward of the optimal arm, Y- (t) is greater than Y} (¢) for all j ¢ ;. In this case,
any arm j ¢ N; cannot be the m; := arg max; f’l(t) Then we have

)
IF’(Z()>{X (t) — a:(t)}TBt—l,Vj¢Nt‘Ht)7

where Z;(t) := Ya; (t) — Y;(t) — {X () — j(t)}TBt,l. Note that Z;(t) is a Gaussian random
variable with mean 0 and variance v (|| Xo; (t)[|2, 1 + (| X;(t)[|?, -1 ) given H,. Forall j ¢ NV,
t—1 t—1

P (m; € Ny| Hy) > P (Y (t) > Y;(t),Vj ¢ Ny

{X5() = Xaz (1)} Bior = {X;(8) — Xa: (0} {Be1 — BY — A1)
Bi— 8, - 2 \/HX DI} +IX 0

<2’

The last inequality is due to j ¢ N;. Thus, we can conclude that

Z;(t)
oI5 Oy + 15,00
=P (Y; > —v"'Vj # Ny| He)

P(mt (S Nt|Ht) ZP

1
> —;,Vj ¢ Ny| H,
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Using the fact that
Z;(t)

”\/HXaz Ol + 115

is a standard Gaussian random variable given H;, we have

;=

]P’(Yj < fvfl|7-lt) < exp (211]2> .

Setting v = {21log(N/(1 — yN))}~/2 gives

1—9N
P(Y; < —v7!| He) < exp(—log (N/(1 = 7)) = ——.
Thus,
P(my € Ne|He) 21 =P (Y; < —v™', 35 # Ny | Hy)
21-— }E: ( < —v 1|7{£
i#N

>1—(1-7N)

2l -2
The last inequality holds due to y > 1/(N + 1). O

E Proof of Theorem

Proof. Fixt = 1,...,Tand let V; := Y0, SN X;(7)X;(r)T + A\ I. For each i and T, let
ni(7) = Y;DR(T) — Xi(T)Tﬁ. Then

t N
Br=pB+V, ! (—w +Y ) ﬁimXi(T)) :
T7=11=1

To bound HB} -

5 =5, =

V! <—)\t5 + Z Z ﬁi(T)Xi(T)>

T=11i=1

t N
<_>\tﬁ +> > TAh'(T)Xi(T)>

T7=11=1
<—)\t5 +y Zﬁi(T)Xi(T)>

By Assumption 1, ||3||, < 1. Using triangle inequality,

<[V,

= {)‘min (‘4)}71

1B = 8], < Dhmin ()} A+ o (Vi) (19)

[

We will bound the first term in . Let Tr(A) be the trace of a matrix A. By the definition of the
Frobenious norm, for =1,...,¢,and fori =1,..., N,

2

A% T T

<Z\/Tr (1) X;(7) X:(r)T) < N.
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t
By Assumptions 3 and 4, {Zf\il X (T)Xi(T>T} are independent random variables such that

E {Zf\il Xi(T)Xi(T)T} > N¢? > 0. Let 6 € (0,1) be given. By LemmaH if we set \, =

122
4v2N/tlog 2,

1
¢2Nt’
holds with probability at least 1 — 6 /(3t?). Thus, the first term can be bounded by
44/log 125’52
Amin (V)1 1A < 2 20
Qo (V) A0 < s 20)

Now we will bound the second term in (19). Let U;(7) := X;(7)X;(7)T (3> — 3). Then we can
decompose 7; (7) X;(7) as,

{/\min (Vt)}71 <

) Xilr) =V + M= (vir) - X)) X
(1Mo =D oy Ko =D xr 1)
- (15557 s+ S

:=D;(7) + E;(7).

Let D, := Zfil D, (7). Since U;(7) is H,-measurable, the conditional expectation of D; is
al N I(a, =)
=1 i=1
N
= (1 = 7”(7)) Uy(r) = 0
i=1 i(

7)
Thus, {327_, D, }._, is a martingale sequence on (R ||||,) with respect to #,. By Lemma

E[D.|H,] =E

, since (R%,[|-||,) is a Hilbert space, there exists a martingale sequence (PY._, =

oyt
{ (PT(I), Pf(z)) } on R? such that

T=1

= ||P'r||2’ HDTHQZ ||PT—PT,1||2 (22)

> 0.
u=1

and Py =0, forany 7 =1,...,t. Since‘

2

v

ﬂT—ﬁuz < b, forr=1,2

‘Pﬁ” ~ PO <Py — Proally = 1Ds

o =
<3| o
a I(a, =) 5
S; 1= (m(T) ) ‘BT_BH2

< N—l—i—l—l)b
T, (T)



t
By Lemma there exists a martingale sequence {NT(T)} such that ‘NT(T) — NT(T_)1 < (N +

=1
v~ )b, forall 7 = 1,...,t and

{Nt(T) # Pt(r)} O {‘P(T)

t

>N+ ¢ i (D <9} @3)

T=1

Thus, by 22) and (23), for any = > 0,

IE”( > @, ﬂ{ﬂ—a.,. >7}>

t

> Dy

u=1

1Pl >, ﬂ {ma, (1) > 7]’)

<P (i ’P(r) >, m {7, (T) > 7})
< Z 0] 2 {m, (r) > v}>
<i (=)

Since NT(T) has bounded differences, we can apply Lemma|§|to have

() v’
Z}P’(’N ><4exp< 81562(N+’yl)2>

Thus, with probability at least 1 — §/(3t?),

< 2v2b(N 4 v~ )4 /log 12;2 (24)

2
Now we will bound the F;(7) term in (21). Under the event ﬂ;‘ll{wat (t) > v}, we have

t N ¢ (T)
Z ZEz'(T) = Zl Zz: ) X (1) =

T7=11i=1

t

> 0.

T=1

holds with the event ﬂle{ﬂat (t) >~}

I(7a, (t) > ) Na, (T )X (7)

¢
1 Ta, (T)

T

For each 7 > 1, define a filtration 7,1 := H, U {a,}. Then X, (7) is F,_j-measurable. By
Assumption 2, for any A € R,

E o (AL 20100 -] ¢ oy (ML= 2007) o (X),

T, (7) 2ma. (7)? 272

almost surely. Since || X, (7)[|, < 1, by Lemma] there exists an absolute constant C' > 0 such that,
with probability at least 1 — 6/(3t2),

I

< 2Coy Wty /log 12; . (25)
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Thus, with , , and , under the event ﬂthl {ma, (t) > v}, we have
- 4y/log 5= 4 1262 1262
Hﬁt—ﬁHz < ° 4+ 4 (N +~71) bVt /log —— + 20y 'Vity/log —

Vg2 @2Nt 5 5
SA+db+ yINTL(4b +2C0) o 122
_AH4b+2(4+2C0) [ ToP
Coo log %
T Vi
(26)
with probability at least 1 — 6/t2. Since holds forallt = 1,...,T,
T T
-~ Cho 12t2
SP(U {Hﬁt—ﬁHQ G } imt >V}>
Co.o 12t2 A
S Hﬂt BH (;SQ\f ﬂ {ﬂ'at > '7}'
b o
<y <\ -4, > 7\ log ﬂ {0, (t) > v}>
< 5
O

F Proof of Lemma 4

Proof. Fixat > 1. Since foreach 7 =1,...,t,E[n(7)| Fr—-1] = 0 and X (1) is F,_1-measurable,

the stochastic process,
t
u
{Z n(m)X (T)} 7)

u=1

is a R%-martingale. Since (R%, ||-||,,) is a Hilbert space, by Lemma. there exists a R?-martingale
{M,}!,_, such that

= [[Mully s [In(w) X (w)lly = [[My = Myl (28)
2

and My = 0. Set M,, = (M1 (u), M3(u))T. Then for each i = 1,2, and u > 2, by the assumption
[X(u)l2 <1,

[Mi(u) = Mi(u = 1) <|[My = Myl
= [In(u) X ()]l
<In(u)]-
By Lemmal[12] M;(u) — M;(u — 1) is Co-sub-Gaussian for some constant C' > 0. By Lemma[9)] for

x>0,
>a?>

Z M;(u—1)

P(Mi(0)] > @) = ( 3
<zew (- 0202)
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for each i = 1, 2. Thus, with probability 1 — §/(2t?),

2 2 o, 417
M;(t)* < 2tC%0*log 5

In summary, with probability at least 1 — §/¢2,

t
412
S a(n)X(@)| = VARWE T ML0? < 200V log -
T=1 2
O

G Proof of Lemma 6]
Proof. ForeachT =1,...,t,let ¥, = E[P(7)| Fr_1]. Since P(7) and ¥, are symmetric matrices,

t

Amin (Z P(T) + Atl> :/\min Z P(T)) + )\t
=1 T=1

(
=Amin (i {P(r)—%:} + zt: ZT> + At
=
> Amin (Z {P(1) - ZT}> + Zt: Amin (57) + A
=
> Amin (Z {P(r) — 2T}> + %t + N
The last inequality uses the fact that Ay () > ¢2 for all 7.
P </\min (i P(1) + /\tl> < ¢2t> <P </\Inin (i {P(1) — ET}> + A < 0>
= —
P (Amax (zt: =, - P(T)}) > )\t> (29)
—

SIP’< zAt>.
F

Set S, =Y {2, — P(7)}. Then {S,}!_, can be regarded as a martingale sequence on R%*4
with respect to {P(T)}j_zl. Note that (R**?,||-|| ) is a Hilbert space. By Lemma there exists a

martingale sequence {D,, = (D (u), Dg(u))T}Z:1 on R? such that

> A% - P(7)}

[Sull p = V/Di(u)? + Da(u)?, My = Zullp = [|Du = Du-rlly, (30)
for any u > 1, and Dy = 0. Then, for any 7 = 1, 2,

2 2 2
[Di(u) = Di(u = D)|” < [Du = Duslly = [|P(u) = Zullp

i =1,2, and for any = > 0,

Since || P(u) — Syl < 2¢, we can apply Lemma(9] for Dy (7), and Dy(7), respectively. For any

P(ID(1)] > ) < 2exp (—St) |
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From (29) and (30),
t
o (0 00) ) <t 2

= ( D1 (t)? + Da(t)% > )\t>
S P(ID1(O)] + [D2()] = Ae)

< (D01 3) +2 (1D > 3 )

A
< dexp S 32e%t )

Thus, for any 6 € (0,1), if Ay > 4v2¢\/t4/1og %, then with probability at least 1 — 4,

t
Amin (Z P(7) + AJ) > ¢t
T=1

H Implementation details

H.1 Efficient calculation of the sampling probability

In our proposed algorithm, we use quasi-Monte Carlo estimation to calculate the sampling probability,

. T ~. _A
7;(t). Atround ¢, foreachi =1,..., N, define Z; = X (50 ﬂt*l). Then, Z1, ..., Zy are IID

v X @1y,
standard Gaussian random variables. Foreachi =1,..., N, /
7i(t) =P (Xu()) T Bi(t) = X;(0)7 55 (6), V5 # 1] )
12X (8)]ly— (X;(t) — X;(1)" Bi—s
Zy > Z; + -2 - — Vj £ i|H
<||X ®)lly,- ! [ X5 () [ly,- '

let f and F' be the density and the distribution function of the standard Gaussian random variables,
respectively. Since Z;, and {Z; }j 4 are independent, the selection probability can be written as,

= [T1 Ilthlvglz (Xit) = X;(1)" Bis
sz X Ol o[1%;0)

) f(z)dz.

val

This can be estimated by,

Z 1 ( i®)lly, Z(””(X(v)||x)§i()) 6) 3D

m=1  j#i tHV 1 )”V 1

where Z(™) is the standard Gaussian random variables.
In this way, we can compute 7;(t) without sampling 3;(t) M x N times from N (Bt_l, vel). The

(log M)*
M

error of the quasi Monte Carlo method is bounded by O ( ), where s is the dimension of the

~ N —
domain of function to integrate. If we sample 3;(t) M x N times, it gives O (%) error. In

contrast, using 1} reduces the error to O (logTM)

In our simulation studies, we use sobol_seq module in Python 3 to generate the quasi-Monte Carlo
samples. The number of samples is M/ = 200 in BLTS and DRTS. We plot the estimator of 7;(¢) using
m =1,...,200 quasi-Monte Carlo samples, and observe that it converges within the small errors.
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Figure 2: A comparison of the cumulative regrets of LinTS (left), BLTS (middle), and DRTS (right)

on various v when d = 20 and N = 20. Each line shows the averaged cumulative regrets over 10
repeated experiments.

H.2 Simulation results with various hyperparameters

In this subsection, we report the performance of the three algorithms, (i) LinTS, (ii) BLTS, and (iii)
the proposed DRTS, with various hyperparameters. As described in Section [5] the hyperparameter
sets are v € {0.001,0.01,0.1, 1} for all three algorithms and € {0.01,0.5,0.1} for BLTS.

Figure [2| shows the comparison of the three algorithms on various hyperparameter v, when d =
20, N = 20, = 0.01. We find that the performance of the three algorithms do not change much
when v < 0.01. This trend is similar on different v, IV, and d.

I A review of approaches to missing data and doubly-robust method

In this section, we review approaches to missing data and the doubly-robust method used in our
proposed method. First, we provide the approaches from a purely missing data point of view and how
the doubly-robust method is motivated. In the second section, we show the procedures applying the
doubly-robust method in bandit settings.

I.1 Doubly-robust method in missing data

There are two main approaches to missing data: imputation and inverse probability weighting (IPW).
Imputation is to fill in the predicted value of missing data from a specified model, and IPW is to
use the observed records only but weight them by the inverse of the observation probability. The
doubly-robust method can be viewed as a combination of the two.

For illustrative purposes, consider the problem of estimating the marginal meanof Y € R, E(Y) =: p.
Denoting (Y; — i) by U;(p), when all data are observed,
Up) =Y _Ui(p) = (Yi —p) =0,
i=1 i=1

gives an unbiased estimator of p1, Y., ¥;/n, and U () is called an unbiased estimating function
since E[U(u)] = 0. Let ¢; be the observation indicator which takes value 1 if Y; is observed, 0,
otherwise. Suppose there are auxiliary variables, X; € R?, and X;’s are observed for all i. Also
denote the probability of observation by P(J; = 1|X;) =: m;. We assume P(§; = 1|Y;, X;) =
P(6; = 1]|X;), that is, the observation indicator is independent of Y;. This is called missing at
random mechanism. This assumption is required for the doubly robust method to be valid. Using the
observed values only, the estimating equation for the observed data

n n
Uo(p) = Y 8:iUs(n) =Y 6:(Ys — ) =0,
i=1 i=1
gives % as an estimator for p. This estimator may be biased since EU,(u) # 0.

The two main approaches modify the observed estimating function employing two new quantities,
E(Y;|X;) and ;. These two quantities are usually unknown and we need to specify models. Therefore
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the two approaches require assumptions for auxiliary models: the imputation model, E(Y;| X;; ),
and the model for observation probability, 7;(¢). The validity of each approach depends on the
correct specification of the auxiliary model assumptions. The qualifier ‘auxiliary’ comes from the fact
that these models are not needed when there is no missing data. In IPW, one constructs an unbiased
estimating equation by amplifying the observed record according to the inverse of the observation
probability as follows:

n 51‘ ‘ B n 51‘ -

i=1 i=1

If 7(¢) is correctly specified, i.e., 7 = 7(¢), E(> 1, m(¢) Ui(p)) = 0, hence the resulting IPW

estimator is valid. In the imputation method, we replace missing Y; with E(Y;|X;; 8) and the
estimator is the solution of U'MP (11, ) = 0 where

n

U™MP (, 8) =D [6:Ui (1) + (1 = 6)B(Ui ()| Xi; B)]

=1

= [E(Y;|Xi; 8) + 6:{Y; — E(Yi| Xi; 8)} — ]

i=1

3

The doubly robust (DR) method [Robins et al.| {1994, Bang and Robins| 2005[] was initially motivated
by attempting to improve the efﬁciency of the IPW method. Note that we can construct an auxiliary
unbiased est1mat1ng function ( e i 1). Geometrically we can reduce the norm of the estimating

function ( ¢) U;(u) by subtracting the projection on to the nuisance tangent space formed from

(Trv (ib) 1). The nuisance tangent space is the closed linear span of B ( T ¢) ) for some B € RY,
and the projection onto the nuisance tangent space is

> ME(UAX,»;B).

—  mi(o)
After subtraction, the DR estimating function has a form
i 0; 0;
UPE(u, B8, ¢) = {1m  [— E&&;]
(8.9) = 32 | g0 + (1= B )
5;
=3 [E001X8) + <5 000 - B0 1)

Note that when you replace &; in UM (1) with %, you obtain UP# (). The DR method requires
both auxiliary models. However, its validity is guaranteed when either of the models is correct. To
verify, if the imputation model is correctly specified, i.e., E[U; (1) — E(U;(p)| X:; )| X:] = 0, we
have

0

E{UP" (1, 8,0)} = EZ[ CilX) - 5

{Uiw) — E(W)Xi)}} =3 ERE|X) =0

even if the 7 model is misspecified, i.e., m;(¢) # 7;. If the observation model is correctly specified,
7i(¢) = m;, then E(1 — 24| X;) = 0, and

E{UD%,M)}:;E[waw{(l—fpmvaxi;ﬂ}] ZE[ ] =0

even if the imputation model is misspecified, i.e., E[U;(u)| X;] # E[U;(u)| X;; 8)]. Therefore when
either of the models is correct, U (1) is unbiased and with other technical conditions, the estimator
can be shown to be consistent. That is why the qualifier doubly robust is adopted. The construction
of the DR estimating function is possible because we have two unbiased estimating functions.

24



.2 Application to bandit settings

In bandit settings, the missingness is controlled since the learner selects the arm. Therefore, the
probability of observation or selection is known and the DR estimator is guaranteed to be valid
although the imputation model for missing reward is incorrectly specified. The merit of the DR
estimator in the bandit setting is that we can utilize the observed contexts from selected or unselected
arms. Below we describe the DR method in the contextual bandit setting.

Let m;(t) := P(a; = i|H:) be the probability of selecting arm ¢ at round ¢. As defined in the
manuscript, the DR pseudo-reward is

YiDR(t):{l—H(i:a

O\ vy, LE=a)
v o+ oy ), (32)

for some 3, depending on H;. The pseudo-reward (32) comes from the following procedures. First
we construct an unbiased estimating function also known as the IPW score,

L 13 = ay) .
> WXAT) (Yi(r) — Xs(1)" B), (33)

T=11i=1

where only the pairs (X;(t), Y;(t)) from the selected arms are contributed according the weight of the
inverse of m;(t). Setting this score equal to 0 and solving [ gives the estimator used in Dimakopoulou
et al] [2019]]. Now we can subtract the projection on the nuisance tangent space from (33). The

nuisance tangent space is the closed linear span of B( 16 &gt) 1) for some B € RY, and the
projection onto the nuisance tangent space is

LA (i = aT i (T) -
ZZ ) Xi(r) (BE(Yi(m)|Hr) — Xi(1)TB) .

When the projection is subtracted from the (33) after replacing E(Y; (t)|#,) with X; ()7 3;, the IPW
score becomes the efficient score,

T=11i=1

t N
> Xi(r) (VPR(r) - Xi(r)"B) . (34)

T7=11i=1

Any Bf that depends on H, serves the purpose of imputation. Due to the doubly robustness property,

X;(t)T 3; does not have to be an unbiased estimator of E(Y;(t)|H;). We recommend setting 3, as
the ridge regression estimator based on the selected arms only. The expression resembles the
score when the rewards for all arms were observed, if Y;(¢) is replaced with ;P ().

Our proposed estimator Bt is a solution of 1| with a regularization parameter \;:

<Zt:zN:X +>\t> (iZN:X VYPE(r )

T=11i=1 T=1 =1

Harnessing the pseudo-rewards defined in (32)), we can make use of all contexts rather than just
selected contexts. The use of all contexts instead of X, (¢) induces the improvement in the regret
bound of the proposed algorithm. [Kim and Paik|[2019] also suggests DR estimator, but it uses Lasso
estimator from the following pseudo-reward

1 Yoy (t) = by )T B(t — 1)
N Ta(t) (t) ’

YPR() = X(OTB(E - 1) +

where X () = + Zf\; X (t). This estimator is of an aggregated form. As described in the text, the
estimator using the aggregated pseudo-reward does not permit the regret decomposition as equation

in the paper.
pap
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J Limitations of our work

1. The regret bound is constructed under the assumption that the contexts are independent
over rounds (Assumption 3) and the covariance matrix is positive definite (Assumption 4).
When using our proposed algorithm, one should check that the contexts satisfies the two
assumptions. When the contexts violates the two assumptions, the improved regret bound
might not hold.

2. Our proposed algorithm, DRTS requires additional computations for 7;(t), 7;(t) and the
imputation estimator (3. To lessen this computational burdens we developed an efficient way
to compute 7;(¢) and 7;(t).
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