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A Missing Proofs

A.1 Proof of Theorem 3.8

Proof. Let us first show that the Hamming distance indeed satisfies the respective axioms, by
considering them one by one.

Anonymity
Clearly, for every z,y € {0,1}" and permutation 7 : [n] — [n] it holds that [A,AA,| =
|A7T(w)AA )‘ Thus,

m(y

H(r(x),7(y)) = H(z,y)-

Scaling
Observe that for every ,y € {0,1}" and k € N it holds that

k- |AAA A AA,
H(l‘k,yk) _ |kn y‘ _ | - y| ZH(J’J,y)

Independent Symmetry
For every z,y € {0,1}" and i € [n] it holds that [A, A A, | = [A(

H((z—s,yi), (Yy—i,x:)) = H(zx,y).

)AA(U,“L) | Thus,

T—iYi

Zero-One Symmetry
Note that for every x,y € {0,1}" it holds that |[A,AA,| = |A; \ Ay| + |4y \ Az] =

H(z,y) = H(z,y).

Convergence

Fix arbitrary z,y € {0,1}". Observe that after concatenating an additional bit to 2 and
y with 1s on both sides, the symmetric difference will not change, i.e., |[A;AA,| =
|Azo(1)AAyo(1) | Thus, we have

_ Az DA, _on

H(zo(1),y0(1)) o) —n+1H(w‘,y),

which implies the weak inequality.

Triangle Inequali

Take arbitrary =, y, z € {0,1}". Also, consider arbitrary index ¢ € [n] such thati € A\ A,.
If i € A, as well, then it implies that i € A, \ A.. Conversely, if i ¢ A, theni € A, \ A,.
Thus, A;\ A, C (A;\A,)U(A,\A,), which means that [A,\ A, | < |4\ Ay|+|A4,\ 4]
since A, \ A, and A, \ A, are disjoint (as one is a subset of A, and the other of Ay).
Analogously, we get that [A, \ A,| < |A. \ Ay| + |4, \ A;|. Adding the inequalities
sidewise together and dividing by n we obtain

_JADAL _ JADA + A DAL

n n

H(z,z) H(z,y)+ H(y, z).

Normalization
Clearly, H((0), (1)) = 1.

In the remainder of the proof, let us focus on the converse statement, i.e., that any dissimilarity
measure that satisfies these axioms must necessarily be the Hamming distance. We will prove that in
a series of lemmas that will consider arbitrary dissimilarity measure f satisfying increasing subset of
our axioms. In each lemma, we will prove what form has to have such a function f. In the last one,
Lemmal[A.T0] we show that if f satisfies all of our axioms except for Normalization, then f has to be
equal to the Hamming distance multiplied by a nonnegative scalar, i.e., there exists a € R such
that f(z,y) = a - H(x,y), for every z,y € {0, 1}. Then, Normalization implies the thesis.

't is a widely known fact that the Hamming distance is a proper distance metric, thus it satisfies Triangle
Inequality. We provide a proof for completeness.
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Lemma A.1. If a dissimilarity measure, f, satisfies Anonymity, then there exists a function, g : N* —
R>o, such that for every x,y € {0, 1}" it holds that

f(xy) = g(JAz N AY[, [Az \ Ay, [Ay \ Azl,n = [Az U Ay).

Proof. Assume otherwise, i.e., there exist four vectors z, z’, v,y € {0,1}"™ such that |4, N A, | =
A 1 Ay | Ao\ Ay = [Ap\ Ay |, |4, \ Ay| = [Ay \ Ap | andn— A, UA,| = n—| A, UA, |
and f(z,y) # f(z',y').
Observe that because of the equal sizes of the corresponding sets, we can find following bijections:
m Ay NAy = Ay N Ay,
mo i Ag \ Ay = Ap \ Ay,
g Ay \ Ay = Ay \ Ay, and
ma: )\ (Az UA,) = [n]\ Apr UA,.
Since their domains are disjoint and sum up to the whole set [n] and the same is true for their
codomains, we can take a disjoint union of these bijections 7 = w1 Uy Umg Uy @ [n] — [n]. Then

observe that w(z) = 2’ and 7(y) = y'. Thus, by Anonymity f(z,y) = f(n(z),7(y)) = f(2',y'),
which is a contradiction. O

Lemma A.2. If a dissimilarity measure, f, satisfies Anonymity, and Independent Symmetry, then
there exists a function, g : N® — R, such that for every z,y € {0,1}" it holds that

f(x,y) =g(|Az N Ay‘v ‘AIAAyLn - Az U Ay‘)

Proof. Since f satisfies Anonymity, from Lemmawe know that there exists a function, g : N* —
R>g, such that for every z,y € {0, 1}" it holds that

f(@,y) = 9(|Ae N Ayl |Aa \ Ayl [Ay \ Al — [As U Ay)).
It remains to show that for arbitrary z,y € {0, 1}", it holds that

9(| Az mAy‘v | Ay \Ay|> |Ay \ Az|,n — A, UAyD =
g(| Az N Ay, | Az AA,],0,n — |A, UA,]). (1)

To this end, take z’,y’ € {0,1}" such that 2} = 1 and y; = 0, for every i € A,AA,, and

/

x, = z; and y; = y,, otherwise. Then, by Independent Symmetry used |A, \ A| times, we

obtain that f(z,y) = f(2/,y'). Since |Ay \ Ay | = |AzAA,| and |[A, \ Ay/| = O this proves
Equation (7). O
Lemma A.3. If a dissimilarity measure, f, satisfies Anonymity, Independent Symmetry, and Scaling,
then there exists a function, g : (Q N [0,1]) — Rxq, such that for every x,y € {0,1}" with

|Ay U Ay| = n it holds that
f(z,y) = g(|Az AAy[/n).

Proof. Assume otherwise, i.e., there exist four vectors z,y € {0,1}" and a,b € {0,1}" such that
Az UAy| =n, |A. U Ap| = mand [A;AAy|/n = |A.AAy|/m, but f(z,y) # f(a,b). Let k be
the least common multiple of n and m and let p = k/n and ¢ = k/m. By Scaling, we know that
flz,y) = f(zP,yP) and f(a,b) = f(a?,b?). Thus, to get the contradiction, it remains to show that
f(a?,y?) = fla?,b9).

Since f satisfies Anonymity and Independent Symmetry, from Lemma[A.T| we know that there exists
a function, ¢’ : N3 — R, such that

F@? yP) = g (|Aer N Ay, [Aer DAy |, — [Age U Ayp)).

Observe that the assumption that |A, U A, | = n implies also that [A,» U Ayr| = k (if there is no
index ¢ € [n] such that z; = y; = 0, then there is no such index for 2 and y? as well). Thus, we get

F@? yP) = g'(|Aer OV Ayo |, [Aar DAy |, 0).
Analogously, we get that
f(aqa bq) = g/(|Aaq N Abq|7 |Aa‘ZAAbq |7 0)
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Now, observe that

A DA _ plADA _ JADA| _ JADA _ qlADA _ [AuwDAy]
k p-n n m qg-m k '

Let us denote this ratio by . Then, we get

f(xp7yp) = g/(k -Tr- k,?" : kao) = f(aq’bq)7
which concludes the proof. O

Lemma A4. If a dissimilarity measure, f, satisfies Anonymity, Independent Symmetry, Scaling, and
Triangle Inequality, then there exists a subadditive function, g : (Q N [0,1]) — Rxo, such that for
every z,y € {0,1}" with |A, U Ay| = n it holds that

f(@,y) = g(|Az DAyl /n).

Proof. From Lemma we know that there exists a function, g : (Q N [0, 1]) — Rx¢, such that
for every x,y € {0,1}™ with |A, U A,| = n it holds that f(z,y) = g(|AzAA,|/n). It remains to
show that g is subadditive, i.e., for arbitrary p,q € (Q N [0, 1]) such that p + ¢ < 1, it holds that
g(p) +9(q) > g(p+ q). To thisend, letr = 1 — p — ¢ and let k be such that pk, gk, 7k € N. Then,
consider the following three vectors

z=(0)""o(1)"o (1)qk

y= (1o (1)" o ()™

2= (1) o (1) 0 (0)"

Then, from Triangle Inequality we get f(x,y) + f(y,2) > f(x,z), which in terms of g means

k k : :
9 g g(k(p+q+7)) z 9(%) Since p 4+ ¢+ r = 1, we get that indeed g(p) + g(q) >

g(p + q), which concludes the proof. O

Lemma A.5. If a dissimilarity measure, f, satisfies Anonymity, Independent Symmetry, Scaling,
Convergence, and Triangle Inequality then there exists constant a € Rxq such that for every
x,y € {0,1}" with |A, U Ay| = n it holds that

f(xvy) :aH(x7y)

Proof. From Lemma[A.9|we know that there exists a subadditive function, g : (Q N[0, 1]) — Rx,
such that for every z,y € {0,1}" it holds that f(z,y) = g(|AzAAy|/n) = g(H(z,y)). Let
a = g(1). We will show that for every » € Q N [0, 1] it holds that g(r) = ar, which will imply the
thesis.

We begin by showing that for every r € Q N [0, 1] it holds that

g(r/2) = g(r)/2. 2
Let p, ¢ € N be such that » = p/q. Then, by Convergence used n times we get that

g(p/q) = f((1)7,(0)P o (1)77F)
>2- f((1)7o(1)%,(0) o (1) o (1)9)
=2-9(p/(29)).

Hence, g(r) > 2 - g(r/2). On the other hand, g(r) < 2. g(r/2) from subadditivity. Thus, indeed
Equation () holds.

Next, we generalize Equation (2) and prove that for every » € Q N [0, 1] and ¢ € N it holds that
9(r/a) = g(r)/q. ©)

Observe that it is enough to prove this equality for prime g, as for composite gs we can obtain
the thesis by combining the results for all prime factors of ¢q. Thus, without loss of generality,
let us assume that ¢ is prime. Clearly, from subadditivity, we have that g(r/q) > g(r)/q. For a
contradiction assume that g(r/q) = g(r)/q + € for some € > 0. By Little Fermat’s Theorem, we
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know that there exists p € N such that p- ¢ = 29~ — 1. Then, we have that 1 +p - ¢ = 2(~1) which
means that 1 = (1 + p - ¢)/2(¢~). In turn, this implies that

1 1+p-q 1 P

R R @
Thus, we get
r-p .
( ) 2k(q o 2,€(q_1)) (from Equation (@)
<9 ) +p-9 (%) (from subadditivity)
r p . .
=519\ 7 ) T e —g(r). (from Equation (2) used ¢ — 1 times)

Substituting g(r/q) = g(r)/q + €, we get

g(r)/g+e p
9(r)/a+e s == + 5719

_ 1+p-q

—Q(T)qu

=g(r)/q+¢e/277". (from Equation (@)

Thus, e < ¢/ 29=1 which is a contradiction for £ > 0. Therefore, Equation indeed holds, from
which we immediately obtain that

+e/207!

g(0) =0, and
9(1/q) = a/q, forevery g € N. )

Finally, let us take » = p/q for arbitrary p,q € N such that 1 < p < ¢. From subadditivity and
Equation (5)) we get that g(p/q) < p - g(1/q) = ap/q. On the other hand, again from subadditivity

and Equation (5, we get that g(p/q) > g(1) — (¢ — p)g(1/q) = a — a(qg — p)/q = a - p/q. Thus,
indeed g(r) = ar, for every r € QN [0, 1], which concludes the proof. O

Lemma A.6. If a dissimilarity measure, f, satisfies Anonymity, Independent Symmetry, Zero-One
Symmetry, Scaling, Convergence, and Triangle Inequality then there exists constant a € R>q such
that for every x,y € {0, 1}" it holds that

f(x,y) :a'H($7y)'

Proof. We will prove the thesis by induction on n — |4, U A,|. Let a be a constant from Lemma
For the basis of induction, we know that for every z,y € {0,1}" such thatn — |4, U A,| =0, i.e.,
|A; U A, | =n by LemmalA.5|it holds that

f(xay) :aH(x7y)

Now, assume that the thesis holds for all » € Nand z,y € {0,1}" such thatn —|A, UA,| = N and
fix arbitrary z,y € {0,1}™ with n — |4, U A,| = N + 1. By Anonymity, without loss of generality
we can assume that z,, = y,, = 0. Let 2’ and ¢’ denote vectors = and y without the last coordinate,
i.e, 2’ 0 (0) = z and ¢’ o (0) = y. Then, from Zero-One Symmetry and Convergence we have

n—1 n—1

f(xay) :f(i'7:lj) :f(.i‘/o<1),g/o(1)) < f(xlay/) = f(xl?y/)'

On the other hand, (n—1) —|A, UA,/ | = (n—1)—|A;UA,| = N, thus from inductive assumption
we get

n—1 n—1

fay) <" f@y) =a

H(xlvy,) = aH(x,y).

It remains to show that f(x,y) cannot be strictly smaller than a H (z, y). To this end, we first prove
that f(y,4’ o (1)) < a/n. Since y and y’ o (1) agree on n — 1 positions this can be shown from
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reordering their coordinates and using Convergence or Convergence with Zero-One Symmetry n — 1
times. Then, from Triangle Inequality we obtain

f@,y) + fy,y' o (1) = flz,y' 0 (1)),
which is equivalent to

flay) = f(zy' o (1) = fly,y/ o (1))
Using inductive assumption on f(x,%" o (1)) (as n — [A; U Ayo1)| = N) and substituting f(y, ' o
(1)) < 1/n we get

F(2,y) > aH(z,y o (1) — a/n = a(H(z,y) + 1/n) — a/n = aH(z,y),

which concludes the proof. O
Combining Lemma [A.6| with Normalization we obtain the thesis. O

A.2 Proof of Theorem 3.9

Proof. For each of the axioms we provide a dissimilarity measure f that satisfies all but that axiom.
Anonymity: f(z,y) = S0 Jos — il - 20/(27H1 — 2)
Scaling: f(z,y) = (|Az DA +1)/(2n)
Independent Symmetry: f(z,y) = max(|A; \ 4,|, |4y \ Az])/n
Zero-One Symmetry: f(x,y) = J(x,y)
Convergence: f(x,y) = max;c[, |z; — yi| (discrete distance)
Triangle Inequality: f(z,y) = H(z,y)?
Normalization: f(x,y) =2 - H(z,y)

A.3 Proof of Theorem 4.2

Proof. Let us first show that the Jaccard distance indeed satisfies the respective axioms, by considering
them one by one.

Anonymity
Clearly, for every z,y € {0, 1}" and permutation 7 : [n] — [n] it holds that |[A,AA,| =
|A7T(I)AAw(y)‘ as well as |A$ U Ay| = |Aﬂ.(m) U A,r(y) ‘ Thus,

J(m(2),7(y)) = J(2,9).

Scaling

Observe that for every ,y € {0,1}" and k € N it holds that
k- |AIAAy| _ |AIAAy‘ —
k-|A; UA,| |Az UA,|

J (", y*) = J(z,y).

Independent Symmetry
For every x,y € {0,1}" and i € [n] it holds that [A, AA,| = [A_, 4 DA
well as ‘Am U Ay| = |A(mﬂ.’yi) U A(y,i,xi)|' Thus,

J((@—i4i), (Y—is ) = J(z,y).

yﬂ»m)‘ as

Add Zero
Note that for every x,y € {0,1}" it holds that [A,AA,| = |Ayo0)AAye(oy| and |4, U
Ay| = [Azo(0) U Ayo(o)| Hence,

J(z0(0),y0(0)) = J(x,y).
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Convergence

Fix arbitrary x,y € {0, 1}". Observe that after concatenating an additional bit to = and y
with 1s on both sides, the symmetric difference will not change, i.e., |Amo(1)AAyo(1)| =
|AzAAy|. On the other hand, the union increases by 1, i.e., [A;o1) U Ayo(1)| = |4z U

Ay| + 1. Thus, we have
A NA n A NA n

Jwe@)ye ()= |AL LjAy|y—|F 1 = n+1 ||A:UAZ;| Tntl T@.y),
where the inequality comes from the fact that |A,UA,| < n,so |A;UA,|/(|AzUA,|+1) <
n/(n+1).
Triangle Inequali
Take arbitrary z, y, z € {0,1}". Since J(z,z) = |[AAA.|/|A, U A,| < 1, we have
| Az AAL + A\ (A UA)| A AA [+ 1A, \ (A, UA,)|
|A; UA|+ Ay \ (Az UAL)| |A; UA, UA,]| '
On the other hand,

J(x,z) +

A DA A4

[A, UA,| — A, UA, UA,]|

and similarly J(y, z) > |A,AA,|/|A;UA,UA.|. Now, observe that (A, AA, ) U(A,AA
)
nce

J(z,y) =

I3
~—

U4

is actually equal to (A, U A, UA,)\ (A; N4, N A,). Thus, it holds that (A, AA,
(AzAA)) U (A AA;) as well as (A, \ (Az U A,)) C (A, AA,) U (A ,AA;). Si
(AzAA;) and (A, \ (A U A,)) are disjoint, this gives us

Az DAL+ Ay \ (Az U AL)| < [(AzDAy) U (A AAL)| < |A DA + |A AA,
Combining all inequalities we get

[Ae DAY +[Ay DA A DA+ 14y \ (Ax UAL)|

J J > ‘ ‘ > !

@+ 2 = oA 2 4, UA, UA|

8N

> J(z, z).

Normalization
Clearly, J((0),(1)) = 1.

Now, let us focus on the converse statement, i.e., that any dissimilarity measure that satisfies these
axioms must necessarily be the Jaccard distance. We will prove that in a series of lemmas that will
consider arbitrary dissimilarity measure f satisfying increasing subset of our axioms. In each lemma,
we will prove what form has to have such a function f. In the last one, Lemma we show that if
f satisfies all of our axioms except for Normalization, then f has to be equal to the Jaccard distance
multiplied by a nonnegative scalar, i.e., there exists a € Rx¢ such that f(z,y) = a - J(z,y), for
every z,y € {0,1}. Then, Normalization implies the thesis.

From the proof of the characterization of the Hamming distance we already know how do dissimilarity
measures that satisfy Anonymity and Independent Symmetry look like. Let us add Add Zero to that.

Lemma A.7. If a dissimilarity measure, f, satisfies Anonymity, Independent Symmetry, and Add
Zero, then there exists a function, g : N? — R>o, such that for every x,y € {0, 1}" it holds that
f(@,y) = g(|A DAy |, [Az U Ay)).

Proof. Since f satisfies Anonymity and Independent Symmetry, from Lemma we know that
there exists a function, g : N® — R, such that for every z,y € {0,1}" we have
f(xay) = g(|Ar N Ay‘v ‘AmAAyL n— |A.r U Ay‘)
It remains to show that for arbitrary =,y € {0, 1}™ it holds that
9(|Az N Ay|, |AzAA |, n — |Az U Ay|) = g(|Az N Ay|, |Az A Ay, 0). ©6)
By Anonymity, without loss of generality, we can assume that all indices ¢ € [n] suchthatz; = y; =0

are greater than all other indices. Then, letn’ = [A, UA,| and 2,y € {0, 1}" be vectors such
that ©; = z; and ¥} = y; for every i € [n']. By Add Zero used n — n’ times, we obtain that
f(z ,y) f(a',y). Since n’ — |Ayr U Ay | = 0, this proves Equation (6). O

It is a known fact that the Jaccard distance satisfies Triangle Inequality (see e.g., [15 21]]). We provide a
proof for completeness.
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Lemma A.8. If a dissimilarity measure, f, satisfies Anonymity, Independent Symmetry, Add Zero,
and Scaling then there exists a function, g : (QN[0,1]) — Rxq, such that for every x,y € {0, 1}™ it
holds that

f(2,y) = 9(|Ae DAy |/|Az U Ay ).

Proof. Assume otherwise, i.e., there exist four vectors z,y, a, b € {0,1}" such that |[A;AA,|/| Az U
Ay = A DA /|AcUAp| and f(x,y) # f(a,b). Let m be the least common multiple of | A, U A, |
and |4, U Ap| and let p = m/|A, U Ay| and ¢ = m/|A, U Ap|. By Scaling, we know that
f(z,y) = f(aP,y?) and f(a,b) = f(a?,b?). Thus, to get the contradiction, it remains to show that

[P, yP) = f(a?, 7).

To this end, observe that

|Agp AAys| = p- |A DA, |

|Aa DAy
7. AT A1 L i —
p | U J| ‘AaUAb|
p- Az UA|
=2 A0 A
q- A, UA| q-| b]
m
= —q- |AaAAb|
m
= [Age Adpal.

Thus, both sum and the symmetric difference of A,», Ayr and Agq, Apa are of equal size. This
implies that also their intersections are of equal size. Since f satisfies Anonymity, Independent
Symmetry, and Add Zero, by Lemma[A.7] this means that f(z?, y?) = f(a?,b?). This concludes the
proof. O

Lemma A.9. If a dissimilarity measure, f, satisfies Anonymity, Independent Symmetry, Add Zero,
Scaling, and Triangle Inequality, then there exists a subadditive function, g : (Q N [0,1]) — R,
such that for every x,y € {0, 1}™ it holds that

f(z,y) = 9(|Ac DAy | /| Ax U Ay]).

Proof. From Lemma we know that there exists a function, g : (Q N [0,1]) — Rsg, such
that for every x,y € {0,1}" it holds that f(z,y) = g(|AzAA,|/|Az U A,|). It remains to show
that ¢ is subadditive, i.e., for arbitrary p,q € (Q N [0,1]) such that p + ¢ < 1, it holds that
g(p) + g(q) > g(p+ q). To this end, let r = 1 — p — ¢ and let k be such that pk, gk, rk € N. Then,
consider the following three vectors

Then, from Triangle Inequality we get f(z,y) + f(y,z) > f(z,z), which in terms of g means

k . .
g(k(pf§+r)) + g(k(p}:gw)) > g(%). Since p + ¢ +r = 1, we get that indeed g(p) + g(g) >
g(p + q), which concludes the proof. O

Lemma A.10. If a dissimilarity measure, f, satisfies Anonymity, Independent Symmetry, Add Zero,
Scaling, Convergence, and Triangle Inequality then there exists constant a € R>q such that for every

x,y € {0,1}" it holds that
f(x,y) =a- J(IIZ,y)

Proof. From Lemmawe know that there exists a subadditive function, g : (Q N [0,1]) — R>o,
such that for every =,y € {0, 1}™ it holds that f(z,y) = g(JAzAAy|/|Az UAy|) = g(J(z,y)). Let
a = g(1). We will show that for every » € Q N [0, 1] it holds that g(r) = ar, which will imply the
thesis.

We begin by showing that for every » € Q N [0, 1] it holds that
g9(r/2) = g(r)/2. ©)
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Let p, ¢ € N be such that » = p/q. Then, by Convergence we get that

g(p/q) = f((1)%,(0)P o (1)77F)
> 2 f((1)70(1)%,(0)P o (1)77P o (1)7)
=2-9(p/(29))-

Hence, g(r) > 2 - g(r/2). On the other hand, g(r) < 2 - g(r/2) from subadditivity. Thus, indeed
Equation (7)) holds.

Next, we generalize Equation (7)) and prove that for every » € Q N [0, 1] and ¢ € N it holds that
9(r/q) =g(r)/q. ®

Observe that it is enough to prove this equality for prime ¢, as for composite ¢s we can obtain
the thesis by combining the results for all prime factors of q. Thus, without loss of generality,
let us assume that ¢ is prime. Clearly, from subadditivity, we have that g(r/q) > ¢(r)/q. For a
contradiction assume that g(r/q) = g(r)/q + € for some ¢ > 0. By Little Fermat’s Theorem, we
know that there exists p € N such that p- ¢ = 29~ — 1. Then, we have that 1 +p- ¢ = 2(2~1, which
means that 1 = (14 p - ¢)/2¢~ Y. In turn, this implies that

1 1+p-¢q 1 D

6 = 2q71q = 2q71q + 2q—1 . (9)
Thus, we get
rp .
( ) <2k(q op Qk(q_l)) (from Equation (9))
( ) +p-g (2 qil) (from subadditivity)
1 r P : ,
= 519 7 + 5 g(r). (from Equation (7) used ¢ — 1 times)
Substituting g(r/q) = g(r)/q + £, we get
g(r)/ate p
9(r)/a+e < ===+ 5,719
_ I+p-q g—1
= Q(T)qu +e/2
=g(r)/q+e/277". (from Equation (9))

Thus, e < ¢/ 29—1 which is a contradiction for £ > 0. Therefore, Equation indeed holds, from
which we immediately obtain that

g(0) =0, and
g9(1/q) = a/q, forevery ¢ € N. (10)

Finally, let us take r = p/q for arbitrary p,q € N such that 1 < p < ¢. From subadditivity and
Equation (10| we get that g(p/q) < p-g(1/q) = ap/q. On the other hand, again from subadditivity

and Equatlon - we get that g(p/q) > g(1) — (¢ = p)g(1/q) = a —alqg — p)/q = a- p/q. Thus,
indeed g(r) = ar, for every r € QN [0, 1], which concludes the proof. O

Combining Lemma [A.T0] with Normalization we obtain the thesis. O

A.4 Proof of Theorem 4.3

Proof. For each of the axioms we provide a dissimilarity measure f that satisfies all but that axiom.
Anonymity: f(z,y) = S0 | — il -2/ (S0 max(ar, i) - 29
Scaling: f(z,y) = (|4, A4, +1)/(2]4, U A,])
Independent Symmetry: f(x,y) = max(|A; \ Ay|, |4y \ Az|)/|Az U Ay
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Add Zero: f(z,y) = H(z,y)

Convergence: f(r,y) = max;c[,) |v; —y;| (discrete distance)
Triangle Inequality: f(z,y) = J(x,y)?
Normalization: f(z,y) =2 J(z,y)

A.5 Proof of Proposition 6.1

Proof. Consider three arbitrary candidates x, y, z and without loss of generality assume that their
positions are such that p, < p, < p.. With a slight abuse of notation by z,y, z € {0,1}" we will
also denote the approval vectors for candidates x, y, 2, respectively. Let us use the following notation:

ne = |Az \ (Ay U A2,
Ny = |Ay \ (Az U A,
ny = |Az \ (Am U AZ/)‘7
Nay = |(Az N Ay) \ Az,
Ny, = [(Ay NA,) \ Az,
Ngy> = |[Az N Ay N A
Note that all of the above sets are pairwise disjoint. Since y is between x and z and we assumed

equal radii, then (A; N A,) \ A, has to be empty (the intersection of the z’s and z’s interval, if it
exists, must be entirely contained in the y’s interval).

Now, we need to show that J(z,y) < J(x,y), i.e.,

[AcDAy| _ JAAA,|
Az NAy| ~ Az N A,

This is equivalent to

Ng + Ny + Ny < Ng + Ny + Ngy + Ny
Ny +ny +nxy +nyz +nzyz a Ny +nz +nxy +nyz +nxyz

After simplifying, we get

However, since the radii of all intervals are the same, it must hold that either the y’s interval is
completely contained in the sum of z’s and z’s intervals, and then n,, = 0, or «’s and z’s intervals do
not intersect, and then n,,, = 0. Thus, the left hand side of the last inequality is always equal to 0
and since the right hand is always nonnegative, this concludes the proof. [

B Axiomatic Characterization of the Discrete Distance

The axioms on which the Hamming and Jaccard distances differ are Zero-One Symmetry and Add
Zero. A reader may wonder if it is possible to satisfy both of this axioms at the same time. In this
section, we show that these two axioms together with some axioms that are shared by Hamming and
Jaccard uniquely characterize the discrete distance, which for every pair of vectors z,y € {0,1}", is

defined as
{0, if x =y,

D(z,y) = max|z; — y;| = 1, otherwise

i€[n]
To this end, we first introduce one more axiom, which is a standard distance metric axiom and is
satisfied by both Hamming and Jaccard.

Definition B.1 (Identity). A dissimilarity measure, f, satisfies Identity if for every vectors =,y €
{0,1}™ it holds that
f(z,y) =0 <= z=y.
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Now, let us state the main result of this appendix.

Theorem B.2. A dissimilarity measure, f, satisfies Anonymity, Independent Symmetry, Add Zero,
Zero-One Symmetry, Scaling, Identity, and Normalization if and only if f is the discrete distance.

Proof. Let us first show that the discrete distance indeed satisfies the respective axioms, by consider-
ing them one by one.

Anonymity
Clearly, for every x,y € {0 1}™ and permutation 7 : [n] — [n], it holds that
z =y < 7(x) = m(y). Thus

D(W(%)»W(y)) = D(z,y).

Scaling
Observe that for every z,y € {0,1}" and k € N, it holds that x = y < zF = ¢~
Hence,

D(a*,y") = D(z,y).
Independent Symmetry
Forevery z,y € {0,1}" and i € [n], itholds that z =y < (x_;, ;) = (Y—i, T:).
Thus,

D((x—i,yi), (y—ir i) = D(z,y).

Zero-One Symmetry
Note that for every z,y € {0,1}", it holds that z = y < Z = . Hence,

D(i‘,ﬂ) = D(I,y)

Add Zero
Note that for every z,y € {0,1}", it holds that z = y < z 0 (0),y o (0). Thus,

D(z0(0),y0(0)) = D(z,y).

Identity
We get the Identity directly from the definition of the discrete distance.

Normalization
Clearly, D((0), (1)) = 1.

Now, let us focus on the converse statement, i.e., that any dissimilarity measure that satisfies these
axioms must necessarily be the discrete distance.

From the proof of the Jaccard distance we already know how does the class of dissimilarity measures
satisfying Anonymity, Independent Symmetry, and Add Zero behaves. Now, let us add to it Zero-One
Symmetry.

Lemma B.3. If a dissimilarity measure, f, satisfies Anonymity, Independent Symmetry, Add Zero,
and Zero-One Symmetry then there exists a function, g : N — R, such that for every x,y € {0,1}"

it holds that
f(z,y) = g(|Az D A)).

Proof. From Lemma we know that there exists a function, g : N> — R, such that for every
x,y € {0,1}" it holds that flz,y) = g(|Az AAy|, |Az U Ayl). Hence, it is enough to show that
g(|A$AAy|7 A, UA|) = g(|Az DA, \AQCAAyD for every pair =,y € {0,1}".

To this end, fix arbitrary x,y € {0,1}". Let 2/,3/ € {0, 1}"/ be vectors obtained from x,y
with all coordinates on which x and y have both Os removed. Since |AIIAAy/| = |A;AAy| and
Ay UA,| =|A; UA,|, we know that g(|A,AA, |, |Az U Ay]) = f(2',y'). Then, by Zero-One
Symmetry we obtain g(|A; AA yls |A UA,|) = (x y) f(:c 7)) = g(|Am/AAy [, |Az UAg]).
However, since there is no 1ndex 1€ [n’ ] such that 2} = y. = 0, there is also none for Wthh
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z, =y, = 1,ie., Az N Ay = @. This means that Az U Ay = Az AAy. On the other hand,
Az U Ay = A, U Ay. Thus, indeed

9(| A DA [ |4z UAY]) = f(2,y) = f(2",7) = g(|Aa DA, |, | A A A, )

Next, we consider dissimilarity measures satisfying Scaling as well.

Lemma B.4. If a dissimilarity measure, f, satisfies Anonymity, Scaling, Independent Symmetry, Add
Zero, and Zero-One Symmetry, then there exist constants a,b € R>, such that

= {2 2=

b otherwise.

Proof. From Lemma we know that there exists a function, g : N — R, such that for every
z,y € {0,1}™ it holds that f(z,y) = g(|A;AA,]). Let us denote a = ¢(0) and b = g(1). It
remains to show that g(k) = b also for every k € {2,3,...}. From Scaling, we know that
F(DF,(0)%) = £((1), (0)). Thus, indeed

g(k) = F(1)*, (0)*) = f((1),(0) = (1) = b.

O
Finally, as from Lemma [B.4] we know that
a ifx=y,
fley) = {b otherwise,
for every z,y € {0, 1}", arriving at the thesis is straightforward. Indeed, we know that a = 0 from
Identity and b = 1 from Normalization. O

Once again, we can show that the axioms characterizing the discrete distance are independent.

Theorem B.5. For every axiom in the set Anonymity, Independent Symmetry, Add Zero, Zero-One
Symmetry, Scaling, Identity, and Normalization there is a dissimilarity measure that satisfies all other
axioms in this set except for this one.

Proof. For each of the axioms we provide a dissimilarity measure f that satisfies all but that axiom.

Anonymity: f(z,y) = max;c[y) I:”Q_f{‘

Scaling: f(z,y) = Zie[n] |zi —yil =n- H(z,y)

0 ifzx =y,

Independent Symmetry: f(z,y) = {max(|Ax \ Ayl 1A, \ Au)/|A,AA, |, otherwise.

Add Zero: f(z,y) = H(z,y)
Zero-One Symmetry: f(x,y) = J(z,y)
Identity: f(z,y) = (D(z,y) +1)/2
Normalization: f(x,y) =2 - D(z,y)
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C Real-Life Data Details

Table 5: Parameters of real-life participatory budgeting instances.

Warsaw Krakéw Lodz
Metric 2023 2024 2023 2024 2023 2024
Number of instances 18 18 18 18 36 36
Avg. num. of voters 4562.61 4128.00 3605.94 3616.72 2549.86 2470.94
Avg. num. of projects 99.17 60.94 31.06 31.72 18.33 19.03
Avg. num. of categories 7.94 8.0 5.67 5.72 3.5 3.61

Avg. num. of proj. per cat. 19.24 19.96 4.47 4.33 3.76 3.83

Table 6: Average Pearson correlation between our six measures and the Euclidean distance.

Warsaw Wieliczka
Metric 2019 2020 2021 2022 2023 2024 2023
Number of districts 18 18 18 18 18 18 1
Hjy geometric Hamming 0.123  0.077  0.067 0.093 0.058 0.024 0.228
H; Hamming 0.101  0.049 0.057 0.074 0.041 0.012 0.186

|

|

Hj quadratic Homming  0.081  0.034 0.045 0.056 0.031  0.005 0.154

Jo geometric Jaccard 0.283 0.219 0.226 0.175 0.236 0.260 0.441
|

J1 Jaccard 0.268 0.208 0.210 0.162 0.222 0.244 0.369

Jo quadratic Jaccard 0.262 0.205 0.205 0.156 0.219 0.238 0.387

Jo>Jp 0.94 0.89 0.94 0.83 0.89 0.89 1.0
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