Dynamics of Stochastic Momentum Methods on
Large-scale, Quadratic Models

Supplementary material

The appendix is organized into five sections as follows:
1. Appendix A derives the Volterra equation and proves the main result for the homogenized
SGD (Theorem 1).

2. We show in Appendix B a heuristic derivation of the homogenized SGD approximation
to the SDA class of algorithms on the least squares problem and we show that SGD and
homogenized SGD are close under orthogonal invariance (Theorem 2).

3. We give in Appendix C a general overview of the analysis of a convolution Volterra equation
of the type that arises in the SDA class.

4. Appendix D details the analysis of the homogenized SGD for SDANA, including average-
case analysis and near optimal parameters.

5. Appendix E has the details showing equivalence of SDAHB with SHB as well as general
average-case complexity and parameter selections.

6. Appendix F contains details on the simulations.

Unless otherwise stated, all the results hold under Assumptions 1 and 2. We include all statements
from the previous sections for clarity.

Potential societal impacts. The results presented in this paper concern the analysis of existing
methods and a new method that is a variant of an existing method. The results are theoretical and we
do not anticipate any direct ethical and societal issues. We believe the results will be used by machine
learning practitioners and we encourage them to use it to build a more just, prosperous world.

A Analysis of the Homogenized SGD evolution

A.1 Homogenized SGD
We recall that the diffusion model is given by

t
dX = —1dZ, - l/ 0(s)dZ, where dZ; = Vf(X;)dt+/2f(X,)V2(f)dB,.
0

o(t)

To connect these diffusions to SGD on the least squares problem (2.1)
1
f(@) = Sl Az - b|1%,

we will use the singular value decomposition of UXVT of A. We order the singular values
01 > 09 > 03--- in decreasing order. We then let v; = VT(Xt — &), where we recall that
b= Az + n. We recall that

Vf(X;)=AT(AX; —b) and Vf=ATA.
Hence, we may change the basis to write

AVTX,) = -1 d(VTZ,) — % /ng(s) dvTz,),

A(VTZ) =" (S, —UTb) dt + /2 f(X)ETE (VT By).

The loss values we may also represent in terms of v

d
1 1 1
[(X0) = S AX, = b|* = S |Zw — UTnl* = 5D (o505 — (UTD);)*

Jj=1
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We let dW; = /2 f(X)ETSd(VTB,), so that {W;; : t > 0,5 € 1,2,...,n} are a family of
continuous martingales with quadratic variation

202

for all ¢ and j, with 1 < 4,5 < n. Finally, we conclude that

t
¥ n);
dvyj = —v2dé; — Wlt)/o o(s)dés,; where d& ; =dWy,; + CTJQ- (l/t,j — M) dt.

9j
(A2)
As in (A.1), the quadratic variation of W; ; and &; ; is

2021(X
d (&) =752 d (v ) = d (W) = W dt. (A.3)

A.2 Mean behavior of the homogenized SGD

We derive a description for the mean of the loss values Egy f(X). We define the following functions

of time
T ! '
7 ey~ |t N o en]([ass) - [ o]
0 0 (A.4)

We will compute the derivatives of these expressions in time. Using Itd’s rule,

2

Ty \2 T Y.
d (v — 5" = 2(vy — ) du + d{uny) (A.5)
T ) t .
=2(n,; — %) (-72 désj — %/ o(s) dfs,j) + 75 d(& )
0

Since dW; ; is a martingale increment, the expectation of the d¢; ; term simplifies. We may do a
similar computation with N and conclude that:

2 Ty
T = 24,027 — % Em [(Vt,j - (U[,ijn)])/ o(s) dfs,]} +75 El d(&),
0

t T t
R [2%7(15) dft,j/o ¢(s) dgs,j:| =En {2@(0(%,]‘ - %) /0 @(S)dfsg]

In summary, we may express J in terms of N by

JW = —2y,02] — @ZZt)N(l) +7;d(&,;) with J(0)=Em [(Vo,j - (Ucimj)z}' (A.6)

Now we write a differential equation for IV, using the product rule for stochastic calculus, and
conclude

P (NW /) = — 2(t)Ext K’m g+ 25 | "o(s) dfs,j> / o(s) dﬁs,a}

+ 200 En | (v = U Ypl0) a6 | + 260 Errlde 06

t
= —7202NW — 29, (62N +/ ©*d(&;)) + 207 (1)o7 T — 2720° (t) Egr d(&s ),
0
with initial conditions N (0) = N()(0) = 0. We will use

J=¢*]/y and ¥ =202¢"Eg f(Xy)/n=¢*Ep d(&;). (A7)
From these definitions we can also record, by evaluating the previous displayed equation at O that
N®@(0) = 2y102J(0) — 2721(0). The J can be expressed as

j(f2<1> + 2’)/20]2) +JW = N 4 %JJ\ where = o)
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We then differentiate the display equation above to produce
N® 4 N@ (-2 + 720?) +ND (-9 + 2710?) - 2710?3\(1) = 29 — 2720,
On substituting J, we arrive at the third-order differential equation
T® 4 (=30 + 37,02) T + (—5@(” +20% — dyp0® + dyi0? + 275(;;*) Jm
+ (—2c1><2> + 4000 — 47,0200 — 47,020 + 47172034) 7 (A.8)
= 77%12(2) + (272 + (P +707) 2 29 4 (29, + (—2) + 27105.)77%)@
The initial conditions are given by

f<o>=v;1E[<uo,j—“fZ;'”)Q] TW(0) = 24(0) — J(0)(—2(0) + 27202), and

T (0) = B0 (0) + 2920(0) — 2102 7(0) + (28(0) — 27202) 70 (0) + 260(0) T(0).
(A.9)

Two special cases for A(k,n). In this section, we record the ODE for two special cases of the
function ¢ (t). When A(k,n) = £ and thus o(t) = (1 +¢)? with ®(t) = the corresponding

. k+ 1+t >
ODE is precisely

—~, 2 4 207 20
TO — (B = 31007 ) TO — (- 32202 1 T2 — 47102 — 29307 ) TO

2 4y2020 4y1026
- (4(6{1%)03 e e 471720') J (A0

2 ~ o~
= 24 + (25 + (75 +120]) 2 29 4 (291 + (i +2m03) 2 2).

and the initial conditions are given by

J(0) =+ 'E {(uo,j - “’:?7)1‘)2], TW(0) = 24(0) — J(0)(—20 + 2920%), and
y (A.11)

J?(0) = %,Z(U (0) + 2729(0) — 27102T(0) + (20 — 27202) T (0) — 201 (0).
The other case is when A(k,n) = £, or ¢(t) = exp(t). We call this the general SDAHB; one

recovers SDAHB when 7, = v, 2 = 0, and § = 6. In this setting, the log-derivative ®(¢) = « and
the ODE reduces to

JB®) 4 ( 30 + 3207 ) J® 4+ (292 4720 0+ 4710 + 2720 ) J
+ (—4m1020 + dy17208) T (A.12)
2 o~
= 29O 4 (29 + (0 4 7203) 2)0N 4 (291 + 210322,
The initial conditions are given by
~ _ T N2 ~ 2 ~ ~
J(0)=~'E [(uo,j — L)) ] JW(0) = 2245(0) — J(0) (=260 + 272073), and

J

(A.13)
T®(0) = Z§D(0) + 2920(0) — 2711027(0) + (26 — 2720%)71(0).

We note that the ODE in (A.12) is constant coefficient and therefore can be solved by finding the
characteristic polynomial, that is,

0=+ (37207 — 30)A% + (20% — 4720720 + 47107 + 27507 )N + Ay1720; — 471070,
0=(A+0772 —0)(A> + (20772 — 20)A + 403 71),
A=0-— 0]272 and )\ = —(0]272 —0)+ \/(0]2»72 —0)2 — 40?71.

15



A.3 Inhomogeneous IVP in (A.8)
We simplify the problem in (A.8) by considering the inhomogeneous ODE
L[T) = TP 4 p(0) TP +q(0) TN + ()] = CO® + f0)00 + g(t) = R[], (A1)

where L[.J] and R[t}] are differential operators. Let Jy () be the solution to the homogeneous ODE in
(A.14) (i.e. L[Jo] = 0) with initial conditions given by J,(0) = do, Jél)(O) =d; and Jé2)(0) = ds.
We let K(t) solve
K,(t)=0fort < s, LIK(t)]=0fort+s,and K(s) = co, KV(s)=c1. KP(s)=co.
(A15)

Here the initial conditions are chosen so that L[K(t)] = R*[8,()], with R* the adjoint differential
operator, i.e.,

L[ / R(t)d(s) ds](t) = / LIR(1)(s) ds = / R*[6,(1)]0(s) ds = R[)(1).

We now just need to determine the initial conditions ¢, ¢1, and ¢,. First, we define H,(t) to be the
Heaviside function with a jump at s and note the following classical results for derivatives of H(¢):

O(UGEHL() = (= $)H, (1), (¢~ 5)Ho() = Ho(t)
OpH,(t) = 05(1), ast(t) = 5;(t)~
We now define the following operator where the derivatives are taken with respect to ¢
Sl 1) £ O8Y() + F()3L() + g(1)3 (1)
/ R*[5,(1)]ih(s) ds = dt2/ CS,(t)h(s)ds + f(t dt/ 85 (t)1h(s) ds + g(t) 5 )9 (s) ds
= O (1) + UV (1) + g(O)0(t) = F(b).

We now decompose K (t) = K1(t) + K2(t) + K3(t) and find initial conditions for each of these
terms separately, that is, we will find

LKL ()] = C8.(t), LIKZ(0)] = f(£)8,(t), and LIKZ()] = g(t)5s(1).

We recall for clarity that f(¢)5’(t) = f(s)5.(t) — f'(s)84(t). We can write K¢ = K’ + H! where
K!is0at s and C? and

~ . . . . . 2
HE S HI(t) (ch + it — ) + U5,

It follows that L[H!] = C68”(t) + {continuous functions on ¢ > s}. To find ct,cl, and cl, we see
that

LIH!) = ebo7/(8) + ¢1,(£) + ebdo(t) + p(t) [cboL (1) + cLog(t) + ch H (1)
+q(t)[chd () + L H, +82/H £) di]

+7r(t) +01/H dtJch//H t) dt dt]

=y (t )+C15;( ) + €305 () + co (p(5)85(t) — P (5)85(1)) + c1p(5)ds(2)
+ ¢5q(8)d5(t) 4 continuous terms

As we want L[H!] = €4 (t), then we need to solve the system

C 1 0 0\ [c
0] = p(s) 1 0] |cd
0 q(s) =p'(s) pls) 1) \&



We can know solve this system to get that
cg=C, cl=-Cp(s), and c3=Cp*(s)—Cl(q(s) —p'(s)). (A.16)

Next we want to solve L[H2] = f(t)0.(t) = f(s)0,(t) — f'(s)ds(t). Using a similar argument as
before, we deduce that

Solving this system,
=0, c=f(s), and 3 =—f(s)—p(s)f(s). (A.17)

Lastly we want to solve L[H?] = g(s)d,(t) or equivalently,

0 1 0 O c
0 | = p(s) 1 0 a3 l,
9(s) a(s) = p'(s) p(s) 1) \é3
that is
=0, ¢¢=0, and c3 = g(s). (A.18)
Putting this all together, we need to solve for K, (t) such that
L[I?s(t)] =0
where K,(s)=C, K'(s)= f(s)—Cp(s), (A.19)

and K/ (s) = Cp*(s) — Cla(s) = p'(s)) = J'(s) = p(s) f(s) + g(s)

Proposition A.1 (Kernel representation, general). Consider the inhomogeneous ODE in (A.8). Let
K(t) and Jy(t) solve the homogeneous ODE in (A.8), that is,

7> _ 7> _ Py — 273 2
L LIK ()] =0 where Ky(s) =22, K[(s) =272+ 32 (P(s) —1207) ,and
~ 2
K (s) = 2(71 + 372®(s) — 47507) + 2,%12 (@) (5) + 202(s) — 47202 ®(s) + 27307 ].

2. L[Jo(t)) = 0 where Jo(0) = 2E[(vo; — L 1)?], GV (0) = (28(0) — 27202) Jo(0)

1 g

and  J§> (0) = ((28(0) — 2720%)% — 27102 + 20D (0)) Jo (0).

Then the solution to the inhomogeneous ODE in (A.8) is given by
t

3= B+ [ Ru(0(s)ds,
0

Proof. This is a direct application of (A.19) with coefficients defined by (A.14) to the ODE in
(A.8). O

This leads immediately to a general representation of the kernel and forcing terms for homogenized
SGD, which we summarize in the following theorem.

Theorem 4. The homogenized SGD diffusion loss values satisfy

EH[f(Xt)]:F(t)—|—/0ths(t)EH[f(Xs)}ds Sforall t>0.

The forcing function F and the kernel IC are given by

F(t) = % i(R&- +R)GM () and K. (t) = % S K@)

i=1 =1
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The function G (t) and KgA)(t) are solutions of a differential equation, where if A = 0 then
GN(t) =1and KW (t) = 0. Define the differential operator

L[] =T® 4 (=30 + 372)) J@ + (—5q><1> + 202 — 4y AD + Ay A + 242 XZ) J
+ (—2<1><2) 4 400™M — 44201 — 4y, 0D 4 47172%) 7.
Then the interaction kernel is given by

KN () = 22000 yopere LV[R](1) =0, t > 5, Ky(t) =0, t<s, and

Ky(s) =3, Ki(s) =277 + 273 (2(s) = 12)), and
K!(5) = 2m1(71 + 3729(s) — 473X) + 273 [0V (5) 4 202 (5) — 472 AB(s) + 27922,
The forcing kernel is given by

GM(t) = 2‘2’2(3) where LXM[Jo]) =0, t>0, and

Jo(0) = 1, TV (0) = (20(0) — 299)), and J37(0) = ((20(0) — 2720)% — 2714 + 261 (0)).

Proof. Using the results derived so far, we now formulate the autonomous Volterra equation for the
loss under homogenized SGD E f(X;). We recall that for the least squares problem we have taking
expectation (conditioning on the singular values 3)
1 2 1
Enlf(X0)] = 5 En [Zvi — (U'n) 2 = Z o3 B (v — 522)" + 5 Zi Ex(U"n)3,
j=

where the second sum is empty when n < d. Recall that J = J @3) (A.4) gives the expectation of
Er (v — ([{’-777)))2 and hence

Rmin{n — d,0}
Eg f(Xy) J(Uz) +
H f(X1) ZU m

Using (A.7)
J=¢*J/71 and 1 =2020°E f(Xy)/n.

The term najzj has as initial conditions o R + R (when o7 = 0, the process J is constant). We

conclude that

1 <& 'ylnazJ
Ew f(Xy) = = Z 7)

From Proposition A.1,

1 Ww 1ot (s) R (1) - En £(X.)

After defining G and K as in the statement of the Theorem, this completes the proof.

We now give an explicit expressions for the kernel in two specific cases.
Corollary A.1 (Kernel representation, SDANA). Consider the inhomogeneous ODE in (A.10).
Define the differential operators with A & o2

I LIK,)(t) =0, t > s, K,(t)=0, t<s
where I?S(s) =2, I/(\"(s) = 2721 + 272 (%S — 'yg)\) and

=5 2
R1(6) =8 [1553 - 2+ 4533] + o — 323+ 450)
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2. LIJo(t)] =0
where Jo(0) =1, J{V(0) =20 —29,A, and J§7(0) = (20 —27,A)2 —2y,02 —26.
Then one has that
A2(1+ )2 K, (t) Jo(t)
N (1) — s Mgy = 2ol
K7V (t) A+ 02 and G'"™M(t) S0+ 17

Corollary A.2 (Kernel representation, general SDAHB). Consider the inhomogeneous ODE in
(A.12). Define the differential operators with \ Y 52

1. LIKJ)(t) =0, t Zs Ey(t)=0,t<s
where K (s) =3, K;( ) = 27971 + 273 (0 —2)), and
K7(s) = 271(71 + 3720 — 473)) + 293 [26% — 4700 + 293 0?].
2. LIJo(t)] =0
where Jo(0) = 1, J§(0) = 20 — 270, and J$2(0) = (20 — 292)% — 271\,
Then one has that
672‘%:]:)(25)

KM (t) = 2eXCDE () and G (t) = 5

B Relating Homogenized SGD to SGD on the random least squares problem

B.1 Heuristic reduction

In this section, we give a nonrigorous derivation of the homogeneous sGD which holds in general. In
the next section, we give a proof of Theorem 2 which applies in the case of y; = 0 using the results
from Paquette et al. [2021].

We are considering the SDA class of algorithms (1.1) which, for x; € R% and yo = 0,
yr = (1 — A(k)) yr—1 + %vfik(mk) and 1 =z — Vi (Tr) — Y, (B.1)

Here v1,7v2 > 0 are step sizes and A is a function of the iteration k£ and number of samples n such
that

A(k) < A(k,n) € L(logp)'(£).
Recall that our two motivating cases are SDANA for which A(k,n) = Hin and SDAHB for which
Alk,n) =2

Recall that we consider the normalized least squares problem
1
f(@) = 5l Az — b|1%,

and we use the singular value decomposition of U VT of A, with singular values o1 > 09 > 03 - - -
in decreasing order. We then let v; = VT'(X; — Z). We recall that
V(X)) =AT(AX;-b) and V?f=ATA.
Hence, we may change the basis to write
t
AVIX) = (VT 2) - 25 [ o) avT ),
o(t) Jo
A(V"'Z,) =2 (S, —UTb)dt + /2 f(X)ZTEA(VTB,).

The loss values we may also represent in terms of v

1 1 1
[(X0) = S AX, = b|* = S|S0~ UTnl* = 5D (o505 — (UTD);)*

Jj=1
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We let W), = %VTyk and U, = VT (x;, — ) (withwy = 0 and ; € R%, k > 1) so that for a
random rank-1 coordinate projection matrix Py

@y, = (1= A(k,n)) W1 + XU P,(USw), — ), and (B.2)
Vi1 = U — 22U P(USw), — n) — Ly (B.3)
By unraveling the recurrence for w, a simple computation shows that
E k-1
w, =>» [[[1-AGn)|="UP(USD, — 7). (B.4)
£=1 i=¢

We now create a continuous time version of the vector wy, so that ¢ and s correspond to one pass
over the data set. In doing so, we can approximate the product Hi‘:@l 1 — A(i, n) by first taking
logarithms and then approximating the sum with a Riemann integral. If we let £ = ns and k = nt,

k—1 nt nt
H [1-A(i,n)] = H [1— A(i,n)] = exp ( Z log (1 — A(z,n)))
=0 i=ns i=ns

~ exp ( i A(i,n)) = exp < - % Z (10g<P)/(fl)>

~ exp ( /_tr;log o) (u) du> = i((g .Z_m

We are trying to isolate the martingale term in wy, so we need to find the mean behavior of w. As
such,

k k-1 2
Wy j = [1—A(,n)]| (] STUTP(USv, — m) — (200, — Z(UTn);))
(=1 1=¢
E k—1 ,
+ [1— AGn)] (Lo, — Z(UT);).
=1 i=¢

Define the martingale increment AJ/W\M = ejTETUTPg(UEVg -n) — (Z0,; — ZU"n);).

Then

k k-1 k k-1 5
@M:ZH [1—AG )] AM; + > ] [1 - A6 (2o, — 2 (UTn);)
(=1 i=¢ (=1 i=¢

We now pass to the continuous time by letting k& ~ nt. So we define a continuous time, purely
discontinuous martingale M; with jumps at times N/n which are given by

f _
(AM)gjn; £ eTSTUTP(USvy) — 1) — 0 (0200, — 0;(UTM);)

In terms of this martingale, we define cadlag processes wy ; and v; ; as approximations for 13;@ j and
Uy, ;. For w this is given by
1 ‘ 2 T
wij = — [ o(s)(dM;; + (0Fvs,; — 0;(UTn);) ds).
©(t) Jo
As for v, we must compute also compute the change in U, ;:

~ ~ ~ 1 ~
Dir1y — Dy = —eT ST UT P (USD, — n) — %wk]

Again on scaling time to be like £ ~ nt, we arrive at a continuous time stochastic evolution

t
dvy = =2 (dM,; + cf?l/t,j —o;(U™n);) — %/0 o(s)(dM, ; + (szusyj —0;(U"n);)ds).
Thus this is exactly the homogenized SGD (A.2), but with the martingales {W; ;} replaced by
{My;}.

20



The martingales { M, ; } are purely discontinuous. Their predictable quadratic variations are given by
(ignoring errors induced by smoothing the indexing)

- 2
AMy 5, Myi) =02y Us Ui (USi—n)e)" —n" (05— 0, (UT);) (07ves— (U m)s).
=1
The latter term is too small to recover and so disappears in the large-n limit. Note that in the first
sum, if (UXv, — 1), could be decoupled from Uy ;U, ; and if (U£2,j : 1 < £ < n) is sufficiently
delocalized, then we would arrive at
n 5 202
My, M) = 83407 Yy JUE (USwr =)o) = i~ f(X0),
=1

from the fact that U? ¢; &~ 7 onaverage. This is the homogenized SGD. The main input is sufficiently
strong input 1nformat10n on the eigenvector matrix U. In Paquette et al. [2021], it is assumed that
this is independent of the spectra and Haar orthogonally distributed. We expect it remains true under
weaker assumptions, but note some type of eigenvector assumption is needed. If for example A is
diagonal, the resulting coordinate processes decouple entirely, as opposed to interacting through the
loss values .

B.2 Proof of correspondence for SGD

We give a proof of Theorem 2, or rather show how Paquette et al. [2021] (which contains the
argument) may be adapted to show the statement claimed. The starting point is an embedding of the
discrete problem into continuous time. That is we create a homogeneous Poisson process N; with
rate n (so that in one unit of time, in expectation n Poisson points arrive). We then introduce the
notation

def 1 ~ 1
Ye(t) = flan,) = SlA@N, —2) - n|*> = Pl U'n|.

1 d nAd 1
252 oV Z%Vm @) + 5 lnll*.

(B.5)

By partially integrating the equation, we can rewrite th1s equation (see the derivation [Paquette et al.,
2021, Equation (41)] through [Paquette et al., 2021, Lemma 21] — note we are using batchsize 5 = 1).

I of o o2 2 ! —2(t—s)v0o? 2 2051(s)
1/’5(75):22%(6 vy + Oe V75 - ds

j=1
—2t—s)0 , - (B.6)
+5 Z ”720 ve;(UTm); d5+*||77|| ZUJVM (U n),
J=1

+e£€1’< >+e§2>< )

The two error terms 5%3 (t) and 51(\2 ) (t) are (first) due to the eigenvectors not being perfectly delocal-
ized and (second) due to the randomness of SGD. Note that we can write this in terms of the notation
for Theorem 4 by

Yo (t) = Frr(t) + /Ot’cs<t>wa<s>ds+e%2<t>+ e (1) + Bl (1), where

€)= 2302 ( (voy — (UTn); /)% — Rjn — R/ (no?) B7)

Jj=1

[\)

n
/ —20t- 5)707720 V”(UT ); ds

M\»—t

The main errors are controlled directly using the results of Paquette et al. [2021].
Proposition B.1. There is an > 0 so that for any T > 0 there is a constant C(T, \f;) > 0 so that

Pr| sup {|€ \—|—|€ )} >CO(Mn=° |2 <n™®
0<
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Proof. In short this the combination of [Paquette et al., 2021, Lemma 13], [Paquette et al., 2021,
Lemma 14], [Paquette et al., 2021, Proposition 16]. We note that the event that dominates the
probability is the application of [Paquette et al., 2021, Lemma 13], which is simply Markov’s
inequality applied to the loss. O

The extra errors are controlled by [Paquette et al., 2021, Proposition 19] and by concentration of the
initial conditions. Thus by (B.7), we have that the true loss of SGD satisfies an approximate Volterra
equation. Using the stability of Volterra equations with respect to perturbation [Paquette et al., 2021,
Proposition 11], we can conclude that 1. is close to a solution of the Volterra equation with € = 0,
with the claimed probability.

C Analysis of convolution Volterra equations: convergence and rates

In what follows, we give an analysis of a class of convolution Volterra equations that appear naturally
in the SDA context: our analysis will give convergence guarantees, convergence rates and limiting
losses (in the underparameterized context. Ultimately, for all of SGD, SDAHB and SDANA, we will
have the task of describing the evolution of the training loss L(t) = Eg[f(X})] which satisfies

L(t)=F(t)+ /t Z(t — s)L(s), forallt > 0,
o 0 - (C.1)
F(t) = / (RA+ RGN ()u(d)), and I(t) = / KM () u(d)), forallt > 0.
0 0

We refer to F' as the forcing function and Z as the convolution kernel. The measure (i is the limiting
spectral measure of the Hessian problem (some parts of the analysis also hold with y the actual
empirical spectral measure of the problem). In all cases, operate under the following assumptions.

Assumption 3. The functions (\,t) — G (t) and (\,t) — KX (t) are non-negative, continuous
and bounded on bounded sets of \. Assume further that for each A > 0, K and G tend to 0 as t — oc.
At \ = 0, on the other hand K™ = 0 and GX) = 1.

In this section, we shall also do the analysis for SGD. Much of SGD analysis appeared already in
Paquette et al. [2021], but it serves as an instructive and simple example. Recall that for the case of

SGD, we have that
GOJ() = e M and KU (1) = 42A2e N (C.2)

The actual convergence analysis of L in this setup is relatively simple. As a consequence of dominated
convergence, we have F' converges as t — 00, and in fact

Jim F(t) = u({0) R

The important input to ensure convergence is that the norm of the convolution kernel is controlled.
I1Z|| = / Z(t)dt = / / KX (4)dtu(d)) (C.3)
0 o Jo

Thus by dominated convergence, we have the following:

Lemma C.1. Suppose Assumption 3 and suppose |Z|| < 1. Then

. p({OpYR
lim L(t) = ——=—.
M L(t) 1—|Z]
For SGD, in particular that means (using (C.3))
R e A yte(u
aall = [ [ k@ 0dtuan = [~ Putan = 752, c4)

where tt(u) is the limiting normalized trace of the Hessian, i.e. the first moment of the measure .
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Rates (heavy-tailed case) The rate analysis is divided into two cases, according to the behavior
of the forcing function F'. If I’ converges exponentially quickly to its limit (which occurs in our
applications when the spectrum of y is separated from 0), then the forcing function converges
exponentially. On the other hand, if x4 has a density in a neighborhood of 0, then the rate is
subexponential, and we will suppose further that F' and Z are both tending slowly to 0.

Assumption 4. The function F dominates T and T/||Z|| defines a subexponential distribution: that
is

[ [T Z(t — s)Z(s)dsdt
Jr Z(s)ds

A simple sufficient condition for the latter of the two conditions is that Z(¢)t? — ¢ for some
¢ > 0,8 > 0ast — oco. In this case, the rate of convergence of L to its limit is

F(t)/Z(t) » o and = 2||Z]l.

Lemma C.2. Suppose Assumptions 3 and 4 and suppose ||Z|| < 1. Then

p({0)R F(t) - p({0)R
HOTTSE e T

In other words, the rate is completely dominated by whichever rate F' takes.

Proof. If we subtract the limiting behavior from L, we have

10~ 505 = - s [ 209260 - T s

Thus if we set

E:L—lm and F =F — pu({O}R,

we conclude that

~

L(t) = F(t) + / t I(t — s)L(s)ds.

This is a defective renewal equation, and moreover it is a defective renewal equation in which Z /|| Z||
defines a subexponential distribution. Thus from [Asmussen, 2003, (7.8)], we conclude the claim. [

To apply this to SGD, we suppose that
w((0,€]) ~ Le®. (C.5)

e—0

In this case, we conclude that

(2 + a)aly? RI(1+a)al  RT(a)al

Taalt) v —pet= and Faa(t) — u({ONR ~

tooo (29t)2te o (2yt)He (2yt)
Thus we conclude the rate for the loss of SGD (using (C.2) and Lemma C.2
n({OHR 1 RI(1+a)al  RIU(a)od
Ba(f(X:)] - 1— ’Y“Q(M) t 5500 1_ 7“2(#) (2vt)t+e (27t)e €6

Rates (exponential case) We now consider the case F' and Z tend to 0 exponentially, as is the case
when g has support {0} U [A_, A ] for positive A_. We enforce these assumptions by assuming that
both G and KM behave well in a neigbhorhood of the spectral edge.

Assumption 5. The support of i is contained in {0} U [A_, AL] for some A_ > 0, and \_ is in the
support. The kernels satisfy for some positive strictly increasing function f on some [A_, A\_ + 0]

GV () = e~ UNFeNE gpg KN (1) = e~ (TN +e))

ast — oo. Both G (t) and K (t) are bounded by e~ TN+t for larger X as t — oc.
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To estimate the rate, we need to introduce the Laplace transform of the kernel

Fa) ¥ / eI (t)dt = / / et KON (t)dt pu(dar) (C.7)
0 0o Jo
We define the Malthusian exponent \*, if it exists, as the solution of
F() =1. (C.8)

The Malthusian exponent gives the right behavior, on exponential scale for the rate of convergence,
when it exists. Otherwise it is simply e~ /(A -)t:
Lemma C.3. Suppose Assumptions 5 and 3 and suppose ||Z|| < 1. Then
(1) BUODR _ foO7rot, iy v,
1—||Z|] — e T+t otherwise,

as t — 0o. Furthermore \* < f(A\_) if it exists.

Proof. First, if the Malthusian exponent exists, we observe it must be positive, since by assumption
o0
F(0) = / I(t)dt = |7 < 1,
0

and the function z — F(x) is increasing (and continuously differentiable on [0, A_)). Furthermore,
the Laplace transform F(x) = oo forany > f(A_) as A_ is in the support of  and f is increasing.
Hence \* if it exists is in (0, f(A_)].

It follows that if the Malthusian exponent does not exist, then F(f(A_)) < 1. In that case we can
transform (C.1) by taking

E(t):ef(’\—)t(L(t)—%> and E(t):ef(’\—)t<F(t)— u({O})E),

which therefore satisfies

=

(t) = F(t) + /Ot e/ AT () L(t — s)ds.

The function F (t) grows subexponentially in ¢ by hypothesis, and since e/(*~)Z(s) has norm less
than 1 (its norm being F(f(\_))) it follows that

L) = B(t) + /O R(s)B(t — 5)ds,

for the L*-resolvent kernel of ef(*~)5Z(s), which is the infinite series of convolution powers of this
kernel. Hence L(t) grows at most subexponentially and at least as fast as F', from which we conclude
that L(t) behaves like e ~(/(A-)+o(1)t,

If F(f(A-)) > 1, we instead have a nontrivial Malthusian exponent inside of (0, f(A_). We
therefore have after making the transformation

L(t) :e”t(L(t)—‘i(w”}gf) and E(ﬁ)ze**t(F(t)—u({o})é)

that Z(t) solves Blackwell’s renewal equation (see [Asmussen, 2003, Theorem 4.7]. If F(f(A_)) >
1, then the Laplace transform F is differentiable at A*, and so the renewals have finite mean

1 = F(A*)'. In particular it follows that L(¢) actually converges to % I F(t)dt, which is finite by
the exponential growth condition.

In the critical case F(f(A_)) = 1, we observe that

t
max L(u) < max F(u) + (max L(u / efPA=)3T(s)ds,
na (u) na (u) ([O,t] (u)) ; (s)

thus rearranging, and using that fg ef(A*)SI(s)ds — 1 ast — oo we conclude
-~ ma F(u
max L(u) < (OO Xjo.0 F(w) )
[0,1] [ efA-)sI(s)ds
which therefore grows subexponentially. O
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For SGD, the K and G (recall (C.2)) satisfy Assumption 5 trivially with f(A) = 2vA. Hence, to
esetimate the rate, by which we mean

— log (Exr[f(X:)] — (Em[f(Xs0)])

t—00 t ’
the only task is to estimate the Malthusian exponent.

def ;.
=1

sgd-rate ()

Lemma C.4. At the default parameter for SGD, v = Tlu) the rate is at least tr’\(—;) The maximum
A

rate over all vy is at most 4 MK

Proof. Note that the Laplace transform is given by
o0 . o ,Y2 A2
]:Sgd(x) = /0 € Isgd(t)dt = /) mu(dz)

Note that if we choose the default parameter v = ﬁ, then at x = tt’\(—;) we have

gy L /°° A2 (dx)<1/°”2(dx)<1
2 T () o 2 S ey S, A=

It follows that we have shown that the rate at the default parameter is at least tt’\(j

To get an upper bound over all step sizes, note that from (C.4), the largest v we can take is determined
by

vie(p)
2 = Tl < 1.
Further, the fastest rate we can ever attain is e~2Y*~*, and hence taking the largest v, the fastest
4
. . -7t
possible rate is e t*(1) ", O

D Momentum can be faster, SDANA

In this section, we consider the SDANA case in depth, developing approximations and limit behaviors
for the differential equations for which one achieves acceleration in the non-strongly convex setting.

Recall from the ODE for J in (A.8) and the initial conditions (A.9),

- 2 45020 T
J® — ((134(1) - 372‘732‘) J® = (_ 5(?1?)02 T <712+Z> —dmoj — 27%0;1) T

~

46+440> 42030 | 4viofo 4
— (e - s+ T —amneet) T (0.1)

_ 1 -6 2\ 13\ (1 0 2y 13\ 7
= %1/1( )+ (272 + (m +’YZU]')77?)¢( )4 (2m + (W +2’710j)77?)1/}»
where the initial conditions are given by
T — UTn)\2 -~ 2~ ~
J0) =77 (s~ )] T0©) = E50) - F0) (26 + 23202). o
-~ 2 ~ ~ ~ ~ ~
T®(0) = 20 (0) + 2928(0) — 271077 (0) + (20 — 27205).TH (0) — 20.7(0).
Remark 1. It is possible to represent the solutions to the homogeneous ODE (D.1) by
J(t) =c1 (1 + t)?e™ 7273 (WhittakerM(A, B, C))” ¢, (1 + t)%e 1275 (WhittakerW(A, B, C))*

a8 Y2

+c3 (14 )27 (WhittakerM(A, B, C) - WhittakerW(A, B, C))

Y3

Y20 0—1
where A= 202 B:T’ and C = oj(1+1t)\/oFv5 — 47
2,/0%75 —4m
712

D.3)
For multiple reasons, working with this representation appears to add complications: we need
uniform asymptotic expansions as o tends to 0. We also need estimates for the fundamental solutions
with parameters in a neighborhood of the turning point cr?*y% — 4y, = 0.
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D.1 The fundamental solutions of the scaled ODE

To give uniform estimates as o; — 0, we will scale time ¢ by o; and in doing so, we define a scaled

differential equation for J(t) = J(¢/0;). We develop properties of the fundamental solutions of the
homogeneous version of the equation (D.1), given by

2
B =79 = (2 0y ) 700 - (<22 00y ) T
46 + 462 dry20,0 44,0

- ((C’j +1)F (o5 +1? oy +t

One can, in principle, derive an exact solution for this ODE using Whittaker functions; the resulting

solution is quite cumbersome. As such we develop families of local solutions in a neighborhood of 0
and in neighborhood of co.

D.4)

- 4’}/1’720'j> j: 0.

The Wronskian of this differential equation will be needed multiple times. Due to Abel’s identity, the
Wronskian of any three fundamental solutions of (D.4) is (for any ¢, s € R)

W(t) _ (Uj + t)39 e—3’y2r7j(t—s)

W(s) (oj+s)3? ’ (D-5)

The neighborhood of infinity. The approach we take is to derive a local series solution for large ¢
as seen in [Coddington and Levinson, 1955, Chapter 5]. We observe that the coefficients in the linear
ODE (D.4) are analytic in a neighborhood of co. As such, there exists a formal solution to this ODE
[Coddington and Levinson, 1955, Chapter 5, Theorem 2.1] given by

J(t) :eAt(aj + )P P(t) =€At(0j+t)p<00+ﬁ+(gjcﬁ+...),

where )\, p are constants and P(t) is an analytic function in a neighborhood of cc. This formal series
solution asymptotically agrees with the actual solution [Coddington and Levinson, 1955, Chapter 5,
Theorem 4.1], and in fact are convergent solutions for all ¢ € (0, c0). We now derive the constants A
and p by simply plugging in our guess for the solution and deriving equations for A and p. To make

this computationally tractable, we will compute derivatives in terms of J' /J, that is,

- P C1 _3 N 7 (PN . P L,
_)\+O_j+t (O'j+t)2+0(t )7 (f) =77 (f) = (Uj+t)2+0(t )

=\ T T T T 3
and (Lj) = Lo 3L +2(Lj) —Ot™?).

<=

In particular, after some simple computations, we get the following expressions

J’ P C1 -3
= =) — o(t
J +0j+t (O’j+t)2+ ( )

2 n 2Xp p? —2\c; —

J o5+ t (O’j + t)2

j’i:/ _ )\3 + 3)\2[) 3)\[72 — 3A2C1 — 3)\[)

J o;+t (0j+1)?

Finally we have all the pieces to get the expressions for the coefficients A and p by using (D.4)
0= A%+ 3v20,A% + (471 + 27%0?)/\ + 4717205 = (A + 0j72) (A* + 2072\ + 471)

and 0= (0 +1)""[30A% + 4v2070A + 471020 — p(3N> + 67207 A + 4107 + 2v307)].

From solving the cubic equation, we get that \ = —0 72, =072 & /0373 — 471. For each ), we
determine the corresponding p, that is,

L o3

+O(t?).

(D.6)

)\:—Jj’YQ = ng

o
A=—oipt/oj —dn = p=9<1$2272 )
\/Uj72_4'71
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As a result, the three fundamental solutions are

30 = 7 oy 4 1) (14 525 +0()

. —0; 90'7’ C —
J2(t) = e 772 (o + 1) exp (\/ 0273 — 4m [t —log(a; + t)‘a?vg;limn (1 +om ol 2))

. . o c _
) = €5y 4 1) exp (—fo2g — am [t~ low(o, + ) 25 ) (L+ 5545 + 067?)

(D.7)

The neighborhood of zero. We may follow the same approach in a neighborhood of o +t = 0,
where (D.4) has a regular singular point. The solutions are now controlled by the indicial equation of
the differential equation, which is given by

TA) = AN = 1)(A = 2) — 30N\ — 1) + (50 + 260%)\ — (40 + 462) = 0. (D.8)
This is polynomial is explicitly factorizable by
JA)=A=20)(A—(1+0)(A—2).
Hence when 6 is not an integer, there are three fundamental solutions
j1(t) = (5 + 0 (1 + aui(oj + 1) + ag1 (05 +1)* + -+ ) = (0 + ) ar (8),
j2(t) = (0 + )" (L + ar2(0j +1) + asa(o; + )2 + -+ ) = (0 + 1) Taq(t), (D.9)
i3(t) = (05 +)* (1 + ar3(0; + 1) +ass (0 +)* + -+ ) = (0 +1)%as(t).
The coefficients of these recurrences are defined by a recurrence. For the case of aq, this recurrence
is given by
a;13(20 + j) = agj_1)1{—3720;(20 + j — 1)(20 + j — 2)} + O(j),
where we take coefficients ax; = 0 for k negative. The error term also depends on previous

coefficients {a(;_1)1,a(;—2)1,a(;—3)1}, and the other coefficients in (D.4). In particular, we may
bound this recurrence by

3v20(20 4+ j —1)(20 + j — 2) + M(y1,72,05,0)(20 + j — 2)
3(20 +4) ’

where the function M is a continuous function of its parameters on all R*. By induction, we conclude
that

1] <
laj1] < (Ogglgﬁlhkl\)

I'20+1 ;
lajil < & . (37205)7 (20 + j)M 1 72:75:9),

(20 +1+7)
Applying this argument to the other sequences, we conclude that:
Lemma D.1. There is a continuous function M = M (y1,72,0;,6) > 0 on R* so that

ar(t) ax(t) az(t)] ‘
H aj(t) ay(t) a4(e) H§ 2405+ tyMe3120it forall t > 0.
af(t) az(t) az(t)]
We will also need some estimates on the fundamental matrix built from these solutions. Define
j1(t) ja(t) is(t) [(t + 05)* (t+ o)t (t+0;)?
P = [14(0) 1) h0)| , ~ |20 40,2 (L+0)(t+0,)  2(t+0,)"
i) a5t s(t) LRI+ 1) (t+ 0P (14+0)0(t+05)" 2

In particular the Wronskian of 3 satisfies

1 1 1
det PB(¢) el (t+ ;)% det |20 1+46 2| = po(t +0;)%.
79 (20)(20 +1) (1+6)0 2
We conclude from (D.5) that for any ¢, ¢ > —o;,
t \30
detB(t) = det ‘B(e)%eih?gj(t*e) — (t 4 o) e 31203 (tFos), (D.10)
(e +05) =0

We conclude that:
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Lemma D.2. There is a continuous function M = M(v1,72,05,0) > 0 on R* so that for all
t> —0;
(2 +Uj +t)M+2969’720'jt

(0 + )%

IBO < (2+0; + )M 20e3200 and P <M

Proof. The first bound follows directly from Lemma D.1. The second bound follows from Cramér’s
rule. We note that some entries of the inverse matrix are singular at 0, but all have the form of

jg¢—1).l()j_1) B .(i—l)j((lj—l)

) )
det B (t) ’
for some a, b, 7, j € {1,2,3}. Hence the smallest positive power of (¢ + ;) is achieved by taking all
a,bi,j € {2,3}. 0

Improved bounds at the singular point. When 7507 — 47, ~ 0, the solutions constructed near
infinity degenerate. We may however show that the solutions constructed near 0 in fact have the
correct exponential behavior at infinity. We observe that we may always represent the differential
equation (D.4) by

(Jeo 12 3) 4 gy (Je%i12) () gy (Je%i12) (D) 4 g (Je%72t) =0,  where

30 2v,0,0 262 + 50
= = 4~y — ~252 J d
&2 O'j+t7 £1 '71 720-‘] + (Tj+t (O'j +t)2, an (Dll)
o= (4")/1 — 7%0?)9 (292 — 9)’720']' . 4(92 + 9)’}/20'j
0 oj+t (0; +1)2 (0j +1)3
Hence with Y := Je% 72t we can represent
Y (D (t) 0 1 0 Y (t)
YO@#)| =] 0 0 1 Y (t)
Y@ () —eo(t) —e1(t) —ea(t)] [YP(1)
Hence if we let
62 = max{|4’yl 720] 2], (wj + }
we conclude, after conjugating
Y (t) 0 0
STy | = 0 ) 1Y<1> )] . (D.12)
52y B)(t) —e0(t)d2 —51( —eo(t)| [672Y P (1)
We define
N = max{|Y|,| 5 |,| 37|} and A :=max{J,|e2] + e167}| + |06 2]}

which are £°° norms of the matrix and vector that appear on the right-hand-side of (D.12). Moreover,
taking the time derivative of N we conclude the differential inequality
N(t)

N'(t) < A@#)N(t) + 1[0° = (w; + t>_1]w, s

There is a continuous function M of the parameters (1,2, 0, 6) so that A(¢) can be bounded by a
multiple of M¢(t) for all t > 1. Applying Gronwall’s inequality, it follows that for any ¢ > o > 1
that

N(t) < N(to)exp (M /t 5(s) ds). (D.13)

to

We use this to conclude the fundamental matrix ‘B has reasonable decay properties for 4y; — 72 012»
small.
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Lemma D.3. Let w = 4y, — '730]2» and suppose that |w| < 1. There is a continuous function
M = M(y1,72,0;,0) >0on R* so that forallt > s > 1

1B < MemC27=MVIDE and BB (s)]| < Me 2o MVIDE=)
Note that the first inequality extends to all ¢ > —o; using Lemma D.2.

Proof. For the first bound, we apply (D.13) to each of j1,j2,j3 separately. As |w| = 62 < 1 and
Y (1),Y’(1),Y”(1) can all be bounded using Lemma D.2 by a continuous function, we conclude for
some possibly larger M > 0
Y//(t) S M@Mté.
By integrating this bound, we conclude, by increasing M as needed that there is some M so that
max{[Y (t)], [Y'(¢)], [Y" ()|} < MeM™.

With Y (t) = j,(t)e?72t, for a € {1,2, 3} expressing the left-hand-side of the above in terms of j,
and again increasing M as needed, we conclude the first claimed bound.

For the second bound, the columns of 3 (¢)B 1 (s) solve (D.4) and they have identity initial conditions
at s. Hence applying (D.13) to each, we derive the desired equation in the same fashion as above. [

D.2 Near infinity

Throughout this section, we work in the regime that
471 —v307| > €

for some positive €. This regime ensures that all the roots of the indicial equation for the ODE (D.4)
are distinct near co. We are interested in deriving an expression for the kernel K(¢) in Corollary A.1
when s and ¢ are large. Recall the three fundamental solutions near infinity that is j;(¢) (D.7). We
begin by defining three different boundary conditions that will aid us in finding the kernels we are
interest in, that is,

(Dirichlet sol., D,(t)) L[Ds(t)] =0 where D(s) = (1,0,0)”
(Neumann sol., Ny (t)) L[N,(t)] =0 where N(s) = (0,1,0)7 (D.14)
(2nd derivative sol., ,(t)) L[H(t)] =0 where H,(s) = (0,0,1)"
We will compute the asymptotics for the Dirichlet solution 253(1&) in full details; we leave out the
details for the other two solutions noting that the same approach works.

Using the fundamental solutions near infinity, we can write the Dirichlet solution as a linear combina-
tion of the fundamental solutions,

Dy(t) = e ()j1(t) + 5 (8)j2(t) + cf (5)ja(?)-

We need to find the coefficients ¢1, ¢z, c3 and to do so we utilize the fundamental matrix ®(s),

et Ji(s)  Jja(s)  Ja(s)
(s) = |gi(s) da(s)  ds(s) (D.15)
J1(s) j3(s) Jj5(s).

In particular the coefficients c¢P are found by ®(s)(cP, P, cP)T = (1,0,0)”. Hence, we need to
compute the inverse of ®(s) which we do by Cramer’s rule. First, we need an expression for the
Wroskian #(s) which we wrote in (D.5) as a ratio. Since we are working in a neighborhood of
t = 0o, we can compute the Wroskian using ¢ = oo and therefore derive an expression for the #(s)
for any s. A simple calculation yields the following expression

1 1 1
W(t) = detq)(t) ~ GXp((Al + AQ + Ag)t)(O'j + t)p1+p2+P3 det )\1 )\2 )\3
AAAS

= exp(()\l + Ao + )\3)t)(0j + t)p1+p2+p3 ()\3 — )\2)()\3 — )\1)()\2 — /\1)

29



where the pair (\;, p;) corresponds to the fundamental solution j; and the determinant of the matrix
is the determinant of the Vandermonde matrix. It is clear that A\ + Ao + A3 = —30;72, p1 +
p2 + ps = 30, and (A3 — Aa)(A3 — A1)(A2 — A1) = 2(0?7% — 4,)%/2. Hence, we have that
(t) ~ 2exp(—=302nt)(o; +t)* (0343 — 471)3/%. Combining this with (D.5), we get that

1 63’\/203'5(0']' +5)730

= . D.1
V() 2022 — )P (D-16)

Here we used that we working in the regime where the denominator is bounded away from 0. By

Cramer’s rule, we have an expression for the fundamental matrix ®~1(s)
1 iy = 345 34da = dadf Jod = i
> (s) = 70 315 = Jids  Juds —Jids Jids — s
VL LY Y [ IV ES JlJé — Jij2

1 (/\2>\§ )\2>\3) (A3 =gt (hs = Az)jfi
~ f A3Ai M)js b (A3 =MDt (M —As)ia
0T 12 |8 2 2, 2
(7372 =47)%2 | ({3 — o D)is (A2 =225t (e — M)js !
1 [A2A3(As3 — 2)]1 (A2 = A3) (A2 + A3)jy 1 (/\3 - )\2 L
= AsAt(A1 — Ag)js b (As — /\1)(/\3 +A)jy - (M )
2 2 —4 3/2
(7572 = 4m) _/\1)\2()\2 - )\1)33 (A1 = A2) (A1 + A2)js ! (/\2 - A1)J

We used that ji(g) (5) ~ Afji(s) and we simplified the Wronskian by pulling out the appropriate terms.
To simplify some of the terms, we let w(o) = 4y, — 7302, We can now compute the coefficients for

the various boundary solutions using that 2(6273 — 471)*/% = (A3 — A2)(As — A1) (A2 — A1)

T
(C?(S),C?(S),C?)D(S))T — (471.7-1—1 UJVQ(O'JPY? + M) —1 0372(0-372 - M)j—l> (1 + O(E))

w —2w J2 —2w 3
T
20579 .1 20572+ —Ww .| 20572 —/—w ._
(e (s),c3'(s), c5 (s))T = =gt == gyt == jst ] (1+0(@)
w 2w 2w
. L L T
(e (s), el (), el ()T = (2, 20 ) (14 o).
’ 13 w ' 2w 2w

We conclude the following bounds for the fundamental matrix:

Lemma D.4. Let ¢ > 0 be arbitrary and suppose that w = 41 — ’yga? satisfies |w| > €. There is a
continuous function M, == M(v1,72,0) so that forall t > s > 1,

. 0
[8(1)8 " (5)]] < My~ vVamlwhe—s) (25 T 1

(0j +s)0

If on the other hand, s < 1, we instead have

1B(1)D ()| < Moo~ (ime—/max{-w,0h)(t—s) 1% TH (oj+1)°
(o) + 8)20°

Finally, we have the asymptotic representation for the fundamental solutions fort > s

~ 17005(\/§(t75)+10g(§]“ +z) 2’Y20]0)+Os (1) (0" + t)e
Hs(t) = ( wJ+ Vo ) exp(—aj’m(t — s)) 7(0; o)

sin(+/w(t—s)+lo o5+t 272040 o 1 . 0
(vett—s)t10(Z55) =T ) +o.2(1) (0j +1)
( = )it =)

./\75(15) = 2072715@) +

~ ~ o (oj + t)?
Dy (t) = 072 Ns(t) = (072) Hs (1) + (1 + 05,(1)) exp(—oj7a(t — S))mv

where the error o5 (1) tends to 0 uniformly with s uniformly on compact sets of the parameter space
where |w| > €.
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Proof. The bounds follow from estimating above the fundamental solutions (D.7) and the Wronskian
formula (D.16). By combining these with Lemma D.2, we can extend the formula to s < 1, (using

(1) (s) = ()2 ()R()D ™ (s) = (O™ ()PP~ (s),
using uniqueness of the IVP). The final asymptotics follow from the display above the statement of

the lemma. O

The scaling limit of the fundamental solutions as o tends to 0. We conclude with:

Lemma D.5. Let 0 be the solution of (D.4) on [0,00) with o = 0 that has the property that
(t)t=2 — 1 ast — 0. This could also be expressed as the limit as o — 0 of j;. For any ¢ > 0

sup (o7 +1)~’]0* - Do(t) ()] —3 0,

t€le,00)
—0) _20—1 ;7
sup (o +t) |0 “No(t) —o(t)] — 0,
t€le,00) o—0
sup (0 +1)7%0" 72 Ho(t) — 0(t)| — 0,
t€le,00) o—0

Proof. We can represent Dy (t), No(t), Ho(t) as the entries in the first row of

O(t)21(0) = ()2~ (1)P(L)P~(0).

The matrix in the middle ®~1(1)%3(1) converges to a nondegenerate matrix as ¢ — 0. The first row
of ®(t), given by j1, jo, j3 each converge to solutions ay, as, ag of (D.4) as ¢ — 0 in the sense that
forany e > 0
sup (o +1)"|ji(t) — ax(t)] — 0.
t€le,00) o—0

The columns of P~ (0) behave like

0.—29 0.1—29 0.2—29
m—l(o) — 0.—1—0 0.—9 0.1—9 ,
70 52 ol 1

where we mean that the ratios of the respective entries converge to a nonzero constant as ¢ — 0. To

see that the limits that result are always equal to d, we can instead represent Dy (t), No(t), Ho(t) as
the first row of 3(¢)3~1(0). On taking o — 0, only the multiple of j; survives. O

The fundamental solutions of the unscaled ODE. Finally, we relate the estimates we have made
back to the unscaled differential differential equation (D.4) and (D.17). So we set
(Dirichlet sol., D,(t)) L[Ds(t)] =0 where Dy(s) = (1,0,0)7,
(Neumann sol., N5 (t)) L[Ns(t)] =0 where N,(s) = (0,1,0)%, (D.17)
(2nd derivative sol., H(t)) L[H(t)] =0 where H.(s)=(0,0,1)7.

To make the connection to (D.17), we observe that an initial value problem

f(to) c1 _ f(to/oj) €1
Lif®)]=0 and | f'(to) | = |c2| ¢— L[f(t/o;)] =0and |0y /o,f(to/0j)| = |c2/0;
1" (to) c3 afu/gjf(to/gj) 63/0]2-

Thus we have the identification
DIV (t) = Do, (), N () = Noo, (1) /05, HID' (1) = Hog, (1) /07 (D.18)

Using Lemma D .4, it is possible to give asymptotic expressions for these kernels and corresponding
estimates.

We recall that we can express the terms in the Volterra equation for SDANA as

Ef(X:) = Rhi(t) + ﬁho(t) + /t Ks(t)E f(X5) ds,
0

31



for a given spectral measure y (especially, the empirical spectral measure or the limiting empirical
spectral measure) by

GI(t) = (Dé”2><t> + (20 — 270N (8) + (20 — 24207)2 — 27107 — 20) M (¢ >),

ho(t) = /G dO’ ) and hl(t) = 2()0;(25) /U2G(Uz)(t)ﬂ(d02)
0 0
Kt = 28 [ o1 (1) + ( 23m + 202 (75 — 120?) N (1) ) ul(do?)
S/ ( ) )

3 2 o2 1 o2
8 = ot (o8 [t — a2 4038 — $minfe + S+ 202 ) O (a)
0

(D.19)

Reduction to a convolution kernel. We work under the assumption that the support of p is
contained in [A_, Ay].

For the kernel, we start by using the asymptotics for D, A/, H in Lemma D.4, which give

1—cos|ov/w(t—s)—lo 1+i 120 +os,:(1) 1+t o
Hs(t) _ ( ( ngsler ) Vw ) > eXp(—ngyQ(t — 8))((14—8))97
sln(o’f(t 5)— log( +S) HFYQU)-&-ob (1) 1+t o
Ns(t) = 20’2’}/27‘[5(t) + < g\}; = ) eXp(iazf}/Q(t - S)) ((1 + S))Q’
2 4 2 2 (1+1)°
Di(t) = 0%1aNu(8) = 0 33H,(6) + (1 + 00 (1)) exp(=o50(t — ) {5
(D.20)

To apply these asymptotics we need to cut out a window I, of o for which w = w(o) = 47y, — 7202
is small. So for an € > 0 let I, be those o for which |w| < €. If w(o) is bounded away from 0 on the
support of 1 we may simply take e = 0 in what follows. By tracking the leading terms, we arrive at

9~2 f 1—cos (9(0) oo (t—s)—log (1L ) 220
zcs<t>(1+os<1>>”;zjgs) / a2eaws>( d enlis) W)u(da?)
I

+ 0(667(4"/1’)/2_14*]\/[6)(1575))

(D.21)
where (o) is a phase depending on 71, 2, o, having ¥(o) ~ —2+/~v1w(0o) as w — 0. The phase is
defined explicitly by

w — 1 2_ %
cos(9(o)) = L2 =2

297 ’
(D.22)
sm(ﬁ(o)) _ (w — 2’71)2\/,;1’71 — W\/i

This is essentially a convolution type Volterra kernel, and so we simplify it by using an idealized
kernel. Define

L0 —Z(t— 5) — 272 /Ooo 2ot a(i—s) (1 — cos(¥(o) + o/w(t —s)) ),u(daQ). (D.23)

w

This is a convolution kernel, which is comparable in norm to /Cs(t). As the theory for positive
convolution kernels is substantially simpler, we turn to studying the equation:

W(t) = Ro(t)hy (t) + Ro(t)ho(t) + /Ot Z(t — s)¥(s) ds. (D.24)

We will reduce the asymptotics of v to those of W.
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A simple computation gives that the L' norm of the Z is given by

oo oo 0-22
7= [ zwar= [ 2t (D.25)
+

which gives a sufficient condition for neighborhood convergence. Provided that the measure p puts no
mass at the critical point, the behavior of solutions (D.24) are related to the original Volterra equation.

Proposition D.1. Provided | Z|| < 1,

Rpu({0})

B I 2 T

Proof. The forcing functions hy, satisfy
Rhy + Rhy = Ru({0}).
Moreover, for any € > 0 it can be decomposed into two pieces,
Rhi + Rho = Fy + F.,

the first of which is regularly varying and the latter of which is bounded by € and tends to 0 as ¢ — oo.
This comes by decomposing the eigenvalues into those separated from the critical point {477 /73 }
and those in a neighborhood of it. Now it follows that solving the Volterra equation with Fjp,

Xolt) = olt)ole) + | Tt - 5)Xo(s) ds,

which from Lemma C.1 () Fo()

2] t 0 t

Xo(t) ~ —F—>=.
R

For the second piece, we have that for

Xi(0) = eORO + [ I - 9Xi(5)ds

we conclude

Xi(t) < and X;/p(t) — 0.

B IIIII t—ea
Combining everything we conclude that by taking ¢ — 0
Ru({0})
Ut t) — ————.

By taking differences, we turn to bounding

t
w(t) (s) P (s)
O _Ey f(X) = / (0 (53— Er 1K) ds + [ (Tl = )23 — K, (0) 53 .
Using that there is an € > 0 and a C' > 0 so that
[Z(t — ) £8) — Ku(t)] < C(1L+ )" T(t — ) + ee” /27099 (D)

we conclude that this error term tends to 0. The resolvent R,(t) of K,(t) is bounded in L' using
standard theory (see [Gripenberg, 1980, Theorem 3]) and by comparison to Z. Then

t T
5 B g0 = [ ) [ (06 - 958 - .0 dede

Then applying Fubini

t t
8 —En f(X) = [ (T - )53 - K.0) ( [ m) dx) as.
Bounding the integral of R, (¢) and using the bound (D.26), it follows we have that

U(t) U(t)
(w(t ) ‘w(t —En f(X3)] e 0-
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Average case analysis in the strongly convex case. We suppose now that we have taken the limit
of empirical spectral measures, and consider a measure g with support {0} U [A~, A*] for some
A~ > 0. We suppose that A~ is not at the critical point, i.e. 4y; — ¥3A~ # 0. We further suppose
that 1 has a density with regular boundary behavior at A~ :

w(AT, A7 +¢€)) -~ le. (D.27)

We need to derive the asymptotic behavior of hg, k1, IC. It is convenient if we remove the effect of any
point mass of 1 at 0, which effects the eventual convergence of the algorithm. Set hg = ho — w({0})
and %1 = hy. This leads to precise asymptotics of the forcing function iNzk, as from the asymptotics
of jo, j1, jo we have (recalling w(v/A~) = 471 — v3A~) we have for k € {0,1}

_ - 1+c1cos(\/)\—wt—log(1+t)%+cQ), ifw>0,
lt) ~ e (140 e
A VIE(L ) Ve if w < 0.
(D.28)

Malthusian exponent. We define the Malthusian exponent \*, if it exists, as the solution of

/ ANTI(t)dt = 1.
0
We observe that using (D.22) we can represent for any A < 027

/oo 2ot (1 — cos(¥(o) + o/wt) ) "
0

w
_ (200w —2m) = (0%72 = N ((w — 2m)* — 297) 1 o2 (D.29)
272 (0292 — A)? + 0%w) 02y — M) w’ )

On specializing to A = 0, we can further simplify this to

/oo , ozwt(l — cos(d¥(o) + m/c?t)) g Bt 0—273'
0

o’e
w 4y3y

Returning to (D.29) and algebraically simplifying the expression, we can can write A* as the solution

® . oo 2(0%72 — A*)2 + ya(w — 271) (0292 — A*) + 292
1= NIt dt:/ J4<72(0 2 1) do?).
[ ewa= (@ X + %) (0% — N Hlaer)

We let F(\*) be the expression on the right hand side. We note that expression is necessarily
increasing in A* (which is clear from the expression F(\) = [;° ¢MZ(t)dt). Furthermore, for
A > A, F(A\) = oo as Z(t) decays no slower than e~*~*. Provided a > 1 (recall (D.27)), then
F(A_) < o0, and thus the existence of the Malthusian exponent A\* is equivalent to F(A_) > 1.

Proposition D.2. Suppose that (D.27) holds for some A_ > 0 with w(A_) # 0 and for « > 1. Then
if F(A_) < 1 the solution of (D.24) satisfies

V) Ru0)  niyac

pt) 1|7
for some ¢ > 0 orif F(A_) > 1 then with \* the unique solution of F(\*) = 1 for some constant

c>0 ~
W) Re0D) s

pt)  1-|Z]

Proof. This follows standard renewal theory machinery. See Asmussen [2003] or [Paquette et al.,
2021, Theorem 29].

Lemma D.6. Then for A\_ > 0 for which w(\_) # 0 and if 1(0) = 0,
WO () — ()] — 0.
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Proof. We start from the raw Volterra equation for 1) which is given by

W(t) = Rhy(t) + Rho(t //c

Multiplying through by ¢ (¢), we therefore have

(1) (t) = Ro(t)ha (1) + Rep(t) / Ko (£) 22 o)) ds.

This allows us to express the difference ¥ (t) — ()9

t
W(t)—p(t)e(t) = / K (6) 28 (U (s) —p(s)9(s)) ds+ / (Zo(t) =K (1) 25 ) W(s) ds. (D.30)
We can dominate the kernel above and below by

Ko(H) 28 = (14 O(s™ )L, (),

with the error uniform in £ > s; this uses Lemma D.3 and the asymptotic representations of the
fundamental solutions Lemma D.4 (see also (D.21)). Let A be the Malthusian exponent, if it exists,
or A_ otherwise. The latter forcing term of (D.30) can be bounded by

tefAS — Pt t s) " le*s — 8)e™MU(s)ds
/O (Z.(t) — Ku(t) 2L g/oc<1+> I(t - 5)MU(s) ds.

)eMU(s)ds

—

In the case that A is the Malthusian exponent, we have that e**¥(s) is bounded and e~ **Z(s) has
L'-norm 1. It follows that

/t(l +5) eIt — 5)eMW(s)ds S e M /t(l + (t —s)) " te™MI(s) ds.
0 0

Thus by dominated convergence, we have that the forcing term satisfies

F(t) = eM — 0.

/0 e (T, (1) — Ko 2) M W (s) ds

From Gronwall’s inequality [Gripenberg et al., 1990, 9.8.2] we conclude there is a non-negative
resolvent kernel (¢, s) so that

MU(t) — p(t)y(1)] < /0 r(t,t = s)|F(t - s)| ds. (D.31)

We deduce that the kernel has bounded uniformly continuous type (see [Gripenberg et al., 1990,
Theorem 9.5.4]; see also [Gripenberg et al., 1990, Theorem 9.9.1]) and therefore satisfies

t—h
lim sup/ r(t,u)du = 0.
h—00 >0 0
From here it follows from (D.31) that
MU(t) — p(t)y(t)| — 0
as t — oo, and hence from the asymptotics of ¥, the same holds when dividing by V.

For the case where ) is not the Malthusian exponent, we must conclude a slightly stronger bound. This
follows from first showing that the forcing function and the kernel Z(t) both decay like e ~*¢~<. By
conjugating the problem by (1 + ¢)®, we reduce the problem to the same strategy as used above. [

Average case analysis in the non—strongly convex case. We turn to the assumption that y is
contained in [0, A4 ], with a possible atom at 0 and a density that is bounded away from its endpoints
and that moreover y has regular boundary behavior at 0 with

1((0,¢€]) o) le”. (D.32)
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In the case of Marchenko—Pastur, this & = 1/2. We again need the behavior of hy, for k& € {0, 1}.
From the boundary condition at 0, we have that for k£ € {0,1}

T (1) ~ 2;‘*@ /0 " (o) 1% <D§;’2)(t) + 20N (1) + 492Hg”2)(t)> d(o?).

Now as we are in a neighborhood of ¢ ~ 0 we use the scaled solutions (D.18), due to which we can
express the solution as

~ V4 o0 ~ (o2 (o2 B ~ (o2
R (t) ~ WO‘@) /O (UQ)MU%(DS) )(to) + 20 ONST ) (to) + 40 20> H )(ta)) d(o?).

We pick a € > 0 and decompose the integral according to o > ¢ and those below. For those ¢ above,
we use Lemma D.5 and conclude

~ Yo o0 2
hi(t) ~ 7/ o2)etk=1o (e 2t) d(0?
0~ 5o |, @O %)
la e 2ya+k—1-0 2 2
— arE=1=%(to) [ 1420 + 467 ) d
sy [ @) (t0)(1+20 +46° ) d(0?)
Lo s %
+ / o)t _1<1—|—2t9+2t292+06(1 )d o2
2020 Jo )4
Both first and last integrals will be negligible. For the middle integral, we change variables with
2?2 =0t to get

. ga e ¢
R (t) ~ W/ (z)oth=1=%% (1) (1 + 26 + 492> d(z?).

2

The integral is convergent when 2 + 2k — 6 < 0 as 0 grows like 2% as z — 0o and 9 tends to 0 like
229 as  — 0. Thus we may take ¢ — 0 and conclude

Te(t) ~ 2;;% (1 + 20 + 492) /Oo(x2)a+k—1—9a(x) d(z?). (D.33)
0

We again use the approximate convolution structure of the kernel, in particular the kernel Z and the
approximate Volterra equation (D.24).

Proposition D.3. When ||Z|| < 1 and R = 0 and 6 > 2« + 2 it follows

WO/, g ) [t a).

In the case that R > 0,

v 0/pl0) o, e W) [T et ),

Proof. The proposition is a corollary of Lemma C.2, using Z(t) ~ c(p, 0)t~2*~* and (D.33). O

Finally, we can derive the needed bound for the original problem:

Lemma D.7. When || Z|| < 1 and (D.32) holds
P(t) , ~ W(B)/p(t).

t—o0

Proof. This follows the same strategy as Lemma D.6. O
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D.3 Rate bounds

We let A~ be the left endpoint of the support of y restricted to (0,00). If A= = 0, we are in the
non—strongly convex case above, and the rate of convergence is polynomial for any choice of step
size that is convergent. We show a step size choice that gives a good rate for all A\~ > 0 separately.

We conclude with bounds for the convolution kernel Z which establish bounds for the rate under step
size conditions which are strictly better than (D.25). We shall work under that v; and -5 satisfy the
condition

/ NALT 1y (do?) < 1 (D.34)
0+ 72

for some A > 1, which ensures that the algorithm converges.
We recall that the Malthusian exponent is defined as the solution \* of

> 30272 — X)? 4+ ya(w — 271) (0292 — A*) + 294
1:]_-)\* — 4 72(0- 72 1) d 27
= [ o ( (07— 3)2 + o%w)(0%7 — A7) ulde”)

if it exists.

We shall produce a bound for F () for A sufficiently small, namely:
Lemma D.8. Suppose that A > 1 and A~ > 0 and that )\, is defined by

Ay 422 — SO +22)7 —8uA-(1 - &)
A* - )
2

then for all 02>\,

I e o (7%(0272 — N2+ W —2m) (0% —A) + 27%) < NA+0%3
' (0272 = A)? + 0®w) (0?72 = A) T 2

Moreover, we have the bounds

LA d)
= ’Yg)\_—FQ%

This leads immediately to a rate bound:

Corollary D.1. At the default parameters of SDANA vo = (te(u)) ™! where te(p) = OOO o?u(do?)

and vy = 22 the convergence rate is at least 2 min{(te(11))~*A\~, 1}. The fastest possible rate, in

contrast, is no larger than min{(te(p)) ~*A~, 1}.

Proof. For the rates, we apply Lemma C.3. Lemma D.8 gives a lower bound on the Malthusian
exponent, where we take A = 4. As for the rate of the forcing function, we have that its rate is
bounded by

oA, ifw=4y; —y3\~ >0or
YA — /73 (A7)2 — 4y A—, otherwise.

This is always bounded above by min{ys A, 2% }. For convergence we should have

o +62 2 2
1)) = / 10" (do?) < 1,
0+

272
and thus optimizing in taking oA~ = 27, /72 and the above norm equal to 1, we conclude the fastest
rate is at most %. This is in turn at most the claimed amount. [

Proof of Lemma. We begin with some simplifications. The claimed bound is equivalent to

27,0 (27172 —ME 4+ 27 ) < (’YlA + 02722) (/\2 —2X0%v, + 4710'2).

o2y —\

After cancelling terms and rearranging

4 2 4
;217% < 71A(—2z\0272 + 47102) + (’YlA + 02722)/\2.
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Hence dropping the A? term and simplifying, it suffices that
2’}/1 0'2
CEEPY AP
is decreasing for 22 > A, and hence it suffices that
271 AT

1 -
22 =N\ 2-2)
It follows that for all A less than the smallest root of
A= AT +22) 2 AT (1 - §) =0,
IV < A. Solving for the smaller root \,, we have

ATy +22L - \/(/\‘72 +22)2 — 8y A (1 - 3)

III .= <A.

X
Ty2—A

The map = —

IV = <A.

A< A = 5 (D.35)
Using concavity of the square root, we can bound v/a + x < v/a + ﬁ and so conclude
2yAT(1— %
A, > ii! )\_( A/? ) )
V2 + 2%
O

E The general SDAHB kernel

In this section, we analyze in detail a general version of SDAHB where we also include a 7, that
is, we consider an algorithm SDA where 1,72 > 0 and A(k,n) = %. In this general setting, the
log-derivative ®(¢) = 0. We recall the ODE (A.12) that describes this process (where 0'J2» =)

T® 4 (=30 4 370)) T® + (26 — 47200 + 4y A + 29202) TD)
+ (—4AmN + dy17A2) T (E.1)

_ %@ _ 2251 RAY
= 293 4 (272 + (0 +722) )™ + (2 +2n A2 ) 0.
The initial conditions are given by

J(0) =+ 'E {(uo,j - (‘f"))z} TW(0) = Z4(0) — J(0)(~26 + 292)), and

(E.2)
7@ (0) = 2250 5(0) — 7 _ 71
J2(0) = 32907(0) + 2729(0) = 271 AJ (0) + (20 — 2924) 7 (0).
We note that the ODE in (E.1) is constant coefficient and therefore can be solved by finding the
characteristic polynomial, that is,
0 =&+ (372 — 30)&% + (20 — 47270 + 4y X + 293 A€ + dy172A% — 471 M0
0= (E+ M2 — 0)(€* + (2x2 — 20)€ + 4Am)

§=0— Xy and £=—(\y2—0) /(M2 —0)2 — 4y
It immediately follows that the solutions to (E.1) are linear combinations of exp(—(\vys — 6)t) and
exp(— (M2 —0)£+/(Ay2 — 6)2 — 4)\;71). We now write the Dirichlet, Neumann, and 2nd-derivative
solutions for which we will use to derive the kernel and the forcing term. For convenience, we denote

W= 4\y; — (M2 —60)?and p et Ay — 6. Taking derivatives, we get the following expressions for
K,(t):

K (t) = exp(—tp) (01 + g exp(—tv/—w) + cz exp(t —w))
4K (t) = —pexp(—tp)(c1 + c2 exp(—tv/—w) + c3 exp(ty/—w))
VT expl(—tp) (es exp(tv/=w) — ¢ exp(—tv/ ")
K, (t) = p® exp(—tp) (c1 + ca exp(—tv/—w) + c3 exp(tv/—w))
+ 2pv/—w exp(—tp) (cz exp(—tV/—w) — ez exp(tv/—w))
— wexp(—tp)(cz exp(—tv/—w) + cs exp(tv/—w)).
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Provided that w # 0, we can now solve for ¢y, o, c3 for the Dirichlet, Neumann, and 2nd-derivative
solutions,

(Dirichlet sol., D,(t)) L[Ds(t)] =0 where D(s) = (1,0,0)7,

(Neumann sol., N (t)) L[Ns(t)] =0 where N(s) = (0,1,0)7, (E.3)
(2nd derivative sol., H(t)) L[Hs(t)] =0 where H(s) = (0,0,1)T.
oH

To distinguish these solutions, we denote the coefficients by c” fori =1,2,3. We begin by

find the coefficients for Dy(t):
2 2 —
(1, se5) = (eXP(SP)(l +2), gexp(s(p +vV-w)) (& = £5). s exp(s(p — V-w)) (£

7,’7,7

(C{V’cé\/7c§)\/) = (exp(sp)%a %exp( (p+ \% _w))(i - \/%)7 2 eXp( (p Y _w))(%Qp + \/%
elf o) = ((explon) 2~ explslo + V=), explsto — V) )
We recall J = v, e~20t J and Corollary A.2 that

J() = e 2Ty (1) + e 2 / K. (t)d(s) ds.
0

Using the coefficients in Corollary A.2, we write an expression for the forcing term

-~ 1 1 Ty,
Jo(t) = 5 (1 + %) 75[(% — 2] (1 4 cos(ty/w + 1)), (E.4)
1
where the phase shift satisfies
2 2
P G Bl Caive=) IR
cos(¥) = 5 5
2(1+£) petw
L, N2 « ) (E.5)
in(dy) = 1-4&)-0+4&) _ Qp\/(;'
2(1+£) P

We now give an expression for the kernel K,

—~

t):

1 4
K1) = 3 @? + % +=(n - ’sz)) e =92 (1 4 cos((t— s)Vw +12))  (E6)

where we have

9 v e T e T w)) dw =it dyepn — 47
cos(V2) 1(23 307 a4 T w4302 — dyamip + 4vi
sl toe T Z(v1 —2p)
) (E.7)
P 272
in(da) = Ve~ Ve _2093pV5 — 271 vw)
- 2 2 2 - 2 2 2 PN
%(%+%+%(% _W)> V3w +v3p% — dyavip + 403

It follows that J(t) is the sum of (E.4) and (E.6). We now recall that 121\(5) = %s)w(")(s).
Finally we arrive at the Volterra equation

1

v =5 [ eI @) dun) + / / o1e=200=5) KO (1) da(A) () dis.
0

Proposition E.1 (Volterra equation for general SDAHB with parameters(7;, vz, /) ) The Volterra

equation for the general SDAHB with step size parameters yy,vo > 0 and o(t) = e

2
GM(t) = i (1 + p) et P29)(1 4 cos(tv/w + 01))

w

) Ny B0t 4 —(t—s)(p+26)
K2t =5 (m+ -+ 01 —7mnp) e P20 (1 + cos((t — s)Vw + V),

2
(E.8)
where w = 4\y1 — (A2 —0)2, p = Ao —0, and 91 and 9 are defined in (E.5) and (E.7) respectively.
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Corollary E.1 (Volterra equation for SDAHB). The Volterra equation for SDAHB with step size
parameters y; > 0, vo = 0, and ¢(t) = €% is

1 2
GM(t) = = (1 + 9) e (1 — cos(tv/w + V1))
4 w
(E.9)
) 20EN% (i)
and KM(t) = — ¢ (1 = cos((t — s)vw)),
where w = 4y, — 02 and ¥, is defined by
COS(ﬂl) = m and Sln('l91) = 92 n w. (EIO)

E.1 Convergence analysis for SDAHB

The interaction kernel for SDAHB is therefore of convolution type, and we have
F(t) = / GM()pu(dN) and I(t) = / KM (@) p(dn).
0 0
The loss of homogenized SGD then satisfies

Ex (X)) = F(t) + /tI(t — 5)Ep f(X,)ds.

Computing the Laplace transform of this kernel for all x sufficiently small,

def > xt > 27%)‘2
= Z(t)dt = dA
F (@) /0 " I(t) /0 (0 — x)(22 — 20x + 41 \) ),

and recall that the Malthusian exponent A\* is defined as the root of F(A*) = 1, if it exists. In
particular evaluating at z = 0, we compute the norm

29N 71/ o0l
7| = = = . E.11
IZ] /0 G(MM)u(dA) 2 J, Au(dA) = o te(p) (E.11)

E.2 Convergence analysis for SDAHB

We now suppose we have passed to a limiting measure y with a support {0} U [A™, AT] that satisfies

H(AT, A7 +¢€)) ~ le®. (E.12)

€E—>

The forcing function satisfies, with w = w(A~) = 4A\~v; — 6% and for some constants c, ¢y, ca
depending on the algorithm parameters,

ctole=t(0—V/02—dmA7) if w<0,
F(t) ~ qetotle, if w=0,
(et + ot Leos(ty/w))e ™, if w>0.

From standard renewal theory (Lemma C.3), we have that
Proposition E.2. If 7(A~) < 1 and (E.12) holds

Er f(X) - Ifli(hoz}n) = F(t)e’®

or if F(A_) > 1 then with \* the unique solution of F(\*) =1

Eg f(Xy) — M — o~ (Aato(1))t

We note that if we take the default parameters, we come within a factor of the maximum rate.
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Proposition E.3. Suppose we take the default parameters for SDAHB, that is
0 0
w() T a(an)’

0=2 and v =

the rate of convergence is at least

’71)\_0 2’)/1)\_
Ay > = .
- 271)\7 + 92 2’)’1)\7 + 4

The fastest possible rate is at most f:(‘—;).

Proof. We just need to bound F(z) < 1 for 2 < min{ 2)‘;“ , 2} and with the parameter choices
made. By monotonicity

Fl) < /°° 292AN" 2v16A~
~Jo (0—xz)(x2—20x + 4y \) (0 —x) (22 — 202 + 4y A7)’

We bound further from above by dropping the 2:? and then solving the result quadratic, i.e. F(x) < 1
if

p(dA) <

_AmA 4 20% — /(41 A~ +202)2 — 80(271 A 0)
x .
- 40
By concavity of the square root, it suffices to have
A0
r < ————.
T 27T + 62

The rate of F' is at most min{%, 6}, and so optimizing this over 2%tr(n) < 1, we arrive at

_ AN
0= te(p) O

E.3 Average-case rates non—-strongly convex

We instead suppose the support is given by [0, AT] and that
u((0.2)) ~ te".

The forcing function, for any 6 > 0 then behaves like

F(t) ~ o(Rt+ Rt™%). (E.13)

It follows using Lemma C.2 that when ||Z|| < 1, the same rate holds for E f(X) up to multiplication
by (1= [IZ])~*

E.4 Degeneration to SGD

Theorem 5. Suppose the homogenized SGD diffusions for SHB and SGD are chosen so that v*¢¢ =

g%::. Suppose that n — oo and that H is chosen so that )\JI} is bounded in n. Then for any t > 0

|En f(X)™) — En [(X*)] — 0.

Proof. The homogenized SGD diffusion for SHB is the same as the diffusion for SDAHB with
parameters (6303 ~sdahb) — (4 hshb gy ~shby Ap elementary computation shows that uniformly in

compact sets of A and ¢, the forcing function and interaction kernel (G*) and K ™)) of SDAHB with
these parameters satisfy

G(A)(t) M g K(/\)(t) _ WQAQe_ngM.
n—oo N o0

Thus under the assumption that the eigenvalues of H remain bounded as n — oo, the forcing
function and kernel for each of E f(X;HB) and E f(XOP) differ by an error that goes to 0 as
n — oo uniformly on compact sets of time. O
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m sDANA m sDANA

loss function
loss function

0 50 100 150 0 50 100 150 200
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Figure 7: SDANA & SGD vs Theory on MNIST. MNIST (60000 x 28 x 28 images) [LeCun et al.,
2010] is reshaped into 30 (left) and 60 (right) matrices of dimension 1000 x 1568(784), representing
1000 samples of groups of 2 or 1 digits, respectively (preconditioned to have centered rows of norm-1).
First digit of each 2 or 1 is chosen to be the target b. Algorithms were run 30(60) times with default
parameters (without tuning) to solve (2.1). 80%—confidence interval is displayed. Volterra (SDANA)
is generated with eigenvalues from the first MNIST data matrix with a ratio of signal-to-noise of
6-to-1. Volterra predicts the convergent behavior of SDANA in this non-idealized setting. SDANA
outperforms equivalent SGD/SDAHB.

Proposition E.4. For SGD, with default parameters v =
least Ay > Y™,

m, the Malthusian exponent is at

Proof. For SGD, the Malthusian exponent is given simply as the root of
oo 232 -
YA YA
1=F(z) = ——p(d)) < ———.
(=) /0 (29A — ) HdA) = 29\ —x
(See Paquette et al. [2021] or send 8 — oo with v; = 60 in SDAHB). Thus for x = YA~ we have
F(x) <1,and so A\ > yA~. O

Proposition E.5. For 0 sufficiently large, and when F (A~ ) < 1, SDAHB with parameters (7y1,0) is
faster than SGD with parameters (7 = ) but never more than a factor of 2 than SGD at its default
parameter.

Proof. Note that for large 6, with w < 0 we always have that F'(¢) has rate
F(t) ~ cto~ e 10—V =000,

The rate for I satisfies

0 — /02 —dy A= >0 — (6 — 2U7—) =29\,

Moreover, the expression on the left is monotone decreasing 6 until the argument of the radical
becomes negative. Hence, we maximize the rate by taking the smallest admissible §, which at the
convergence threshold is given by

0 [Au(dN)
gal 2
Substituting this ratio into § — /62 — 4y, A~ to remove # and then maximizing gives ——22—

JAu(dx)’
which is no more than a factor of 2 than SGD at its default parameter.
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F Numerical simulations

To illustrate our theoretical results, we report simulations using SGD, stochastic heavy-ball (SHB)
[Polyak, 1964], SDAHB, SDANA (Table 1) on the least squares problem. In all simulations of the
random least squares problem, the vectors o, Z, and 7, are sampled i.i.d. from a standard Gaussian

N(0,£1), N0, £I)and N(0, £1) respeciively and the entries of A, 4;; ~ N (0, %). Figures 1,

2, 5 are with noise; the first two have R = R = 1 and the lastis R =1 = 100R. Figure 3 is with
noise 0.

Volterra equation. The forcing term F'(¢) in (1) is solved by a Runge-Kutta method after which we
applied a Chebyshev quadrature rule to approximate the integral with respect to the Marchenko-Pastur
distribution. The Chebyshev quadrature is also used to derive a numerical approximation for the
kernel, Z(t — s), (3.1). Next, to generate the solution v (¢) of the Volterra equation, we implement a
Picard iteration which finds a fix point to the Volterra equation by repeatedly convolving the kernel
and adding the forcing term.

Despite the numerical approximations to integrals, the resulting solution to the Volterra equation
(1, red lines in the plots) models the true behavior of all the stochastic algorithms analyzed in this
paper remarkably well (see Fig. 1, 2, and 5). Notably, it captures the oscillatory trajectories in
the momentum methods often is seen in practice due to their overshooting (see Fig. 5). We note
that the Volterra equation for SDANA reliably undershoots simulations of SDANA for small time
(say t < 10), but matches for larger times (¢ > 100). This is due in part because the convolution
Volterra equation is only an approximation for SDANA that holds as time grows larger, and hence the
undershoot is consistent with theory.

Real data. The MNIST examples (Figures 6 and 7) are shown to demonstrate that large—
dimensional random matrix predictions often work for large dimensional real data. Figure 6 is
strongly convex as A~ = 0.041. This corresponds to a similar convexity structure as r = 1.44 in
Marchenko-Pastur. Under this convexity, we do not expect SDANA to be faster than SGD/SDAHB.
This is reflected in the figure as both SDANA and SGD are parallel to each other after ¢ > 50. We
chose to include the 6-sequential images in the main paper in order to show multiple properties of the
algorithms in the same image: (1) empirical Volterra and SDANA matched and (2) SGD and SDAHB
have similar dynamics. To see the behavior of the algorithms on a pure MNIST dataset, see Figure 7.
As mentioned above, the Volterra equation always initially underestimates the dynamics of SDANA.
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