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Abstract

Several works in implicit and explicit generative modeling empirically observed that
feature-learning discriminators outperform fixed-kernel discriminators in terms of
the sample quality of the models. We provide separation results between probability
metrics with fixed-kernel and feature-learning discriminators using the function
classes Fo and JF7 respectively, which were developed to study overparametrized
two-layer neural networks. In particular, we construct pairs of distributions over
hyper-spheres that can not be discriminated by fixed kernel (F2) integral probability
metric (IPM) and Stein discrepancy (SD) in high dimensions, but that can be
discriminated by their feature learning (F;) counterparts. To further study the
separation we provide links between the F; and F5 IPMs with sliced Wasserstein
distances. Our work suggests that fixed-kernel discriminators perform worse than
their feature learning counterparts because their corresponding metrics are weaker.

1 Introduction

The field of generative modeling, whose aim is to generate artificial samples of some target distri-
bution given some true samples of it, is broadly divided into two types of models (Mohamed and
Lakshminarayanan, 2017): explicit generative models, which involve learning an estimate of the
log-density of the target distribution which is then sampled (e.g. energy-based models), and implicit
generative models, where samples are generated directly by transforming some latent variable (e.g.
generative adversarial networks (Goodfellow et al., 2014), normalizing flows (Rezende and Mohamed,
2015)).

Several works have observed experimentally that both in implicit and in explicit generative models,
using ‘adaptive’ or ‘feature-learning’ function classes as discriminators yields better generative
performance than ‘lazy’ or ‘kernel’ function classes. Within implicit models, Li et al. (2017) show
that generative moment matching networks (GMMN) generate significantly better samples for the
CIFAR-10 and MNIST datasets when using maximum mean discrepancy (MMD) with learned instead
of fixed features. For a related method and in a similar spirit, Santos et al. (2019) show that for image
generation, fixed-feature discriminators are only successful when we take an amount of features
exponential in the intrinsic dimension of the dataset. Genevay et al. (2018) study implicit generative
models with the Sinkhorn divergence as discriminator, and they also show that other than for simple
datasets like MNIST, learning the Wasserstein cost is crucial for good performance.

As to explicit models, Grathwohl et al. (2020) train energy-based models with a Stein discrepancy
based on neural networks and show improved performance with respect to kernel classes. Chang et al.
(2020) show that Stein variational gradient descent (SVGD) fails in high dimensions, and that learning
the kernel helps. Given the abundant experimental evidence, the aim of this work is to provide some
theoretical results that showcase the advantages of feature-learning over kernel discriminators. For
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the sake of simplicity, we compare the discriminative behavior of two function classes J; and F,
arising from infinite-width two-layer neural networks with different norms penalties on its weights
(Bach, 2017). JF; displays an adaptive behavior, while F5 is an RKHS which consequently has a lazy
behavior. Namely, our main contributions are:

(i) We construct a sequence of pairs of distributions over hyperspheres S¢~! of increasing dimensions,
such that the F; integral probability metric (IPM) between the pair decreases exponentially in the
dimension, while the F; IPM remains high.

(ii) We construct a sequence of pairs of distributions over S?~! such that the F, Stein discrepancy
(SD) between the pair decreases exponentially in the dimension, while the F; SD remains high.

(iif) We prove polynomial upper and lower bounds between the /1 IPM and the max-sliced Wasserstein
distance for distributions over Euclidean balls. For a class F related to F,, we prove similar

upper and lower bounds between the F» IPM and the sliced Wasserstein distance for distributions
over Euclidean balls.

Our findings reinforce the idea that generative models with kernel discriminators have worse per-
formance because their corresponding metrics are weaker and thus unable to distinguish between
different distributions, especially in high dimensions.

2 Related work

A recent line of research has studied the question of how neural networks compare to kernel methods,
with a focus on supervised learning problems. Bach (2017) shows the approximation benefits of
the F; space for adapting to low-dimensional structures compared to the (kernel) space JF3; an
analysis that we leverage. The function space F; was also studied by Ongie et al. (2019); Savarese
et al. (2019); Williams et al. (2019), which focus on the ReLLU activation function. More recently,
several works showed that wide neural networks trained with gradient methods may behave like
kernel methods in certain regimes (see, e.g., Jacot et al., 2018). Examples of works that compare
‘active/feature-learning’ and ‘kernel/lazy’ regimes for supervised learning include Chizat and Bach
(2020); Ghorbani et al. (2019); Wei et al. (2020); Woodworth et al. (2020), and Domingo-Enrich
et al. (2021) for energy-based models. We are not aware of any works that study how feature-learning
function classes and kernel classes differ as discriminators for IPMs or Stein discrepancies.

It turns out that the F; integral probability metric that we study is in fact MMD for certain kernels
that often admit a closed form (Roux and Bengio, 2007; Cho and Saul, 2009; Bach, 2017). MMDs
are probability metrics that were first introduced by Gretton et al. (2007, 2012) for kernel two-
sample tests, and that have enjoyed ample success with the advent of deep-learning-based generative
modeling as discriminating metrics: Li et al. (2015) and Dziugaite et al. (2015) introduced GMMN,
which differ from GANS in that the discriminator network is replaced by a fixed-kernel MMD. Li
et al. (2017) introduces an improvement on GMMN by using the MMD loss on learned features.
From this viewpoint, our separation results in Sec. 5 can be interpreted as instances in which a given
fixed-kernel MMD provably has less discriminative power than adaptive discriminators.

Other related work includes the Stein discrepancy literature. Stein’s method (Stein, 1972) dates to
the 1970s. Gorham and Mackey (2015) introduced a computational approach to compute the Stein
discrepancy in order to assess sample quality. Later, Chwialkowski et al. (2016), Liu et al. (2016) and
Gorham and Mackey (2017) introduced the more practical kernelized Stein discrepancy (KSD) for
goodness-of-fit tests. Liu and Wang (2016) introduced SVGD, the first method to use the KSD to
obtain samples from a distribution. Barp et al. (2019) employed KSD to train parametric generative
models, and Grathwohl et al. (2020) trained models replacing KSD by a neural-network-based SD.

Our work also touches on sliced and spiked Wasserstein distances. Sliced Wasserstein distances were
introduced first by Kolouri et al. (2016); Kolouri et al. (2019). Spiked Wasserstein distances, which
are a generalization, were studied later by Paty and Cuturi (2019), and they also appear in Niles-Weed
and Rigollet (2019) as a good statistical estimator. Nadjahi et al. (2020) and Lin et al. (2021) have
studied statistical properties of sliced and spiked Wasserstein distances, respectively.



3 Framework

3.1 Notation

If V is a normed vector space, we use By () to denote the closed ball of V' of radius /3, and
By := By (1) for the unit ball. If K denotes a subset of the Euclidean space, P(K) is the set of
Borel probability measures, M (K) is the space of finite signed Radon measures and M ™ (K) is the
set of finite positive Radon measures. If ~y is a signed Radon measure over K, then ||| is the total
variation (TV) norm of . Throughout the paper, and unless otherwise specified, o : R — R denotes
a generic non-linear activation function. We use (-)4 : R — R to denote the ReLu activation, defined
as (x)+ = max{x,0}. 7 denotes the uniform probability measure over a space that depends on the
context. We use S for the d-dimensional hypersphere and log for the natural logarithm.

3.2 Overparametrized two-layer neural network spaces

Feature-learning regime. We define /7 as the Banach space of functions f K —> R
such that for some v € M(S?), for all z € K we have f(z) = [w.0( d~(9)
for some signed Radon measure v (Bach, 2017). The norm of ]-'1 is deﬁned as || f H =

mf{HvllTv 1F() = Jsa o d’y(@)}

Kernel regime. We define 75 as the (reproducing kernel) Hilbert space of functions f : K — R
such that for some absolutely continuous p € M (S?%) with dp 6 EQ(Sd) (Where 7 is the uniform
probability measure over S%), we have that for all z € K, f de dp(#). The norm

of Fy is defined as || f[|%, = inf {fgd 2dr(6 )= de a((0, - 9) dT(@)}. As an RKHS,
the kernel of F5 is

H(ry) = /S (@ 6)oly, ) (o). n

Such kernels admit closed form expressions for different choices of activation functions, among
which ReLu (Roux and Bengio, 2007; Cho and Saul, 2009; Bach, 2017).

Remark that since [ |h(6)|d7(0) < ([ h(0)? d7(6))'/? by the Cauchy-Schwarz inequality, we have
Fo C Fi. In particular, when o is S the ReLu unit, Bach (2017) shows that two-layer networks with a
single neuron belong to F; but not to >, and their L? approximations in 7, have exponentially high
norm in the dimension. Informally, one should understand F; as the space of two-layer networks
where both the input layer and output layer parameters are trained, in the limit of an infinite number
of neurons. On the other hand, > is the space of infinite-width two-layer networks where only the
output layer parameters are trained while the input layer parameters are sampled uniformly on the
sphere and kept fixed.

4 Fi and F; Integral Probability Metrics

Let K be a subset of R%*1, Integral probability metrics (IPM) are pseudometrics on P(K) of the
form
d]:(/],, V) = sup ]EZL’N[Lf(m) - Ex~uf(x)v
fer
where F is a class of functions from K to R.

F2 IPM or 7> MMD. One possible choice for F is the unit ball Bz, of F». Since F3 is an RKHS
with kernel k, the corresponding IPM is in fact a maximum mean discrepancy (MMD) (Gretton et al.,
2007) and it can be shown (Lemma | in App. A) to take the form

)= [ ([ oteopain @) aro)



Notice that for any feature 6 € S, E,.,0((x,0)) can be seen as a generalized moment of p. dsy,
can be seen as the L? distance between generalized moments of ;1 and v as functions of § € S%.

F1 IPM. An alternative choice for F is the unit ball Bz, of F;. The IPM for the unit ball of 7 can
be developed (Lemma 2 in App. A) into

dpy, (1, v) = sup
fes

/ o({z,00)d(p — v)()| @
K

Observe that dg,. is the L™ distance between generalized moments of y and y as functions of

6 € S?. That is, instead of averaging over features, all the weight is allocated to the feature at which
the generalized moment difference is larger.

We will provide separate results for two interesting choices for K: (i) for K = S¢, we obtain neural
network discriminators without bias term which are amenable to analysis using the theory of spherical
harmonics; and (ii) for K = R¢ x {1}, we obtain neural networks discriminators with a bias term
which is encoded by the last component (notice that probability measures over R? can be mapped
trivially to probability measures over R? x {1}). We will write F; (K ) or F»(K) for specific K
when it is not clear by the context.

A function f : R — R is a-positive homogeneous function if for all » > 0,z € R, f(ra) = r® f(x).
One-dimensional a-positive homogeneous functions can be written in a general form as

F(@) = a(2)? + b(~=)5. )

where a,b € R are arbitrary. When the activation function o is a-positive homogeneous, Theorem 1
shows that the F; and F, IPMs are distances when K = R x {1} if a, b fulfill a certain condition
which is satisfied by the ReLu activation, but they are not distances when K = S%. See Theorem 6
and Theorem 7 in App. B for the proof.

Theorem 1. For any non-negative integer o, let 0 : R — R be an a-positive homogeneous activation
function of the form (3). If (—1)%a — b # 0 and K = R¢ x {1}, both the F, and F5 IPMs are
distances on P(K). If K = S%, both the Fy and F» IPMs are not distances on P(K), as there exist
pairs of different measures for which the IPMs evaluate to zero.

In other words, Theorem 1 states that certain fixed-kernel and feature-learning infinite neural networks
with RELU or leaky RELU non-linearity, yield distances when we include a bias term, but not when
the inputs lie in a hypersphere. This result sheds light on when the “neural net distance” introduced
by Arora et al. (2017) is indeed a distance.

S Separation between the 7, and F, IPMs

In this section for each dimension d > 2, we construct a pair of probability measures ji4, Vg Over
P(Sd_l) such that the F; IPM between p4 and v, stays constant along the dimension, while the F»
IPM decreases exponentially.

Legendre harmonics and Legendre polynomials. Let ¢; € R be the d-th vector of the canonical
basis. There is a unique homogeneous harmonic polynomial Lj, 4 of degree k over R? such that: (i)
Ly 4(Azx) = Ly, 4(x) for all orthogonal matrices that leave e4 invariant, and (ii) Ly 4(eq) = 1. This
polynomial receives the name of Legendre harmonic, and its restriction to S*~! is indeed a spherical
harmonic of order k. If we express an arbitrary {4y € S41 as §ay = tea + (1 — t2)1/2§(d_1),
where {4_1) L eq, we can define the Legendre polynomial of degree k in dimension d as Py, 4(t) :=
Ly, qa(&(ay) by the invariance of Ly, 4 (it is not straightforward that Py, 4(t) is a polynomial on ¢, see
Sec. 2.1.2 of Atkinson and Han (2012)). Conversely, L, 4(x) = Py a((eq,z)) for any z € S*~1, and
by homogeneity, Ly q(z) = ||z||* Pr.a((ea, z)/||z||) for any x € R?. Legendre polynomials can also
be characterized as the orthogonal sequence of polynomials on [—1, 1] such that Py 4(1) = 1 and
[Y Poa)PLat) (1 — 125" dt =0, for k # L.



Figure 1: 3D polar plot representing the densities of the measures p4 (left) and vy (right), for the
choices d = 3, k = 4. In each direction, the distance from the origin to the surface is proportional to
the density of the measure.

The pair 11y and v;5. We define j1q and v4 as the probability measures over S%~! with densities

dpg [ Pthed )i L () > 0

o= o if Lya(2) <0 @
e [0 if Ly a(z) > 0

I %}ff(@ if Ly a(z) <0°

for some k£ > 2 and some ;¢ > 0, where A is the Hausdorff measure over Sa-1, Namely,

-1
Proposition 1. If we choose vy, 4 = 2 (fgd_l | L, a(x)] dT(:L’)) , then 114 and vy are probability
measures.

Figure 1 shows a representation of the measures pq, Vg for d = 3,k = 4, where one can see that
they allocate mass in different regions of the sphere. We are now ready to state our separation result,
which is proved in App. D.

Theorem 2. Let o : R — R be an activation function that is bounded in [—1,1]. For any d > 2 and
k > 1, if we set 7y, q as in Proposition 1 we have that

2|1, Pra(to()(1 - )" at

diy, (ta,va) = , (5)
m S Pea(®)](1 = 2) 5 dt
and
dg, (Hd,Va) 2k+d 2)(k+d—3)!
EAam Y /N, = , 6
sy, (pava) wd i(d —2)! ©

where Ny, q is the dimension of the space of spherical harmonics of order k over S, That is,

dpr, (Ha,va) | 1 k+d—3 k+d-3
(7

From (7) we see that choosing the parameter £ of the same order as d, d, (14, vq) is exponentially
larger than dg 5 (1d, v4) in the dimension d. Equation (5) holds regardless of the choice of the acti-
vation function o, and decreases very slowly in d for the ReLu activation, as shown in Figure 2. This
result suggests that in high dimensions there exist high frequency densities that can be distinguished
by feature-learning IPM discriminators but not by their fixed-kernel counterpart, and that may explain
the differences in generative modeling performance for GMMN and Sinkhorn divergence (Sec. 1).



The key idea for the proof of Theorem 2 is that the Legendre harmonics L, 4 have constant L°° norm
equal to 1 (see equation (26) in App. C), but their L? norm decreases as 1/N; %, (see equation (32) in
App. D). The proof boils down to relating ds (414, a) to the L norm of Ly, 4, and dg . (fta; Va)
to its L2 norm.

6 Separation between F; and F; Stein discrepancies

The arguments to derive the separation result in Sec. 5 can be leveraged to obtain a similar separation
for the Stein discrepancy, which helps explain why for Stein discrepancy energy-based models
(EBMs) and SVGD feature learning yields improved performance.

6.1 Stein operator and Stein discrepancy

As shown by Domingo-Enrich et al. (2021), for a probability measure v on the sphere S?~! with a

continuous and almost everywhere differentiable density 2, the Stein operator A, : S*~1 — Ré*d
is defined as

(A h)(z) = (v log <j:(g:)) —(d - 1).Z‘>h(x)T + Vh(z), (8)

for any h : S9! — R? that is continuous and almost everywhere differentiable, where V denotes
the Riemannian gradient. That is, for any h : S?~! — R that is continuous and almost everywhere
differentiable, the Stein identity holds: E, [(A,h)(z)] = 0.

If H is a class of functions from S?~! to R?, the Stein discrepancy (Gorham and Mackey, 2015; Liu
et al., 2016) for H is a non-symmetric functional defined on pairs of probability measures over K as

SDy (v1,10) = sug E,, [Tr(Ay,h(zx))]. )
€

When H = Bya = {(hi){=; € H | S Ihil3,, < 1} for some reproducing kernel Hilbert space
(RKHS) H with kernel & with continuous second order partial derivatives, there exists a closed form
for the problem (9) and the corresponding object is known as kernelized Stein discrepancy (KSD) Liu
et al. (2016); Gorham and Mackey (2017). When the domain is S*~!, the KSD takes the following
form (Lemma 5, Domingo-Enrich et al. (2021)):

KSD(v1,15) = SD%Hd (v1,v2) = Ey grmn, [, (z,27)],
0

where we have u, (z,2') = (s,(z) — (d — 1)2) " (s, (2") — (d — D)2’ k(z,2') + (s,(x) — (d —
Dz) ' Vek(x,2') + (s,(z') — (d — 1)) "Vik(z,2') + Tr(V, o k(x,2')), and we use 1, (z, ')
to denote the sum of the first three terms (remark that the fourth term does not depend on /). Here we
have used the notation s, (z) = Vlog(% (z)), which is known as the score function.

6.2 Separation result

We show a separation result between the two cases:

* Fi Stein discrepancy: H = Bra = {(hi){_, € F{ | S¢  Ihill%, < 1}. This discriminator set
initially appeared as a particular configuration in the framework of Huggins and Mackey (2018),

and its statistical properties for energy based model training were later studied by Domingo-Enrich
et al. (2021).

* J> Stein discrepancy: H = Bra = {(h)4, € Fd | Zle |hil|%, < 1}. Since F; is an RKHS,
this corresponds to a KSD with the kernel k. However, particular care must be taken in checking
that the kernel k has continuous second order partial derivatives, which might not always be the

case (i.e. with o = 1).



The pair ;15 and v4. For d > 2, we set 14 to be the uniform Borel probability measure over S~ 1,
We define v as the probability measure over S¢~! with density

_ exp (yr,alna(x))
Jsa—r exp (Ve,aL,a(2)) dA(x)

for some ;¢ € R that we will specify later on and some k£ > 2.

dl/d
N ()

(10)

Theorem 3. Let 0 : R — R be an a-positive homogeneous activation function of the form (3)
such that a + (—1)**1b # 0. Forall k > 1, d > 2 we can choose x4 € [—1,1] such that
SDBFf (td,va) = 1 and

SD k(d+k—3)
Bfiz(lj'(byd) —ati (1])

>
SDp_, (ta,va) ~ 2 2
e k(dtk—3
’ Ni,d <k(k+d—2)(d;+12) +< (a—i-l )) )

That is,

SDg_, (pa,va) 1 k+d—3 k+d—3

1 | > 1 _ —2) 1 _— 1

og SDp_ (rava) | 22 k’og( 3 )+(d )og( 72 ) + O(log(k + d))
74

(12)

As in Theorem 2, from (12) we see that choosing the parameter k£ of the same order as d,
SDs_, (1d,vq) is exponentially larger than SDs_, (td,v4) in the dimension d. This result sug-
1

gests that in high dimensions there exist high fre2quency densities that can be distinguished by
feature-learning Stein Discrepancy discriminators but not by their fixed-kernel counterpart, and that
may explain the differences in generative modeling performance for Stein discrepancy EBMs and
SVGD (Sec. 1).

7 Bounds of F; and F, IPMs by sliced Wasserstein distances

F1 and F, IPMs measure differences of densities by slicing the input space and then maximizing (resp.
averaging) the appropriate quantities. Max-sliced and sliced Wasserstein distances work, which have
been studied by several works, work in an analogous fashion; one projects the distributions onto one-
dimensional subspaces, and then maximizes or averages over the subspaces. Unlike the Wasserstein
distance, which has been used for generative models such as WGAN (Arjovsky et al., 2017) but
whose estimation suffers from the curse of dimensionality, max-sliced and sliced Wasserstein enjoy
parametric estimation rates which make them more suitable as discriminators.

The goal of this section is to show that F; IPMs are equivalent to max-sliced Wasserstein distances
up to a constant power, while sliced Wasserstein distances are similarly equivalent to a fixed-kernel
IPM with a kernel that is slightly different from the F; kernel. These bounds are helpful to get a
quantitative understanding of how strong feature-learning and fixed-kernel IPMs are, and provide a
novel bridge between sliced optimal transport and generative modeling discriminators.

7.1 Spiked and sliced Wasserstein distances

Throughout this section k£ denotes an integer such that 1 < k < d. The Stiefel manifold Vy is the set
of matrices U € R**? such that UU T = I, (i.e. the rows of U are orthonormal). We define the
k-dimensional projection robust p-Wasserstein distance between i, v € P(R?) as

4% ,v)P = max min Uz — Uy||Pdr(x,y), 13
pik (1 V)" = max WGF(W)/II yl[Pdm(z,y) (13)
where T'(u, ) denotes the set of couplings between p, v, i.e. of measures P(K x K) with projections
w and v. This is the distance studied by Niles-Weed and Rigollet (2019) as a good estimator for the
Wasserstein distance for a certain class of target densities with low dimensional structure.



The integral k-dimensional projection robust p-Wasserstein distance between u,v € P(R?) is
defined as

W, = [ ( ain [ W vylpante) Jar(o), 19
Vi el (p,v)
where 7 is the uniform measure over V. Nadjahi et al. (2020) studied statistical aspects of this

distance in thg:ase in which k£ = 1, while Lin et al. (2021) considers the case with general k. Notice
trivially that W), (1, v) > W, (11, v).

Sliced Wasserstein distances are spiked Wasserstein distances with k£ = 1, but they were studied
first chronologically (Bonneel et al., 2014; Kolouri et al., 2016; Kolouri et al., 2019). Namely, the
sliced Wasserstein distance is the integral 1-dimensional projection robust Wasserstein distance W,, 1.,
and the max-sliced Wasserstein distance is the 1-dimensional projection robust Wasserstein dlstance
W, k. Some arguments are easier for the case k = 1 because the Stiefel manifold is the sphere S~*.

7.2 Results

We prove in Theorem 4 that for K = {z € R?|||x||2 < 1} x {1}, for which the F; space corresponds
to overparametrized two-layer neural networks with bias, the 77 IPM can be upper and lower-bounded
by the projection robust Wasserstein distance W1 (i, ) up to a constant power (not depending on
the dimension).

Theorem 4. Let 6 > 0 be larger than a certain constant depending on k and . Let o(x) = (x)§ be
the a-th power of the ReLu activation function, where o is a non-negative integer. Let ji, v be Borel
probability measures with support included in {x € R||z|ly < 1} x {1}. Let dg,. be as defined in

(2) and W1 i, as defined in (13). Then,
W1k, v) > bdss,, (11,v) = Wk (, v) — 20(k, )8 55072 log (), (15)

where C(k, &) is a constant that depends only on k and «. If we optimize the lower bound in (15)

with respect to 6, we obtain W (i, v) > dp -, (i, 1) > QW (1, 1/)“‘*‘%) where Q hides log
factors.

While for the F5 IPM the link with the sliced Wasserstein distance is not straightforward it can be
established when we switch from uniform 7 to an alternative feature measure 7. We define the class
F> of functions R? — R as the RKHS associated with the following kernel

o) = [ ol 1,0)o(((01).0) d70) =
) 11 o (1. (VI=260)) o ({0 1), (VI = PE1) ) (1= )72 di drg_ ),

Proposition 2. (7 as a rescaling of uniform measure) The measure d7(v/1 —t2¢,t) = (1 —
t2)*1/2 dt dr(4—1)(§) is a probability measure. For comparison the uniform measure over S% can

be written as dr(v1 — t2£,t) = \/»d;;)/;) (1- t2) ot dr(g—1)(§).

That is, F, and JF; are both fixed-kernel spaces with a similar kernel. They differ only in the weighing
measure of the kernel; all the expressions which are valid in the J5 setting are also valid for F> if we
replace 7 by 7. In analogy with the F» IPM, the 7> IPM is given below.

i )= [ ([ oteopain @) @) a6

Analogously to Theorem 4, Theorem 5 establishes that the Fo IPM is upper and lower-bounded by
the sliced Wasserstein distance W, ; (11, ) up to a constant power (not depending on the dimension).

The reason to introduce the space ]:"2 is that in the proof, the argument that makes the connection
with the sliced Wasserstein distance requires the base measure of the kernel to be 7 and does not
work for 7. However, we do not imply that a similar result for the 7, IPM is false.



Theorem 5. Let 6 > 0 be larger than a certain constant depending on k and . Let o(x) = () be
the a-th power of the ReLu activation function, where o is a non-negative integer. Let [, v be Borel
probability measures with support included in {x € R?|||x|l2 < 1} x {1}. Let ds, be as defined in

(16) and W, , as defined in (14). Then,

5

1/3 1
127ra2a/2> (wm(% v) —2C(1,a)d " = log (6)) , (17)

5d2ﬁ/23(u7 v) > (

and TrdQBﬁ (1, v) < W 1(,v). If we optimize the lower bound in (17) with respect to 0, we obtain
2
B (1,0) = AW, (1, 0) )

8 Experiments

To validate and clarify our findings, we perform experiments of the settings studied Sec. 5, Sec. 6
and Sec. 7. We use the ReLu activation function o(z) = (), although remark that the results of
Sec. 5 hold for a generic activation function, and the results of Sec. 6 and Sec. 7 hold for non-negative
integer powers of the ReLu activation. The empirical estimates in the plots are detailed in App. G.
They are averaged over 10 repetitions; the error bars show the maximum and minimum.

F, and F, IPM estimates (k = 6) Ratios F1 IPM / F3 IPM (k = 6)

. —— Ratio Fy IPM/F; IPM
—— Ratio (theory)

1072 -

102 -
" —— F1 IPM 2
E —— F; IPM (theory) '*g
= 10 F IPM 29
6 8 10 12 14 16 6 8 10 12 14 16
Dimension d Dimension d

Figure 2: F; and F5 IPM estimates for the pairs py and vy defined in (4) for £ = 6 and varying
dimension d. (Left) The blue and red curves (superposed) show two different estimates of the F;
IPM. The purple curve shows estimates for the 7> IPM. (Right) The blue curve shows the theoretical
ratio between the F7 and the F»> IPMs (see equation (6)). The red curve shows an empirical estimate
of the ratio obtained by dividing the IPM estimates. 4400 million samples of y4 and v, are used.

Separation between F; and > IPMs. Figure 2 shows JF; and F, IPM estimates for the pairs jiq4
and vy defined in (4) for the Legendre polynomial of degree £ = 6 and varying dimension d, and
its ratios. We observe that while the /7 IPM remains nearly constant in the dimension, the 5 IPM
experiences a significant decrease. The ratios between IPMs closely track those predicted by our
Theorem 2, the mismatch being due to the overestimation of the F» IPM caused by statistical errors.
We were constrained in the values of & and d that we could choose; when the F5 IPM is small, which
is the case when k and/or d are large, we need a high number of samples from the distributions fi4, 4
to make the statistical error smaller than dg,., (144, vq) and get a good estimate.

Separation between F; and F» SDs. Figure 3 shows J; and F, SD estimates for the pairs (g
and v, defined in equation Subsec. 6.2 for the Legendre polynomial of degree £ = 5 and varying
dimension d, and its ratios. The fact that the empirical ratio is significantly above the theoretical
lower bound indicates that our lower bound (although exponential) is not tight. This can be guessed
by looking at the slackness in the inequalities of Lemma 10 and Lemma 11.

F1, Fo, Fo IPMs versus max-sliced and sliced Wasserstein. Figure 4 shows several metrics
between a standard multivariate Gaussian and a Gaussian with unit variance in all directions except
for one of smaller variance 0.1, in varying dimensions. We observe that while the /; IPM and the
max-sliced Wasserstein distance are constant, the F5, ]:"2 IPMs and the sliced Wasserstein distance
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Figure 3: F; and F5 SD estimates for the pairs py and v4 defined in Subsec. 6.2 for K = 5 and
varying dimension d. (Left) The red curve shows an empirical estimate of the 77 SD, the blue curve
shows a theoretical lower bound (Lemma 10 in App. E) on the F; SD, the purple curve shows an
estimate of the F2 SD. (Right) The blue curve represents the theoretical lower bound on the ratio
between the F; and the F5 SDs (see equation (11)), while the red curve shows an empirical estimate
of the ratio obtained by dividing the SD estimates. 30 million samples are used.

decrease. For high dimensions they match the corresponding distances between two datasets of
standard multivariate Gaussian, which means that the statistical noise precludes discrimination in
these metrics.

F1, F> IPM vs. sliced Wasserstein

— FiIPM Figure 4: For varying dimension d, we plot F1,

e F5 IPM -~ . . .
£, IPM JFo, Fo IPM, sliced and max-sliced Wasserstein es-
1071 - —— Max-sliced W. timates between a standard multivariate Gaussian
§ : i"clssl ‘l’)\’ése“ne and a Gaussian with unit variapce in all direction§
= Fi oM bacelin except for one of sma}ler variance 0.1. The esti-
% 10-2 - L e 0 Corptfa mates are computed using 100000 samples of each
&) : distribution. For comparison, the same estimates
are shown between a standard multivariate Gaus-
sian and itself, using two different sets of 100000

1073 - samples.
10! 102 10°

Dimension d

9 Conclusions and discussion

We have shown pairs of distributions over hyperspheres for which the F; IPM and SD are expo-
nentially larger than the 7> IPM and SD. In parallel, we have also provided links between the F;
IPM and max-sliced Wasserstein distance, and between the F> IPM and the sliced Wasserstein
distance. The densities of the distributions constructed in Sections Sec. 5 and Sec. 6 are based on
Legendre harmonics of increasing degree. Keeping in mind that spherical harmonics are the Fourier
basis for L2(S9~1) (in the sense that they constitute an orthonormal basis of eigenvalues of the
Laplace-Beltrami operator), one can infer a simple overarching idea from our constructions: ‘F;
discriminators are better than 5 discriminators at telling apart distributions whose densities have
only high frequency differences. It would be interesting to develop this intuition into a more general
theory. Another avenue of future work is to understand how deep discriminators perform versus
shallow ones, in analogy with the work of Eldan and Shamir (2016) for regression.
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A F; and F; IPMs

Lemma 1. The F7 IPM can be written as

/K o (2, 0))d( — 1) (z).

dp, (b, v) = sup

fesd
Proof.
d8f1 (1,v) = sup ]Efﬁ"‘#f(x) —Eenn f(2)
feBr,
= sup ]EINH/ o((x,0))dy(0) — Ez~u/ o((z,0))d(0)
Iyllv<1 5 s¢

- Husul:vpg /Sd (/K o({z,0))d(n — V)(w)> dv(0)

/K o (2, 0))d(p — v)(2)

= sup
0ese

In the last equality we have used that the set {1z € M(S?) | ||u|lrv < 1} can be seen as the convex
hull of {8¢|0 € S?}, which means that optimizing a convex function over one set and the other yields
the same optimal value. O

Lemma 2. The F5 IPM can be written as
2
s, 00 = [ ([ otteopiu- @) daro),
s¢ \JK
Proof.

2 2
&, (1.v) = ( sup wamEWf(x)) —( sup /K <f,k<x7->>f2d<uu><x>>

feBx, [ fll 7, <1
_ <I|f735§<f, / k(:c,-)d(ﬂ—”)(x)>ﬁz> - H | bt ) B
_ / /K ) din = ) el )(0) = / /K M) (s = )@d(a = )0)
- / /K B /S o(,0))((y, 0)dr(O)dlys — v) (@)~ 1))

- /Sd (/K o((z,0))d(p — V)(m))qu—(g).

2

(18)

B Are the 7; and 7, IPMs distances?

In the following we consider unitary Fourier transforms with angular frequency: for f €
L'(R*), we have f(w) = gryarne Jaan f(@)e” P de and if f € L'(RH), then f(z) =
@7 Jra f(w)e™#«*) dz. We denote the space of tempered distributions on R%*! as '(R4*1),

i.e., as the dual of the space S(R?*1) of Schwartz functions, which are functions in C>°(R9+1) whose
derivatives of any order decay faster than polynomials of all orders. Functions that grow no faster
than polynomials can be embedded in §’(R%™) by defining g(¢) := [za11 ¢(2)g(z) dx for any
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¢ € S(R¥*1). The Fourier transform of a tempered distribution 7" can be defined as the tempered

distribution 7" that acts on ¢ € S(R%+1) as (T', ) = (T, $). Fourier transforms of two-layer neural
networks have been used in prior works, e.g. Venturi et al. (2021).

Lemma 3. Let 6 € S'(R) be the Fourier transform of the activation function o : R — R in the
sense of tempered distributions. Let g(0) = [, o((x,0))d(n — v)(x). The Fourier transform of
g € S (Rt in the sense of tempered distributions is the tempered distribution § defined as

<@@:4%wﬂ/kaﬂw»au—ww>

K

for any p € S(R*1),

Proof. The Fourier transform of the tempered distribution 7, defined as (T,,p) =
Jas1 ©(@)o((x,0)) db is T, defined as

(Tw, ) = /Rd,+1 (M /W+1 90(9)ei<w}9>d0> o({z,w)) dw

1 ] 4
:/ ( )/ (2)+ (277)(d+1)/2/ @) (/ ( )@(9)6_1<w179m>d9w> €_Z<W$J_,9wj_>d€xj_ dwyro({x,ws))dw,
Span xT Span xT Span xT Spa]’] x

1 / a/2 / (w0
= 27) 4/ 0,)e" “wt) g o T, W) )dwy
(27T)1/2 span(w)( ) span(x) 90( ) (< >)

= (27‘(‘1)1/2 /(271')(1/2/ (p(tx)eiiwtdto'(w)dw

R
2m)"%(5, o ()

=

—

Here, the first equality holds because by definition, (T, ¢) = (T, ¢). In the second equality, we
rewrite R¥! = span(z)+span(z)* and we use Fubini’s theorem twice. In the third equality we make
the following argument: denoting h(0,.,w,) = fspan(m) ©(0,r + 0, )e = 02040,., we have that

fspan(ﬂv)l (fSPan(ﬂc)l h(axi,wib)eiiw”LﬁxL)demL) dwzr = (QW)d/2 fspan(az)L ﬁ(wﬂL’wm)dwxi -
(27)dh(07wﬂ7) = (27T)d fspan(m) @(em)eilwmeﬂdar-

Notice that we can write g as a tempered distribution as g = [} T, d( — v)(). Thus, by linearity
of the Fourier transform, we have that

<@@:4%W”/Xaww»aufww>

K

for any p € S(R4*1). O

We compute ¢ for the specific case in which o : R — R is an a-positive homogeneous activation
function, i.e. o(x) = a(x)$ + b(—x)% for some a,b € R (equation (3)). It is known (Bateman and
Erdélyi, 1954; Kammler, 2000) that the Fourier transform of the Heaviside step function u : R — R,
defined as u(z) = 1if 2 > land u(x) = 0if 2 < —1,is 4(w) = /T (p.V. L]+ 5(w)). Here

p.v. [2] € 8'(R) is a Cauchy principal value, defined as p.v. [2] (¢) = lim._ Jonied Lo(w) dw

for any ¢ € S(R).

Moreover, for any tempered distribution f € S’(R), for « > 0 integer, the Fourier transform of
x®f(x) is 1@ %, where the derivative of a tempered distribution is defined in the weak sense:
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(& o) = —(f, %), Since o(z) = (a — (=1)*b)(2)$ + (—1)*bz*, we have that

5(w) = (a — (1)%)2'&\/15; <p.v. [wu + 5(@) + (71)%1‘@%5(60)

d” 1 d®

where A = i*71 j;?(a —(—1)*b) and B = i*\/F (a — (—=1)*b) + (—i)*b.

Lemma 4 (Riesz-Markov theorem). Let X be a locally compact Hausdorff space. For any continuous
linear functional v on Cy(X), there is a unique regular countably additive complex Borel measure
on X such thatVf € Co(X), ¥(f) = [y f(z)du(x). The norm of 1 as a linear functional is the
total variation of p, that is ||¢| = |p|(X).

(19)

Theorem 6. Let o : R — R be an a-positive homogeneous activation function of the form (3) and
assume that (—1)%a — b # 0. Then, for K = R% x {1} both the F, and the F» IPMs are distances.

Proof. By Lemma 1 and Lemma 2 we have ds, (i, V) = supgega

Jieo((z.0))d(p — v)(x)| and
(1, ) = Jfsa (fK o((z,0))d(pu — I/)((E)) dr(0), which means that both are distances if the

function glga : S* — R defined as g|sa(0) = [5 o((z,0))d(n — v)(x) is different from zero in the

L? sense when p1 # v. Since o is a-positive homogeneous, the a-positive homogeneous extension
g : R — R of g|ga fulfills

90) = [ o0 =) = 1015 | olia,6/101)dn =) = 1015906/
Thus, glsa is different from zero in the L? sense if and only if g is. And g is different from zero if

and only if its Fourier transform ¢ in the sense of tempered distributions is different from zero (this
follows from (g, p) = (g, ¢) for all p € S(R)). By Lemma 3, we have that

(6, 0) = (2m)"/2 / (6 0(2)) d(u — v)(2). 20)

K

d2

B,

By (19), we have that

(6 0(a)) = (-1)°A <p [1]) (meten)) + C0Bgetn| e
which means that
A . 1 4o 4o
(.9) = (1 [ A<p.v. M) (gmetee)) + Bmets) | din=ra).

Suppose that i1 # v. Since p and v are Borel measures, they are are regular, and thus p — v is also
regular. By Lemma 4, p — v can be identified univocally with an element of the dual space Cp(R+1)/
of the space Cy(R?*!) of continuous functions on R+ that vanish at infinity. Since u — v # 0,
there must exist ¢ € Co(R™) such that [, ¢(z)d(p — v)(z) # 0. Multiplying by the indicator
function of a well chosen compact set and using a mollifier sequence, we can further assume that
p € CZ(RTM) C SR

Now, let 77 be a C2°(R) function such that [, 7(t) dt = 1 and the support of 7 is compact and
contained in [1/2, +00). We define the function ¢ € C°(R¥*1) C S(R¥*!) as

Y(tr) = ol t*To(x)n(t), Vo e R x {1},Vt € R.
Remark that

dOé
i) =0, (22)
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because 9 is equal to zero in a neighborhood of the origin. Also, for all z € K,

(—1)e <p [ﬂ) (Gve0) = v [ 14 (et itan) a

= [t et i = ole) [ nfe)di = o),

In the first equality we have used that lime o [p;_, 145 p(tx) dt = [, 22y (tx) dt, again

because 1 is equal to zero in a neighborhood of the origin.

(23)

Notice that since we have assumed that (—1)%a — b # 0, we have A # 0. Hence,

0 Cr)2A [ @du=r)()

= (—1)“(27r)d/2/K A <p.v. E]) (j;w(tx)) - B(Z—Zw(m)

In the first equality, we have used (23) and (22). The last equality follows from (20) and (21). We
have constructed a function ¢ € S(R4*1) for which § does not evaluate to zero, implying that § # 0
and concluding the proof. O

t=0

Theorem 7. Let o : R — R be an a-positive homogeneous activation function of the general form
(3). Then, for K = S both the Fi and the Fy IPMs are not distances.

Proof. Since by Lemma 1 and Lemma 2 we have dg,. (1, V) = supgega

Jico((@,0))d(n — v)(z)
and d%y2 (1,v) = [sa (fK o({z,0))d(u — V)(x))2d7'(9), it suffices to see that the function

glsa(0) = [ o((x,0))d(n — v)(x) can be zero in the L* sense for some pairs 11 # v. We want to
study the kernel of the map . — [, o((x,-))d(x — v)(z). Notice that

o({z,0)) + (=1)%o((=2,0)) = a((z,0))F + b(=(z,0))F + (=1)*(a((=2,0))% + b(—{=2,0))3)
= (a+ (=D)*)(({z,0)F + (=1)*(=(z,0)3) = (a+ (=1)*b){z, )"

If v € M(K) is an even (i.e., (x — —x)xy =) orodd (i.e., (x — —x)xy = —) signed measure
of the same parity as «, this implies that

_a+(=1)% o
A{a((w,@))dv(m)—f/K@vw dlv|(=),

which is a polynomial of degree a on . Consider the linear map L : M(K) ~ C(S%) defined
as v — [ o((x,-))dy(x). Since L restricted to the measures of the parity of « has an infinite-
dimensional domain and a finite-dimensional image, it must have an infinite-dimensional kernel.

* For the case o odd, if v € M(K) is an odd measure belonging to the kernel of L with total
variation norm |||y = 2 and such that v = ;. — ~_ with v, ,y_ non-negative, then choosing
p =4 and v = v_, we have that g (u,v) = dp,, (1, v) = 0.

* For the case « even, let v € M(K) be an even measure belonging to the kernel of L with total
variation norm |||/, = 2. We must have that [, dy = 0, because denoting by 7 the uniform

distribution over S¢, we have

0= [ 120 ar0) = [ [ o) dr@ aro) = [ atia0)aro) [ an,

forall 2’ € K, and [, o((2’,0)) dr(6) is a strictly positive quantity. In the last equality we used
Fubini’s theorem. Thus, the non-negative components v, y— of the decomposition v = vy —~v_
must fulfill [ kdy+ = i) x dv— = 1. Hence, choosing u = ~4 and v = v_, we have that

iy, (p,v) = dpg, (p,v) = 0.
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C Preliminaries on Legendre Polynomials and spherical harmonics

In the notation of Sec. 5, Py, 4(t) denotes the Legendre polynomial of degree k in dimension d.

It is known (equation (2.78), Atkinson and Han (2012)) that

! a: s VAL (44)
Pea(?(1 — )% dt = — = 2 ) 24
[1 k,d( ) ( ) Nk,d|Sd_2‘ NkaF(%) ( )
where (equation (2.10), Atkinson and Han (2012))
2k +d—2)(k+d—3)!

4 kl(d—2)!

is the dimension of the space of homogeneous harmonic polynomials of degree % in R%.

Also, the following uniform bound holds (equation (2.116), Atkinson and Han (2012)):
|Pea(t)| <1, k>0,d>2 te[-1,1]. (26)

The bound is achieved att = 1, —1.

There is also a crucial link between Legendre polynomials and their derivatives (equation (2.90),
Atkinson and Han (2012)):

Gy Kk j+d—3)I0(450)
Pk,d(t)_Qj(k- Ik +d = 3)IT(j + 45)

where & > j and d > 2. Note that for k < j, P%)(t) = 0.

Pro—jar2;(t), 27)

We recall two important equalities. Let {Y% j | 1 < j < Ny, 4} be an orthonormal basis of the space
of homogeneous harmonic polynomials over R? of degree k, with real coefficients (some works
like Atkinson and Han (2012) consider complex coefficients and all the results are unchanged up
to complex conjugates). That is, [, Y j(#)Y%:(2)d7(x) = d;;, where 7 is the uniform probability
measure over S%~!. Then, the addition theorem (Thm. 4.11, Efthimiou and Frye (2014)) states that

I\
ZYk,J 2)Ye,j(y) = Ni,aPr,a((z,y))

The Funk-Hecke formula (Thm 2.22, Atkinson and Han (2012)) states that when f t)](1 —
) ® dt < +oo, for any linear combination Yy, of {Y%,11<j < Ngq}andforanyz € Sd L
Sd 2‘
[ i) = S [ oo - o=

D Proofs of Sec. 5

Proposition 1. If we choose ~yy, q = 2 (fsdfl |Li,a(z)] dT(I)) , then g and vy are probability
measures.

Proof. Clearly, % (z) > 0 and %2 (z) > 0 forall z € S¥~1. Let C} = {z € S !|Ly, a(z) > 0}
andC_ ={x € Sd YLy a(z) < 0}. For ug and v, to be probability measures, x4 must fulfill

1= ha / L’“*d_(x) dA\(z) and 1 = —4 4 / Ly.a(x) d\(z). (28)
C_

o, 8971 [S4=1]
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By equation (1.17) of Atkinson and Han (2012), if we parametrize S*~! as z = teq+(1—t2)1/2¢4_)
with t € [—~1,1] and {(4_1) € S92, we have

d\(z) = (1_t2) ©dt dA(a-2)(€a-1));

where A(g_2) denotes the Hausdorff measure of S4=2. Hence,

Liq(x Lia(teq + (1 —t2)1/2¢4_q)) a3
/Sd oS 1| /sd / [S4-1] (1= 1%) = dt dAa-3)(§a-1)

Sd 2‘
ISd iy

Pkd( )(1—t2) Sdt =0
(29)

The right-hand side is equal to zero because F 4 = 1, and the Legendre polynomials are orthogonal
with respect to the scalar product with factor (1 — t2) (Sec 5). Equation (29) implies that

J. . ngdd (fal) d\(z)=— [, L‘gd’i(ﬁ A(x), which means that conditions (28) are feasible. We also
have that

Yo =2 (/S L|S’“j(f)| d/\(x)> R (/S Lia(a)] dT(m)) o

Lemma 5. For g, vg with densities given by (4), we have

S4=21 1
IS /Pkd (1 — 122 dt

d , U,
BFQ(Md Q) = 'ka|Sd 1|\/m

Proof. By Lemma 2, we have

o = [ ([ oty —r@) ar)
:/S (/Sd_la(@ 9>)|Sd 1‘LM( )dA(x)>2 ir(6) (30)

[ ([ o ar@) ar)

Now, we reproduce the argument of Bach (2017). If we define g(6) = [c.—. o((x,0)) Ly q(x) dr(z),
since Ly, q(x) is a homogeneous harmonic polynomial of degree d, by the Funk-Hecke formula we
can write

Sd-2 1 d—3
9(9) = Sd_llLk7d(9) / Pk-)d(t)O'(t)(l — tz) 2 dt = )\k7de’d(9), 31D
-1

_ s 1 42
where A,.a = 57 J o Prat)o(t)(1—t ) % dt. Note as well that

/ Lk,d(9)2 dT(e)
Sd*l
1 1
- |Sd_1/Sd 2/ Lia(ted+ (1= 1)2gq 1) (1= )7 dt drg-o)(Ea-1)  (32)

|Sd 2/ d—3 1
P 1—t dt = —
Sd T o, (¢ )z Nea

In the first equality we used the same change of variables as in the proof of Lemma 1, in the second
equality we used that Py 4(t) = Ly q(teq + (1 — t2)2/2£(4_1) by definition, and the third equality
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relies on equation (24). Using (31) and (32), the right-hand side of (30) becomes:

2 2 1
A Li.q(0) dr() = A —_
('Yk,d k,d) /SUH kd(0)” dr(0) (Wk,d kﬁd) Ny

o (1877 [ 2 !
= P, 1-t ©dt
,yk?,d |Sd71| 1 k%d( ) ( )( ) Nk d

s

Lemma 6. For g, vg with densities given by (4), we have
[S472]
dgr, (Hd»Va) = [Vk,dliqg =

/“mﬁw<mfﬁ> dt

Proof. Using Lemma 1, we have

/dm@mw—wma

[ otle.0) G nate)ir)

dgy, (Hd,va) = sup = sup
0eSd 0esd
=wwwp/dmmwwmmu>
6eSd

= Vi, d| Ak,dl SUI; |Lka(0)] = [7k.al| Ak.al

|d2

[S4=1

/ Prat)o)(1—12)=" dt|,

In the fourth equality we used (31), in the fifth equality we used supycgq }Lk7d(0)| = 1 by equation
(26), and in the sixth equality we used the definition of Ay 4. O

Theorem 2. Let 0 : R — R be an activation function that is bounded in [—1,1]. For any d > 2 and
k > 1, if we set vy, 4 as in Proposition 1 we have that

2 ‘f_ll Peato(t)(1 - t2)"5 dt‘

diy, (pd,va) = &)
o J2 | Pea®)](1 = 2) 5 dt
and
dgy, (Hd,Va) 2k+d 2)(k+d—3)!
SBr M V) N = 7 6
sy, (Hd; va) o \/ i(d —2)! ©

where Ny, q is the dimension of the space of spherical harmonics of order k over S4=1. That is,

dpy, (Ha,va) | 1 k+d—3 k+d—3
log (Cllsﬁ,(ud,l/d)> =3 (k log (k) + (d —2)log (d?)) + O(log(k + d)).
(7

Proof. Plugging the results of Lemma 5 and Lemma 6, we obtain
d Nz 1 (2 2)( —3)!
dB]-‘IE/’[’d l/d; _ 1 ma- \/ k+d kZ—)#d 3)
Br, \Hd,Vd \/m

The last equality follows from (25). Equation (7) follows from Stirling’s approximation, which states
that log n! = nlogn — n + O(logn) and log(T'(z)) = zlogz — x 4+ O(log x).
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All that is left is checking that (5) holds. Proposition 1 states that v, 4 =

! s?=2] 2
2 (fsd—l |Li.a(z)] dT(ac)) =2 (ISd T f L Pra(®)[(1—t )= dt) for j1q and v4 to be prob-
ability measures. Thus, Lemma 6 implies that

2 ‘f_ll Peato(t)(1 — 2)*5 dt‘
S 1 Pea(®)](1 —2) 5" dt

dB]:l (Mdv Vd) =

O
E Proofs of Sec. 6
Lemma 7. Let V denote the Riemannian gradient. We have that
|19 Lata) Pdr(z) = k- d— 2
sd Ni.q
Proof. Through integration by parts, we have that
LIV Ea@Par(@) = [ Liata) () L ate)ir(o) (3)

where A denotes the Laplace-Beltrami operator. Since the restriction of Ly, 4(z) to S41is a k-
spherical harmonic and spherical harmonics are eigenfunctions of the Laplace-Beltrami operator
(equation (3.19) of Atkinson and Han (2012)), we have

_ALk,d(x) = k(k +d— 2)Lk,d(13)-
Plugging this into (33) and using equality (24), we obtain
1
/ |V Ly a(z)|?dr(x) = k(k 4+ d — 2) / Ly.a(z)?dr(z) = k(k+d — 2)~——
sd Nid
O

Lemma 8. Let @Lk,d(x) be the Euclidean gradient of Ly q : RY — R and VL 4(z) be the
Riemannian gradient of Ly, 4 S9! — R. Then,

VLga(x) = VEia(z) + kLa(z)z.

Proof. By definition, for any = € S*~1, VL, 4(x) is the projection of V Ly, 4(z) to S4~! to T,,S%~ 1.
That is,

Vipa(z)=ViEia(x)— (VLig(z), )z =VEia(z) - %@Lk,d(m) & =VLga(z) — kL q(x)z.

r=1

In the last equality we used that %@Lk,d(rm) = %Lk,d(r:v), which holds because Ly, q is a homoge-
neous polynomial of degree k. O

Lemma9. Let @Lk,d(aﬁ) be the Euclidean gradient of Ly, 4 : RY — R. Each component of@Lk,d(x)
is a (k — 1)-th spherical harmonic when restricted to S~ 1.

Proof. Spherical harmonics of degree k in dimension d can be characterized as the restrictions in
S9=1 of homogeneous harmonic polynomials of degree k in R? (Atkinson and Han, 2012), and
harmonic functions f : R¢ — R are those such that Af = Zle 0y f = 0. Notice that the i-th
partial derivative of a homogeneous harmonic polynomial p of degree k is a homogeneous harmonic
polynomial of degree £ — 1. That is because (i) the derivative of a homogeneous polynomial of
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degree k is a homogeneous polynomial of degree k — 1 and (ii) by commutation of partial derivatives,
we have

d+1 d+1
A@ip) =050 =Y _ 0:0;;p = 0;(Ap) = 0.
j=1 j=1
Thus, the restriction of 9;p to S¥~! is a (k — 1)-th spherical harmonic. O

Lemma 10. et 0 : R — R be an a-positive homogeneous activation function of the form (3).
(at+1) k(d+k —3)

SD5 ., (1asva) 2 |a+ (=1 by == (34)
where
+1 |Sd72| ! @ a=3
)‘Ec(-,xd )= |Sd—1| . Pk’vd(t)(t)-ﬁl(l*ﬁ) T dt

Proof. For simplicity, we begin by considering the case o(x) = (2)¢. Remark that yiq = 7, i.e., the
uniform Borel probability measure over S%~!. We have

SDs,.y (a,va) = sup By, [Tr(Av,h(@))]

d
Fi

= sup E,,[Tr(A,h(z)) — Tr(Auh(z))]
heB,.g

S B (v log (Cil”j(x)) ~ Viog (‘Zf(@))T h(z)

=4 sup E,, [VLk,d(x)Th(x)}
}LEB]_.ii
d (€R)
=Yka SUp Y % Vz'Lk,d(CC)/ ((0,2))% dpi(0) dr(x)

[lpeallrv<1 i—1 §d—1 §d—1

Ei Zi2=1

d
= Yk,d Sup E Z5
oD esi—1
Zizle

/S ViLga(2)((07,2))¢ dr()

d 2
i s ([ Vieaw 00,55 drio))
i1 g(i)csd—1 gd—1
In the second equality, we have applied the Stein identity. The third equality relies on the definition
of the Stein operator (equation (8)). In the fourth equality, we used that y4 is uniform and v, has
density given by (10). In the sixth equality we have used that for any function f and domain K,
the supremum of || i Jdp over signed measures with total variation norm bounded by 1 is equal to
supg f. In the seventh equality we have used the Cauchy-Schwarz inequality. At this point, notice
that by Lemma 8

/ ViLg,q(x)((0, ) dr(z) = ( ViLga(z)((0,2))% dT(:c))
gd—1

Sgd—1

i (36)
= (/Sdl(?Lk,d(x) — kL q(x)x)((0,2))% dT(@)

On the one hand, by the Funk-Hecke formula, since V Ly, 4(z) is a (k — 1)-th spherical harmonic
(Lemma 9), we have that for any # € S%~1,

%

~ Sd_2 A 1 d—3
VLka@) (023 dr(e) = Err VL) [ Peosa®(030 - ) ar
gd—1 |S | -1 (37)

= A\ VL a(0)
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where )‘5901)1, 4 is defined accordingly.

On the other hand, since V(((8,2))5™) = (a + 1)((9,z))%x for § € R% we have that for any
0 € RY,

/S  Lalw)e((0,2)2 dr()

1 N
= 04+1/SH Ly a(z)Ve(((0,2))5) dr(x)

1 -
= 1% [ B0, are) "
= @101 [ Pty - a

a+ 11841 +

1 a B

= m)\ +1)V9(Lk d( )||9||a+1 k)7

In the third equality, we used the Funk-Hecke formula, which says that for any 6 €

d—3

S, o Lia(@)(0,2)3% dr(@) = Lia(®) 1 Pua®(®T(1 — )5 dt. To ob-
tain the equality for a general § € R?, we must use add the factor ||#]|*T!=% so that the
two sides have the same homogeneity parameter, yielding [, , Lk,a(z)((0,2))3t" dr(z) =

Lia(@)[6]1°F 7% [1) Pea®)(H)3 (1 - )% dt.
And for 6 € S?1, we have
Vo(Lia(0)]6]° %) = VoL a(0)]10]° ™ + (o + 1 = k) Ly..a(0)]|6] ' 6
= VoLia(®) + (@ +1—k)Lia(6)0
Thus, the right-hand side of (35) can be developed as

(39)

2
o LG 3 o k(a+1-k) (a .
Zbup ((/\;)1 - 7/\( +1) ) ViLpa(00)) — M/\z(c,;l)llk,d(g('))eg ))

= o) a+1 a+1
(40)
Bach (2017) (App. D.2) shows the following equality
|S472] 2
e | Pra@®@®)L(1—t )= dt
S S
0 ifk=a(mod2), k>a @D
= r(d/2) _al(=nt-tze/z D45 )0k ;
NG (CSNP) G F(%_%+%)F(%+%+%) ifkZa(mod2), k>a+1
Notice that in Bach (2017) the factor % is a typo, and should instead be %. Using

equality (41), we get that when k # « (mod 2) and k > a + 1,

AN = EZ j:/ Pra(t)(t)2(1— 12" dt
D(d/2)  al(=1)*"*"D/2 P((d-1)/2)T(k - o)
~ VA((d—-1)/2) 2k I(h=gtl)p(htdta-ly’
and /\,(52 = 0 otherwise. Thus,
Mg _atl ofh NEEET  k+dia-2
Es RS
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Hence, the arguments of the suprema in (40) can be rewritten as

k(D) ((W - 1) ViLya(0") = (@ +1 - k)Lk,dw(i))eEi))

17k k
B k d 2 N
a +o— i i i i i
= — M (k(viLW(e( )+ kLia(0)0)") — (o + 1~ k) Ly a(09)6} >>

If we substitute i = d and (") = e in this expression, and use that VaLk,qa(eq) = 0 (by the fact that
VL.a(eq) € Te,S% 1) and Ly 4(eq) = 1 we obtain

d+a—-2)k kk—a-1) nk(d+k-3)
)\(a-‘rl) ( :)\(O('i‘) 43
k,d a+1 + a+1 k,d a+1 “43)

)\(a+1 k(d+k— 3).

which means that (40) is lower-bounded by v 4 |

When o(xz) = (—x)%, we reproduce the same argument.  Equation (37) becomes
Joas VEga(@)(—(0,2)% dr(z) = MY VLka(—0) = (=DM A, VL 4(0), where we
have used that Ly, 4(—6) = (—1)* Ly 4(6). Since Vo ((—(8, )3 = —(a+1)(—(0, z))3 2, equa-
tion (38) becomes [y, Lia(2x)x(—(0,2))% dr(z) = a+1)\(°‘+1 V@(L;C a(=0)| — 0]|oF1=F).

Since Ly 4(—0) = (—1)* Ly, 4(), we have that (VL 4)(—6) = (—1)*+t1V Ly, 4(6). Thus, equation
(39) becomes

—Vo(Lia(—0)|| — 0> ) = =V (Lia(—0))]| — 0% = Vo(|| — 0)|*TF) Li.a(—0)
= (VoLia)(—=0)|| — 0]°™F — (a+ 1 = k)|| — 0| * 0Ly, a(—0)
— (—1)k+! (VLk a0+ (a+1— k)@LM(H))

Hence, for o(x) = (—x)9 the expression (40) is unchanged, and the rest of the argument holds in
the same way. When o(x) = a(x)$ + b(—x)%, the argument of the square root in expression (40)
gets multiplied by |a + (—1)**1b|, and this factor is carried over for the rest of the argument. This
concludes the proof. O

Lemma 11. Let 0 : R — R be an a-positive homogeneous activation function of the form (3). Then,
SDg_, (Ha, va) is upper-bounded by
2

a—+1 a—+1

0+ (=1)F by AT ﬁ (k(k+d—2) (‘”0‘_2>2+ (’Wk_?’)f).
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Proof. For simplicity, we begin by considering the case o(x) = (z)%.

SDB}—g (:ud7 Va) = hsgp Lo [TI‘(.A,,dh(l‘))]

d
73

= sup Eﬂd [TI‘(.Aydh(.T)) - Tr(-A;th(x))]

heB g
(e (2) -7 (c;ﬁg(x)))}@]

Viod hsup E,. [VLk,d(x)Th(x)} =4 sup zE,, [ViLk’d(x)(k(xW),hQ}-Q]

= sup E,,
heB
73

EBfg [[hill 7, <1
Zi Z?:1
=Ykd SUD 2 <EM [ViLk’d(m)k(x, )} ,hl->
[[hsll 7, <1 F2
> Zi2:1

2

Fo

= %,dd -Zd: HEM [ViLia(@)k(, )] ‘

And we can rewrite the right-hand side as

d
v\l S [[ o, Vb0 Vi) )i )
(44)

= 'Yk,d\l i/Sdl ( L viLk,d(x)(<$79>>a+dT($)>2 dr(6).

At this point, we express [o,_ V;Lg,a(2)((0,))% dr(z) using the development in equations (36),
(37), (38), (39):

 ViLga(x)((0:, 2))5 dr () 2
n | |
_ (ﬂﬁﬁ”)z <<k+‘“k‘0“2 _ 1) ViLpal0) — (@ +1— k)kad(0)0i>

k *ld+a—2 ?
= <a_|_1>‘g,le)> (k(viLk,d(a) +kLka(0)0;) — (o +1— k)Lk,d(9)9i>

< 242(V;Li.a(0))? + 2B (Li.a(0)6:)°
where, using the computations in the proof of Lemma 10,
(a+1)d+a —2
k,d a—+1

d -2k k(k—a-1 k(d+k —
B = Ao (d+a—2) N (k—a—1) _ (D (d+k=3)
' a+1 a+1 ' a+1

A=A

9

Thus, the right-hand side of (44) is upper-bounded by:

%,d\/ 242 / 1V L a(6)|2dr(8) + 23 / Lia(6)2d7(0) (45)
Sd*l Sd*l

We can use Lemma 7 to compute the first integral: [o, ||V Ly q(x)||?dr(2) = k(k + d — Q)ﬁ

And for the second integral we have fsdfl Li.q(0)%dr(0) = Ni - by equation (32). Substituting
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everything into (45) yields

2 d+a—2\> [kid+k—3)\>
At b 2 ekt d—2 . 46
Thod Ak, Ni.a (k+ ) a+1 + a+1 (46)

For the general case o(z) = a(x)] + b(—2x)¢, we use arguments analogous to those of Lemma 10,
and we obtain that the upper-bound (46) gets multiplied by a factor |a + (—1)*+1p|. O

Theorem 3. Let 0 : R — R be an a-positive homogeneous activation function of the form (3)
such that a + (—=1)**1b #£ 0. Forall k > 1, d > 2 we can choose x4 € [—1,1] such that
SDB;f (ta,vq) = 1 and

SD k(d+k=3)
B]_.ii(.udayd) S ol (11)

SDp_, (ptd,va) — 2 2
w2 (ka2 (ta52) 4 (M)

That is,

SDg_, (pasva) \ 1 k+d—3 k+d-3

I R N rrTe—9 _ rTe—e

log SDp_ (v | 22 klog ( 3 ) + (d—2)log ( ) > + O(log(k + d))
74

12)

Proof. We obtain (11) from Lemma 10 and Lemma 11. Taking the logarithm and using Stirling’s
approximation yields (12). The only relevant factor is log(y/ N, q), as the other ones are O (log(k +
d)). O

F Proofs of Sec. 7

Lemma 12 (Approximation of Lipschitz-continuous functions on the unit ball by F> functions,
Bach (2017) ). Let o(x) = (x)§ be the a-th power of the ReLu activation function, where o
is a non-negative integer. For § greater than a constant depending only on d, for any function
[ : R — R such that for all z,y such that for any ||z||, < R, ||lyll; < R we have |f(z)| < 1 and
\f(z) = f(y)| < nR™ Y|z — yl|g there exists h € Fo(R? x {RY}), such that |h| 7, < & and

sup |h(z) — f(z)| < C(d, o) (lj}é)aﬂdn/g og (}jf)

lzllq<R

Proof. See Proposition 6 of Bach (2017). Notice that in Bach (2017) the factor in the bound is

—2/(d+1) —2/(d+1)
(%) log (%), while we have (%) log (%5) The R factor stems from the fact

that we consider the neural network features to lie in S¢, while Bach (2017) considers them in the
hypersphere of radius R~*. O

Theorem 4. Let § > 0 be larger than a certain constant depending on k and . Let 0(x) = (x)% be
the a-th power of the ReLu activation function, where o is a non-negative integer. Let i, v be Borel
probability measures with support included in {x € R?|||z|s < 1} x {1}. Let dgy, be as defined in

(2) and WLk as defined in (13). Then,

Wk, v) 2 dds,, (11,v) = W (. v) — 20(k, )8 51072 log (4) (15)

where C(k, o) is a constant that depends only on k and «. If we optimize the lower bound in (15)

with respect to 6, we obtain W 1.(p,v) > dp, (1, 1) > QW k(1 1/)‘”%) where Q hides log
factors.
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Proof. We begin with the lower bound. Let U* and f* be the matrix in V, and function in Lip, (R¥)

where Wi i (u,v) is achieved (it is known in optimal transport that the supremum is achieved
(Niles-Weed and Rigollet, 2019)), i.e.

Wik (1) = Bamu[F(U*2)] = Eas [ (U*2)]

If 11 (resp. v) is supported in the closed unit ball in R%, Vz € supp(u), ||U*z||]2 < ||z|l2 < 1. Thus,
all that matters is the restriction of f* to the closed unit ball of R¥. We can apply Lemma 12 with
R = 1,1 = 1, which yields the existence of h € F»(R¥), such that |||, < & and

sup  |h(z) — f*(2)| < C(k, )~ a7 72 log (4),

TERY, ||lz]|2<1

when ¢ is larger than a constant depending on % and «. Thus,

sup  |h(U*z) — f*(Uz)| < C(k,a)d~ T2 log (9),

z€RY, J|lz|l2<1

which implies that

W11, ) = (B lB(U*2)] = By [M(U*2)])| < 2C(k, )5~ 507 log (3)

Now hoU* belongs to F1(R?) by the argument of Section 4.6 of Bach (2017). Namely, if
= Jou (0 % dpup(0), we can write

M) = /S (0.5 D)3 din(®) = [ (61, U"3) + 00)5 dn(6)

Sk

— /Sk(<(U*)T91:k,:E> + 0k11)5 dpn(0) = /Sk(<((U*)T011k:79k+1)7 (z, 1)))% dun(9)
_ /Sk<<e, (. 1)))% djin(0),

where fij, is the pushforward of y1, by the map 6 +— ((U*) T 601.1, 054 1). The last equality follows
from the fact that ||((U*) " 014, O 41)[13 = 6/,,U*(U*) " 01 + 07, = ||6]|3 = 1. Moreover, this
argument also shows that o U* has F; norm y; (hoU*) < yo(h) < §. Hence, Vi, v € P(B;(R?)),
for § larger than a constant depending on k,

5, (1,v) = Wi (1, v) — 2C(k, )5~ =7 log (5) .

The upper bound Wy (11, v) > d -, (1, v) follows from

Wik (p,v) = max sup  Euou[f(U2)] = Eony [f(Uz)]
Vi feLip, (R*)

>max sup B, u[f(Uzx)] —Egun[f(Uz)]

UeVy fer @)

= sup  Epou[f(2)] — Eonn[f(2)] = dB.Fl (1, v)
FEB 7, (riy

In the second to last inequality we used once again that for all f € F1(R¥) such that || f|| 7, gr) = 1,
we have foU € Fy(R¥) and || f o Ul| 7, rr) = 1. O

Proposition 2. (7 as a rescaling of uniform measure) The measure d7(v/1 —t2£,t) = L(1 —
t2)~1/2 qt dra—1y(§) isa probability measure. For comparison the uniform measure over S% can
be written as dT(v/1 — t2€,t) = Lld+1)/2) (1- t2) ot dr(a—1y(&)-

V7l(d/2)
Proof. The measure d7(v/1 —t2£,t) = — t2)7Y2 dt dr(g_1)(§) is normalized because
Jsa— fi —)7Y2 4t drig_1y(§) = f ( — t2)7Y2 dt = arcsin(1) — arcsin(—1) = m,
where we used that fsd 1 dT(a- 1)(5) = 1 by definition of 7(4_1). The characterization of
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|S|(;;‘l| (1—t2)F" dt dra-1)(€) = %(1 —2)%F" 4t (a1 (). For clarity, if we plug this
change of variables into equation (1), we obtain that the F5 kernel reads:

o) = [ (1,000 1), 00ar(0) = UL,

/SH /_110(<(w,1)7(\/@£(d),t)>)a( ) (VI=8¢,1)) (1= 3)F dt drig1)(€).

the uniform measure 7 follows from equation (1.17) of Atkinson and Han (2012): dr(f) =

Notice that beyond the normalization factors, the main difference between k and k is the factor
(1—12)"1/2 insteadof(lftz)%. [

Lemma 13. Let dp, be as defined in (16) and let K = {x € RY||z||y < 1} x {1}. Then, for any
w,v € P(K), d%ﬁ (u, v) is lower-bounded by
2

3
dria—1y(§(ay)-

srtanr s | [ (D st sine) | =

Proof. Using the change of variables ¢ = sin(+y), we have

dg, (V)
=[] 1 ([ (0. (VTP ) - u><x,1>)2 (1= )2 dt drg (€ )

L (] (i teostguassmen) s - vt 1))2 dy dria ()

/2

o [ ([ (oo i) s = 1))2 dy dria sy ().

«
We want to compute the Lipschitz constant of v +— [ (((x, 1), (cos(7)&(ays sin(’y)))) d(p —v)(x).
For a > 1, the derivative of this mapping is:

[ (@) (st sin)

and its absolute value is upper-bounded by

2a|((z,1), (cos(7)&a), sin(y))|* " {(z, 1), (= sin(y)€ay, cos(M))] < 2all(z, D37 I(z, 1)]2
= 20|(, 1)||5 < a2/?,

47

a—1

A1), (= sin(y)ga), cos(v)))d(p — v)(@, 1),

where we used that ||z]]z < 1 for x in the support of p or v. Thus, if we denote s =

J (4, 1), (cos(gcay sin())) . dip = V)(x)‘, we have
/0277 (/ (((a@ 1), (COS(V)g(d)7Sin(7))>)i d(p — l/)(sc)) dy > /Oazi/z (S B 'yaza/2)2 ”

2

2 a 2 a2°‘/2 3
_ e 2 oa/2 ( a/2>2 _ s a2 8 ( ) s
B /0 <5 yaztis 4 ez dy = a20/2 2 a2a/2 + 3 a2a/2

- 5s3
© 6a20/2’

SUP,¢(0,2x)

2
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Hence,
3

[ (1), ostga sin)) T du = v)(@)

1 5
dy_ (p,v) > *7/ g
Bz, (u,v) 2 21 602%/2 Jsaa Ve[gg’r]

O

Theorem 5. Let § > 0 be larger than a certain constant depending on k and . Let o(x) = (x)$ be
the a-th power of the ReLu activation function, where o is a non-negative integer. Let 1, v be Borel
probability measures with support included in {x € R?|||x|l2 < 1} x {1}. Let ds, be as defined in

(16) and W, ; as defined in (14). Then,
23 5 1/3 )
L) > (fgragers) (Wanler) 200005 Hlo@). (7

and 7rd23 _(p,v) S Wy (s v). If we optimize the lower bound in (17) with respect to 6, we obtain

Fa

&L (v) = QW (1, 0)1+9).

Proof. We begin with the lower bound (17). By the definition of the integral 1-dimensional projection
robust Wasserstein distance and the fact that the Stiefel manifold for k = 1 is S~1, we have

Wiaer) = [ Wil ugr)irta)

where ux denotes the pushforward of p by the map 6 — (u, ) and thus, Wy (ugp, ugr) =
Miger(uw) [ [[Uz — Uylldr(z,y). By the dual characterization of the 1-Wasserstein distance, for

any u € S~ we can write

Wi (ugpt, ugv) = Eonu[f7 (0, 2))] = B [ ((u, )]

for some function in Lip, (R). Using the same argument as in Theorem 4, Lemma 12 with R =
1,nm = 1 yields the existence of h,, € F2(R) such that ||h,||r, < ¢ and

sup  |ha(z) — fi(z)| < C(1,0)67 = log (),

z€eR,|z|<1

when § is larger than a constant depending on k and «. Thus,

sup Jhy((u @) = f((u,2))] < C(1,2)5” = log (5) ,

z€RY, [|z[2<1
which implies that

W (e, ) = (Bl (11, 2))] = B [ ({1, 2))])] < 20(1, )3 log ()

v 1 (48)
- Exw[hu((u,@)] By [l ((u, )] = W (ug i, uger) — 2C(1, )5~ = log (9) .
And since hy(y) = [ o 1)))dpn,, () for some pup, € M(S') such that ||pp, |tv < 9, we
have
B (2] = B ()] = [ [ (00, (20 0 i, ) = 0)(a)

- /Sl /(<(91u,92), (2, 1))% d(p — v)(x) dpn, (0)

< 5 sup / ((Brus 02), (2, 1)) d(p — v)(x)
6ecS?t

~5 sup / ({(cos(v)ussin(7)), (&, DS d( — ) ()] .
~€[0,27]

(49)
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Hence, (48) and (49) yield

5[ s | [(eostyussin(), (o, D) d - v)(a)| dr(v)
Sd—1 ye0,2n] (50)
> W, 4 (1,v) = 20(1,0)57 = log (9).
If we use the Holder inequality in the left-hand side of (50), we obtain
3 1/3
5( [ s | [(eostyusing)), @ )3 din - v)(@)| - dr(v)
Sd-1 y€[0,27] (51

> Wy 4 (1, v) = 20(1,0)8 = log () .

By Lemma 13, we have

3
drig—1)(&(ay)-

(03

[ (1), costga sin)) T du = (@)

+

1 5
dip . (p,v) > = —— ~
Bz, (pv) 2 21 602/2 /Sd—l ,Yeb[lol,pgﬁ]

Hence, combining this bound with (51) we conclude that

) 5 1/3 L
6L () > (W) (Wh1(1.) —20(1,0)5 ¥ log (5))

The upper bound 7dj_ (11, v) < Wy ;(p, v) follows from

2

W, (1) = /S< sup Ew[mwm—Ew[f«wm) dr(u)

fELip; (R)

v

;/< L, Ew[f«u,wm—Em[f«u,xm) dr(u)

f€Lip; (R)

1 2
“2 ). (miii’(m Evoulf((t,2))] = Eana [/ ({2 x>>]) dr(u)
; ¥ RO 2 u 7(u
— 5/y4/§1 </(<(<u,x>,1),0>)+d(u ) )) dr1y(0) dr(u)

=2 /S / - ( / (2, 1), (cos(y)u, sin(4)))) " d(p — u><x>)2 dy dr(u)

1

In the first inequality, we used that |supserip (r) Eonplf (4, 2))] — Eunn [f({u, 2))]| < 2 since
llz[|l2 < 1 forall x in the support of 12 or v. In the second inequality, we used that Bz, ) C Bz, (r) €
Lip, (R). The next equality follows from (18). The last equality is from (47).

G Experimental details

For the the figures, the experiments were run with CPUs from a cluster, using a different 15GB RAM
node for each dimension and repetition. The experiments for Figure 2 were the most computationally
expensive taking about 40 hours to complete. We need to use a high amount of Monte Carlo samples
from the measures to reduce the variance of the estimator, and samples are computationally expensive
to obtain because the rejection rate for rejection sampling, which was the method we chose for
simplicity, was high. The code would be faster if we had used MCMC methods to obtain the samples,
but we are not too concerned about the speed because the only purpose is to plot figures, not to design
an algorithm that can be implemented.
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Details on Figure 2. To get the theoretical F; IPM estimate (which is sz#ill an estimate, i.e. not a
closed form expression), we use (6), which states that

2|11, Pra(tio()(1 — 2)%5* de
f,11|Pk,d(t)|(1—t2) at

To approximate this quantity, we observe that it can be expressed as 2E,[o(t)sign(Py,q(t))] when the

dB]-"l (Mdv Vd) =

distribution of ¢ has a density proportional to | Py 4(¢)|(1 — t2) = restricted to [—1, 1]. We sample
from this density using rejection sampling and obtain the desired estimate as the Monte Carlo estimate

of 2E,[o(t)sign( Py q4(t))].

The empirical #; IPM estimate in the left plot is computed by writing dp, (ha,vq) =
SUPgegi—1 U o({z,0))d(pa — ud)(x)’ per Lemma 1. Since this supremum is attained at 6 = ¢4
(see the proof of Lemma 6 in App. D), we rely on the Monte Carlo estimate d;, (ta,va) =
el Zi\il o({zi,eq)) — o({yi, eq))|, where (z;)M, and (y;)M, are i.i.d. samples from y, and
vq respectively. Analogously, the Fy IPM estimate in the left plot is computed by writing
d%ﬁ (ta,va) = Joar (fo((z,0))d(pa — l/d)(x))sz(H) per Lemma 2. We use Monte Carlo

estimates to approximate the integrals over uq — v4 and over 7, i.e.

2

Ion 1 &
dg,., (1, va) Z ZU ((2i,0;)) — o (i, 0;))
’L:1

J:1

In Figure 2 we used M = 6000000, N = 10000 and we obtained the samples (), and (y;)M,
using rejection sampling. The curves for the empirical estimates in the left plot are obtained by
running the Monte Carlo estimate 10 times; thick lines show the average, and error bars indicate
the minimum and maximum values over the 10 repetitions. The empirical ratio in the right plot is
obtained by dividing the F; IPM estimate over the > IPM estimate, and its error bars are obtained
by dividing the minimum value (resp. maximum) for the F; IPM over the 10 repetitions by the
maximum value (resp. minimum) for the F5 IPM.

Details on Figure 3. The F; SD estimate in the left plot is computed using that SDBF 2 (pa, vg) is
equal to

k d d+a—22 N 2
Thd 1%&?‘;1) > s (kviLk,d(e(i)) —(a+1- k)Lk,d(W))GE”) .
i=1 01V e8™

by equations (35), (40) and (42). In (43) we lower-bound the supremum for ¢ = d, which suffices
for the lower bound in Lemma 10. However, we need a procedure to approximate the suprema for
i =1,...,d. By the fact that Ly 4(z) = ||=||* Py a({eq,x)/||z||) for any z € R? (see the second
paragraph of Sec. 5), we have that for all (V) ¢ S¢—1,

ViLia(09) = Vi (101" Pra((ea, 09)/169])))

= LicaPl 4((ea,0D)) — (e, 8D) Pl y({ea, 098 + k Py a((ea, 6))6."
k(k+d - 2)

= Peovara({ea, 07) (Lica — (ea,07)01") + kPra(ea, 0))6)"

In the last equality we have used (27). Thus, for ¢ # d,

d+oa—2
k
(d+a—-2)k+d—2)

- d—1 (ed,0D) P_1,a52((ea, 00))O + (d+ k — 3) Py a((ea, 07))6,"

ViLka(0@) = (a+1 — k) Ly a(0?)6)" (52)
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We want to find 6(%) that maximizes the absolute value of (52) within S%~!, which via the change of
variables ¢ = (e4, (") is equivalent to minimizing the one-dimensional function
(d+a-2)(k+d—2)
d—1

t(1—t)Y2 Py auo(t) + (d+ k —3)(1 = t)Y2Py 4(t)]| (53)

over [—1, 1]. Here, we have used that the absolute value of (52) is maximized when 6(*) = 91@ +
(eq,0®)eq, which implies that 8 = (1 — £2)1/2. We can optimize (53) over [—1, 1] via brute
force, since it is a one dimensional problem. On the other hand, when 7 = d we have

dta—2. . i
%Vﬂk?d(ﬁ(l)) (@ +1— k) Ly.a(609)0?

(d+a—2)(k+d—2)
o d—1

Pt ap2({ea, 0D (1 = (ea,0D)07) + (d + k — 3) Py a({ea, 0))0%"

We again the change of variables ¢t = (eq, #(*)), which in this case implies that ¢ = 92@. Thus, the
problem to be solved for i = d is

d+a—2)(k+d—2)
d—1

Pr_1.4+2t)(1 =) + (d+ k — 3)Pa(t)t

The theoretical lower bound on the F; SD is obtained directly by evaluating the right-hand side of
(34).

The F5 SD estimate is obtained as a Monte-Carlo estlmate of the right-hand side of (44). Namely, if
(0])?’ 1 and (z;)M, are uniform i.i.d. samples over S~

2

d N M
1 1
dzsfz(ud’l/d)%%%,dZNZ — Y Vil a() (21, 6,))%
3 l—l

Details on Figure 4. Denoting by pg the standard d-variate Gaussian and by v, the d-variate
Gaussian with unit variance in all directions except for e; with variance 0.1, we have taken M
samples (x;)M, of uy and M samples (y;)2, of j14. We used the same estimate for dg, (1, Va)

and dp;, (14, va) as in Figure 2, although in this case with bias term and with M = 100000 and
N = 10000. To obtain an estimate djs . (4, va), we sample N uniform samples (6;)XY.; from S4~*
and N uniform samples (¢;) from [—1, 1] and we compute

N
1 1 / /
2 ~ E
dB]:2 (:U’d7yd) ~ N , M : x?m 9]7t yza 9]7t

Let W1 ((0) 4, (6)xv) be the one-dimensional Wasserstein distance between the projections of
u and v4 to the one dimensional subspace spanned by § € S9!, Let jig = ﬁzzﬂil O,
and vy = % Zf\il dy,. To estimate the max-sliced Wasserstein Wl,l(ﬂd,ﬁd) we compute
W1 (i, va) = Wh((ea)#fid, (ed)#7q) to eq, because we know that in theory eq is the direction of
maximal discrepancy. The one-dimensional Wasserstein distance can be computed quickly.

To estimate the sliced Wasserstein distance W), ; (ta, va) we sample N uniform samples (6; W,

from S?~! and we compute

Wy 1 (1a,va) = + ZVVl i) ba, (07)#0a)-
Jj=1

32



Checklist

1. For all authors...

(a) Do the main claims made in the abstract and introduction accurately reflect the paper’s
contributions and scope? [Yes]

(b) Did you describe the limitations of your work? [Yes]

(c) Did you discuss any potential negative societal impacts of your work? The work is
of theoretical nature and has no direct negative societal impacts. Our results give insight
into generative modeling algorithms, which are useful for many relevant tasks such as
image generation, image-to-image or text-to-image translation and video prediction.
As always, we note that machine learning improvements like ours come in the form of
“building machines to do X better”. For a sufficiently malicious or ill-informed choice
of X, such as surveillance or recidivism prediction, almost any progress in machine
learning might indirectly lead to a negative outcome, and our work is not excluded
from that.

(d) Have you read the ethics review guidelines and ensured that your paper conforms to
them? [Yes]

2. If you are including theoretical results...

(a) Did you state the full set of assumptions of all theoretical results? [Yes]
(b) Did you include complete proofs of all theoretical results? [Yes]

3. If you ran experiments...

(a) Did you include the code, data, and instructions needed to reproduce the main experi-
mental results (either in the supplemental material or as a URL)? [Yes] We include the
code in the supplementary material, and will make the repository available if/once the
paper is accepted.

(b) Did you specify all the training details (e.g., data splits, hyperparameters, how they
were chosen)? [Yes] We provide the most relevant details on the experiments in Sec. 8,
and a complete specification in App. G.

(c) Did you report error bars (e.g., with respect to the random seed after running exper-
iments multiple times)? [Yes] And in the first paragraph of Sec. 8 we explain: “The
empirical estimates in the plots are detailed in App. G. They are averaged over 10
repetitions; the error bars show the maximum and minimum.”

(d) Did you include the total amount of compute and the type of resources used (e.g., type
of GPUs, internal cluster, or cloud provider)? [Yes] Discussed in the first paragraph of
App. G.

4. If you are using existing assets (e.g., code, data, models) or curating/releasing new assets...
(a) If your work uses existing assets, did you cite the creators? Our work does not
use existing assets beyond the ideas of the works we cite.
(b) Did you mention the license of the assets? [N/A]

(c) Did you include any new assets either in the supplemental material or as a URL? [Yes]
We include our code in the supplementary material, if it may be considered as such.

(d) Did you discuss whether and how consent was obtained from people whose data you're
using/curating? [N/A]

(e) Did you discuss whether the data you are using/curating contains personally identifiable
information or offensive content? [N/A |

5. If you used crowdsourcing or conducted research with human subjects...

(a) Did you include the full text of instructions given to participants and screenshots, if
applicable? [N/A]

(b) Did you describe any potential participant risks, with links to Institutional Review
Board (IRB) approvals, if applicable? [IN/A]

(c) Did you include the estimated hourly wage paid to participants and the total amount
spent on participant compensation? [N/A ]

33



	Introduction
	Related work
	Framework
	Notation
	Overparametrized two-layer neural network spaces

	F1 and F2 Integral Probability Metrics
	Separation between the F1 and F2 IPMs
	Separation between F1 and F2 Stein discrepancies
	Stein operator and Stein discrepancy
	Separation result

	Bounds of F1 and F2 IPMs by sliced Wasserstein distances
	Spiked and sliced Wasserstein distances
	Results

	Experiments
	Conclusions and discussion
	F1 and F2 IPMs
	Are the F1 and F2 IPMs distances?
	Preliminaries on Legendre Polynomials and spherical harmonics
	Proofs of Sec. 5
	Proofs of Sec. 6
	Proofs of Sec. 7
	Experimental details

