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Organisation of the Appendix.

1. In Appendix A, we prove Proposition 5 and theorems 1 and 2, show tightness of Theorem 1
for Gaussian priors and extend Appendix A in the case of priors supported on a low-
dimensional affine subspace. We also prove the tighness of theorem 1 in the case of
Gaussian priors.

2. In Appendix B, we provide several lemmas which enable to control o — z.

A Proofs of Proposition 5 and theorems 1 and 2

A.1 Preliminary results

We start by the following proposition establishing that p,, is log-concave and %—smooth.

Proposition 4. Fix o > 0. Under Assumption I, © — —Inp,(x) is convex with a Hessian satisfying:
1 1 1
~VZInp,(z) = ;[Id - ;Var(E|X +oe=2)] = ;Id.
Consequently, F, is 1-strongly convex.

Proof. The convexity of z — — Inp,(x) follows directly by the classical fact that a convolution
of log-concave densitites with a Gaussian is still log-concave (see [Saumard and Wellner, 2014,
Proposition 3.5]). The fact that the Hessian is upper-bounded by %I 4 follows from a "second order
Tweedie formula". The results is a direct consequence of an identity which can be seen as a "second
order Tweedie formula" (e.g. Lemma A.l in Gribonval [2011a] or in Lee and Vazquez [2003]
equation 5.8.):
~VZInp,(z) = 1 [Ia — lVaur(s|X + o = 2)]
o? o
1
j p-[dv

where e denotes a standard d-dimensional Gaussian random variable (¢ ~ N(0, I)) and the matrix
inequality is due to the positiveness of the covariance matrix. For completeness we give the proof of
the second order Tweedie identity. From the standard Tweedie identity (see, e.g. Efron [2011]) we
have that:

z—E[X|X + 0e = 2]

-V lnpa(z) = 0_2
1
=52 |, oplelz)d
_ 1 ¢U(Z — l‘)p(l‘)
o2 /]Rd(z %) Jrt 6o (2 — 2 )p(a")da’
where ¢,(z) = exp(f%). Notice that ¢, (2) = —Z ¢, (2). We can now compute the Hessian
of —Inp,, letting X, = X + oe:
1 1 1
—V?Inp,(z) = o (Id "7 e (z — 2)®%p(a|z)dz + o [/Rd (z — x)p(x|z)dz] ®2)
1
= L (= (B, - X)), = 4 - BLX, - X)X, = 4°%))
1 1
== (Id - EVar(ﬂXU = z)),
which concludes the proof. O

Now, we recall and prove Proposition 5, which is a direct consequence of proposition 4.
Proposition 5. For any o > 0, the function F, is L,-smooth, with

T
Ly=1+ .
+

Proof. The proof directly follows from proposition 4 which implies that —V In p, is 1/02-Lipschitz,
so that F; is L,-smooth with L, =1 + . O
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A.2 Analysis of the MMSE Averaging iterates

We start by recalling our main result Theorem 1, which provides a convergence rate towards the
proximal operator of the MMSE Averaging recursion.

Theorem 1 (Convergence to the Proximal operator). Let prox_,,,(y) denote the unique solution of
the Proximal Objective problem, then under Assumptions 1 and 2, we have that the MMSE Averaging
recursion with a, = 1/(k + 2), 03 = 7/(k + 1) and initialised at xo = y satisfy:

(Ink)+7

k’+1 [”y*pI‘OX,T]np(y)” +7_2M\/g]

||f£k - proxf'rlnp(y)” <

Proof. From Proposition 3, we are guaranteed that F,, is strongly convex and smooth with

fo, =1, Loy =14 —5 =k+2, kg =k+2.
O

To avoid heavy notations, we denote z7;, = prox (y) = arg min F,, as well as * =

—7lnps,
prox_.,,(y) = arg min F, note that these quantities are well defined and unique by the strong
convexity of Fy,;, and F'.

Recall that through 1, one step of the eq. (MMSE Averaging) recursion can be seen as one step
of gradient descent on Fy;, with stepsize 7, = 775 which corresponds to vy, = 1 /L, . Hence, at
iteration k, standard convex optimisation results (see Theorem 2.1.15 in Nesterov [2013]) guarantee
the improvement:

1/2
lorss = ap, )l < (1-2—H2—) "z - a3, |

,uo'k + Lo'k

Ko, — 13 1/2 .

= (Z27) k- a,l

ok

k+1\1/2 N

= (55) Mo,

We now use the triangle inequality to write:
kE+1\1/2 N
lowis =5l < (55)  (low = a5+ Db, =k, ])- (M

And we clearly see that we need to be able to control the regularity of o — . This is done in
Proposition 9, where we show that x% is Lipschitz in o2
< C(of = 03),

*

on'l - xo’g H2

for o5 < oy < /7 and where C := 1|2* — y|| + M V/d. Since o1 < /7, we can use this bound
and insert it in Equation (1) to get:

N k4 14\1/2
lowir =5l < (55)  (low = a5, 1+ (0F 4 = oD)C).

It remains to unroll the inequality, using the fact that x¢ = y and that TT¥_ (ZH) = U+ .

i3 (k+2)(k+3) "
V2 S GHDGE+2) >
—2h || € ——ly— 2} || + S —075)C.
||Ik+1 gk” S (k’—|—2)(k+3)”y nOH J; k—|—2 k+3)(0] 1 U])
Now since 07 = 71> We have that (UJQ 1 —03) = 7051 hence for k > 1:
V2 S GG+ O
Tip1 — 2 || € ———me |y — 2k || + —

e N s L D DA vy e Ny

V2 C & Jj+2
< 5 lly =25+ Z

k+2 k+24~j(j+1)
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And we can simply bound:

k k k
Z - ——) <1+ > = <2+n(k),
=17 j=1 ‘7 gl =1
Therefore
\[ o (2 + In(k))rC

Now using the triangular inequality ||zx41 — 2*|| < ||zpp1 — @} || + ||o}, — 2*| and using
Proposition 9 which bounds ||z}, — 2*|| < 67.C we get that:

< V2 Iy — 2% || + (2 + In(k))rC n 7C
“k+2 Y= oo k+2 k+1
And using the triangular inequality again:

1 Zk+1

ly = a5, | < lly — 2™ + 27 — a7,
< |ly = 2*|| + 05C
= lly =2 +7C,

where the second inequality is due to Proposition 9. Therefore:

e
*Hgvﬂw xH+(mM+2+v§

o =@ k42 irl O
Sv@w—xn (Ink)+4 .
k+1 k+1

Plugging the definition of C' = 1 ||2* — y|| + 7Mv/d we can finally write:

N Ink)+7
feann — ot < BEET (1o g 4 7200vd),

which concludes the proof. O

This next proposition proves the tightness of theorem 1 (up to constants and the log-term) in the case
of Gaussian prior. Here we assume that p is the density of a d-dimensional Gaussian N (y, 23), with
> a positive definite matrix. Without loss of generality, we can assume that the Gaussian is centered:
ie., u=0.

Proposition 6 (Exact convergence rate for Gaussian priors.). Under the assumption that the prior p
is a d-dimensional centered Gaussian N'(0,Y), then the we have that the MMSE Averaging recursion
with ay, = 1/(k + 2), 02 = 7/(k + 1) initialised at x¢ = y satisfies:

Yy — prOX—Tlnp(y)
k+1

Tp — prOX—Tlnp(y) =

Proof. In this setting, the negative log-prior — In p is a quadratic with Hessian H = X~!, and F is a
quadratic:

F(z)= %Hy —z|* + ngEﬂx.
Its minimiser is given by:
ozt = prox o, (y) = ([ +757) 7y
And since p, ~ N (0,% + 021,), the smoothed objective writes:

sz(E +oily) e,

1
Fou (@) = 3lly =l + 2

and its gradient is:
VE, () =2 —y+7(X+o0ily) ‘o
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We now prove the result by induction. For £ = 0, we have zg = y and the base case trivially holds.

Inductive step: The inductive hypothesis provides that:

by —a¥)
T =1° 1 —x).

Using the identity 2* = (I + 7X71) "1y, we have:

y—x* =751 = pp=2a" +7k+12
Then, N
—x
(54 0210) " ap = (S + 725 1a)” O+E%24%ﬁ224ﬂ:yT 7
so that:
V() = 2~y (y—a*) = —y 4 (- a) (g —at) = L
o\ Tk) =Tk =Y T Y —x z* Z/k+1 -7 ym_k—&—l
Now from Proposition 1, the update writes:
=2, — ——VFE, (21
Tht+1 = Tk k12 » (k)
:.’L‘*—‘ry_x*— y—ﬂf*
E+1  (k+1)(k+2)
o (yfx*)
ST
This completes the inductive step, and hence the proof. O

A.3 Extension of distributions supported on affine subspaces of R¢

In this subsection we prove that Theorem 1 can naturally be extended to the case where the prior
distribution is on an affine subspace of dimension » < d, in which case the dimension d which
appears in the upperbound reduces to the effective dimension r. Formally, we assume that the clean
images x are drawn from a probability distribution z on R¢ satisfying the following:

Assumption 4. There exists an affine subspace S C R? of dimension r such that:

o pis supported on S: (R \ S) = 0. Moreover, the restriction of y to S admits a density
p: S — Ry with respect to the r-dimensional Lebesgue measure on S. By abuse of notation,
we extend p to R? by setting p(x) = 0 forx € R4\ S.

p(z) > 0forallx € S.
* pislog-concave.

2

2
Let ¢o(x) = exp ( M) denote the Gaussian kernel on R? of variance o2, now let C,

(2m0?)'/2 such that fRd ¢ (x) = C2. The smoothed density function p, : R¢ — R then writes,

for all z € R%:
1
po(2) = g [ 0als — 2) dutw)
o JR4

1
= @ /sp(x) ¢o(z — x)dw.
For z € RY, let 2z denote the orthogonal projection of z on S. Using orthogonality, notice that:

 Po(z—z1) 1
po(z) = W . Cfg /Sp(x)¢g(ZJ_ — ZL’)CL’C

Therefore, for z € S, letting p,(2) = % Js ()¢ (2 — x)dz denote the convolution of p with the
Gaussian kernel over S, we get that

Iz = 21113

552 —Inpy(z1) + (d—r)InC,.

_lnpa(z) =
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894 And importantly:
—VAlnp, (Z) = —VsAgnp, (ZJ_)v

g5 where the Vg and Ag denote the intrinsic gradients and Laplacians on .S.
g96 Therefore from Lemma 5 we can upperbound:
sup [[VAInps(2)] = sup [VsAgInps(zL )
zER4 z1 €S

< Vrsup [|VEInp(zL)|,

z] €S

897 where the inequality is a direct consequence of Lemma 5 but applied to p considered over S. From
s9s here, all the proof of theorem 1 holds but with the effective dimension r appearing instead of d.

899  A.4 Analysis of approximate PGD Algorithm 1

900 We now restate and prove convergence towards the MAP esimator of the approximate PGD algorithm.
901 The following is a restatement of theorem 2 with the explicit constants.

902 Theorem 3 (Convergence towards the MAP estimator with explicit bounds). For 7 < ﬁ and a

903 number of steps in the inner loop which increases as ny, = |c - k7| for ¢,n > 0, the approximate
904 proximal gradient descent iterates (Zy,)y, from Algorithm 1 satisfy:

k [eS) &S]
]' * 1 *
=Y J@) = T < 5 (ly = 2haarl? + Y Nl + 200 D il
i=1 =1 =1

(14+n)In(k) +1In(c) + 7
c- kitn

905 where xy = prox_,,,(Zx—1 — TAV f(Zr_1) corresponds to the true proximal mapping at each

o6 iteration, and where the quantities R, ., > .~ ||l&;|| and Y ;2| ||e;||? are given in lemma 1.

”ik 71‘16” < 'Rn,ca

907 For, e.g., n = 1 and c = 10, the bounds become:
k
1 * 1 * *
23 (@) = TS = (300 ly — ajuapll? + 600+ (TAIVS (@hiap) | + 7 MVA))
i=1

21n(k) + 10

2k — 2kl S 12

(6-lly = a3ap > + 12+ (FAIV S (@aap) | + T2MVA)).

908 Proof. For 7 < ﬁ the classic inequality after one step of the true proximal descent zy 1 =

909 prox_.,,(Zx — TAV f(24)) provides that (see, e.g. Beck and Teboulle [2009]):
1o
T(wpsr) =T < o= (I — 2iuapl® = l2n1 = 2heapl®)- @

9t0  Now for k > 1, let g5, := &}, — x}, correspond to approximation error which can be quantified using
911 Theorem 1. For k > 1, Equation (2) can be expanded as:

1 . .
J(arer) = J* < o= (lon = 2iaapll? = loass = 2ioapll® + e = 2xl? + 2000 — 2020 = whiar) )
<i _ax 2 _ax 2 2 2 . _ax
< o= (llan = Tieapl? = lwns = wieapl? + el + 2ol - llow = 230ap
<i _ X 2 _ _x 2 2 2R
< o= (llz = 2Raapll® = lonss = wiap |2 + llenl® + 2Ry cllenl )

o1z where the second inequality is due to the Cauchy-Schwarz inequality, and the bound ||z — 235 p|| <
913 R, . is due to Lemma 1. It remains to sum this inequality from ¢ = 1 to £ — 1 and add inequality 2
914 with k = 0, we get:

k k—1 k—1
1 R . *
> (@) = I%) < 5= (o0 = 2iaapll® = loe = 2ieapll? + Y il + 28 Y )
i=1 i=1 i=1

IN

1 o0 o0
5= (ly = Teap 2+ D il + 280 Y i)
=1 =1
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where the second inequality is due to Lemma 1. Diving by & leads to the first result. The second
comes from the fact that ||e;|| = ||Zx — x| for which the upper bound is given in Lemma 1. O

Let €, == 2} — ), denote the approximation error at iteration k, where xj, = prox_,, p(:ﬁ b1 —
TAV f(Zx—1)) is the true proximal point. The following lemma provides a bound on this approxima-
tion error at each step, along with bounds on other useful quantities.

Lemma 1. The approximate proximal gradient descent algorithm is initialised at o = y, with step
size T < )\—if If the number of inner iterations at step k is set to ny = |c - k™| for all k > 1, then
the following holds:

(I+n)In(k) +In(c) + 7

c-kltn

00 oo
D llexll < Spe Roer 3 lel® < Ty Ry
k=1 k=1

len = 2hrapll < Bpe,  lexll < " Ro.c,

where
Rye i= By + TV f(@igap)| + 2M VA
Byo = exp(25yc) Iy — wuapll + Sy - (PAIV T (ahonp) | + 7 M V)|

Sp,e = 16—7’;277 (1 +n-(In(c) + 7))

A+ n)? . 2(In(c) 4+ 7)2 14 1
T e2(2n41)3 c? 2n+1

For, e.g., n = 1, ¢ = 10, these quantities simply become:
Rn,c ~ Bn,o ~ 60 - ”y - IX/IAPH +120 - (T)‘va(ZK/IAP)H + TQM\/E)
SperTyem~2

Proof. Rewriting Equation (2), for k¥ > 1 we get that:
lzx — 2hapll < [[2e-1 — 2{sap | (©)
< k-1 — zp—1ll + [|zw—1 — 2{1apll
= llex—1ll + [[ze—1 — 2{1apll-
Furthermore, from Theorem 1, since ¢ - k" — 1 < ny, < ¢- kM7, we getfor k > 1:

Inng) +7; . A
% (i1 — TAV f(Z1—1) — zil| + 72MVd]

< (14 n)In(k) +1In(c) + 7
- c-kitn

lekll = llZx — zx|l <

[lzx — (Lo — TAV ) (@) || + T2MVd]. ()
Now, we use the triangle inequality to write:
2k = (Ia = TAV ) (Zx-1) ]
Sllze — whapll + l2dap — (Lo = TAVS) (@31ap) | Q)
+ [[(Za = 7Af) (ajap) — (Ta = TAS) (@) |

Now, since zy;p satisfies the fixed point property 3 zp = prox_,1,,((la — TAVf)(#314p)). and
from the definition of x;, we can write:

ka - ',I"K/IAPH = ||pr0X7‘rlnp((Id - T)‘Vf)(‘%kfl)) - proxfrlnp((ld - T/\vf)(‘rEK/IAP)) H
< |[(Ta = TAV ) (Er-1) — (Ia = TAV ) (@3ap)

where the inequality is due to the non-expansiveness of the proximal operator. Inequality 5 then
becomes

ek — (Ta = TAV ) (@)l < 2[[(Ta — 7AS)(@jap) — (Lo = TAS)(@r-1) | + TAIV F (2R1ap) |
<2fzjap — Ehall + TAIV (@R0ap) [l
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where the second inequality is because 14 — 7\ f is Lipschitz for 7 < 1/(ALy). Therefore, injecting
this bound in inequality 4, we get for k > 1:

(14+n)In(k) +1n(c) +7

ekl < oy RET [2l12k-1 — 2gap ]l + TAIV F(@3gap) || + T2 MVd]
(1+n)In(k) +In(c) +7 . .
< PRgRER [QH€k—1H +2[|xk—1 — aypapll + TAIVf(23ap) || + T2M\/‘ﬂ~

(6)
where the second inequality still holds for £ = 1 with the convention g = 0 and ¢y = £g = y. Now
adding the inequality ||z — 2}apll < ll€k=1] + ||Zk—1 — T} p ]l from 3 to inequality 6, and letting
wg = ||lek|l + |z — 2xap | for & > 0, we get the following recursive inequality for k& > 1:

wy < (14 2CK)wi—1 + CrA,
where
(1+n)In(k) +1In(c) +7
¢ ki+tn ’
It now remains to unroll the recursive inequality on wy, which is done in the auxiliary Lemma 2 to
obtain:

Cr = A=AV (@3pap)| + T MV, wo = ||y — 23papl-

wy < exp(25,.c) (wo + AS,.c),

where 1+
Ui
Sp,e = e (1 +n-(In(c) + 7))7

Putting things together we get the following uniform bound on wy:

wy < By 1= exp(28y.) ||y = Tigapll + Sne - (PAIVS (@hnap)ll + 72 M V) |
From the definition of wy, = ||ex|| + ||zx — z}pap ||, We trivially get that ||z — 2};4pll < By, and
now from eq. (6) we get, for k > 1:

(1+n)In(k) +1In(c) + 7

lexll < c- kltn

[2By.c + TV f (@hgap) | + 72 MVd].
Letting R, . == 2By + TAIVf(23ap) || + 7°MVd > B, . leads to the two first inequalities of
the statement.

Now to bound »7; 2, [|ex|| we simply reuse the bound obtained on 3, C; < S, . in the proof of
lemma 2 to obtain:

Z ekl < Spe - Rye-
k=1
Finally for "7~ | |lex||? we upperbound:
= ((1+n)In(k) +1n(c) +7 2 2(14+1)% & In%(k)  2(In(c) + 7)? 1
> ( <ALy >

c- kltn — c2 k2(1+n) c2 k2(1+n) :
k=1 k=1

k=1
We now bound the two series using integrals:

o0 2 00 2
Z In“(k) < In"(x) e — 2 ’
k2(1+n) 1 22(1+n) (2n+ 1)3

k=1

k:1k2(1+n)— L a2+ o 241"

Putting everything together, we obtain the bound:

S lenl? < (Lt e, 2n(e) £ 7 (1+ ! ))R%,C.
k=1

(2n+1)3 2 2n+1
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Lemma 2. The recursive inequality

1 1 1
wi < (1 + QCk)wk,1 + CLA, where C} := ( + 77) n(k) + n(c) +7

c- kitn

unrolls as:

wi, < exp(25,.c) (wo + ASy¢),
where 1+

Spe = " (1 +n-(In(c) +7)).
en?
Proof. We iteratively apply the inequality to obtain:
k k k
we <wo [[A+2C)+AY Ci T (1+2Cy),
Jj=1 i=1 =i+l

with the convention that empty products are equal to 1.

We now bound the product H?:l (1 +2C;). Using the inequality log(1 + x) < x, we get:

log H(l +2C;) = Zlog(l +2C;) < ZZC’
j=1

j=1 j=1

hence,
k

k
[T +20) <exp|2) 0
j=1 =1
To bound the sum Z;’;l C;, we split the numerator:

> 1+ 1 )+ 7 1
o= S TS

=1 =1

‘We use the known bounds:

oo

1 S| 1 & Inj * Int 1
e [Tl S e, L
j; J1+n 1 t1+n 77 ; J1+n 1 t1+n ,'72

which gives:

< 1+77+ (ln(c)+7)<1+ 1)

5 —

ing
S
A

= cn c U
1+
=014y (n(e) + 7)) = Sy
cn?
Then we have:
k k k
[T +2C) <exp(28,0), D Ci J[ (1+2C)) < Speexp(25,.).
j=1 i=1  j=i+l

Plugging these into the expression for wy, yields the final bound:

wg < exp(25,.¢) (wo + ASy, ¢) .
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B Controlling 0 — z7;

The goal of this appendix is to show that the minimiser 2% is Lipschitz-continuous with respect to 2.
To establish this, we need to control how the objective function F}, evolves as o changes. A natural
way to approach this is through a PDE perspective, since the smoothed density p, satisfies the heat
equation. This connection allows us to describe how p,,, its logarithm, and its gradient (i.e., the score
function) evolve with respect to 2.

Throughout this appendix, we use the following notation for differential operators acting on functions
f:RT 5 R:

* Vf denotes the gradient of f, a vector in R?,

» V2 f denotes the Hessian of f, a d x d matrix of second-order partial derivatives,

+ V3£ denotes the third-order derivative tensor of f, a rank-3 tensor in R4*4>4,

Af = tr(V2f) denotes the Laplacian of f.

The first lemma provides several PDEs satisfied by p,, In p,, and the score function V In p,.

Lemma 3. Let p(x) be a probability density and denote by p,(x) its convolution with an isotropic
centered Gaussian of variance 0. For o > 0, it holds that p,(z) > 0 for all z € R? and p,, follows
the heat equation:

Ops 1

— = —Ap,.
902 2°Pe

Moreover, —Inp, follows the following partial differential equation:

Olnp, 1 9
507 = i(A Inp, + |[VInp,|5)-
Taking the gradient in the previous equation we get that the score functions follow:
OV Inp,(x)

502 = %[VAlnpg(x) +2[V2 Inpy (2)]V In py ()]

Proof. Standard results (see, e.g., [Evans, 2022, Chapter 2]) guarantee that (o, x) — p,(z) is C°
on R} x R? and satisfies the heat equation:

s
0o?
By differentiating In p, w.r.t. o2 and using the above, we directly have:

Olnp, 1Ap,

02 2 p,
To get the PDE satisfied by In p,, notice that:

1
= - Ap,.
B D

Ap,
Alnp, = ) — [VInp, |3,

o

Using both equation above directly yields:

dlnp,
a2

Taking the gradient leads to the result. O

1
= 5(Alnp, + [ Vinp,[3).

This next lemma justifies the use of smoothed gradient descent by confirming that, as the smoothing
parameter o — 0, the minimisers of the smoothed objectives F,, converge to the minimiser of the
original (non-smoothed) objective F'. In other words, the limit of the smoothed minimisers coincides
with the proximal point we ultimately aim to recover.
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Lemma 4. Recall that we define
1 1
F(z) = 5ly =l =7lnp(z) and Fy(2) = Slly —2|* = 7lnpo(x).

Recall that prox (y) = arg min F'(z) and that prox__,,,, (y) = arg min F, (). It holds

—7lnp
rcRd reRd

that
ProxX_r1n Po (y) ojO Prox_ . lnp(y) .

Proof. Let K be a compact set, since p is continuous and p(x) > 0 on K, we have that there exists

a > 0 such that inf ;¢ x p(z) > a. Since p is Lipschitz continuous on K, Theorem 2 in Nesterov

and Spokoiny [2017] ensures that sup,, ¢ i |Po () — p(z)] — 0. Therefore for o small enough
o—

inf,ck po(z) > a/2 and from standard inequalities on the logarithm:

o) —p@| 2
e DL < () = ple)].

Therefore sup, ¢ i | In(po(x)) — In(p(x))| — 0 on all compact set K, and trivially:
o—

| In(po(z)) — In(p(z))| <

sup |Fo(z) = F(z)] 773 0.

To ease notations, let z; be the minimiser of F,, and «* that of F'. Note that such minimisers exist
and are unique since F, and F' are strongly convex by proposition 4. Consider the values F, (z*). By
optimality of 2% we know that F,(z%) < F,(z*). Moreover, since F, — F uniformly on compact
sets, we have F,, (z*) — F(z*), so in particular, the sequence (F,,(z%)) is uniformly bounded above:

F,(a%) < Fy(a*) < F(a*) + ¢,

for some positive finite €. Now, assume that ||z} || — oo along some sequence. Since the functions
F, are all 1-strongly convex, they can all be lower bounded by the same quadratic and we would
have F,(x%) — oo, contradicting the bound above. Therefore, the sequence (z) is bounded, and
thus contained in a fixed compact set K C R?.

Since F,, — F uniformly on K, any cluster point z, of (z}) satisfies

F(2s) = lim Fo(27) < lim F(2*) = F().

Therefore, by uniqueness of the minimizer of F', it must be that z., = x* so that 27 —6 x*. O
o—

The next proposition establishes the existence and smoothness of the solution path x as a function
of 0.

Proposition 7 (Existence of the smooth solution path). Define
1 2
Fo(@) = 5lly — 2l = 1o po (@),
Denote by x* the minimizer of F,, for any o > 0. Then, under 0 + x, is continuously differentiable
on (0, 7] and satisfies the following ordinary differential equation:
dz}

e =iy = — VR (a5) 10,V (2},

Proof. By smoothness of the solution of the heat equation (see, e.g., [Evans, 2022, Chapter 2]), we
have that z +— F,, (z) is differentiable for any o > 0 and (02, z) — V. F,(z) is jointly differentiable
on R% x R?. Then, by proposition 4, we have that the Hessian V2 F,, () is invertible and satisfies:
V2F,(x) > I. We can then apply the implicit function theorem, which guarantees the existence of
a unique solution path 02 — z* to the implicit equation: VF, (x,+) = 0 that is differentiable on
(0, 7]. By strong convexity of F,, such solution path coincides with the minimizers of F,, for all
o > 0. The ODE followed by 02 — z% is obtained by taking the derivative w.r.t 02 of the equality
VFO- (IU* ) = O D
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Proposition 8 (Bound on the solutions). Let z% = arg min,cgo Fy,(2), then for o < 7 it holds
that

1
s = il < lly = prox_ (W) + 57*MVd

Proof. Let use write 2 = gig (note that the derivative is with respect to o2 and not o). From

proposition 7, we have that % follows the differential equation:
= —V2F,(2%) 10,2V E, (%)
—TVQF (22)710,2V In py (%)
1 * 1 — * * *
= 5[_v2 Inpo (5) + —1d] VA p,(2}) + 2[VZ Inpe(2})]V Inpe (2] (7)

where the last equality follows from lemma 3. Furthermore, recalling the optimality condition
satisfied by x%, i.e.: VInp,(2%) = (x4 — y), if follows that:

Yo

1
&} = —5-Qo(as —y) + Bo, ®
2T
where the matrix (), and vector B, are given by:
1
Qo = = [~V Inp,(a}) + —La] "'V Inp,(a}) = 0 ©)
1 1
By = 5[~V Inp,(a}) + _Ia) ' AV Inp, (a}). (10)

Here, the matrix @, is positive semi-definite since —V? In p,, () is positive by proposition 4. We
can multiply the ODE eq. (8) by z, — vy from both sides to get:

}de; B yH2 — <.’E * y>
2 do? ore
1 * 2 *
= —g5-lle5 = yllg, +(Bo,25 —v)
< (Bs, 75 —y)
< Bsllllz5 = yl-

By the apriori estimate on VA log p,(x}) from Lemma 5, we directly have that || B, || < M V.
Injecting such bound in the above inequahty and dividing both sides by ||z% — y|| yields:

dllzg —yll _ 7
———<-M
do?2 T2
And after integration of the above inequality w.r.t. o2 on (0,02] and using that lim,_,o 2% =
prox_.,,(y) from Proposition 7, we get:

N

1
e =yl < lly = prox_, 1, (W) + *02TM\/Q
S Hy 4'prOX—Tlnp( )”4+ TQAI\/i

where the last inequality is since we consider 02 < 7.

Proposition 9 (Lipschitz continuity of 02 + z%). Let 2% := argmin,cge Fy(z), then for o3
O'% < T, it holds that:

AN

1
Iy, = %, < (03 = 03) [~lly = prox_r 1, ()| + TM V],
And taking oo — 0 in the above inequality:

1
3 = Prox_r 1, Iz < 0 [~lly = prox_r 1, ()] + TM V],
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Proof. Recall from eq. (7):

1 1
it = 5[—V2 Inpy(z%) + ;Id]_l[VA Inp, (z%) 4 2[V? lnp(,(xg)]vmpg(x;)]

Now, by proposition 4, we have that —VZ2Iln po(x) = 0, and a spectral norm bound on the inverse
yields:

IV po(e3) + -1~ VA po (a3)]| < 7[VAInp (2]
and:
1=V Inpo (a7) + %Id]’l[v2 npo (27)]V Inpg (27)[| < [V Inpo (27)]-
Putting things together we obtain that:
5[] < IV Inp, (7)) + g||VA1Hpa($;)H (11)
< [V Inp, (a3)] + MV, (12)

where the second inequality is due to Lemma 5. Now recall that the optimality conditions which

define z* are VIn p, (z%) = L (z* — y). Plugging this equality in the upperbound we get that:

T

K 1 * T
&3]l < =lly — 25l + 5 MVd
T 2
1
< ~lly — prox_ (9| + TMVE,

where the last inequality is due to Proposition 8.

From here it suffices to notice that, for o1 > oo > 0:

2
T2
oy, ~ sl = | [, #5007
of
0,2

2
< / 2]l do®
0.2

1

1
< (07 = )=y — prox_r 1, (v) | + TMVA),

to prove the first statement. The second follows from the fact that x7;, — prox_ ., ,(y) by
o2—>

proposition 7. O

This last result is the most technical lemma in this work. It establishes that the third derivative of the
smoothed log-density In p, can be uniformly controlled—independently of o. This regularity bound
is essential for tracking how the minimisers ;. evolve as ¢ varies.

Lemma 5. Forall o > 0, it holds that sup,cga | VA Inp, ()| < VdM.

Proof. Idea of proof: Letting V(o,z) = —Inp,(z) we will show that ||V3V (o, z)| must be
maximal for o = 0. To do so we will use the maximum principle on || V3V (o, x)|%.

From Lemma 3, we have that V' follows the following PDE:
1
052V = 5(AV = IVV?).
For i, j, k € [d], we let w; i := 0;;V, which therefore follows:

1
Dy2Wijf = i(Awijk — 0k |[VVII?).
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2
ijk>

Now let u;5, = w;;,,, multiplying the previous equation by w;;;, we get:
Do2Uij, = Wijk Aw;ji — w0k || VV||?
= %(Auijk — (Awij)?) = wikdijr | VV 2
< %Auijk — wij i || VV |2

Summing over i, j, k and letting S == [|[V3V|[3 = 3=, wiji, we have that:

1
3025 < iAS - Zk:wijkaiijVV”2
]

It remains to know the behaviour of this last term in the inequality. Since ||[VV|]? = 3°,(9,V)?,
taking the third derivative with respect to 4, j, k we get that:

Ok VV | = QZ AV - 0ijiaV + 0V - 0uV + OV - 05V + 0:51V - OV
7

= 2(VV, Vwij) + 2 ijkl < 0aV 4+ wig - 0V + wij - O V.
¢

Multiplying the equality by w;; and summing over 4, j, k we get:
Z’wijkaiijV‘/”? = <VV, VS> +2 Zwijkwjkl . &-lV + WijkWikl - 8le + Wi jEWij1 - 8MV.
ijk ijkt

However notice that from the convexity of V' (o, -) for all o > 0, we get that:

> (D wigkwji - 8aV') 20

jk it

>0
Which implies that the function S = ||[V3V||? satisfies the parabolic inequality
1
0,25 < SAS = (VV, V).

Since S cannot be constant, the strong maximum principle' implies that S must attain its maximum
for o = 0:
3 3
sup [|[VZInpe ()| = sup [|[V° Inp(x)].
o>0,xcRd z€R
Finally, from the Cauchy-Schwarz inequality, one gets:

2
d d d d
IVAFIP =" 0ijif | <d Y (050> <d Y Ourf)? =dIVf3,
1 i,j,k=1

i=1 \j= i,j=1

which concludes the proof.

"For an accessible explanation of the strong maximum principle, we refer the reader to the corresponding
Wikipedia article https://en.wikipedia.org/wiki/Maximum_principle.
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