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Abstract

Attention mechanism is a central component of the transformer architecture which
led to the phenomenal success of large language models. However, the theoretical
principles underlying the attention mechanism are poorly understood, especially its
nonconvex optimization dynamics. In this work, we explore the seminal softmax-
attention model f(X) = vT X" softmax(XWT p), where, X is the tokenized input, v
is the value weights, W is the key-query weights, and p is a tunable token/prompt.
We prove that running gradient descent on p, or equivalently W, converges to a max-
margin solution that separates locally-optimal tokens from non-optimal ones. We
also develop regularization path analysis that generalizes these findings to nonlinear
classifier head — rather than linear v. When optimizing v and p simultaneously with
logistic loss, we identify conditions under which the regularization paths converge
to their respective max-margin solutions where v separates the input features based
on their labels. Finally, we verify our results through numerical insights.

1 Introduction

Since its introduction in the seminal work [1], attention mechanism has played an influential role in
the advances in natural language processing, and more recently, large language models [2, 3, 4, 5].
Attention is initially introduced for encoder-decoder RNN architectures in order to allow the decoder
to use the most relevant parts of the input sequence, rather than relying on a fixed-length hidden
state. Attention mechanism has taken the center stage in the transformers [6] where the self-attention
layer — which calculates softmax similarities between input tokens — forms the backbone of the
architecture. Since their inception, transformers have revolutionized natural language processing
(from BERT to ChatGPT [7, 8]) and they have also become the architecture of choice for foundation
models [9] to address diverse challenges in generative modeling [3, 10], computer vision [11, 12],
and reinforcement learning [13, 14, 15].

The prominence of the attention mechanism motivate a fundamental theoretical understanding of its
role in optimization and learning. While it is well-known that attention enables the model to focus on
the relevant parts of the input sequence, the precise mechanism by which this is achieved is far from
clear. To this end, we ask

Q: What are the optimization dynamics and inductive biases of the attention mechanism?

We study this question using the fundamental attention model f(X) = v XTS(XWT p). Here, X is the
sequence of input tokens, v is the classifier head, W is the trainable key-query weights, and S denotes
the softmax nonlinearity. For transformers, p corresponds to the [CLS] token or tunable prompt [16]
whereas for RNN architectures [1], p corresponds to the hidden state.

Given training data (¥;, X;)?_, with labels ¥; € {1, 1} and inputs X; € R4 we consider the empirical
risk minimization with a decreasing loss function £(-) : R — R,

1 n
LOp.W) =~ > (Y- fX).
i=1
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(a) Global convergence (b) Global and local optimal directions (c) Multiple inputs

Figure 1: The convergence behavior of the gradient descent on the attention weights p using the
logistic loss in (ERM). Here, (- - -) and (- - -) denote the global and local max-margin solutions. y
denotes the score of a token per Definition 1. Discussion is provided under Theorem 1.

We operate under the assumption that the most relevant tokens within each input are separable from
the rest through softmax nonlinearity. Our main contributions are as follows:

e Optimize p or W for fixed v (Sec. 2): We first prove that gradient iterations of p and W admit a
one-to-one mapping, thus we focus on optimizing p without losing generality. We prove that gradient
iterates of p converges to a max-margin solution (namely (ATT-SVM)) that separates locally-optimal
tokens from non-optimal ones. The notion of relevant tokens is clearly quantified in terms of scores
v: = Y -vTx, where x, is the #’th token of input X. The locally-optimal tokens are those with higher
scores than their nearest neighbors determined by the SVM solution. These are illustrated in Figure 1.

¢ Optimize (v, p) jointly (Sec. 3): We study the joint problem under logistic loss function. We
use regularization path analysis where (ERM) is solved under ridge constraints and we study the
solution trajectory as the constraints are relaxed. Since the problem is linear in v, if the attention
features x?" = S(X;W" p) are separable based on their labels Y;, v would implement a max-margin
classifier. Building on this, we prove that p and v converges to their respective max-margin solutions
under certain margin conditions. Relaxing these conditions, we obtain a more general solution where
margin constraints on p are relaxed on the inputs whose attention features are not support vectors of

v. Figure 2 illustrates these outcomes.

In Sec. 4, we extend the ideas in Sec. 2 to the more general model f(X) = y(XTS(XWT p)) with
nonlinear head . Overall, our results clearly formalize the role of the attention mechanism as a token-
selection/context-discovery mechanism and lay the groundwork for future research by connecting it
to the implicit bias literature and max-margin SVM formulation.

Next section introduces preliminaries, Section 5 discusses related literature, and Section 6 provides a
discussion of limitations and future work.

1.1 Preliminaries

Notations. For any integer N > 1, let [N] = {1,..., N}. We use lower-case and upper-case bold
letters (e.g. @ and A) to represent vectors and matrices, respectively. The entries of a are denoted
as a;. We use oyax(A) and o pin(A) to denote the maximum and minimum singular values of A,
respectively. We denote the minimum of two numbers a, b as a A b, and the maximum a V b. We use
the standard big-Oh notation O(-) to hide universal constants.

Optimization. Given a function £ : R? — R and an &,-norm bound R, the regularized solution is
defined as
(D

Note that p(R) is not unique in general. For gradient descent, we assume the objective L(p) is smooth
and describe the gradient descent process as

p(t+ 1) = pt) - n(VL(p(1)),
where 7() is the stepsize at time ¢ and V.L(p(¢)) is the gradient of L at p().

P(R) := arg min L(p).
lipll<R

@

Attention in Transformers. We now describe how our model relates to the attention mechanism in
transformers. Our exposition follows the recent work [17] which focuses on the theoretical properties
of prompt-tuning.
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o Self-attention is the core building block of transformers [6]. Given an input consisting of T

tokens X = [x|,...,x7]T € RT™*4 self-attention with key-query matrix W € R4 and value matrix
V € R, the self-attention model is defined as follows:
fa(X) = SXWXHXV. 3)

Here, S(-) is the softmax nonlinearity that applies row-wise on the similarity matrix XWX,

e Tunable tokens: [CLS] and prompt-tuning. In practice, we append additional tokens to the raw
input features X: For instance, a [CLS] token is used for classification purposes [7] and prompt
vectors can be appended for adapting a pretrained model to new tasks [16, 18]. Let p € R¢ be the
tunable token ([CLS] or prompt vector) and concatenate it to X to obtain X, := [p XT]T € RT+Dxd,
Consider the cross-attention features obtained from X, and X given by

S(pTWXT)

saxwx™y | XV

fsa(X)
The beauty of cross-attention is that it isolates the contribution of p under the upper term f.;(X) =
VTXTS(XWTp) € R". In this work, we use the value weights for classification, thus we set v = 1,
and denote v = V € R?. This brings us to our attention model of interest:

f(X,0)=v'X"S(Kp) where K=XW'. 4)

Above ® = (v, W, p) are the tunable model parameters and K is the key embeddings. Note that
W and p are playing the same role within softmax, thus, it is intuitive that they exhibit similar
optimization dynamics. Confirming this, the next lemma shows that gradient iterations of p (after
setting W « Identity) and W admit a one-to-one mapping.

[ JS(X)} = S(X,WX")XV = [

Lemma 1 Fixa € RY. Let yy : R? — Rand € : R xR — R be differentiable functions. On the same
training data, define £(p) = 1 S, (Y, (X7 S(X;p))) and LW) = L S0 "0V, y(X] S(X; W a))).
Starting from p(0) and W(0) = ap(0)7 /||lall> consider the gradient descent iterations with stepsize 1:
pt+1) = p(t) —=nVL(py),
W(t + 1) = W() = nllal >V LW@)).

We have that W, = ap, /|\all* for all t > 0.

Thanks to this lemma, W’s optimization dynamics is directly characterized by p’s dynamics, since we
can always reconstruct W from p using the relationship between their gradient iterations. Hence, in
what follows, we fix W, and focus on optimizing p in Sec 2 and joint optimization of (v, p) in Sec 3.

Problem definition: Throughout, (¥;, X;)_, denotes our training dataset where Y; € {~1, 1} and
X; € RT*4 We denote the key embeddings of X; via K; = X;WT and explore the training risk

1 n
Lo.p) =~ > (VT XTS(Kip)). (ERM)
i=1

Importantly, our results apply to general tuples (Y;, X;, K;) and do not assume that (X;, K;) are
tied via W. Finally, the " tokens of X, K; are denoted by x;;, ki; € R? respectively for t € [T].

2 Global and Local Margin Maximization with Attention

In this section, we establish the main results of this paper (Theorems 1 and 3) by characterizing the
implicit bias of gradient descent on learning p € R¢ for a fixed v € R choice. A notable feature of our
results is that they apply to general decreasing loss functions. The underlying reason is that margin
maximization arises from the exponentially-tailed nature of the softmax within attention rather than ¢.
Throughout, we make the following assumption on the loss function:

Assumption A (Well-Behaved Losses) Over any bounded set in R, £ : R — R obeys

Al. (s strictly decreasing and bounded from below.
A2. (' is My-Lipschitz continuous and |’ (u)| < M.
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Assumption A includes many common loss functions, including the logistic loss ¢ (1) = log (1 + ™),
exponential loss € (u) = e, and correlation loss €(#) = —u. Assumption A implies that £ (p) is a

O((MO + M) )-smooth function (see supplementary), where 0max 1= 1/n 3} omax(X;). The

max
central feature of this assumption is that we do not require convexity for the loss function.

We now introduce a convex hard-margin SVM problem that separates one token of the input sequence
from the rest, jointly solved over all inputs. We will show that this problem captures the optimization
properties of softmax-attention. Fix indices @ = (a;)7_, and consider

p (@) = arg rrganII subject to rtriiOlin(ki(Y[ —ky)>1 forall 1<i<n  (ATT-SVM)

We are ready to introduce our main results by characterizing global and local convergence of the
attention weights p in the direction of (ATT-SVM) solutions.

2.1 Global Convergence of the Attention Weights p

We first identify the conditions that guarantees the global convergence of gradient descent for p. The
intuition is that, in order for attention to exhibit implicit bias, the softmax nonlinearity should be
forced to select the optimal token within each input sequence. Fortunately, the optimal tokens that
achieve the smallest training objective under decreasing loss function £(-) have a clear definition.

Definition 1 (Token Score and Optimality) The score of token x;, of input X; is defined as y;; =
Y; - v x;. The optimal tokens for input X; are those tokens with highest scores given by

opt; € arg max y;;.
1€[T]

We denote the solution of (ATT-SVM) with optimal indices (opt;)’_, by p™™*. Note that multiple
tokens within an X; might attain same score, thus opt; and p™* may not be unique.

To proceed with our global convergence analysis, we need to make the assumption that all non-optimal
tokens have equal scores. In other words, if a potential solution includes tokens that do not appear in
the final optimal solution, all of these tokens are assumed to have the same score value.

Assumption B For all i € [n] and t,T # opt;, the scores per Def. 1 obey yi = ¥ir < ¥Yiopt,-

Theorem 1 (Global Convergence of Gradient Descent) Suppose Assumption A on the loss func-
tion € and Assumption B on the tokens’ score hold. Then the gradient descent iterates p(t + 1) =

p(t) —nV.Ly,(p(1)) on (ERM), with the step size 1 < O (6';;)( /My + M 1)) and any starting point p(0)
satisfies lim,_,o, p(0)/||p(O|| = p™™* /||[p™™*||.

Theorem 1 shows that gradient descent dynamics of the normalized predictor p(t)/||p(¢)|| converges
towards p™™* /|| p™™* ||, effectively separating globally optimal tokens from non-optimal ones. To
illustrate this theorem, we have conducted synthetic experiments. Let us first explain the setup used
in Figure 1 and 2(a). We set d = 3 with each token having three entries x = [xy, x2, x3]. We reserve
the first two coordinates as key embeddings k = [xj, xp, 0] by setting W = diag([1, 1,0]). This is
what we display in our figures as token positions. Finally, in order to assign scores to the tokens we
use the last coordinate by setting v = [0, 0, 1]. This way score becomes Y - v"x = Y - x3, allowing us
to assign any score (regardless of key embedding).

In Figure 1(a), the gray paths represent gradient descent trajectories initiated from different points,
while the points (0, 0) and (1, 0) correspond to non-optimal tokens, and (—0.1, 1) represents the optimal
token. Notably, gradient descent iterates with various starting points converge towards the direction
of the max-margin solution p™™* (depicted by - - -). Moreover, as the iteration count ¢ increases,
the inner product {p(®)/||p(®)|l, p™™* /|l[p™*||) consistently increases. Figure 1(c) also illustrates
the result of Theorem 1 on multiple inputs (gray dot line is the separating hyperplane). These
observations emphasize the gradual alignment between the evolving predictor and the max-margin
solution throughout optimization.

Transient optimization dynamics and the role of loss function. While asymptotic direction of
gradient descent is determined by p™™, intuitively transient dynamics can exhibit bias towards tokens
with extreme scores. We aim to capture this intuition in Figure 2(a) which depicts the gradient
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trajectories for different scores and loss functions. We have two optimal tokens (%) with scores
v1 = 1,9, = C for varying C and we consider correlation loss £(x) = —x and exponential loss
{(x) = e~*. In a nutshell, as C grows, it can be seen that £{(x) = —x is biased towards token with
high-score whereas £(x) = e™ is biased towards the low-score token. The underlying reason can be
seen from the gradient of individual inputs: V.L;(p) = £ - KiTS’(X p)Xv where S’(-) is the softmax
derivative and £} := '(Y; - v X[ S(X;p)). Assuming p (approximately) selects the optimal tokens, this
would simplify to £, = £'(y;) and [[V.Li(p)Il &< |€'(y:)| - yi. Now, with correlation loss |¢'| = 1, thus,
[IVLi(p)l| « y; and larger score induces larger gradient. Whereas with exponential loss || = 7%,
thus, [VLi(p)|| « y;e”? and smaller score induces larger gradient explaining the empirical behavior.

We next provide the regularization path analysis that requires relaxed assumptions on both loss
function and tokens’ score.

Theorem 2 (Regularization Path) Suppose Assumption A on the loss function holds, and for all
i € [n] and t # opt;, scores obey yir < Yiopt,- Then the regularization path p(R) = arg minyp<r L(p)
satisfies limg_,eo P(R)/R = p™™* /|l p™™*].

Theorem 2 reveals that as we loosen the regularization strength R to achieve ridgeless optimization
with min, £(p), the optimal direction p(R) gradually aligns with the max-margin solution p™"*.
A central feature of this theorem is its ability to handle non-optimal tokens that possess different
arbitrary scores. Thus, it demonstrates that max-margin convergence is a global feature of attention
mechanism. As we shall see in the next section, due to nonconvex landscape and nonlinearity of
softmax, convergence of regularization path without Assumption B does not imply that Theorem 1
can avoid this condition.

2.2 Local convergence of the attention weights p

Theorem 1 on the global convergence of gradient descent serves as a prelude to the general behavior
of the optimization. Once we relax Assumption B by allowing for arbitrary token scores, we will
show that p can converge (in direction) to a locally-optimal solution. However, this locally-optimal
solution is still characterized in terms of (ATT-SVM) which separates locally-optimal tokens from the
rest. Our theory builds on two new concepts: locally-optimal tokens and neighbors of these tokens.

Definition 2 (SVM-Neighbor and Locally-Optimal Tokens) Fix token indices a = (a;)_,. Solve
(ATT-SVM) to obtain p™ = p™(@). Consider tokens T; C [T] such that (ki,, — ki,)Tlpmm =1
forallt € T;. We refer to T; as SVM-neighbors of ki, Additionally, tokens & = (a;)!_, are called
locally-optimal if for all i € [n], t € T; scores per Def. 1 obey yiq, > Vir.

To provide a basis for discussing local convergence, we establish a cone centered around p™™ using
the following construction. Let u be a positive scalar, and define the cone as:

p pmm
cone,(p™) := { eR? <—, > >1- } 5)
b per!| Pl il K

In the subsequent theorem, we demonstrate the existence of a scalar u = p(a@) > 0 and a radius R such
that when R is sufficiently large, there are no stationary points within the intersection of cone,(p™")
and the set {p | ||p|l > R}. Further, the gradient descent initialized within this intersection converges in
direction to p™™ /||p™™].

Theorem 3 (Local Convergence of Gradient Descent) Suppose Assumption A on the loss function
t holds and assume a = (a;)_, are locally-optimal tokens per Definition 2. Then, there exists a scalar
1 = u(a) € (0,1) and a radius R > 0 such that cone,(p™™) (" {p | llpll = R} does not contain any
stationary points. Further, the gradient descent iterates p(t + 1) = p(t) — nVL(p(t)) on (ERM) with

. 1 u—€
"SO(mm((Mle)&;;ax’(1—u>))’ ©

for any € € (0,min(u, 1)), and any starting point p(0) € cone,(p™) N\ {p||lpll = R} satisfies
lim; oo p()/IlpOIl = p™/llp™™|I.

Proof sketch. We provide the proof in four steps:
Step 1. We begin by proving that there are no stationary points within cone,(p™™) { pllpll = Rﬂ}
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for a specific radius R,,. Let (7;)?_, denote the set of SVM-neighbors as defined in Definition 2. We
define 7; = [T] — 7; — «; as the tokens that are non-SVM neighbors. Additionally, let

1. ) 1 {min(0.5, ) :
§:= —min min (ki — k)T p™® A= m O s = —=] .
2 iE[lnI]lte‘T;,}rIEl‘f;( i~ ki) P ie[n],atle)%T]“ all - llp ™ K 8( A )

For all g, p € cone,(p™") with ||g|| = |[p™"||, we establish the existence of R, such that —q"VL(p)
is strictly positive for ||pl| > R,.. Specifically, we show the existence of positive constants C and ¢
satisfying:
C- max g; 2 -(VL(p).g) = c- m[ir]l‘Ii > 0.
IE|Nn €N
Here, g; = 1 — S(K;p), and @ = (a;)}_, are locally-optimal tokens per Definition 2.
Step 2. We demonstrate that for any € € (0, min(y, 1)), there exists R, such that all p €

cone,(p™) N{p | llpll = R} satisfy
F_ > >(1-¢) <—VL<p>, l>.
llp™™| llpll

Step 3. By leveraging the results from Step 1 and Step 2, we can demonstrate that the gradient

iterates, with an appropriate step size, starting from p(0) € cone,(p™) N{p | llpll = R}, remain
within this cone. Specifically, if p(f) € cone,(p™) N{p | llpll = R}, then ||p(t + D)|| > ||p(1)ll, and

< pt+1) p™

lipCe + DI [lp™m|

which implies that, with the step size 7 satisfying (6), p(t + 1) € cone,(p™) N{p | llpll = R}.

mim

<—V£(p),

>21—M+O(n(u—6)—772(1—u)),

Step 4. The remaining part of the proof follows the same reasoning as the proof of Theorem 1 and is
provided in the supplementary material. [ ]

To further illustrate Theorem 3, we can consider Figure 1(b) where n = 1 and T = 3. In this figure,
the point (0, 0) represents the non-optimal tokens, while (1, 0) represents the locally optimal token.
Additionally, the gray paths represent the trajectories of gradient descent initiated from different
points. By observing the figure, we can see that gradient descent, when properly initialized, converges
towards the direction of p™™ (depicted by - - -). This direction of convergence effectively separates
the locally optimal tokens (1, 0) from the non-optimal token (0, 0).

2.3 Tightness of the locally-optimal token definition

An important question is whether our definition of locally-optimal tokens (Def. 2) covers all token
configurations @ = (a;)7_, that can be selected by the attention mechanism asymptotically (as
[[pll = o0). The following theorem essentially establishes the tightness of our definition: It shows that,
given a = (a;)._,, if any of the @;’s have an SVM-neighbor with a higher score, then regularization
path will not prefer the p™"(«) direction.

Theorem 4 Fix indices a = (a;)!_, with SVM-neighbors (T;)!_,. Set p™" := p"™(a@). Suppose that:
e For some j € [n], there exists 8 € T ; with higher score than aj, i.e., Y;-v X3 > Y; - v Xjq,.

e foralliec [n] andt € T, the vectors ki,, — ki, are linearly independent (We note that this
holds for almost all datasets).

For any € > 0, there exists R, > 0 as follows: Consider the neighborhood of p™™: C. = cone.(p™™)

NP Ipll > Re). Define the local path B(R) = minpec, jpi<k L(p). Then lim 2B P

im = -
oo IPR 7 Tip™ I

3 Joint Convergence of Head v and Attention Weights p

In this section, we extend the preceding results to the general case of joint optimization of head v
and attention weights p using a logistic loss function. To this aim, we focus on regularization path
analysis, which involves solving (ERM) under ridge constraints and examining the solution trajectory
as the constraints are relaxed.
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Figure 2: (a) Global convergence of p with different loss functions and scores. (b)&(c) Joint
convergence of attention weights p and classifier head v to max-margin directions.

High-level intuition. Since the prediction is linear as a function of v, logistic regression in v can
exhibit its own implicit bias to a max-margin solution. Concretely, define the attention features
xf’ = X[S(K;p) and define the dataset S” = (Y, xf’ ). If the dataset SP is separable by v, then

optimizing only v will converge in the direction of the max-margin classifier by setting r; « x”:
l

v = arg mird1||v|| subjectto  Y;-v'r; > 1. (CLS-SVM)
veR:

This motivates a clear question: Under what conditions, optimizing v, p jointly will converge to their
respective max-margin solutions? We study this question in two steps. Loosely speaking, we will
first assume that when solving (CLS-SVM), all inputs i € [n] are also the support vectors. We will
then relax this condition to uncover a more general implicit bias for p. Throughout we assume that
the joint problem is separable and there exists (v, p) asymptotically achieving zero training loss.

3.1 When all attention features are support vectors

In (CLS-SVM), define label margin to be 1/|[v™"||. Our first insight in quantifying joint implicit
bias is that, optimal tokens admit a natural definition: Those that maximize the downstream label
margin when selected. This is formalized below where we assume that: (1) selecting the token indices
a = (@;)!_, from each input data achieves the largest label margin. (2) The optimality of the @ choice
is strict in the sense that mixing other tokens will shrink the label margin in (CLS-SVM).

Assumption C LetI" > 0 be the label margin when solving (CLS-SVM) with r; < Xq,. There exists
v > 0 such that for all p, solving (CLS-SVM) with r; « xf results in a label margin of at most
I' — v - maXep (1 — 8iq,) where s; = S(K;p).

Example: To gain intuition, let us fix v, € R? and consider the dataset obeying x;; = Y; - v, and
[lxi]l < |[v«|l for all + > 2 and all i € [n]. For this dataset, we can choose @; = 1, I' = ||[v4]|| and
V= [Vl = suPjeryy oo il

Theorem 5 Consider the ridge-constrained solutions (v,, pr) of (ERM) defined as

v, pr = argmin L(v, p).
[vlI<rlipli<R
Suppose Assumption C holds for some I',v > 0. As r,R — oo, the joint regularization path (v,, pr)

converges as follows: 28 — L ywhere p™ is the solution of (ATT-SVM). x ﬁ where y™™

R [lp™™l
is the solution of (CLS-SVM) with r; = x;;.

As further discussion, consider Figure 2(b) where we setn = 3,7 = d = 2 and W = Identity. All
three inputs share the point (0, 0) which corresponds to their non-optimal tokens. The optimal tokens
(denoted by x) are all support vectors of the (CLS-SVM) since v™ = [0, 1] is the optimal classifier
direction (blue color). Because of this, p™" will separate optimal tokens from (0, 0) coordinate via
(ATT-SVM) which results in the red direction (yellow and teal % are the support tokens).

3.2 General solution when selecting one token per input

Can we relax Assumption C, and if so, what is the resulting behavior? Consider the scenario where
the optimal p diverges to co and ends up selecting one token per input. Suppose this p selects some
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coordinates @ = (a;)?_,. Let N' C [n] be the set of indices where the associated token x;,, is not a
support vector when solving (CLS-SVM). Our intuition is as follows: Even if we slightly perturb this
p choice and mix other tokens ¢ # «; over the input set N C [n], since N is not support vector for
(CLS-SVM), we can preserve the label margin (by only preserving the support vectors [n] — N). This
means that p may not have to enforce max-margin constraint over inputs i € N, instead, it suffices to
just select these tokens (asymptotically). This results in the following relaxed SVM problem:

1 forall t#a;,ie[n]-N

0 forall t#a;, ie N 7

p“*“”‘ =min||pl| suchthat p'(ki, — ki) > {
P
Here, p"x;,, > 0 corresponds to the selection idea. Building on this intuition, the following theorem
captures the generalized behavior of the joint regularization path.

Theorem 6 Consider the path of (v,, pr) as r,R — oo as in Theorem 5. Suppose S(K;pr)s, — 1, i.e.,
the tokens (@;)!_, are asymptotically selected. Let v'™™ be the solution of (CLS-SVM) with r; = xj,,
and N be its set of non-support indices. Suppose Assumption C holds over the support vectors

[n] — N. Then

relax

, L — ﬁ and % — W where p*a% is the solution of (7) with a; choices.
To illustrate this numerically, consider Figure 2(c) which modifies Figure 2(b) by pushing the yellow
* to the northern position (0.5, 1.5). We still have v™™ = [0, 1] however the yellow % is no longer a
support vector of (CLS-SVM). Thus, p solves the relaxed problem which separates green and teal
*’s by enforcing the max-margin constraint on p (which is the red direction). Instead, yellow * only
needs to achieve positive correlation with p (unlike Figure 2(c) where it dictates the direction).

4 Regularization Path of Attention with Nonlinear Head

So far our discussion has focused on the attention model with linear head. However, the conceptual
ideas on optimal token selection via margin maximization also extends to a general nonlinear model
under mild assumptions. The aim of this section is showcasing this generalization. Specifically,
we consider the prediction model f(X) = y(XTS(Kp)) where y(-) : R S5 R generalizes the linear
head v of our attention model. For instance, following exposition in Section 1.1, ¥(-) can represent a
multilayer transformer with p being a tunable prompt at the input layer. Recall that S = (X;, K;, Y;)?_,
is the dataset of the input-key-label tuples. We consider the training risk

Lp) = %Zf(m/(X,T sP) where s” = S(K;p) e R @®)
i=1

The challenge with nonlinear y/(-) is that, we lack a clear score function (Def. 1) unlike the previous
sections. The assumption below introduces a generic condition that splits the tokens of each X; into
an optimal set O; and non-optimal set O; = [T] — O;. In words, non-optimal tokens are those that
strictly increase the training risk £(p) if they are not fully suppressed by attention probabilities sf’ .

Assumption D (Mixing non-optimal tokens hurt) There exists sets (O,-)j?: | € [T] as follows. Let
qf = 2co, s5 be the sum of softmax similarities over the non-optimal set for p. Set qh, = max;cp, qf .
For any A > 0, there exists p < 0 such that:

Forall p,p’ € RY, if 1og(qhay) < (1 + A)log(qh) A p, then L(p) < L(p).

This assumption is titled mixing hurts because the attention output Xl.Tsf.' is mixing the tokens of X;
and our condition is that, to achieve optimal risk, this mixture should not contain any non-optimal
tokens. In particular, we require that, a model p that contains exponentially less non-optimality
(quantified via log(gmax)) compared to p’ is strictly preferable. As we discuss in the supplementary
material, Theorem 2 is in fact a concrete instance (with linear head v) satisfying this condition.

Before stating our generic theorem, we need to introduce the max-margin separator towards which
regularization path of attention will converge. This is a slightly general version of Section 2’s
(ATT-SVM) problem where we allow for a set of optimal tokens O; for each input.
p™" = argmin||p|| subject to m%x min p" (kj, — kigp)>1 forall i€ [n]. (ATT-SVM’)
p ac0; Be0;
Unlike (ATT-SVM), this problem is not necessarily convex when the optimal set O; is not a singleton.
To see this, imagine n = d = 1 and T = 3: Set the two optimal tokens as k| = 1 and k, = —1 and the
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non-optimal token as k3 = 0. The solution set of (ATT-SVM’) is p™ € {—1, 1} whereas their convex
combination p = 0 violates the constraints. To proceed, our final result establishes the convergence
of regularization path to the solution set of (ATT-SVM’) under Assumption D.

Theorem 7 Let P™™ be the set of global minima of (ATT-SVM”). Suppose its objective T := ||p™|
is finite and Assumption D holds. Let dist (-,-) denote the {»-distance between a vector and a set.

Following (8), define p(R) = arg minyp<g L(p). We have that limg_,, dist (F’%, Pmm) =0.
We note that Theorem 2 is a corollary of this result where the set #™" is a singleton.

5 Related Work

Implicit Regularization. The implicit bias of gradient descent in classification tasks involving
separable data has been extensively examined by [19, 20, 21, 22, 23, 24]. These works typically
use logistic loss or, more generally, exponentially-tailed losses to make connections to margin
maximization. These results are also extended to non-separable data by [25, 26, 27]. Furthermore,
there have been notable investigations into the implicit bias in regression problems/losses utilizing
techniques such as mirror descent [28, 20, 29, 30, 31, 32]. In addition, several papers have explored
the implicit bias of stochastic gradient descent [33, 34, 35, 36, 37, 38], as well as adaptive and
momentum-based methods [39, 40, 41, 42]. Although there are similarities between our optimization
approach for v and existing works, the optimization of p stands out as significantly different. Firstly,
our optimization problem is nonconvex, introducing new challenges and complexities. Secondly, it
necessitates the introduction of novel concepts such as locally-optimal tokens and requires a fresh
analysis specifically tailored to the cones surrounding them.

Attention Mechanism. Transformers, introduced by [6], revolutionized the field of NLP and
machine translation, with earlier works on self-attention by [43, 44, 45, 46]. Self-attention differs from
traditional models like MLPs and CNNs by leveraging global interactions for feature representations,
showing exceptional empirical performance. However, the underlying mechanisms and learning
processes of the attention layer remain unknown. Recent studies such as [47, 48, 49, 50, 51] have
focused on specific aspects like representing sparse functions, convex-relaxations, and expressive
power. [52, 53] have developed initial results to characterize the optimization and generalization
dynamics of attention. [17] is another closely related work where the authors analyze the same
attention model (ERM) as us. However, all of these works make stringent assumptions on the data,
namely, tokens are tightly clusterable or can be clearly split into clear relevant and irrelevant sets.
Additionally [53] requires assumptions on initialization and [52] considers a simplified attention
structure where the attention matrix is not directly parameterized with respect to the input. Our work
offers a comprehensive optimization-theoretic analysis of the attention model by establishing a formal
connection to max-margin problems. Notably, our work presents the first theoretical understanding
of the implicit bias exhibited by gradient descent methods in the context of the attention model.

6 Discussion

We have provided a thorough optimization-theoretic characterization of the fundamental attention
model f(X) = vTXTS(XWp) by formally connecting it to max-margin problems. We first established
the convergence of gradient descent on p (or equivalently W) in isolation. We also explored joint
convergence of (v, p) via regularization path which revealed surprising implicit biases such as (7).
These findings motivate several exciting avenues for future research. An immediate open problem is
characterizing the (local) convergence of gradient descent for joint optimization of (v, p). Another
major direction is to extend similar analysis to study self-attention layer (3) or to allow for multiple
tunable tokens (where p becomes a matrix). Either setting will enrich the problem by allowing
the attention to discover multiple hyperplanes to separate tokens. While we assumed the tokens to
be separable, it would be interesting to relax this assumption by leveraging results developed for
logistic regression analysis [26, 19]. Ideas from these results can also be useful for characterizing the
non-asymptotic behavior of how gradient descent aligns with the max-margin direction.
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Roadmap. The appendix is organized as follows: Section A provides basic facts about the training
risk. Section B presents the proof of local and global gradient descent and regularized path for
learning p € RY with a fixed v € R? choice. Section C provides the proof of regularized path applied
to the general case of joint optimization of head v and attention weights p using a logistic loss
function. Section D presents the proof for the regularized path applied to a more general model
f(X) =y (XTS(XWT p)) with a nonlinear head . Section E provides implementation details. Finally,
Section F discusses additional related work on implicit bias and self-attention.

Corrections and Refinements. We have made the following changes to the main submission.

e In the first bullet point of Theorem 4, we corrected indices i into j. This was a typo.

e In the statement of Theorem 4, we now include the norm lower bound R, over the conic
neighborhood. Note that, this is consistent with the setting of success guarantee Theorem 3
and the main message on the tightness of local optimality remains intact.

e In Theorem 6, we corrected the statement from XZ.TS(K,-pR) — Xio, 10 S(Kipr)o, — 1.
Note that, the former statement does not actually imply token index «; is selected because
combination of other tokens can still add up to x;,,. Instead, the new statement says softmax
probability fully concentrates over ;.
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A Addendum to Section 1

A.1 Preliminaries on the Training Risk

Recall the objective
.l n
Lo,p,W) = = 3 LY+ (X)) ©)
n i=1

with the generic prediction model f(X) = (X" S(Kp)) and K = XWT. Here, we write down the
gradients of W and p in (9) to highlight the connection. Set g := W7 p, z{X} := X'S(Kp) and
a{X} := Kp. Given X and using K = XW7, we have that

Vfu(®) = XTS'(a{ X)X - Vi(z{ X)) (10a)
V,/4(®) = WY, £,(0), (10b)
Vwfy(©) = pV, f,(©). (10c)

Setting ¥/(z) = v" z and recalling the score definition ¥ = Xv, for linear head, we obtain

Vqfy(©) = XTS'(a{X})y (11a)
Vpfy(©) = WY, £,(©) = K'S'(a{X})y, (11b)
Vwfy(©) = pVq f4(®) = py"S'(a{X)HX. (1lc)

Note that the gradient of W is rank-1 with fixed left singular direction. The proof of Lemma 1 below
shows that solutions induced by matrix W and vectors ¢, p can be mapped to each other exactly.

A.2 Proof of Lemma 1

Proof. Let us prove the result for a general step size sequence (17;);50. By our assumption ¢ : R — R
and £ : R Xx R — R are differentiable functions. Recall L(p) = 1 ?:1 f(Yi,lp(XiTS(Xip))) and

n

LW) = ﬁ Yy LY, (X S(X;WTa))) for fixed a. Suppose claim is true till iteration . For iteration
t+ 1, using W/ a = p,, define and observe that

St =8 (X;W a) = §'(X;p,) 12)
si = S(X;W/ a) = S(X;p,) (13)
X} = X7 S(Xip) = X7 S(X;W, @) (14)

for all i € [n]. Thus, recalling (10a) and (10c), and defining £; = £'(Y;, ¥(z{X;})) we have that
Vpl(Yi p(X] S(Xip)) = & - X[ SiXi - Vyr(z{ X)), 15)
V(Y y(X] SXW] @) = a (£ - XTSIX; - VyalXi)) . (16)
Consequently, we found that gradient is rank-1 with left singular space equal given by a
VwLw(W)) = aV, Ly(p,).

Since W,’s left singular space is guaranteed to be in a (including W, by initialization), we only need
to study the right singular vector. Using the induction till ¢, this yields

W, a =W a-nlal>VyLy(W)a (I7)

= p—nllal™a"av,L,(p) (18)

= qr+1- (19)

This concludes the induction. ]
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B Addendum to Section 2

B.1 Local Gradient Condition

Lemma 2 (Key lemma) Let p,q € RY, a = Kq, s = S(Kp), y = Xv. Set T = Sup, (7 1¥: — ¥+l and

A = sup,iry kil - lIgll. We have that

T
|a" diag(s)y —a"ssTy - Z(al —a)si(y1 - y0)| < 2FA(L - 1)
>2
Proof. Sety = Zszl VSt Y1 — Y = Zszz(Vl —v:)8;. Also note that
[y =71l <I(1 —s1).
Proceeding,

T T T
a'diag(s)y —a'ss'y = Z ay:s; — Z a:s; Z VSt
=1 =1 t=1

=a;s1(y1 -y - Z ais(y — v

>2
Now using | Y50 @,8:(¥ = 71) — Xz @is:(y1 — )l < AT(1 — 51)%, we obtain'
a'diag(syy — a"ss"y = ais1(y1 = 7) = Y @s,(y1 — ) £ AT(1 - s1)?

>2

T
= a;s 2(71 — V)8 = Z a;s:(y1 = y) £ AL(1 = 5)?

>2 >2

T
= D (@isi —a)siyi —y) £ AT = 5,)?

>2

T
= D@ = a)s(y1 —y) £ 24T(1 =51,

=2
Above, in the last inequality (i.e., = on the right handside), we used the fact that

T
| > (@isi —ansi(yr =yl < (1= sDFA Y = (1= 51)’TA.

22 1225,

This lemma will play a key role in the following lemma.

(20)

Lemma 3 (Local Gradient Condition) Let @ = (a;)!_, be locally-optimal tokens per Definition 2.
Define cone, (p™™) to be the set of vectors obeying corr(p, p™) > 1 — u. There exists a scalar

1 = p(a) > 0 such that for sufficiently large R = R,:

e There is no stationary point within cone,(p™™) N{p | llpll > R}.

o Letq; = 1-S(Kip)o, and £, = £'(Y;-v" XTS(K;p)) < 0, ¥*¥ = mineq: Yi (i, —%i1) v, 75 =

maxer; Y; - (Xio, — Xi1) ' v. For all q,p € cone,(p™™) with ||gl| = |[p™||, we have

2 , _oa 1 Y a)
S T = (VL. = g D v

i€[n] i€[n]

2

Note that above —{ and y‘igap , 7fap are upperflower bounded by positive dataset-dependent
constants. The only term that can vanish (as ||p|| — o) is q;. Consequently, there exists

constants C, ¢ > 0 such that,
C-maxgqg; > —(V.L(p),q) > c-ming; > 0.
i€[n] i€[n]

Note that, the identical bound holds by setting ¢ = p™™ or q = ||p™||p/||pll-

1For simplicity, we use + on the right hand side to denote the upper and lower bounds.
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e Denote p = |lp™||p/|Ipll. For any = > O, there exists R := Ry such that all p € cone,(p™)

with ||p|l = R obeys

(VLp). p) = (1 + 1) (VL(P), ™),

Proof. Let p™ = p™(a) be the solution of (ATT-SVM).
> R}.

R4 | corr(p, p™) > 1 — u, |pll

Let (7)),

Define cone,z(p™) = {p €

be the set of all SVM-neighbors per Defini-
tion2. Let7; = [T]1-T; — {a,-} be the non-SVM-neighbor tokens. Introduce the notation

= 1/llp™1,
6 =05min min (k; — ki;)" p™™,
i€[n] teT;,reT;
A= max_|k;ll/0O,
i€[n],te[T]
min(0.5, )
u=p) = (-——jg‘—“)

Since p™™ is the max-margin model ensuring (ko —
for all p € cone,(p™™), ||pll = [[p™|| and all i € [n],t € T;,7 € T::

(ki — ki)' p>6>0,

(kia/,- -
3/2 > (kiozi -

(23)
(24)

(25)

(26)

ki)"p™ > 1, the following inequalities hold

k[T)Tp >1+ 6,
ki)'p=1/2.

Above we used [[p — p™|I?/|lp™™|[* < 2u which implies [|[p — p™|| < /21/0©.

Proving Steps 1 and 2: No stationary point and —¢"V.£L(p) > 0 within cone. Now that the choice
of local cone is determined, we need to prove the main claims. We will lower bound —q "V £L(p)
and establish its strict positivity for ||p|| > R. This will show that there is no stationary point as a by

product. Given any p € cone, z(p™"), denote p = (|[p™"||/||pl|)p and recall ||q|| =

we write the gradient correlation following (44) and (46)

VL)) = Zl O (an S @)y,

27)
(28)
(29)

[ p™™]. To proceed,

(30)

where we denoted £/ = £/(Y; - v' X S(K;p)), a; = Kiq, a = K;p, s; = S(K;p). Using (27), for all
t € Ti,7 € T;, for all p € cone, g(p™™), we have that

a;, —a. > ROl +0), a;, — a;, > RO§

la;

T —

T —

Consequently, we can bound the softmax probabilities s; = S(K;p) over non-neighbors as follows:

Foralli € [n] and any ¢; € 7

S = Z Sir < Z Sir <Te” R®/2 . < Te ROZ,

TeT;

T#Q;

0= Z sie < Te R, < Te kg,

€7

Recall scores y; = Y; - v'x;. Define the score gaps over neighbors: y*¥ = y;,. —

L

3D

(32

maXeer; Yir,

)’gap =Yia; — mlntE‘T Yit- Recall that A := = MaX;e(n),re[T] ”klf”/@ 2 max; Lte[T) ||all|| - ”kttq” Define the

a-dependent global scalar I' = Sup;c,  re[r [Vir —

Yicl-

Let us focus on a fixed datapoint i € [n], assume (without losing generality) a := @; = 1, and drop
subscripts' i,thatis,a :=a;,, X = X;,Y =Y, K :=K;,a’ = Kp,a=Kq,s =S(Kp),y =Y - Xv,
y&% := ¥ Directly applying Lemma 2, we obtain

T
|a" diag(s)y —a"ssTy - Z(al —a)si(y1 — y0)| < 2TFA(L - 1)

1>2

To proceed, let us decouple the non-neighbors within Z,TZZ(al —a;)s (v,

| > (a1 - a)si(yr -yl < 20TA.

T

19
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Aggregating these, we found

|a" diag(s)y —a"ssTy - Z(al —a)s,(y1 — )| < 2FA((1 - 51)” + Q). (33)
teT

To proceed, let us upper/lower bound the gradient correlation. Since 1.5 > a; — a, > 0.5, we find

LSS 75 ) (a1 = a)si(yi = 7)) 2 05§ -y,
€T

Next we claim that S dominates ((1 — s1)> + Q) for large R. Specifically, we wish for
rA
S -y /4 > ATAmax((1 — 5%, Q) & S > 16— max((1 - 512, 0). (34)
’ya:

Now choose R > 6~ 1og(T)/® to ensure Q < S since Q < Te R9°S. Consequently
(1-51)° =(Q+8)* <45% <4STe 2,

Combining these, what we wish is ensured by guaranteeing
A
S > 16— max(4S Te ®2 T R9g), 35)
y&ap

This in turn is ensured for all inputs i € [n] by choosing

max(2,67") 64TTA
R= log ( v

Q]
where y2P = sup,.,, 7" is the global scalar which is the worst case score gap over all inputs. With

the above choice of R, we guaranteed

): (36)

Sy (- s)ys?

2(1 —51) -5 > 2.8 -y > Z(m —a)s(y1 —y) > 12 3

teT”

via (34) and (39). Since this holds over all inputs, going back to the gradient correlation (30) and
averaging above over all inputs i € [r] and plugging back the indices i, we obtain the advertised
bound by setting g; = 1 — s;,, (Where we set @; = 1 above without losing generality)

2 ’ ~8ap 1 ’ ap
. § gy 2VLPp.Lg) 2 ™ E b qi- vy (37)

i€[n] i[n]

Proving Step 3: Establishing gradient correlation. Our final goal is establishing gradient compari-
son between p, p™™ for the same choice of ¢ > 0 provided in (23). Define p = ||p™||p/||pl| to be the
normalized vector. Set notations a; = K;p, a; = K;p™, and s; = S(K;p). To establish the result, we
will prove that, for sufficiently large R = R, for any p € cone, z(p™") and for any i € [n],

(a;, S (ap)yi) < (1 +m)(a;, S (a)y;). (38)

Once (38) holds for all i, the same conclusion will hold for the gradient correlations via (30). Moving
forward, we shall again focus on a single point i € [r] and drop all subscripts i. Also assume
a = ; = 1 without losing generality (same as above).

Following (39), for all g € cone,, with ||g|| = |[p™™"|| and @’ = K¢q, we have found

o diag(syy - a’TssTy - ) (@] - a))si(y1 - )| < 2PA - 51)* + Q). (39)
teT

Plugging in a, @ in the bound above and assuming 7 < 1 (w.l.o.g.), (38) is implied by the following
stronger inequality

OLA(1 =512+ Q)+ Y (@ —a)si(y1 ) < (1+m) Y (@ —a)s(y1 =) = (1+m) D s(r1 =)

1er €T €T

First, we claim that 0.57 Y,c7 s,(¥1 — /) = 6FA((1 — 51)> + Q). The proof of this claim directly
follows the earlier argument, namely, following (34), (36) and (35) which leads to the choice
C-TTA

p —1
R, = % log (ﬂ'y—ga_p) for some constant C > 0.
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Following this control over the perturbation term 6I'A((1 — s1)? + Q), to conclude with the result,
what remains is proving the comparison

D@ —a)siyi —y) < (1+0.5m) ) siy1 =) (40)
teT teT

To proceed, we split the problem into two scenarios.

£

146
la, - a,| = |k (p — p™™)| < A®e = n/4.

Scenario 1: ||[p — p™|| < e = for some & > 0. In this scenario, for any token, we find that

Consequently, we obtain
a—a,<a; —a;+2A0g <1 +0.57.

Similarly, @) — a; > 1 — 0.57 > 0.5. Since all terms a; — a;, s;, 71 — ¥; in (40) are nonnegative and

(a1 —a)s,(y1 —y:) < (1 +0.5m)s,(y1 — 7:), above implies the desired result (40).

< s o« _. . .
Scenario 2: ||[p — p™"|| > & = ;- Since p is not (locally) max-margin, in this scenario, for some

v=v(e) >0and t € T, we have that p"(k; — k;) = a; —a, <1 —2v. Here 7 = argmax.es p' k;
denotes the nearest point to k; (along the p direction). Note that a non-neighbor 7 € 7~ cannot be
nearest because p € C, and (27) holds. Recall that s = S(Ra) where R = RO. To proceed, split the
tokens into two groups: Let AV be the group of tokens obeying p'(k; — k;) < 1 —vand 7 — N be the
rest of the neighbors. Observe that

vR

NS NS e P
Zze’TN t< Zze’TN t<T =Te_RV.

Ser St Xi=Si ek

Thus, using |a; — a,| < 2A and recalling the definition of y4?, observe that

2TATe™®
Z (a1 —a)s(yr —y) < e Z ${(y1 =70

gap
teT-N teN

Plugging this into (40), we obtain
Z(al —a)syr =y = Z(m —a)s(y1 =y + Z (a1 —a)s(y1 =71

€T teN €T -N
<D =vsiyi—y)+ Y, 2ATTe™
teN teT-N
2TATe R
<(-v+ W);W‘ ) 1)
2TATe R
<+ T)Z s{(y1 =70 (42)
Y €T

(43)

Consequently, the proof boils down to ensuring the perturbation term ZrAyT—f,ZN < 0.57. This is
ap

min

1 4T'A

R >Ry = — log(——)s
> v o2 )

guaranteed for all inputs i € [n] by recalling = minjep, ¥; " and choosing

min
where v = v(775) depends only on 7 and global problem variables.

Combining this with the prior R, choice (by taking maximum), we conclude with the statement. W

B.2 Descent and Gradient Correlation Conditions
The lemma below identifies conditions under which p™* is a global descent direction for £(p).
Lemma 4 (Global descent conditions) Suppose £(-) is a strictly decreasing loss function and either

of the following two conditions holds
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e Scores of non-optimal tokens are same: For all i € [n] and t|,t, # opt, v X;, = v Xj,.

o All tokens are support vectors: Consider (ATT-SVM) with optimal indices (opt;)". . (k{**—
k)" p™™* =1 for all t # opt;,i € [n].
Define

i 1 = opt T *
b afgap =1= lnf#Opt,-(ki - kit) Pmm ’

© Vhup = infruope, ¥i- (X775 = x;) Ty,
hd lgt; = popt(l - popt) where Popt = S(Kip)opt,y
. f; =0;- VTXITS(K,']))) < 0.

Then, for all p € RY, the training loss (ERM) obeys

- <V-£(P)a Pmm*> 2 IIIEI[lnl’]l {_K: : lgt; : afgap : 7;ap} > 0.
Proof. Seta; = K;p™™* to obtain In order to show this result, let us recall the gradient evaluated at p
which is given by

1 n
VL) =~ 6 KT @y (44)
i=1

Here y; = Y; - Xiv, a; = Kip, and £} = {'(Y; - v" X S(K;p)). This implies that

1 - ! - ’
<V£(P)»Pmm*> = - Z 6 -a;, S'(a)yi) -

=
To proceed, we will prove that individual summands are all strictly negative. To show that, without
losing generality, let us focus on the first input and drop the subscript i for cleaner notation. This
yields

(a,5'(ayy) = a"diag(S(a)y - a' S(a)S(a)"y. (45)

Without losing generality, assume optimal token is the first one. The lemma has two scenarios. In
the first scenario (same non-optimal scores), ¥, is a constant for all # > 2. In the second scenario

(all tokens are support), @, = k,p™* is constant for all r > 2. Since a,y vectors are represented
symmetrically in the gradient correlation, verifying these two conditions are equivalent.

To proceed, we will prove the following (focusing on the first condition): Suppose y = ¥, is
constant, ¥, a; are the largest indices of y, @. Then, for any s obeying (7 s; = 1,5, > 0, we have
that a"diag(s)y — a'ss"y > 0. To see this, we write

T T T
a'diag(s)yy —a'ss'y = Z ay:s; — Z as; Z VS (46)
=1 =1 =1

T
= (@yis1 + VZ ais) = (yis1 +y(1 —s))@s + Z as)  (47)

122 22
T
=ayi—ysi=s)+ - s +y(L=s)) > as,  (48)
22
T
=aiy1 - sl =s) = 1 =81 ), as; (49)
>2
T =
= 1= - sosia - 222%1 (50)

To proceed, recall the definitions ¥4 = ¥1 — MaXs ¥; and @,y = @) — Max», a,. With these, we
obtain

&Tdiag(s)y - ‘_lTssT'y 2 AgapY gaps1(1 = 51),
which is the advertised result after noticing s1(1 — s) is the logistic derivative and infimum’ing over
all inputs and multiplying by £;. [ ]
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Lemma 5 (Gradient correlation conditions) Fix indices @ = (a_|) and let p™ = p™(@) be
the SVM solution separating «; from remaining tokens of input X; for i € [n]. Suppose for all
i €[nland t),ty # @;, vV Xy, =V Xip, <V Xiq, and £(-) is strictly decreasing. Let p = ||p™||p/||pll.
M = sup, ||kil| and E = 1/||[p™™||. For any choice of n > 0, there exists R := Ry such that, for any p
with ||p|| = R, we have

(VLp). py = (1 + ) (VL(pP), p™").

Above, observe that as R — oo, we eventually get to set 7 = 0.

Proof. The proof is similar to Lemma 4 at a high-level. However, we also need to account for
the impact of p besides p™" in the gradient correlation. The main goal is showing that p™™ is the
near-optimal descent direction, thus, p cannot significantly outperform it.

To proceed, set s; = S(K;p), a; = K;p, a; = K;p™. Without losing generality assume «; = 1 for all
i € [n]. Set 1gt] = s;1/(1 — 5;1). Repeating the proof of Lemma 4 yields

(VLp),p™) = lzn:[’ Slgt! - (yin — v lan - Zszz @iiSis 51)
Prpr= £ gt (v =¥ |@n = =0
_ | & , / ZT as;
VLPp).p) = - Zfi “lgti - (yan — ) |an - L2 T (52)
= 22 Sir

Focusing on a single example i € [n] with s, a, @ vectors (dropping subscript i), given x, for sufficiently
large R, we wish to show that

T
[ Zt22 atst
|- =

_ Z;TZQ as; (53)
22 St

iiz2 St .

S(l+7‘r)~[(‘ll

We consider two scenarios. Let M = maXiep) rerr] llKill-
Scenario 1: ||[p — p™|| < & := x/2M. In this scenario, for any token, we find that
la;, — a,| = |k (p— p™™)| < M||p - p™|| < Me.

Consequently, we obtain

T - T T
@ 2;22 as; > a thz a;s; IMe = a 2122 a;s;
- 2= - =a - -
22 81 22 St 222 St
T
Also noticing a; — % > 1 (thanks to p™" satisfying > 1 margin), this implies (53).
122 91t

Scenario 2: |[p — p™|| > € := n/2M. In this scenario, for some § = d6(g) and 7 > 2, we have that
p (ki —k;) =a; —a; <1-26. Here T = argmax;», p' k; denotes the nearest point to k;. Recall
that s = S(Ra) where R = RE = R/||p™"||. To proceed, split the tokens into two groups: Let N be the
group of tokens obeying p'(k; — k;) > 1 — § and [T] — N be the rest. Observe that

e St < 2ieN St < TiR, — TR

228t Di=c St 20k

Set M = M/Z and note that ||a;|| < |[p™™|| - ||k;|| < M. Using p™(k; — k) <1-overt € [T]-N
and plugging in the above bound, we obtain

T T T
Zzzz(al —a;)s; Z;e[r]_/v(al —ay)s; Z,EN(al —a;)s;

iis2 St 22 St 22 St
<(1-6)+2MTe™™.

T = _ _
Using the fact that @, — ZZ’%:;[S’ > 1, the above implies (53) with 7" = (1 = 8) + 2MT e ®. To proceed,
choose R, = 67 'Z7' log(2MT /n) to ensure 1’ < 7. ]
The following lemma states the descent property of gradient descent for £(p) under Assumption A.

It is important to note that although the infimum of the optimization problem is L*, it is not achieved
at any finite p. Additionally, there are no finite critical points p.
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Lemma 6 Under Assumption A, the objective L(p) is L,-smooth, where

l n
Ly:=~ D (MOIVIPIWIE + My IVIIWIE) X1, (54)

i=1

Further, ifn < 2/L,, then, for any initialization p(0), with the GD sequence p(t + 1) = p(t)-nV L(p(1)),
we have

L(p(t + 1)) = L(p(1)) < —gnw:(p(r)nP, (55)
forallt >0, Y20 IVL (@) < oo and lim,—e VL (p ))I* = 0.

Proof. Recall that we defined y; = Y; - Xiv, a; = K;p, and £ = {'(Y; - v' X S(K;p)). The gradient
evaluated at p is given by

1 n
VLP) = 36 KIS @y
i=1

Now, for any p, p € R, we have

n

. 1
IV.Lp) = VLI <~ >

i=1

1 &
< - K'S K;p)y;
< ;:1 IIK; S"(Kip)yill

C(y]S(Kip)) - K S (Kipyyi — €' (¥ S(K;p)) - K[ S"(Kip)y |

O] S(Kip) - € (y] S(Kip))

1 n
+ = >N SKp)I||KT S (Kipyy: - KT'S'(Kip)yi]|
n =1

I v . , o
< Z MollyIPIKNIS(Kip) — S(Kip)ll + MylIKillllyill || (Kip) — S'(Kip)|.

i=1

where the second inequality follows from the fact that |ab — cd| < |d|la — c| + |a||b — d| and the third
inequality uses Assumption A.

Note also that for any p, p € R9,
IS(Kip) - S(Kip)ll < IKillllp - pll and |

S'(Kip) - S'(Kip)|| < 11K llp - pll.
Hence,

n

1
VL) = VLD < — > (MollydPIKAF + MKIPllyil) Ip ~
i=1

1 n

< = >~ (MolMPIWIPIX + MyIvIIWIRIX) lip — pll
n i=1

< Lylip - pl.

where L, is defined in (54).

The reminder of proof is similar to the proof of [19, Lemma 10]. Since £ (p) is L,-smooth, we get
Lpa+ 1)< Lp@)+VLE®O) (pG+1)-p@)+ ’g lpt+ 1) - pOIP
=L(p@)-nlIVLP @I + LPT"2 VL@ I
=L(p®) - n(l - %) VL@ I
=L(p®)- g IVLpO)IF,

where the last inequality follows from our assumption on the stepsize.
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The above inequality implies that
N 2 2 *
2 INLEOIF < - (LpO) - L),
t=0

Here, the right hand side is upper bounded by a finite constant, since by Assumption A, £ (p (0)) < oo
and L* < L(p(1)). This implies };.°, IVL(p (t))||2 < oo and therefore ||[VL (p (t))||2 — 0. |

B.3 Proof of Theorem 1
Proof. We first show that lim,_,, ||p (¢)|| = co. From Lemma 4, we have

(VL) ™) = 23 67 (K™ S (@),
i=1

T
where y; = Y; - Xiv, a; = Kip, and £ = £'(Y; - v X S(K;p)).

It follows from Lemma 4 that (VL(p),p™*) < 0 for all p € R?. Hence, for any finite p,
(VL(p), p™™*) cannot be equal to zero, as a sum of negative terms. Therefore, there are no finite
critical points p, for which V.£(p) = 0 which contradicts Lemma 6. This implies that ||p (¢)|| — oo.

Now, given any € € (0, 1), let 7 = €/(1 — €). Since lim,,c ||p(?)|| = oo, we can choose # such that for
any t > ty, it holds that ||p(¢)|| > R, V 1/2 for some radius R.. Now for any ¢ > ty, it follows from
Lemma 5 that

<_V'£(”(”)’ pm—> > (1-¢) <—V£(P(t)), Ll >
™| IOl

Multiplying both sides by the stepsize n7 and using the gradient descent update, we get

p(t) >
[yZeall!

mimnkx
p

llp™m]|

<p(t +1) - p@), > >(1-e <p(t + 1D - p@),

1-€
= St (Ipte = DF = IO = pta + 1) = peolP)
(56)
> (1= &) (Il + DI? = lp@)I* — lIp(t + 1) = pIP)
> (1= o) (Ilptt + DIl = lp@)ll = lIp(t + 1) = pOIP)
> (1= e)(Ilpt + DIl = Ip@)ll - 27 (L(p(1) = L(pt + 1)))).
Here, the last inequality uses Lemma 6.
Summing the above inequality over ¢ > #, gives
MM *
< PO p >2 ey Clen
lpOI llp™| @Il
for some finite constant C(e, i7) defined as
pmm*
Cle,n) = <P(to), ||pm—m*||> = (1 = ollpo)ll = 2n(1 — e)(L(p(t0)) — L), (57)
where £L* < L(p(?)) forall ¢ > 0.
Since ||p (t)]| — oo, we get
mm*
1iminf< PO P >21—e.
i=eo \[lp@I [lp™™]|
Given that € is arbitrary, we can consider the limit as € approaches zero. Thus, we have: p(¢)/||p(®)|| —
P /llpmm u
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B.4 Proof of Theorem 2

This proof is a direct corollary of Lemma 9 which itself is a special case of the nonlinear head
Theorem 7. Let us verify that f(X) = v XTS(Xp) satisfies the assumptions of Lemma 9 where
we replace the nonlinear head with linear v. To see this, set the optimal sets to be the singletons
O; = {opt;}. given (X}, Y;) and defining s; = S(K;p) and ¢; := qf’ = Dizopt, Sir- Recalling score
definition y; = ¥; - X;v and setting v; := ¥iopt, and Z; := ¥ ,.op¢, ¥irSir» @ particular prediction can be
written as

Yi-vIXTS(Xip) = ¥]'si = Yiope (1 @) + ), vusi (58)
t#opt;
=vil —g) + 7. (59)
To proceed, we demonstrate the choices for C,& > 0. Let C := —minjep)e(r) ¥ir A 0 and gmax =

maXie[y ¢i- Note that Z; > 3 ope, VirSit 2 qi¥min = —Cqmax. Now, using strict score optimality of
opt;’s for all i € [n], we set
Dizopt, YVitSi SUP 4opt, Vit
e:=1-— sup t#opt; /it >1- sup t#opt; /'L >0
ie[n] Viqi ie[n] Y iopt;

Zr#opti YitSit
Viq,

We conclude by observing Z; < v;q; < v;q;e as desired.

B.5 Proof of Theorem 3

Proof. We provide the proof in four steps:
Step 1: There are no stationary points within the cone. We begin by proving that there are no

stationary points within cone, (p™) {p [ Ipll = Rﬂ} for a specific radius R,,. Let (7;)}_, denote the

set of SVM-neighbors as defined in Definition 2. We define 7; = [T] — 7; — a; as the tokens that
are non-SVM neighbors. Additionally, let 1 be defined as in (23). For all g, p € cone,(p™") with
ligll = llp™™]|, it follows from Lemma 3 that there exists R, such that —q" V.L(p) is strictly positive
for ||pll > Ry.

Step 2: Let € € (0, min(y, 1)), 1/(1 + 1) = 1 — €. It follows from Lemma 5 that, there exists R, such
that all p € cone,(p™) N{p | Ipll = R} satisfy

p"(@) p
-V.L( ),—> >(1-e <—V£( ),—>- (60)
< P2 i@ P2 o
Step 3: Updates remain inside the cone. By leveraging the results from Step 1 and Step
2, we show that that the gradient iterates, with an appropriate step size, starting from p(0) €
cone,(p™) ({p | lIpll = R}, remain within this cone.

We proceed by induction. Suppose that the claim holds up to iteration ¢+ > 0. This implies that
p(t) € cone, (p™) N{p | llpll = R}. Hence, there exists scalar u = u(a) € (0,1] and R, such that

corr(p(t), p"™(@)) 2 1 -y and [|p(1)l| = Ry.. Let p := —(1/(1 - €)) (VL(p(1)), %) > 0. We have

mm ()|

P+l p@) PO P ()
- - v £ 4
<||p(r>|| ’||pmm<a)||> <||p(t)|| oy LA ||pmm(a)||>
n p ()
l—p— v 2 61
SR ||p<t>||< L) ||pmm<a)||> (o1
np(1 - €)
1 - _
R PR

Note that from Lemma 3, we have (Vf(p(1)), p(t)) < 0 which implies that ||p(z + 1)|| < |[p@®)I| -
HP(L,)H (VF(p@), p(O) + PPV f(p(t)I*. Hence, [|p(t + DIl > ||p(®)l, and

P+ 1) PO\ L IVLGOI?
1-n(V s
ol = ’7< S @) ||p<t)||>+ POl
7 P\ L IVLE)I?
1- 1 (v 61b
< 1—e< L), ||pmm(a>||>+ 00 (016)
o PIVLEOIP
Mot pon Ce
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Here, the second inequality follows from (60).
Now, it follows from (61a) and (61b) that
mim —
< pc+1)  p™(a) >> 1 (1_ L nedd E))

e+ DI Te™ @il = Canp) ol
s (1 L4 M)
C(n,p) lpOl (62)
n o (p—o ||VL<p(t>>||2)
1- “ (1 = py =P
SR eT p)( wor T T o
>1-pu,

where the last inequality uses n < =—* l—u W

Hence, p(t + 1) € cone,(p™) N{p | llpll = R,}.

Step 4: The correlation of p(7) and p™(«) increases over t. The reminder is similar to the proof of
Theorem 1. Note that it follows from Lemma 4 that (V.L(p), p™(@)/|l[p™ (@)||) < 0, for any finite p.
Hence, there are no finite critical points p, for which V.£(p) = 0 which contradicts Lemma 6. This

implies that ||p (r)]| — co. Hence, we can choose 7y such that for any ¢ > 1y, it holds that ||p(?)|| > R
for some R > R, V R, Vv 1/2. Now, following similar steps in (56) and (57), we obtain

< p®)  p"(a) >> |_ ey Clem
eI llp™™ @)l [ ~ Pl

for some finite constant C(e, 17).

Consequently,
liminf< PO ’p_@w)> >1-e
i=eo \[lp@I [lp™™ ()l
Since € € (0, min(y, 1)) is arbitrary, we get p(t)/|lp()l| = p™(@)/|lp™™ (@)||. |

B.6 Proof of Theorem 4: Regularization Path Fails for Non-Locally-Optimal Tokens

The theorem below is essentially a restatement of Theorem 4 and shows that regularization path does
not converge to the max-margin solution if token indices @ does not satisfy Definition 2. The only
difference is that, Theorem 4 replaces the second condition below with a cleaner statement which
assumes the linear-independence of the support vectors.

Theorem 8 (Failure of Local Regularization Path) Fix roken indices a = (cx,)” with
SVM-neighbors (T3)"_,. Suppose for some j € [n], there exists an SVM-neighbor B € T; satis-
fying the following:

e X g has a higher score than Xj,: Y;-vTxjg > Y;-v'Xjq .

e Recall p™ = p™™(a) be the solution of (ATT-SVM) and let p® be the solution of
(ATT-SVM) where the constraint (kj,;, — k j/;)Tp > 1 is not enforced. B is an active

SVM-neighbor in the sense that p® violates the constraint i.e. (k ja, = kip)" PP <1

For any € > 0, there exists R, > 0 as follows: Consider the neighborhood of p™™: C. = cone.(p™)

N {p | lIpll > R.}. Define the local path p(R) = minpec, pi<r L(p). Then hm ”%g” + HZ’::H'

Proof of Theorem 4: Using the above theorem we can now conclude the proof of Theorem 4 by
showing that, second bullet of Theorem 4 implies the second bullet of Theorem 8. We are given
solution p™™ and pP. Suppose that p? in Theorem 4 does not violate the constraint (k ja;— k)" P> 1.
Then, it would imply that p? = p™™ because p® satisfies all margin constraints and ||p®|| < ||p™"|]
(because it solves the problem with less constraints), thus, if p# # p™™, it would contradict with the
optimality of p™™. Since the active constraints are linearly independent, their Lagrange multipliers
are unique. Since p? is missing a linearly independent constraint, the solution p? expressed in terms
of Lagrange-weighted constraints cannot equate to the solution p™" expressed in terms of its own
Lagrange-weighted constraints that also include the constraint induced by ko, — k.
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B.6.1 Proof of Theorem 8

Proof strategy: Without losing generality, let us prove the result for 2¢ (to simplify the downstream
ep+(1-g)p™™
llep? +(1=)p™||
and p™™ = p™™/||p™™||. Using ||p?|| < ||[p™™||, we observe that P2 obeys the correlation inequality

sy o 5, (0= 2™ —llp™ AL (1= 2009
= Tp™ I = ollp™ [+ el ~ oI

This establishes that r - po"™ € cone,.(p™"). Thus, we will use po™ to show that it is a superior
direction to p™". Concretely, for all R > R,, suppose that, there exists § = d(¢) such that,

LR-pI™) < inf L(p). (63)

llpll=R.pecones(p™™)

notation). To accomplish the proof, we will follow the following strategy. Fix p;"™ =

>1-2e¢.

(P:

Smm

In words, suppose that R - p;"™ achieves strictly better loss than all points of {,-norm R within

cones(p™™). Establishing this would imply the desired result l1m ”p%” # pmm” Since for any choice
of R > R,, (63) implies that the optimal direction 2 PR g at least ¢ bounded away from . In

PR
what follows, we will prove this by establishing (63).

llp’""’ll

First, let us establish the critical properties of p. Set K = n(T — 1) and gather the set of margin
equalities p™ := p™"(«w) satisfies: These inequalities are given by vectors (vle) where vy is the
form k,, — k; for t # ;. Alsoletv; = k oy — k jz be the active constraint described in the theorem.

Note that ||p?|| < ||p™™|| since p? is solving a max-margin problem with strictly less constraints (over
k > 2). Secondly, we claim that p® achieves a strictly larger margin compared to p™ over k > 2,
namely setting I' = [[p™|| and I's = ||p°||

mmvkp‘*/npﬁu = /T > minv p™"/|[p™| = /T

If not, it would imply that ||p?|| = |[p™™|| and that mings, v p"" = mingsy v PP. Since theorem’s

statement guarantees p™™ # pP, this contradicts with the unique optimality of p? when satisfying
constraints k > 2 as p™ would achieve the same objective.

Finally, using same argument, we also note that, p® achieves strictly less margin over v;, namely
vi PPl < vip™ /Ip™™ I = 1T (64)

If not, it would imply that p? achieves a better or equal margin at all constraints which would
contradict with the optimality of p™™ over constraints k > 1.

Now, let us define p™™ = gp” + (1 — £)p™ and observe that p™™ also satisfies the discussion above.
Namely, using [|p™™|| < &l|p?|l + (1 — &)l|lp™™|| < T we find

1 T ,,mm
M2 %P ! 2L (65)
[lp2m| ellpPll+ (1 —gllpm|| ~ T

Similarly, on constraint v|, we have that

vip"/Ilpe " = 1/T, < 1/T. (66)

If not, it would 1mply that p™ achieves a better or equal margin on all constraints which would
contradict with the unique optimality of p™™ over constraints k > 1.

We will use I'; > T, (66), and (65) to conclude that p7"™ is a strictly better direction compared to a
6 = d(e) conic neighborhood of p™" := p™"/||p™"||. Pick the ¢ neighborhood of p™™ such that, all
py"™" it satisfies

v P IlpP™l > 1/T5 = 0.5(1/T + 1/T) > 1T, forall k€ [K]. (67)

In words, we choose a neighborhood with correlation profile dominated by p'™ (on k = 1 and k > 2).
We now lower bound the loss function over d-neighborhood and upper bound over pmm Speciﬁcally,
we will compare a p{"™ within the ¢ neighborhood of p™" with ||pf""|| = R and p"™" := R - p;"". To
proceed, define:

gf = 1= SKip™)es i = 1~ SKp™),
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Also define ¢# = S(K jPa™)p which is the j’th softmax likelihood at token 5. We will use the fact that
margin at 8 is small for j’th example to lower bound ¢ carefully. We next bound these as follows
based on (66), (65), (67) (e.g. following derivation of (109))?

log(g/) < —(R/T) +logT forall i#j (68)
log(¢?) > —=(R/Ts) —logT forall i#j (69)
log(q* — ¢”) < ~(R/T) +logT forall i#j (70)
log(gi)) < —(R/Ts) +1logT forall i€ [n]. (71)

e Lower bounding £L(p{™): Using the last inequality, on pi" (within the 6 neighborhood of p™"),
we have the following lower bound: Set x? = Xl.TS(K,-pg"m) and M := SUDe[n) el T] llx;; — xiz|| and
note that ||x;S — Xo,]l < Mg;. Alsolet B and A be the lower and upper bound of —¢” over [-M|v||, M|v|[]
interval. Finally, define £, = % b v x40,). We find

1 n

L™ = Lal = = DTN -vTx0) = €Y v x30,) (72)
n i=1

< BmaxMIV| (73)

< TBM|y|le ®/%s. (74)

This implies L(py"™) > L. - TBM |Iv|]le ®/Ts. Note that this holds for all pg"™ within the conic
neighborhood cones(p™™) N {p | ||pll = R} (defined above (63)).

e Upper bounding £(p™): On p™™, we upper bound the loss as follows. Define the loss £7/(p) =

% 2ij L(Y;- (X)) i.e. loss over all training data except the j’th one. Repeating the argument identical
to (72), we find that

|L7 (™) — £77) < TBM||le ™"

The critical term is the j’th loss which we need to upper bound as follows. Set x? = X]TS(K ipa
and define the score improvement by 8 to be ygyp = Y; - v (x5 — Xjo;) > 0. We note that

YT Y e, = Y v (i = e )+ Y SUKGEIY v (= Xe))  (75)

t¢{a; B}
> Y = (] = LIMIVI (76)
> Ty gape X = TBM]lle ™. (77)

Combining these into L(pI™) = L7/ (p™™) + n~'€(Y; - v'x%) and using A < —{’ < B, we obtain the
lower bound

LP™™) = Ly < 2TBM|lle™T = An™' Ty gpe /™. (78)
In conclusion, we find that £L(p"™) > L(p™) whenever
An Ty gpe R > 2T BMvll(e7®/T + e77/T0).

Using the relationship I'; > I's > I" and noticing 1/I's — 1/T; = (1/T — 1/T';)/2, this is implied by

&

2T,
RUVT=ULD) S AT BMA7 V|| &< R > o Flog(4T2nBMA‘]||v||).

Thus, as advertised, we found that, for any € > 0, there exists R, such that, over the set
cone .(p™) N{p | lpll > R.}, p™ with ||| = R > R, achieves smaller loss compared to L(pg’m)

for all pi"™ € cones(p™™) N{p | [|pll = R}. This in turn implies (63) for all R > R, concluding the
proof.

2We are essentially following identical arguments developed in the proofs of Theorem 7 or Theorem 5.
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C Addendum to Section 3

C.1 Proof of Theorem 5

Proof. Suppose the claim is incorrect and either pg/R or v, /r fails to converge as R, r grows. Set
2= 1/llp™|l, p™ = REp™™ and ™™ = rI'v™™. The proof strategy is obtaining a contradiction by
proving that (™™, p™") is a strictly better solution compared to (v,, pg) for large R, r. Without losing
generality, we will set a; = 1 for all i € [n] as the problem is invariant to tokens’ permutation. Define
¢ =1- sf’l to be the amount of non-optimality (cumulative probability of non-first tokens) where

sf’ = S(K;p) is the softmax probabilities.
e Case 1: pr/R does not converge. Under this scenario there exists 6,y = y(5) > 0 such that we can

find arbitrarily large R with ||pg/R — p™/R|| > § and margin induced by pg/R is at most Z(1 — y)
(from strong convexity of (ATT-SVM)). Following qf’ definition above, set Gmax = SUP;( qf’ * to be

worst non-optimality in pg and gp,, = Sup;, qf "™ to be the same for p™. Repeating the identical
argument in Theorem 7 (specifically (109)), we can bound the non-optimality amount g* of py as

T *

o = Diza; Xk, pR) - Doy exp(k;, py
" Ziemexplkypy) — exp(ky, py

< T exp(-RE). (79)

Thus, g}, = maxie g < Texp(-RE). Next without losing generality, assume first margin
constraint is y-violated by pg and min.,, (kio, — k1;)"pr < ER(1 — ). Denoting the amount of
non-optimality of the first input as g, we find
o exp(k; 1 Yiza, exp(k|
_ Dz . exp( :PR) > _tht ; F-),—( 1PR) S 7! exp(—(1 — y)RZ). (80)
Zerryexplkypr) T exp(ky,pr)

We similarly have gy, > 77" exp(-RE) to find that
10g(Gmax) = —(1 —y)ZR —log T, 81
—ER —1logT < log(gp,) < —ER+1logT. (82)

In words, p™™ contains exponentially less non-optimality compared to pg as R grows. The remainder
of the proof differs from Theorem 7 as we need to upper/lower bound the logistic loss of (#™™, p™™)
and (v,, pr) respectively to conclude with the contradiction.

q

First, let us upper bound the logistic loss of (¥, p™™). Set r; = X[ S(K;p™). Observe that
if ||r; — x;1]] £ &;, we have that v™™ satisfies the SVM constraints on r; with Y; - riTvmm >1-
&;i/T. Consequently, setting emax = SUP;, &> Y™ achieves a label-margin of I' — gy, on the
dataset (Y, r;)ief,)- With this, we upper bound the logistic loss of (#™", p™") as follows. Let
M = sup;ciserr Xl In what follows, let us recall the fact (81) that worst-case perturbation is
Emax < M exp(—ER +1log T) = MT exp(—ER).

L(‘jmm,ﬁmm) < m[a)]( log(l + exp(—Yirlezmm)), (83)
1S

< max exp(=Y;r[v"™™) 84)
IE|Nn

< exp(—rT + rémax) (8)

< erMT exp(—ER)e—rr. (86)

Conversely, we obtain a lower bound for (v,, pg). Set r; = XZ.TS(K,-pR). Using Assumption C, we find
that solving (CLS-SVM) on (Y}, 7;)ic[, achieves at most ' — ve~!==R /T margin. Consequently, we
have

1
L0y pr) = - maxlog(l + exp(-=¥ir]v,) @&7)
n i€ln
1
> — maxexp(-Y;r/v,) Alog2 (88)
n ien]
1 -
z 5 exp(—r(I" — ve 1728 7)) Alog2 (89)
n
> L MR- T 1) (90)
~ 2n
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Observe that, this lower bound dominates the previous upper bound when R is large, namely, when
(ignoring the multiplier 1/2n for brevity)

MT?

- = 1
v/T)e V=R > MTe™=R — R >Ry := — log( ).
vE
Thus, we indeed obtain the desired contradiction since such large R is guaranteed to exist when
Pr/R - p™™.

e Case 2: v,/r does not converge. This is the simpler scenario: There exists 6 > O such that we
can find arbitrarily large r obeying |[v./r —v™™/|p™™ ||| > 6. If ||pr/R — Ep™™|| - 0, then “Case
1” applies. Otherwise, we have ||pg/R — Ep™™|| — 0, thus we can assume ||pr/R — Ep™"|| < ¢ for
arbitrary choice of € > 0.

On the other hand, due to the strong convexity of (CLS-SVM), for some y := y(5) > 0, v, achieves
a margin of at most (1 — y)I'r on the dataset (Y}, X;1)ie,). Additionally, since ||pr/R — Zp™|| < &,
Pr strictly separates all optimal tokens (for small enough £ > 0) and Gmax := f(€) = 0as R — oo.
Consequently, setting r; = XI.TS(K,-pR), for sufficiently large R > O setting M = SUD (] se(T] [, we
have that

min Y;v|r; < min Y] x;1 + sup |ri — x;|v,] 91)
i€[n] i€[n] ieln]
<A -yIr+Mf(er (92)
<(1—y/2)Tr 93)

This in turn implies that logistic loss is lower bounded by (following (90)),

1
L, pr) = z—eyr’ﬂe_r’ Alog?2.
n

Smim

Going back to (86), this exponentially dominates the upper bound of (™", #™") whenever
rMT exp(—ER) < ryI'/2, (that is, whenever R, r are sufficiently large), again concluding the proof. B

C.2 Proof of Theorem 6
We first restate Theorem 6 for ease of reference.

Theorem 9 Consider the path of (v,, pr) as r,R — oo as in Theorem 5. Suppose S(K;pr)s, — 1, i.e.,
the tokens (@;);_, are asymptotically selected. Then, v,[/r — v |y where v™ is the solution

of (CLS-SVM) with r; = x;,, N is the set of non-support vectors for (CLS-SVM), and ’% - ”’;,E%X”

where p’ela" is the solution of (7) with a; choices.

We will prove this result in two steps. Our first claim restricts the optimization to the particular
quadrant induced by min,,,(kie, — ki) pr under the theorem’s condition S(K;pg) — €.

Lemma 7 Suppose S(K;pr) — e,,. Then, there exists Ry such that for all R > Ry, we have that,
Ir;in(k,-ai —ki)pr =20 forall icln]. (94)
1#a;

Proof. Suppose the claim does not hold. Set sf = S(K;pr). Fix Ry such that sffl‘_ > 0.9 for all R > Ry.
On the other hand, there exists arbitrarily large R for which (kj,, — ki)pr < O for some ¢ # @; € [T]
and i € [n]. At this (R,i,1) choices, we have that s > s¥ . Since sf + s < 1, we find sf, < 0.5
which contradicts with sffh_ > 0.9. [ |

Let Q be the set of p satisfying the quadrant constraint (94) — i.e. indices (@), are selected. Let
hy be the solution of regularization path of (v, p) subject to the constraint p € Q. From Lemma
7, we know that, for some Ry and all R > Ry, hg = pg. Thus, if the limit exists, we have that
liIIlR__mo ’l]g/}? = liIIlR__mo IUQ/I?.

To proceed, we will prove that limg_,., hz/R exists and is equal to p™#/||p™#X|| and simultaneously
establish v,./r — v™/|[y™"|].
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Lemma 8 limg, .o hg/R = p™*/||p™™|| and limg .o v, /1 = v"™ /|[p™™|.

Proof. The proof will be similar to that of Theorem 5. As usual, we aim to show that SVM-solutions
constitute the most competitive direction. Set Z = 1/||p™/¥||.

e Case 1: hg/R does not converge. Under this scenario there exists §, y = y(§) > 0 such that we can
find arbitrarily large R with ||hg/R — Ep™a|| > §. This implies that margin induced by hg/R is at
most Z(1 — ) over the support vectors [rn] — N (from strong convexity of (7)). The reason is that, hg
satisfies hy (kio, — ki) > 0 forall t# a; by construction as hg € Q. Thus, a constraint over the
support vectors have to be violated (when normalized to the same £, norm as ||p™®|| = 1/Z).

As usual, we will construct a solution strictly superior to kg and contradicts with its optimality.

Construction of competitor: Rather than using p™#* direction, we will choose a slightly deviating
direction that ensures the selection of the correct tokens over non-supports N. Specifically, consider
the solution of (7) where we tighten the non-support constraints by arbitrarily small & > 0.

1 forall t#a;,, i€[n]-N

¢ forall t#aq;, ie N ©3)

p"™ = min||pll suchthat pT(kis, — ki) > {
P

Let p™ be the solution of (ATT-SVM) with @ = (;)!_, (which was assumed to be separable).

Observe that p™™ = gp™™ + (1 — &)p™!* satisfies the constraints of (95). Additionally, p™ would
achieve a margin of where A = 1/]|p™||. Using optimality of p®X, this

implies that the reduced margin =, = 1/||p*™|| (by enforcing & over non-support) over the support
vectors is a Lipschitz function of &. Thatis Z; > Z — eM for some M > 0. To proceed, choose an
€ > 0 such that, it is strictly superior to margin induced by hg, that is,

- - = Y
., > E( - %)
( 2)

To proceed, set p°* = RE,p*"™*. Let us recall the following notation from the proof of Theorem

5: sf’ = S(K;p) and qf =1 — Sig;- Set §max = MAX; §ien]-n t0 be worst non-optimality of hr over

support set. Similarly, define g, = maX;c,-n g to be the same for p°%. Repeating the identical

arguments to (79), (80), (81), and using the fact that p"* achieves a margin Z(1 — %) <E:<E,we
end up with the lines

log(gmax) = —(1 —y)ER —log T, (96a)

—ER —logT < log(gy.) < —E(1 —0.5y)R + log T. (96b)

In what follows, we will prove that 5% achieves a strictly smaller logistic loss contradicting with
the optimality of pr (whenever ||hg/R — Ep™®|| > §).

Upper bounding logistic loss. Let us now upper bound the logistic loss of (#™™, p**) where
P = [y™™ with ™" being the solution of (CLS-SVM) with r; « xj,, and T = 1/|v™"||. Set
r= XlT S(K; p*™). Set v = minjey Y; - xLiv’”m — 1 to be the additional margin buffer that non-support
vectors have access to. Also set M = sup;c,, <7 I¥ir — Xizll. Observe that we can write

Xig, — T = Z Sit(Xio, — Xir) = |xXio, — 1ill < @M.
t#a;

Non-supports achieve strong label-margin: Using above and (95) for all i € NV and ¢ # a;, we have

that s;, < e™*=Rs;,, < e7*=177/2Rg,  Consequently, whenever R > Ry := (sE(1 —y/2))" log(1),

l* < Zt#(t[ Sit < Te_sg(l_y/z)k < E

Sia; M
This implies that, oni € N
Yior]v™ 2 1+ vu+ Y- (ri—Xig) V™ 2 1+ v —gM|p™|| > 1. O7

In words: Above a fixed R that only depends on y = y(6), features r; induced by all non-support
indices i € N achieve margin at least 1. What remains is analyzing the margin shrinkage over the
support vectors as in Theorem 5.
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Controlling support margin and combining bounds: Over [n] — N, suppose v satisfies the SVM
constraints on r; with ¥; - r/v™ > 1 — &;/T". Consequently, setting &max = SUP;e(y &is V' achieves
a label-margin of I' — emax on the dataset (Y;, r;)ien). Next, we recall the fact (96b) that worst-case
perturbation is gmax < M exp(—Z(1 — 0.5y)R + log T) = MT exp(—E(1 — 0.5y)R). With this and (97),
we upper bound the logistic loss of (#™™, 5*™%) as follows.

L(i;mm’ﬁmm) S m[a)]( log(l + exp(_YirlTi;mm)). (98)
i€ln

< max exp(=Y;r] ™) 99)
i€ln

< exp(—rT + réemax) (100)

< erMT exp(—E(l—O.S)/)R)e—rl"' (1()])

Conversely, we obtain a lower bound for (v,, hg). Set r; = XiTS(KihR). Recall the lower bound (96a)
over the support vector set [n] — N. Combining this with our Assumption C over the support vectors
of (CLS-SVM) implies that, solving (CLS-SVM) on (Y;, 7;)ic[, achieves at most I — ve~(1==R/T
margin. Consequently, we have

1
L, hg) > — m[a)]( log(1 + exp(=Yir; v,)) (102)
n i€ln
1
> — maxexp(-Y;r/v,) Alog2 (103)
2n ieln]
1 ~(1-p=ER
> n exp(—r(T —ve =%/T)) Alog?2 (104)
e ) (105)
T 2n

Observe that, this lower bound dominates the previous upper bound when R is large, namely, when
(ignoring the multiplier 1/2n for brevity)

MT?

- - 2
(v/T)e VVER > MTe 20-0VR 0 R >R, := v log( ).
Thus, we obtain the desired contradiction since ﬁ“b‘ is a strictly better solution compared to pg = hg
(once R is sufficiently large).

e Case 2: v, /r does not converge. This is the simpler scenario: There exists ¢ > 0 such that we can
find arbitrarily large r obeying ||v,/r —v™/|v™™|||| > ¢. First, note that, due to the strong convexity
of (CLS-SVM), for some y := y(§) > 0, v, achieves a margin of at most (I' — y)r on the dataset
(Yi, Xi1)iern)- By theorem’s condition, we are provided that S(K;pg),, — 1. This immediately implies
that, for any choice of € = y/3 > 0, above some sufficiently large (79, Ry), we have that ||xf’ K—rl <e.
Following (101), this implies that, choosing #™™ = ry™™/|p"™"|| achieves a logistic loss of at most
e"Be™™. Again using ||x"* — ril| < &, for sufficiently large (r, R) we have that

min Yyl r; <minYv x; +sup|r; — x;|v;] (106)
i€[n] i€[n] ieln]
<T—-yr+er (107)
< (T =2y/3)r. (108)

This in turn implies that logistic loss is lower bounded by (following (105)),
1
L, pr) > —ePe™ Alog2.
2n

This dominates the above upper bound e3¢~ of ™™ whenever £-¢¥3 > 1 < r> % log(2n),
(that is, when r is sufficiently large), again concluding the proof. [ ]

D Addendum to Section 4

D.1 Proof of Theorem 7

Proof. The key idea is showing that, thanks to the exponential tail of softmax-attention, (harmful)
contribution of the non-optimal token with the minimum margin can dominate the contribution of
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all other tokens as R — oo. This high-level approach is similar to earlier works on implicit bias of
gradient descent with logistic loss.

: 1 *
Pick p™™ € P™" and set p; = I\p‘“’"H

Also let pgp = F’%. Now suppose dist (pg, P™) - 0 as R — co. Then, there exists § > 0 such that,
we can always find arbitrarily large R obeying dist (pg, P™") > 6.

This will be the baseline model that pg has to compete against.

Since pg is 6 > 0 bounded away from P™, pr and ||pgll = |[p™™||, Pr strictly violates at least
one of the inequality constraints in (ATT-SVM"). Otherwise, we would have pr € ™. Without
losing generality, suppose pg violates the first margin constraint, that is, for some y := y(6) > 0,
MaXqe, minﬁeol p (ko — kig) <1 —7. Now, we will argue that this will lead to a contradiction as
R — oo since we will show that L(py) < L(pr) for sufficiently large R.

First, let us control L(py). We study s* = S(K;py) and let a; € O; be the index a in (ATT-SVM’) for
which margin; = max,e, minﬁe(j‘_(k,-w —kig)"p™ > 1is attained. Then, we bound the non-optimality
amount g} of py as

« o, exp(k; p}) < Yieo, exp(k py)
' Zte[T]eXP(ki,PR) exp(kizi PR)

< T exp(—R/T).

Thus, g}f.x = MaXen ¢ < T exp(=R/T). Secondly, we wish to control £L(pg) by lower bounding the
non-optimality in pg. Focusing on the first margin constraint, let @ € O; be the index in (ATT-SVM”)
for which margin; < 1 — is attained. Denoting the amount of non-optimality of the first input as g,
we find?

Zze@l CXP(le,PR) S 1 Zte(jl eXP(kT,PR)

> — > T 'exp(=R(1 = y)/T).
Y explk|pr) ~ T  exp(k| pr) P 4

g =

We similarly have ¢}, > 7! exp(—R/T’). In conclusion, for pg, p,’;, denoting maximum non-
optimality by gmax > §1 and g}y, we respectively obtained

log(gmax) = —(1 = Y)(R/T) —logT, (109)
—(R/T) - 1og T < log(g,,) < —(R/T) +logT. (110)

The above inequalities satisfy Assumption D as follows where p < pf and p’ < pg: Set Ry =
3y 'T'logT so that log T < 7R” Secondly, set pg = —(Ro/T") — logT. This way, po > log(gr..)
implies R > Ry and log T < 2= Usmg the latter inequality, we bound the log T terms to obtain

® 10g(gmax) = —(1 = 2y/3)(R/I).
* log(gfa,) < —(1 —y/3)(R/T).

To proceed, we pick 1 + A = 1 2 /3 implying A := Fmally, for this A, there exists p(A) which we
need to ensure 10g(Gmax) < p(A). This can be guaranteed by picking sufficiently large R that ensures
log(gr.) < —(1 —y/3)R/T) < p(A) to satisty all conditions of Assumption D. Since such large R
exists by initial assumption dist (pg, ™) —» 0, Assumption D in turn implies that L(p) < L(pr)
contradicting with the optimality of pg in (8). [ ]

D.2 Application to Linearly-mixed Labels

The following example shows that if non-optimal tokens result in reduced score (in terms of the
alignment of prediction and label), Assumption D holds. The high-level idea behind this lemma is
that, if the optimal risk is achieved by setting g5, = 0, then, Assumption D will hold.

Lemma 9 (Linear label mixing) Recall q = 20, 5 from Assumption D. Suppose Y; € {—1,1}
and

Y- (X[ s?) =vi(1 - ¢¥) + Z,

*Here, we assumed margm is non-negative i.e. k|, pr > sup,cg, ki,pr. Otherwise, sup,¢r k{,pr is attained in
O, which implies g, > T~". Thus, we can still use the identical inequality (109) with the choice y = 1.
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for some (vi)!_, > 0. Here Z; = Z(p) is the contribution of non-optimal tokens to prediction. For
some C,e > 0 and forall p € R4, assume

~Cemax < Zi < (1 - &)vig?. (111)

Then, Assumption D holds for L(p) = % PWERRAO (R w(XiTsf)) when €(-) is a strictly decreasing loss
function with continuous derivative.

Proof. Recall the assumption ¥; - n//(XiTsf’ ) =vi(1 - qf’ ) + Z; with Z; obeying (111). Let us also write
the loss function

L= 3 =)+ 2,
i=1

Define gl = SUP; <[y qf’ . Let M be the maximum absolute value of score over tokens. Let B =
maxy<py —'(x) 2 A = minyy<py —¢'(x) > 0. Through Taylor’s Theorem (integral remainder), we have
that

B(qfvi —-7Z) = tvi(1 - qf) +7Z;)—€t(v;) = A(qfv,- -Z) = sAv,-qf.

Set £, =1 L Evy). Set C,. = B(C + maXiepy vi) and C_ = n'Ae mine, v;. This also implies

n

1 1 1
p _ P, _ 7 _ - p.. _ 7 _ AP P
Cigmax 2 . E Blg;vi—2Z) 2 L(p) - Ly = " E Alg;vi—-7Z;) = . E &Aviq; 2 C_qmax-

i€[n] i€[n] i€[n]

Thus, to prove L(p’) > L(p), we simply need to establish the stronger statement C_q’,;,/ax > Cogha.

Going back to the condition of Assumption D, any log(gh.) < (1 + A) log(qgax) obeys ¢P. <
(@) 2 e, @l > (GPa) 1. Following above, we wish to ensure g2y, > gLy for such (p, p’)

pairs where ® = C, /C_ > 1. This is guaranteed by

>0 —

i A
(qma) 1 1080 < —log(®).
The above is satisfied by choosing a p(A) := —2(1 + A™!)log(®) in Assumption D. Thus, all p, p’

with log(g%.x) < p = p(A) satisfies the condition of Assumption D finishing the proof. [ ]

E Experimental Details
In this section, we provide additional implementation details for the experiments.

1. We build one attention layer using PyTorch, and set input and embedding dimensions to
be 3. During training, we use SGD optimizer with learning rate 1 in Figure 1 and 0.1 in
Figure 2 and train the model for 1000 iterations. To better visualize the generalization path,
we normalize the gradient of p (and v) at each iteration.

2. Next, given the solution p, we determine locally-optimal indices to be those with the highest
softmax scores. Using these optimal indices, we utilize python package cvxopt to build
and solve (ATT-SVM), and then get solution p™™. After obtaining p™", we also verify that
these indices satisfy our local-optimal definition. The examples we use in the paper are all
trivial to verify (by construction).

3. In Fig. 2(b) and Fig. 2(c), v™™ is solved using python package sklearn.svm based on the

given label information, and p™" is the solution of (7) instead.

F Addendum to Section 5

We provide an overview of the current literature on implicit regularization and attention mechanism.
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F.1 Related Work on Implicit Regularization

The introduction of Support Vector Machines (SVM), which utilize explicit regularization to choose
maximum margin classifiers, represents one of the earliest relevant literature in this field [55]. The
concept of maximizing the margin was later connected to generalization performance [56]. From a
practical perspective, exponential losses with decaying regularization exhibit asymptotic behavior
similar to SVMs, as demonstrated in [19]. While the analysis of the perceptron [57] originally
introduced the concept of margins, the method itself does not possess an inherent bias as it terminates
with zero classification error. However, establishing a meaningful lower bound for the attained margin
is not possible. Initial empirical investigations highlighting the implicit bias of descent methods
focused on ¢;-regularization, revealing that coordinate descent, when combined with the exponential
loss, exhibits an inherent inclination towards ¢;-regularized solutions [58].

This work draws extensively from the literature on implicit bias and regularization, which has provided
valuable techniques and inspiration. A common observation in these studies is the convergence to
a specific optimal solution over the training set. This phenomenon has been observed in various
approaches, including coordinate descent [59, 60], gradient descent [25, 19], deep linear networks
[61, 62], ReLU networks [63, 64, 24, 65, 66, 67], mirror descent [20], and many others. The implicit
bias of gradient descent in classification tasks involving separable data has been extensively examined
by [19, 20, 21, 22, 23, 24]. These works typically utilize logistic loss or exponentially-tailed losses to
establish connections to margin maximization. The results have also been extended to non-separable
data by [25, 26, 27]. Furthermore, there have been notable investigations into the implicit bias in
regression problems and losses, utilizing techniques such as mirror descent [28, 20, 29, 30, 31, 32].
Additionally, several papers have explored the implicit bias of stochastic gradient descent [33, 34, 35,
36, 37, 38], as well as adaptive and momentum-based methods [39, 40, 41, 42].

While there are some similarities between our optimization approach for v and existing works, the
optimization of p presents notable differences. Firstly, our optimization problem is nonconvex and
involves a composition of loss and softmax, which introduces new challenges and complexities. The
presence of softmax adds a nonlinearity to the problem, requiring specialized techniques for analysis
and optimization. Secondly, our analysis introduces the concept of locally-optimal tokens, which
refers to tokens that achieve locally optimal solutions in their respective attention cones. This concept
is crucial for understanding the behavior of the attention mechanism and its convergence properties.
By focusing on the cones surrounding locally-optimal tokens, we provide a tailored analysis that
captures the unique characteristics of the attention model. Overall, our work offers novel insights into
the optimization of attention-based models and sheds light on the behavior of the attention mechanism
during training.

F.2 Related Work on Attention Mechanism

As the backbone of Transformers [6], the self-attention mechanism [68] plays a crucial role in
computing feature representations by globally modeling long-range interactions within the input.
Transformers have achieved remarkable empirical success in various domains, including natural
language processing [4, 2], recommendation systems [69, 70, 71], and reinforcement learning
[72, 73, 74]. With the introduction of Vision Transformer (ViT) [75], Transformer-based models
[76, 77, 78] have gradually replaced convolutional neural network (CNN) architectures and become
prevalent in vision tasks. To train ViT efficiently, several techniques have been developed, among
which token sparsification [79, 80, 81, 82, 83] remove redundant tokens (image patches) from the
data, improving computational complexity while maintaining comparable learning performance.

However, the theoretical foundation of Transformers and self-attention mechanisms has remained
largely unexplored. Some studies have established important results, including the Lipschitz constant
of self-attention [84], properties of the neural tangent kernel [85, 86], and the expressive power
and Turing-completeness of Transformers [87, 88, 89, 47, 51, 90, 91, 92] with statistical guarantees
[93, 94].

Focusing on the self-attention component, Edelman et al. [47] theoretically proved that a single
self-attention head can represent a sparse function of the input with a sample complexity for the
generalization gap between the training loss and the test loss. However, they did not delve into
the algorithmic aspects of training Transformers to achieve desirable loss. Sahiner et al. [48] and
Ergen et al. [49] further explored the analysis of convex relaxations for self-attention, investigating
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potential optimization techniques and properties. In terms of expressive ability, Baldi and Vershynin
[50] investigated the capacity of attention layers to capture complex patterns and information, while
Dong et al. [51] provided additional insights into the expressive power of attention layers in various
contexts. Likhosherstov et al. [90] studied the model complexity for function approximation of the
self-attention module, and Cordonnier et al. [91] provided sufficient and necessary conditions for
multi-head self-attention structures to simulate convolution layers.

Recent works have made progress in characterizing the optimization and generalization dynamics of
attention. Jelassi et al. [52] studied gradient-based methods from random initialization and provided a
theoretical analysis of the empirical finding that Vision Transformers learn position embeddings that
recapitulate the spatial structure of the training data, even though this spatial structure is no longer
explicitly represented after the image is split into patches. Li et al. [53] provided theoretical results on
training three-layer ViTs for classification tasks. They quantified the importance of self-attention in
terms of sample complexity for achieving zero generalization error, as well as the sparsity of attention
maps when trained by stochastic gradient descent (SGD). In another related work, Nguyen et al.
[95] proposed a primal-dual optimization framework that focuses on deriving attention as the dual
expansion of a primal neural network layer. By solving a support vector regression problem, they
gained a deeper understanding and explanation of various attention mechanisms. This framework
also enables the creation of novel attention mechanisms, offering flexibility and customization in
designing attention-based models. In another closely related work, Oymak et al. [17] analyzed the
same attention model as ours, denoted by (ERM). However, it is important to note that all of these
works make certain assumptions about the data. Specifically, they assume that tokens are tightly
clusterable or can be clearly split into relevant and irrelevant sets. Additionally, Li et al. [53] require
specific assumptions on the initialization of the model, while Jelassi et al. [52] consider a simplified
attention structure where the attention matrix is not directly parameterized with respect to the input.

In contrast, our work offers a comprehensive optimization-theoretic analysis of the attention model,
establishing a formal connection to max-margin problems. This analysis allows us to gain a deeper
understanding of the attention mechanism and its behavior during the training process. Notably, our
work presents the first theoretical understanding of the implicit bias exhibited by gradient descent
methods in the context of the attention model. By uncovering the underlying optimization principles,
we provide valuable insights into the dynamics and generalization properties of attention-based
models.
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