Appendices

A Proofs in Section 3

A.1 Proof of Lemma 1

1. When e ¢ Wy, we have E = R and Wao r = We. By Theorem 1 in [10], we know that the
projected Bellman equation (3.4) has a unique fixed point *. Thus, £ = {6*}.

2. When e € Wy, 0. is a unique solution to ®0 = e as P is full column rgnk. ‘We first show that Ehe
set of solutions to the projected Bellman equation (3.4) takes the form {6 + cf.|c € R}, where 6 is
any solution to (3.4). Let § := 0 + 0, for any scalar c. Then,

p.yw, TV®0 = Ip gy, TV ® (é + 098)
= HD,W(I)T()‘) (@é + ce)
= I'ID}W(PT(AMI)G~ + ce
= ®f + DO,
= (67 + cHe)
= P6.

On the other hand, suppose that 6 is not of the form 6 + cf,. Then,
p v, TV ®0 = I p gy, TV @ (9 . é)
= Ip 1w, TV DG + Tp gy, PN @ (9 - é)
= 00+ Tp,w PV (0 -0)
£ 0f+ (9 - é)
= ®0,

where the "not equal to" is due to Lemma 2 in [10] and the non-expansiveness of the projection
HD,Wq) .

As the set of solutions to Eq. (3.4) is a line parallel to the subspace {cf.|c € R} and E is the
orthogonal complement of {cf.|c € R}, there is a unique solution of Eq. (3.4) that lies in F. We refer
to this particular solution as 6*. It then follows that 6* is also a solution to ®6 = IIp w,, ST Y.

Now we just need to show that the solution to ®6 = Ilp w, TN ®0 is unique. We notice that the
equation ®0 = IIp w, , T @0 is equivalent to

I 5@ D (P(’\) — 1) OO =T, 50" D [f(”le — R(A)} 7

A’

where R = (1 —\)S°0°_  Am > PER.

b’

Suppose 6* is a solution of the equation ¢ = HD,Wq),ET(/\)(I’& Then we know that 6* must lie
in the subspace . Thus, we have ®6* = ®II, g0*. By the definition of the projection operator
IIp,wy, 5> we have

p w, V= argming e ggepy |V — Vo = argming ¢ (o1, po10erey |V = Vb

Therefore, using ®0* = @I, 60", the equation ®6* = HD,WQET(/\)(I)H* is equivalent to

Ol p0” € argming ¢ (o, Lojpepay |7 @M, 2% — V]| p.
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Thus, by the first-order optimality condition and the definition of 7}), we have

My z®' D {R(’\) - f(_—“le + PYVOTII, 0" — @HQ,Ee*} =0

Using ®0* = @Il 0" again and rearranging terms, we have

I, 5 &' D (PW - I) O =11, 5" D [Me - R(*)} .

On the other hand, suppose 6* is in the subspace E and satisfies

T, ;@' D (PW - 1) Y =11, 5" D H(“)Ae - R(*)} .
Then, following the same arguments above reversely, we can show that 8* is a solution of the equation
D0 = Tp w, , TN 0.
For any § € F, we have
0TA9 =011, 53" D (P(’\) - I) oY

=011 ;@7 D (P — 1) @

= (o p0)  ®7D (P(’\) - I) o9

—07e"D (PY 1) a0

< —AJ6l;,

where the last inequality is due to Lemma 2. Suppose A’6; = b’ and A’6, = b’ for some 61,6, € E.
Then, 0 = (6; — 02)TA'(6; — 02) < —A||0; — 92||§, which implies §; = 6. Therefore, ®0 =
HQW‘L,ET()‘)CI)@ has a unique solution.

A.2  Proof of Lemma 2
For every 0 € F, we have ® # e. This is because

(1) if e € Wy, then there is no § € R? = E satisfying 0 = e.
(2) if e € W, then 6, & E is the unique solution to ®0 = e.

Thus Vp := ®6 is a non-constant vector in RI! for any # € E. Using the fact proved in Lemma 7 of

[10] that J T D (I — P()‘)) J > 0 for any non-constant vector J € RIS!, for any non-zero 6 € E, we
have

9T D (I - P(’\)> ®9 =V, D (1 _ PW) Vo > 0.

Since the set {6 € E|||6||2 = 1} is nonempty and compact, by the extreme value theorem, we have

A= min 670'D (I - PW) 30 > 0.
[|0]]2=1,0€ E

Under Assumption 1, the steady-state expectations A := E, [A(X})] is given by

e —Cq 0
T -39 De "D (PM -1)®|"

We first rewrite the minimization problem min|g|,=1,0crx £ —-0T A0 as

min i+ ——0Td De+0T0T D (I - PW) 6.
P ]|6]3=1,7€R 0 E =X
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Since

THT || ‘T T ‘
1—>\9 ® D’_ Aa & De
_ Irl ﬂ‘
Y
| |
< L o)
I
< 1 max 60, 6]
— D 2 2
< i |”9|>‘\2, VFeR,0 € E,

and
073D (1 - PW) o9 > A9, Vo€ E,

then we have

min ca?ﬁ—l—LHT@TDe—l—eT@TD (I—P(’\)) o0
72+|0]|2=1,FER,0€E 1—A
0
P [ RN
72+ 6]3=1,7€R,0€E

= iy el - TP +A ()

FE[—

1

— min caa:——\/M+A(1—x)

we[0,1] T—\

:AJrIren[iOI)ll](ca—A):cf% z(1—x).

When ¢, > A + \/N(ll—w — 5z we have
1 A
i 0w —A)r — —— l—2)>——,
i (e = &) = T3 VAl =) 2 =5
which implies that

min —07T40 >

A
©]l2=1,0€Rx E 2°

A.3 Proof of Theorem 1

Proof. Part (1): auxiliary algorithm. Suppose the sequence of iterates {(7:,6;)} is generated
by Algorithm 1. Then, the sequence of iterates { (7, II2 g0;)} can be generated by the following
auxiliary algorithm

Tip1 =Tt + cafBe(R(s¢) — 7¢) and 61 = 0 + B:6:(60:)112 24, (A.1)

with initial values 7 and IIy gfy. Note that the iterates {(7;, ;) } uniquely determines the iterates
{(7t, 2, 504) }.

The auxiliary algorithm (A.1) can be rewritten in the following vector form

Oii1 = 01 + [ (X,)O: +b (Xt)] , (A2)
where
A(X ) _ —Cq O
¢ —Iopze o pze (¢(ser1) — d(se)T)
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and

If we define

then we have A(X,) = IIA(X,) and b(X;) = ITb(X,).
Under Assumption 1, the steady-state expectations A := E [A(Xf)] and b := E, [Z;(Xf)} are given
by

~ —Cq 0
A== |:—1L\H27E(I)TD6 Ty x®' D (PO — 1) @} :

and

T _ _ Ca"A(M)
b=Tb= {HzECI)TDR()‘)} '

Stochastic approximation theory shows that the asymptotic behavior of the sequence { (7, Il Eﬁt)}
generated by (A.1) is closely linked with the corresponding ordinary differential equation 0, =
A©; + b and the limit point of {(7;, ITy z6;)} should satisfies the equation A© + b = 0. Solving
this equation, we have the limit point of { (7, Iy 50,)} is (r(p), 0).

‘We notice that

min —eT4e

18]l2=1,0€Rx E

= min Ca’l“ + 79TH2 E<I>TDe + 9TH2 E(I)TD (I (X)) o
72+6]12=1,7F€R,0€E 1-

- min P>+ ——0"®"De+67®d"D (1 pm) o0

VT 6I3=1,7€R 0 E 1- >\

A

= min 0740 > —.

l©]l2=1,0€Rx E 2

Furthermore,

HA(XQHQ = TTA (Xy) |l

< [[A(X)ll;
< AKX g

= /B Nzl + 1z [Bs00) T — Bls0) T I
< \JR 4 lzel3 + 1z [$(5e)T — Blse) 113

< \/03 +1zel3 + (zella (s )y + zelly @5 l2)?

<\/c2+ ! + 1
“NVY =22 (1=
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and

b

= [[TI6 (X¢)l,
< 16 (X)ll,

< (CaR(50))? + R(s:)?]| ]

Part (2): general finite-time bound. For ease of notation, we let

Ei[]:=E[18:—r(5,) Xi—r(80)] »

and

ta
Bty by = Z Bre-

k=t1

Note that in this part, ©; := {Hj;e ] O* = [Té’j)} JAX) = A(Xy), A= A, b(X,) = b(Xy),
JEU

b:= B, Amax 1= C?X + (1_5)\)2, bax 1= C?y + (1_1,\)27 =4/ Ca + (1_5/\)2-

The step size sequence {f;} satisfies the following conditions: (i) {8;} are positive and non-
increasing; (ii) there exists a smallest positive integer t* such that g 4«1 < ﬁ, and for all ¢ > t*,

i lBr*T t—
Brr(p) -1 < min{g, 22@7;2} and =—7gsE— <2

For ant t > 0, we have
E: (19641 — 03— |©¢ — 03]
=E; [1®141 — 0 +0; — ©°|3 — |6, — ©7|3]
=B, |01~ O +2(6, - 077 (011 — ©1)]
=B, (10011 — O3] + 2BE, [(©0 — ©°)T (A(X,)8, + b(X,))]
= BPE [|A(X,)O: + b(X0)13]
+ 25 [(6:— 0") (A(X))0, + b(X,) — A8, — )|

+ 25, (0, - 0")' (46, +1)]

step 1. Bounding ||A(X;)©; + b(X;)||3
Since A(X;) and b(X;) are uniformly bounded by Ap,.x and by,ax respectively, we then have

[A(X)O¢ +b(Xe)ll2 < [[A(Xe)[|2/1O¢ ]2 4 [[(Xe)[2
S AmaxHetHQ + bmax
<n(18¢fl2 +1),

which implies that
IA(X)0: + b(X)[3 < 7P (|0 — O + 0|2+ 1)°
<n? (|0 — 0"+ 072 +1)°
<272 [0 - "3 + (16" ]2 + 1)°] .

step 2. Bounding (©; — ©*) " (40, + b)
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Since A©* +b = 0 and min|g|,—1,0crx E —0T40 > %
(0, — 0")T (A0, +b) = (0, — ©*) (40, — AO*)
= (©,— 0% A0, — 6
A *
<-5lec-o 3

step 3. Bounding E, {(G)t - @*)T (A(X})O: + b(X;) — AO; — b)}
E, [(@t — 09T (A(X,)0, + b(X,) — AO, — b)]

= Ei (01 = O (s + Orr(s) — ©7) | (A(X)O1 +b(X,) = 4O, — b)]

=K {(@t - @tfr(ﬁt))T (A(X1)O; + b(Xt) — AO; — b)}

(A1)

+ E, |:(®t—7'(/3t) - @)*)T (A(X})O; 4+ b(X;) — AO, — b)}

(Az2)

(A1) <E, [I (0 — ©s—r(5) | (A(X2)O¢ +b(X,) — AO, — D) |}
<Ei [[| (O — ©1—r(s,)) I2l|A(X:)O; + b(X;) — AO; — b|5]
< 20E: [(1¢ll2 + 1) 10 = O1r(a 2]
< 81281 (o0 41 Ee [(104]12 +1)7]
< 8By r(p0,41Ex [ (10 = ©7 ]2 + 0|2 + 1)°]
< 160°By (g0 1B [0 = O[3 + (1012 +1)7]

The 4th inequality holds because for any 0 < ¢; < ty satisfying B, +,—1 < ﬁ, the following
inequality (see lemma 2.3 in [16] for a proof) hold:

||®t2 - @tl HQ < 47767517@—1 (H(_)tzHQ + 1) :

Since we have assumed that 3;_;(3,) ;-1 < ﬁ, then we have
208 [([0¢ll2 + 1) 101 — O1—r(s,) 2] < 87 Bi—r(p)t—1Ex {(H@tHQ + 1)2} :

Note that
A(X)O, + b(X,) — AO, — b
= A(X1)Os_r(5,) — AOy_r(5,) + b(Xt) — b
+ A(X4)Or — AO; — A(X4)Oy_r(5,) + AO1_r(5,)
= [(A(Xy) — A) ©y_r(5,) + b(X:) — b] + (A(Xy) — A) (Or — Or_r(,))

(A2) = Ex [(Or-r(5 = ©%) " {[(A(X0) = 4) 015 +b(Xe) = B] + (A(X0) = 4) (64 = O1r ) }]
<[ (Orriay —0") B [(A(Xe) = A) Or_rz,) +b(X:) — ]|
(Az,1)
+ 1 (O—r(s — ©7)  Ee [(A(X:) — A) (8; — ©,_r5,))] |

(Az2,2)

19



Since
(A2,1) <11O1—7(,) — O"[l2 (IE: [A(Xe)] = All21©:—7(5,)ll2 + E¢ [b(X:)] — b]l2)
< BtEt [”@t—r(ﬂt) - 6*||2 (H@th(Bt)”Q + 1)]
= BB [1©:—r(5,) — Ot + 61 — Ol (©s—r(5,) — O1 + O — ©" + O% |2+ 1)]
<BE (100 = Orr(ayll2 + 18: = ©%[2) (10¢ = O17(all2 + 0 — OF[|2 + [|©7[|2 + 1)]
< BB [([|Ocllz + [0 = O7[l2 + 1) ([[O|2 + [0 — O7[|2 + [[©7[|2 + 2)]
< BE (1072 + 20 — ©7[|l2 + 1) (2[©¢ — O7[|2 + 2[©7[|2 + 2)]

<4BE, [(|©0 — 672 + 072 + 1)’
< 8B.E: [0, — O[3+ (16712 + 1))

< 87%B (oo 1B [0 — 73 + (1672 + 1]

The 4th inequality holds because for any 0 < ¢; < ty satisfying B;, 1,1 < ﬁ, the following
inequality (see lemma 2.3 in [16] for a proof) hold:

101, = O, ll2 < 1O, [|2 + 1.

Since we have assumed that 3, . (g,)+—1 < ﬁ, then we have ||©; — ©;_,(s,)ll2 < [|O¢]|2 + 1. Thus,

BiEe [([0¢ — O1—r (g llz + 1101 — ©%[l2) (10 — Or—r(sll2 + |10 — O* 2 + |©*[2+1)] <
BE: [([|O¢ll2 + 18 — ©%[l2 + 1) ([[O¢ll2 + [|©: — ©* |2 + |©%[|2 + 2)].

(A22) <20 [[©4—7(5,) — O7[1211Or — ©1_r 5, ll2]
< 8% Bi—r(p)t—1Et [1Ot—r(5,) — O%[l2 (|O¢]]2 + 1)]
< 87726t77(6t),t71Et [(H@t —O4_rgylle + 10 — @*||2) (1©¢ll2 + 1)]
<81 B1—r(p),11Be [([©: = ©1 7 (g 12 + 01 — ©%[|2) (10¢]|2 + 1)]
<80 B1r(g,) 1B [([[Oc]l2 + [0 — ©%[l2 + 1) (||O]|2 + 1)]
< 80%Bi—r(p),11 Bt [(107]|2 + 2[00 — ©%[|2 + 1) (|©* |2 + |6 — ©%[|2 + 1)]

<1678 r(p) 1B (100 = O 12 + 1072 +1)?]
< 320281 r(p 1Bt |10 — €73 + (107 ]2 + 1)°]
then we have
(A2) = (A21) + (A2)2)
< A0PBu (0B [ 100 = 73+ (107]]2 +1)°]
Finally,
(4) = (A1) + (42)
< 567°B1 (o0 1Be [0 = 73 + (1672 + 1]
step 4. Putting together.
E; [[©041 — ©7[3 — € — ©"|I3]
< 20°B1Bur(p 1B 100 = O° [ + (10712 + 1)°]
+ 11202808 (o) 1B 100 = O[3 + (1672 + 1)°]
— ABE, [||©: — ©%|[3]
< (1149 BeBr—r(p0) -1 — AB) Bt [|10: — ©7[13] + 11457 (0% (|2 + 1)* BeBr—r(5),0-1
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Hence, for any ¢ > t*, we have
E [||@t+l - @*H%} < (1 + 11477257&5#7(@),::71 - Aﬁt) E [H@t - ®*||§]
+1140° (|07 |12 + 1) BuBr—r(5,),t—1-

Since for any ¢t > t* we have assumed

A
Bt—r(Be)t-1 < 28" ie., 2287726t5t—'r(,8t),t—1 — Ap <0,

and
ﬂt—‘r(ﬂ ),t—1 . 2
— = <2 e, . 1 <2
T(ﬂt)ﬁt <2, ie., BB (Be),t—1 = T(ﬁt)ﬁt
then
* (|12 é * |2 é 2
E[[©m1 —0%3] < (1- 5 Pt | E [le: — (3] + 5 7(6e) e
Recursively using the preceding inequality, we have for all T' > ¢*
T—1 A ¢ T—1 T—1 A
E O*|12 <E . — OF 2 1-= 72 2 1—-=85.).
llor —erl8] < fle ~eiz] [ (1~ 5) + § 3 50 I (-3

Since we have assumed that 3y 1« 1 < %, then we have

E[|0: — 63 <E (18 — Ooll2 + [0 — ©°[|2)’]
< (|0ll2 + 180 — ©7[2 + 1)

= &1,
which gives the desired finite-time bound:
T—1 A ¢ T—1 T—1 A
* (12 2 2
E[l|6r - 03] <& tlzl (1 - 251‘,) t3 Z T(Be) By H <1 - 25)‘) ~

t=t j=t+1

Part (3): Theorem 1(a). Since

T-1 A A N\
I (1-39)=(1-37)

and

then we have for all T’ > 7(3)

E[(r - r(1))°] +E 2. (07 - 03]
=E[ler - e7[3]

A T—7(B) 67(6)
§51<1—25) + &2 A
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Part (4): Theorem 1(b). We first bound the term HTﬁ1 (1 -2 Bt).

t=t* 2

T-1

(- 30)-I(-3e%)

t=t* t=t*

T-1
_A_ <
<[ %=

t=t*

_a T-1 _1
TCLD o yx tTeg

=€

Since

T-1 T

1 1
S i
t+co = T+ Co

t=t*
<T + C2)
=In ,
t* + co

T-1 e
H (1 - gﬁt> < e 2 1n(‘*+€z)
AC
B t* _’_02 5 C1
N\ T+e '

Next we bound the term Y°, > 7(8) B2 [T,y (1— 55;).

Since 75, < 75, < KIn(z-) = K [In(T + ¢2) — In(ey)] forall #* <t < T —1, we have

then we have

T-1 T-1 A T-1 T-1 A
S r(eoet I1 (1-5%) < K+ e -l 352 [T (1-54).
t=t* Jj=t+1 t=t* j=t+1

Moreover,

T-1
[T (1-555) = s
it 2 j4co
.
< t + (6] + 1 2
- T+ co
Then,

T-1 T-1

) A | 7T 1 C% T-1 A 1
2 o 11 <12ﬁj>t_t*<t+c2>2jn (12j+c2)

t=t*  j=t+1

2 T1<t+c2+1

2 R Ao
# (t+c2+1)gcl 2



When 2 Fc1 > 1, we have
T—1

T
Z(tJngJrl) 27 2§/ (x4+c+1)2 T2 gy
0

t=t*

1 ac
[

ge
1 Cl 1
< Ai(T-i-CQ'Fl)
561—1
Therefore,
_ _ A,
Tzlﬂz TH1 (1_Aﬁ_)< 4¢3 1 <T+C2+1>21
i tj:tﬂ 2" 7é01—1T+02+1 T+ co
401 1 el
< eT+ea
- 01—1T+02+1
_ 401 ]. %ﬁT
01—1T+02+1
Since
A A
ZBr < =<1,
25T_ 250
we have
R (R —
t=t* 2£j=t+1 v AC —1T+e+1
Hence,

E |(r = r(1)’] +E I,z (6r — 0*)]13
~E[|©r - (3]

<t ey 2 5ggeclK In(T + ¢2) — In(cy)
T—f—Cg 2A1—2 T+CQ+1

A4 Proof of Corollary 1

4

Proof. For the diminishing step-size 3, = we choose ¢1 1= 1, co :=4and ¢, := A—i—m.

Then, from Theorem 1 (b), we have
_ t*+4\?  64eK& In(T +4) —In(4)
B 2 _ 2] < 2 A
E [(7r = r())’] + E [Ilee 0r = 0)13] < &0 (7 - =

For any € > 0, to guarantee that E [|7r — 7(p)|] < € and E [||Ia, 5 (67 — 6%)|,] < €, we can set
44 Lo
<=
&1 <T+4> 2°

64eK & In(T +4) —In(3) L
A2 T+5 2’

C1
t+co?

and

2

Then T needs to satisfy

Klog (%) (1+116°[13)

=0 A1 - M)t
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B Convergence with respect to Span Lyapunov Function

The main difficulty for analyzing average reward is the existence of some subspace E for which the
Bellman operator H is indifferent, i.e.,

HQ+2)-HQ)€E, Vrxek

So it is impossible to apply the finite time analysis in the literature to establish the convergence of the
iterates to some fix point. In essence, H operates on sets of points defined by the indifferent subspace
called equivalent classes:

Xg ={xglr e R"},

where x; := {y € R" : y — x € E}. Thus we should analyze those equivalent classes rather than
the points. Towards that end, we propose a new kind of Lyapunov function defined with respect to
Xg.

B.1 The Semi-Lyapunov Function

We tweak the smooth convex Lyapunov function M introduced in [18] to build a new Lyapunov
function. Recall that M satisfies the following two important properties with respect to a smoothness
norm ||-||, and a contraction norm ||| .:

1. Smoothness: M (y) < M(z) + (VM (z),y —z) + L ||y — 2||?, Va, y for some L > 0.

2. Uniform Approximation: For some constants ¢;, ¢,, > 0, we have
aM(z) < ilz|? < cuM(z) Vo (B.1)

Next we construct a Lyapunov function satisfying the above two properties with respect to equivalent
classes. Consider the fellowing span norm induced by F [44]:

Il 5 = ink flz el ], 5 = ink [}z el
Clearly they are functions defined on X since any element of an equivalent class x 5 is mapped to
the same value.

A key observation is that they could be expressed equivalently as the infimal convolution with respect
to indicator functions. More specifically, if § z denote the indicator function with respect F,

0 ze€kE,
Ople) = {oo otherwise. (B-2)

Then |zl z = ([, Bég)(@), =[5 = (|||, Déz)(x). Indeed, our new Lyapunov function My
is defined as
Mg (z) == ir;fM(x—y)—kéE(y)EMDéE(m). (B.3)

We call it a semi-Lyapunov function because My (z) = 0V 2 € E. Notice that function Mz is a
well-defined over A'5.

Now we show that M is a uniform approximation to the induced contraction norm ||-||. 5 and that
it is smooth with respect to the induced smoothness norm |||, 5. First, the following properties

for infimal convolution of an indicator function can be derived easily from the definition of infimal
convolution.

Lemma 4. Let E be a linear subspace in R™ and let & ;; be the indicator function associated with it
(B.2). Then the following properties hold.

a) Monotonicity: If f(x) > g(x), then fOdz(x) > gOdz(x).

b) Scaling Invariance: (Bf)06z = B(fDdg) for any non-negative scalar 8.
¢) Commutativity fOg = gOf.

d) Associativity: (fOg)0h = fO(gOh).
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e) 6E‘D6E = 5E
) If f is L-smooth with respect to ||-||,, then fOg is also smooth with respect to ||-||,.

g) If f is convex, then fOd is also convex.

Proof. Properties f) and g) are the smoothing properties of infimal convolution and their derivations
can be found in [45]. O

Then the uniform approximation property of M 5 follows from that of M.

Proposition 1. If M satisfies ¢, M (z) < % ||x||z < ¢, M(x) for some constants ¢y, c,, then Mg
defined in (B.3) satisfies

aMp(z) < % HQC”?E <cuMp(z), V. (B.4)

Proof. By the monotonicity of square for positive scalar, we have

. . (a) .
2l & = Gint 2 =yl +35(9))* = inf(la — yll 405 () < int 2 — yl2+85() = |12 D6,

where (a) follows from 5 being a support function. The monotonicity of the infimal convolution
Lemma 4.a) implies that

(M)06g(x) < § |17 00p(2) < (eM)Ddp(x), Va.

1
2
So the Lemma 4.b) implies
2
a(MO8g) (@) < 3112 5 (2) < eu(MDOSE)(x), Ve,

i.e.,
aMp(z) < §|z|2 5 < cuMp(x), Va.

Moreover the smoothness of M also follows from that of M.

Proposition 2. If M is L-smooth with respect to |-

s’
M(y) < M(z) + (VM(z),y — ) + 5 |y — 2|3, Yz, y,
then Mg is L-smooth with respect to ||-||, g, i.e.,i.e,
2
Mp(y) < Mg(z) + (VMg(z),y —2) + 5 lly — 2| 5, Y2, 9.
Moreover, the gradient of Mg satisfies (N Mg (z),e) = 0Ve € E, V.
Proof. (VMpg(x),e) = 0,Ve € E clearly holds because Mz always have the same value for any
elements of z 5. Now we show the smoothness property. First, by Lemma 4.f), if M is L-smooth

with respect to ||-||,, then Mz must also be L-smooth with respect to ||-||,. Now consider arbitrary
z,y € R". Leté = argmin. g |lz —y —el|, ie., [z —y — €|, =[x — yll, 5 - Then

. (a . .
Mp(x) = Mg(z +é) < Mg(y) + (VMg(y),x +é—y)+ Lz +eé—y|?

= Mg(y) + (VMp(y),z —y) + L llz =yl 5,

N

where (a) follows from the L-smoothness of Mz with respect to |-||, . O
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B.2 Recursive Bounds of the General Stochastic Approximation Scheme

Now let’s analyze the iterates generated by the following stochastic approximation scheme for solving
some fixed equivalent class equation H(z) — z € E:

e ot 4 (H () — 2t), (B.5)

We make the following assumptions regarding the function H and its stochastic sample H.

Assumption 4.

1. H is v-contractive with respective to ||-|| . g for some v < 1, i.e, [[H(z) — H(y)|, 5 <

Yo =yl z-

2. Let w' := H(x') — H(a") denote the stochastic error associated with H at iteration t and
let F* := {zt, ..., xt} denote the filtration up to time t. Then w' satisfies the following
properties,

* Martingale noise: E[w'|F*] = 0.
* Bounded variance: IE[Hthf 5| F <A+ Blat — x*||i g for some fixed constants

A and B.

3. There exist a fixed equivalent class, i.e., x* for which ||H (x*) — x* ||cE =0.

We begin by analyzing the behavior of M for a fixed ¢ using its L-smoothness property shown in
Proposition 2:

Mpg(a"™! — 2*) < Mp(a' — 2*) + (VMp(a' —z*), 2" — 2"y + & Hx“‘l - thi 5. (B.O)
First, we show the linear term above induces a negative drift.
Lemma 5. Let M be defined in (B.3). Then conditioned on F*, x'*! satisfies

E[(VMp(a" —a%), 2" —a")] < —26mMg(a' —a),

with B > (1 — vy/cu /1), where ¢, ¢; are the uniform approximation parameters of M defined in
(B.1).
Proof. First, due to the martingale noise assumption for H, the following relation holds conditioned
on Ft,
E[(VMp(zt —2*), 2! — 2] = pE[(VM (2! — %), H(2") — 2" + w')] = n(VMg(z* — 2*), H(z") — zt).
Now we study the last term. The convexity of Mz implies that

(VMp(a' —a"), H(a") — a') = (VMp(a" —27), H(z") — 2" + 27" — a")

< Mp(H(a') - 2*) — Mp(a' — o)

2 *
g~ Mp(a' —27)
2 t *
e~ Mp(a' —2%)
< (g = DMg(a' —2%) < (1 =y eu/a)Mp(a' — %),

where (a) follows from z* belonging to a fixed equivalent class with respect to H and (b) follows
from the contraction property of H. O

Now let’s focus on the last term in (B.6). In [18], the authors utilize norm equivalence to upper bound

Hx||z by some I Hx||i so that it could be bounded by M. We apply the same technique in the next
lemma. Notice that the monotonicity of infimal convolution (Lemma 4.a) and Lemma 4.b)) implies

2 2
that ]| 5 < 1, |l2]? -
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Lemma 6. IfoHs g < ch||C 5 then conditioned on F*, z'*1 generated by (B.5) satisfies

E[||z*! - 2*|? Bl < (16 +4B)clon; Mp(a* — 2*) + 2Aln;.

Proof. By update rule (B.5), we have
ot — |2 o] = 2l )+t o)
(@)
s2ﬁEwHu%—ﬂME+Hwﬁf1
< 207 LE[||H (2") — xtHiE + Hthi,E]

< 2PLER || H(z") — H@")|[2 5 +2|*

: fE + HthfE}

< pla(8+2B) ||at —2* ||} 5 + 7124

(b)
< nPlscy (16 + 4B)Mp (2t — x%) + 71,24,

where (a) follows from the triangle inequality and (b) follows from the uniform approximation
property of M g.

Putting them together, we get the following recursive relation.
Proposition 3. Let 2t be generated by (B.5) using H satisfying Assumption 4 and let ||1:Hz 5 <
ls Hx||i & V. Then the following relation holds conditioned on F*,

E[Mp (2" = 2")] < (1 - 200m, + agnf) Mp(z' — o) + aun}, B.7)
where ag := (1 — yy\/cu /), ag := (8 + 2B)cyls L, aq := AlsL.

Proof. By substltutlng Lemma 5 and 6 into (B.6), we get E[M g (2! — 2*)] < (1 — 28n; + (8 +
2B)cyls Ln?)Mg(xt — %) + Algn?. O

Next, we suggest a specific stepsize 7, to calculate the convergence rate.

Theorem 3. Let s, a3 and oy be defined in 3. If xt is generated by (B.5) with an H satisfying

Assumption 4 and stepsizes 1 1= m, K := max{as/ag, 3},
N %2 K2 Cu 0 8ascy
Efllz" —27|; 5] < iy 2 12 — 2710 5 + 48y, YN 2 1. (B.8)

Else if a constant stepsize eta with nyaz /o < 1, then

Yo gl < e —an)V 2" -2

]E[HxN - *|

o+ ey YN > 1. (B.9)

Proof. Let’s consider the decreasing stepsize first. Since 7; satisfies azn? < oy, it follows from
(B.7) that
E[Mp (2" — 2*)] < (1 — agne) Mp(z' — *) + auni.

By letting I'; := Hf;é (1 — aamy), we can obtain the N-step recursion relationship
E[Mg(zt — 2%)] < Ty Mp(at — z*) + ATy Z (Ft+1 Yaam?.

Then the algebraic relationship ﬁ(aﬂh) = ﬁ — ¢ implies that

E[ME(th-i-l_aj*)] SFNME(xt—x*)—‘r ZiFNZ (Ft+1 l—‘lt)’r’t'

Moreover a careful computation shows that
N—1
(K—1)(K-2) 1 1 4
Ly = G+R-1(+E-2)’ In < (N+K)2’FN Z 7775(13+1 - FT) S GNTR)
t=0
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Thus we can conclude (B.8) by noting that My is an uniform approximation of ||-[|, 5, i.€.,
aMgp(z) < 3 |z]7 5 < cuMp(x).

Next, for the constant stepsize, again, we can recover from (B.7) that

E[Mp (2" —2")] < (1 — aan)Mp(a' — o) + aun’, i.e

N-1
E[Mg (@Y —a*)] < (1—azn) Mp (' —2*)+aun® 3 (1—azn)* < (1—agn)™ Mp (' —a*)+2n,
t=0
from which (B.9) follows naturally. O]

B.3 Convergence of the .J-step ()-learning Algorithm

We establish the convergence of the .J-step Q-learning algorithm in this subsection. With £ := {ce :
c € R}, the sample J-step Bellman operator H” satisfies Assumption 4:

1. H’ is vy-contractive with res[pectlve to span infinite norm with 0 < v < 1 ie.,

1H#7(@) = H Q)| p < 7[1Q - Qll -

2. Letw' := H’(Q,) — H’(Q,) denote the stochastic error associated with H” at iteration
t and let 7! := {Q1,...,Q+} denote the filtration up to time t. Then w! satisfies the
following properties,

* Martingale noise: E[w!|F!] = 0.
* Bounded variance: IE[||thioE |Ft] < 2(J? + HQ*HiOE) + 2 Qs — Q*HiOE

A

=0.

3. There exists a gain optimal Q* for which HﬁJ(Q*) —Q*
oo, F

We choose the following /..-norm smoothing function introduced in [18] as our base Lyapunov
function

2 .
M(z) == 5(||-l1% ||'H4log\SHA|)7 with o= (5 + 55)% — 1.

Then the following problem parameters for analyzing the convergence of the SA scheme can be
derived:

cw=(1+p),e=(1+p/Ve), L =288 — /e

Following the same algebraic manipulation in Section A.6 of [18], we get

o =cyfa <Ve< 3,
ar = (1—yeu/a) 21— y(1+p)'/? =12,

ag = (8 +2B)eul,L = 1225 4log(|S||A])Ve < 4 log(|S]|Al),

ey = AcylyL < 201 +[|Q"(1%, )2t 4log(|S|Al) < ZsUZIAD (72 4 1Q712, 5).

Then the exact convergence rate of Algorithm 2 can obtained by merely substituting them into
Theorem 3. And the convergence and sample complexity Theorem 2 in the main text is a simple
corollary of the next result.

Proof. Proof of Theorem 2: The result follows from merely substituting the above estimates into
(B.9) and (B.8). In particular, the following conservative estimates are used for calculation

njw

o = 3,00 = 157, ag = 245 log(|S||A]) and aue, < 2EUEIAD (72 4107 2, 5).
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C Implementation Detail for Numerical Experiments

C.1 Setup

We consider an MRP with |S| = 100 states, where rewards and transition probabilities are generated
as follows:

Rewards: The reward R (s) for each state is drawn from the uniform distribution on [0, 1].

Transition probabilities: For each state s € S, the transition probabilities P(s, s") to each successor
state s’ € S are chosen as random partitions of the unit interval. That is, |S| — 1 numbers are chosen
uniformly randomly between 0 and 1, dividing that interval into |S| numbers that sum to one — the

probabilities of the |S| successor states.
We first compute the stationary distribution 7 of the MRP, and then obtain the average-reward
*

r* := R, and the basic differential value function v* by solving the following linear system of
equations:

(I —P)v* =R —r*eand ' v* = 0.

For linear function approximation, we consider a feature matrix ® with d = 20 features for each
state s € S. We first generate a matrix ® € RI!SIX(@=2) where each element is drawn from the
Bernoulli distribution with success probability p = 0.5. Then, we construct & € RISI*4 by stacking
the all-ones vector e and the basic differential value function v* as columns into the the matrix @,
ie., ®:= [i) e v*] . We repeat this process until we obtain a full column rank feature matrix. We
further normalize the features to ensure ||¢(s)|| < 1 for all s € S. With the above feature matrix, we
can easily compute 6, and 6* by solving

®f, = e and PO* = v*.

C.2  1st Experiment

In the first experiment, we show that the iterates 6, of Alorithm 1 converge to different TD limit

points when the initial points 6, are different. We set A = 0, ¢, = 1, T = 100,000, B; = Hﬂ%

and 79 = 0. We draw 4 d-dimensional vectors from the uniform distribution with lower bound
= —b5 and upper bound = 5. We then use each of the samples as the initial guess 6y, and plot

E [|[T2,z (0; — 6%)]|,] and E [(Ht —00)" H:a\l } in Figure 1 and 2. Note that, each curve is average
ell2

over 100 independent runs with the same 6.

C.3 2nd Experiment

In the second experiment, we empirically verify the performance upper bounds of Alorithm 1 in
Theorem 1. We set ¢, = 1, T = 1,000,000, 3; = 755, 7o = 0 and o = 0 and consider

A € {0,0.2,0.4,0.8}. In Figure 3, we plot E [(Ft — )’ + ||y, (6, — 9*)||§} as a function of ¢
for t € [0,10°), and in Figure 4, we plot InE [(Ft — )’ + ||y, (6, — 0*)||§} as a function of In ¢

fort € [5 x 10°,10°). Each curve is average over 100 independent runs with the same .

29



10
= jnitial point No. 0

8- —— initial point No. 1
= = initial point No. 2
o 61 = jnitial point No. 3
|
<
T 4
=4
o 24

0_

0 2 4

6

8

iteration (t) x10*

Figure 1: Convergence of the iterates 0; to the
set of TD limit points for 4 different initial

points.

10

N
o

H
(9]
s

©
wn

E[(Fe—r™)? + [IN2,e(6: — 6 *)|3]
i
o

o
o

0 2 a

Figure 3: Convergence of the iterates (7, 0;)

for A € {0,0.2,0.4,0.8}.

6 8
iteration (t) x10*

10

30

8,
16el

E[(et—e*)T

initial point No.
initial point No.
initial point No.
initial point No.

w N = O

2 4 6 8 10
iteration (t) x10%

Figure 2: Convergence of the projection of
the iterates 6, onto the set of TD limit points
for 4 different initial points.

In E[(Fe—r")2 + My, (6: — 6 *)|2]

|
N
vl

[
w
o

|
w
"

|
hy
o

|
»
U

= A =0, slope =-0.98

= A = 0.2, slope =-1.01
—— A = 0.4, slope =-0.99
A = 0.8, slope =-1.01

13.2 13.4 13.6 13.8
Int

Figure 4: Asymptotic convergence rate of the
iterates (7, ;) for A € {0,0.2,0.4,0.8}.



	Introduction
	Contributions and Summary of Our Techniques
	Related Literature

	The Average-Reward Problem Setting
	Policy Evaluation Algorithm: TD Learning
	Problem Formulation
	Average-Reward TD()
	Finite-Time Bounds for Average-Reward TD()
	Approximation Error

	Control Algorithm: Q-learning
	Problem Formulation
	Synchronous Q-learning
	Finite-Time Analysis

	Numerical Experiments
	Conclusion
	Appendices
	Proofs in Section 3
	Proof of Lemma 1
	Proof of Lemma 2
	Proof of Theorem 1
	Proof of Corollary 1

	Convergence with respect to Span Lyapunov Function
	The Semi-Lyapunov Function
	Recursive Bounds of the General Stochastic Approximation Scheme
	Convergence of the J-step Q-learning Algorithm

	Implementation Detail for Numerical Experiments
	Setup
	1st Experiment
	2nd Experiment




