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A PROOF AND ADDITIONAL THEOREMS

A.1 SHORT NOTATIONS

Throughout the appendix, we will denote by p := ]P’(Y +1) and p := IP(Y +1)=p-(1-
e+) + (1 —p) - e—. We will also shorthand P, Q for P, 5, Q, .5 and P, Q for Py, thy

A.2 FULL TABLES OF TABLE[I]

In experiments, we adopt the output activation function g (v) instead of optimal activation functions
g* by referring to the implementation of f-GAN (Nowozin et al., 2016).

Name g5 (v) g" dom ¢« ()
1 1 11
Total Variation (v) — tanh(v) — sign ZON €l--, -]
2 2 q(z) 22
2 2p(2)
Jenson-Shannon (v") lo lo, u < log?2 —log (2 —e"
( R ¢ o)+ a(0) g g ( )
S . . aC) u
quared Hellinger (X) 1—e 1— u <1
p(2) 1-u
1
Pearson X2 (v) v 2 (p(z) - 1) R “u?tu
a(z) / 4
Neyman X2 (X) 1—ev 1— (qEz)> u<1 2-2yT—u
P 22

KL (v) v 1+ log p(zi R ev1

q(z
Reverse KL (X) —e" - qEz; R_ —1 —log (—u)

Pz

p(z)  q(z) . 1
Jeffrey (v') v 1+ log - R Wee ")+ ——+u—2

q(2)  p(z) W(el~v)

Table 6: Exemplary output activation functions gy (used for approximating g, see e.g. (Nowozin
et al.l 2016)), optimal activation functions, optimal conjugate functions (full table). W is the
Lambert—W product log function. ‘v’ indicates that the f—divergence function (in practice) is
robust to label noise and ‘X’ means non-robust.

A.3 MAIN RESULTS: PROOF OF THEOREM [4]

Proof. First note
E; p {9(2)]
=P Bz py—n1 [9(2)} +(1=p)-Ezppy-——1 [9(2)}
=p Exjy=y41[(1 —e4) g(h(X),+1) + ey - g(h(X), —1)]
+ (1 =p) Exy=—1[(1 —e-)g(h(X),~1) +e— - g(h(X),+1)]
=p -Exjy=y1[(1— ey —e-) - g(h(X),+1) + €4 - g(h(X), —1) + e— - g(h(X), +1)]
+(1-p) Exy=—1[1—er —e_) g(h(X),-1) +eq - g(h(X), —1) + e— - g(h(X), +1)]
=1 —er—e) -Ezoplg(Z2)] + Ex[es - g(h(X), -1) + e - g(h(X), +1)]
The second term in the variational difference derives as:
Bz |f*(9(2))]
=p-Ex [f(g(h(X), +1))] + (1 = p) - Ex [f* (9(h(X), —1))]
=p-(1—ep —e) - Ex[f*(g(h(X),+1))] + e~ - Ex[f"(g(h(X), +1))]
+(1=p)-(I—er —e ) -Ex[f"(g(h(X), =1))] + es - Ex[f*(g9(h(X),—1))]
=1 —er—e) Ezlf"(9(2)] +Exle— - f*(g(h(X),+1)) + e - f*(g(h(X), —1))]

Combining E;_ 5 [9(2)] andE;_5 {f* (g(Z))] : the leading terms combine into

(I—er—e-) Ezupl9(Z)] — (1 —ey —e) Ezq[f"(9(2))] = (1 —ex —e_) - VDy(h, g)
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and the rest:

Exles - g(h(X),=1) +e_ - g(h(X), +1)] — Exle_ - *(g(h(X),+1)) + 5 - F*(g(h(X), ~1))]
=€t A;I(h‘vg) te - A}Ll(h,g)
= Biasy(h, g)

we proved the claim. ]

A.4 PROOF OF THEOREM [3} MULTI-CLASS EXTENSION I OF THEOREM [4]

Proof. Denote p; = P(Y = i), p; := P(Y =4), p; = (1 — > j2i€) Pit €, pj. We have:

K K K
- sz Bz py= [9(2)} = sz' Exjy=i ZTH g(h(X),Y =)
i=1 i=1 j=1
K i ] ) -
:sz EX\Y:i (1_263) g(h(X),Y:Z)—i—ZeJ g(h(X),Y:j)
i=1 | A i#i |
K i K . K ) .
:sz EX\Y:Z (1_263) g(h(X)aYZZ)+Zej g(h(X),Y =j)
i=1 j=1 j=1
K i K -
=(1- Zeg) Ez~pl9(2)] + Z@J Ex[g(h(X), )]
j=1 j=1

K K K 5
=2 10> ¢) pz+ei-ij] Ex {f*(g(h(X%Y:Z))}
=(1-) ¢ Ez~Q[f*(g(Z))J+Z€J Ex [f*(g(h(X),4))]

O

A.5 MULTI-CLASS EXTENSION II OF THEOREM 4} SPARSE CASE

For sparse transition matrix, assume /K is an even number, sparse noise model specifies % disjoint

pairs of classes (i, j.) where ¢ € [5] and i, < j.. The diagonal entry T;_; becomes 1 — T;_ ;..
K

Suppose Ve € [f]v Tij. = €pys Ty ic = €pyr €py +€py < 1.

Theorem 9. [Multi-class extension Il] In the scenario of sparse noise transition model, the varia-

tional difference between the noisy distributions P and Q relates to the one defined over the clean
distributions in the following way:

‘7Df(hv 9) =(1 —ep, —ep,) - VDg(h, g) + Z [epl ) A?fc(gvh) +epy Al]lfc(gah) :

(icyde)
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Proof.

Ezp |9(2)]
K ~ K K ~
=Y 0 Eppyes [902)] = Do pi Bxpyms | YTy g(h(X). ¥ =)

+ ijc 'EX\Y:jc [(1 - epz) g(h(X),f/ = Jje) + €p, -g(h(X),Y = ZC)}

Je

+ Z (epl : g(h(X)’Y = .]C) +éep, g(h(X)’Y = Zc))
(ic.je)

=1 —ep, —ep,) Ezoplg(2)] + Z Ex {em ~g(MX),Y = je) + ep, - g(h(X),Y

(icsde)

Similarly, we have:

= (1= e — ) “Eznglf (9(2))]
+ 3 Ex e F(9((X),Y = o)) + e, - £ (9(B(X), Y = i)

(icsde)

Combining E;_ 5 [9(2)} andEj; 5 {f*(g(Z))} we proved the claim.

A.6 PROOF OF THEOREM[I TOTAL-VARIATION GENERATES BAYES OPTIMAL

Proof. For total variation, we have
1
Dy(Prxy [@nxy) = 5 Yo P(X)=yY =y) - P(h(X)=y)-P(Y
v,y €{-1,+1}
We again present the main proof for the binary classification setting.

First note the following fact that
P(M(X) =y, Y =y) —P(h(X) = y) - P(Y = y)
and
P(h(X) =y, Y = —y) = P(h(X) = y) - P(Y = —y)
have opposite signs. This is simply because
P(h(X) =y,Y =y)-P(h(X) = y) P(Y = y)+P(h(X) =y, Y = —y)-P(h(X) =

Because of the above, there are four possible combinations of cases:
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Case 1 P(h(X) = +1,Y = +1) — P(h(X) = +1) - P(Y = +1) > 0,P(h(X) = —1,Y =
—1) — P(h( =

s
Il
|
iv
~

=P(h(X) = +1,Y = +1) = P(h(X) = +1) - P(Y = +1)
~P(h(X) =+1LY = —1) + P(h(X) = +1) - P(Y = —1)
+PA(X)=-1,Y = —1) —P(h(X) = —1) - P(Y = —1)
—P(h(X) = —1,Y = +1) = P(h(X) = —1) - P(Y = +1)
=P(h(X)=Y) = P(h(X) #Y)

= 9P(A(X)=Y) -1

Therefore, maximizing Dy total variation returns the Bayes optimal classifier h*, and the optimal

value arrives at P(h*(X) =Y) — 1.

— —P(A(X) = +1,Y = +1) + P(h(X) = +1) - P(Y = +1)
FP(W(X)=41,Y = —1) = P(h(X) = +1) - P(Y = —1)
FP((X)=—-1,Y = 1) —P(h(X) = 1) - P(Y = —1)
—P(h(X) = —1,Y = +1) = P(h(X) = —1) - P(Y = +1)

Case 3 P(h(X)

+1) = P(h(X) = +1) - P(Y = +1) > 0,P(h(X)
—1) = P(h(X) = —1

) = -1, Y =
-P(Y = —1) < 0: This case is symmetrical to Case 2.

Case 4 This is symmetrical to Case 1:

Dy(Puxy |Qnxy) = P(h(X) £ Y) — %

The optimal classifier is then the opposite of h*, but

1 1
Ph*(X)=Y) - 3 >PR*(X)#Y) - 3
so the maximizer returns a smaller value compared to Case 1.

Multi-class extension We provide arguments for the multi-class generalization. First note that

Z P(h(X) =y, Y =y') —P(W(X) =y) - P(Y =¢)|
Y,y €Y
= > [P((X)=ylY =y) = P(h(X) =y)|-PY =y
Y,y €Y

:% SOSTP((X) = Y =) — P(W(X) = y)|

For any classifier 4 and for each y, one of the following terms
P(h(X) =y, Y = 1)-P(W(X) = y) P(Y =1),....P(h(X) = 5, Y = K)-P(h(X) = y) P(Y = K)
must be non-negative as: 3, P(h(X) =y, Y =y') = P(h(X) =y) - P(Y =y') = 0.

Our following derivation focuses on confident classifiers:

15



Published as a conference paper at ICLR 2021

Definition 3. We call a classifier confident if for each label class y, only one class yi, € Y returns
positive correlation:

P(h(X) =y, Y = k) =P(h(X) = y) - P(Y = k) 20
while for all other y' # yi, we have P(h(X) =y, Y = k) = P(h(X) =v') - P(Y =k) <0
This above definition is saying the classifier & is “dominantly” confident in predicting one class for
the each true label class.

For a given class k, if all other classes k' # y;, are negative in P(h(X) = k', Y = k) — P(h(X) =
k") -P(Y = k) , the total variation becomes:

Z P(W(X)=FK,Y =k) —P(h(X) =k)-P(Y = k)|

—P(h( )=k, Y = k) = P(h(X) = yi) - P(Y = k)

+ Z (P(M(X)=FkK)-P(Y =k) —P(h(X)=K,Y =k))
k' £y
—P(h(X) =y, Y = k) — B(h(X) = ) - B(Y = k)
+PY = k)1 - P(h(X) = yr) — (1 = P(A(X) = yx, Y = k))
“2(B(h(X) =y, Y = k) — P(h(X) = ) - B(Y = k)).

Summing up, for a confident classifier, the total variation becomes (ignoring constant 2):

STB(X) =y, ¥ = ) ~ B(A(X) = i) - B(Y = )
k
= STR((X) = lY = k) B(A(X) = )
k

== SOB(X) = pely = k) -1
k

K B P(Y — k‘) —1
B zk: /X Ix (@) - P(Y = k|h(z) = yp)P(h(z) = yp) do — 1

/fx SUB(Y = HX =) 1h(a) = ) B(h(e) = ) s =1

g/ Fx(@) Y P(Y = kX =) 1(h*(X) = k) - P(h*(X) = k) dz — 1
X k
=Y P(h*(X) =k, Y =k) - P(h*(X) = k) - P(Y = k).

where the last inequality is due to the fact that the Bayes optimal classifier selects the highest P(Y =
k| X) for each x.

O

A.7 PROOF OF THEOREM[3]

Proof. By definition of Dy:

Df(Pth*HQth*) — Z]}D(h(X) _ y,Y* _ y/) i f < P(h(X) =y, Y* = y/) /))
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First we want to prove
P(h*(X) =y, Y" =y)

Ph(X) =y ,Y*=y) )
P(h*(X)=y) P(Y*=y) 1’ > ‘p(h(X) ) PV =y 1|,Yh #h
This is because:
P(h*(X) =y, Y* =1) :P(h*(X)=y|Y*_y): )
P(h*(X) =y) - P(Y* =y) P(h*(X) = 1) B =)
On the other hand
P(h(X) =y, Y* =y)
P(h(X)=y) P(Y*=vy)

P(h(X) =y'|Y* =y)
P(h(X) =y |Y* =y)P(Y* =y) + P(h(X) = ¢/'|[Y* = —y)P(Y* = —y)
1

* P(h(X): Y *=— ) *
P(Y* =)+ Firt vy PO = =)

P(h(X)=y'|Y"=— x P(h(X)=y[Y" =—y) pry* _ x _
When SHESRIE= < 1 B = o) + SEEEIEERO T = —y) < PO =) +

P(Y* = —y) = 1, therefore ]1”](?11(?)(()););’1{]1’?(/3/:24) > 1. Further

PMX)=y YVr=y) 1 _ PR(X)=yY¥"=y)
P(h(X)=y")-P(Y*=y) PY*=y) PO (X)=y) PY*=y)
P(h(X)=y'|Y*=—1  P(MX)=y'|Y*=—y)
When W > 1, denote o := W > 1. We have
1 1
P(Y*=y)+a-P(Y*=—y)

P(Y* = —y)
= P(Y* =y)
_ 1 -1
CPYr=y)

Therefore we proved
P(h*(X) =y, Y =y) P(h(X) =y Y =y)
P(h*(X) =y) - P(Y* =y) P(h(X) =y') P(Y* =y)

Because f(v) is monotonically increasing in |v — 1|, we proved that

D¢(Pryy+||Qnxy+)
_ vy P(h(X) =y, Y" =)
—§P(h(X)—y,Y =y (]P’(h(X)y)']P’(Y*y'))

<Y P((X) =y, Y =y)f

vy’

_ * _ P(h*(X) =y, Y =y)
= %:IP’(Y =y)f <]P’(h*(X) =y) P(Y* = y))

=D (Ppexy+|Qrrxy+)
The last equality is because h* always agrees with Y*, so P(h*(X) = y,Y* = y) = P(Y* = y)
and P(h*(X) = —y,Y* =y) =0.

1] > —1|,Vh # h*
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A.8 PROOF OF THEOREM[G} H-ROBUST

Proof. The proofs for the multi-class case under uniform diagonal and sparse noise setting are en-
tirely symmetrical due to Theorem[5]and [0} We deliver the main idea for the binary case.

The proof for condition (I) is easy to see:

argmafo(phX{/HthY)

heH

:ar};ggtax sgp E; p [g(Z)] -Ez .6 [f*(g(Z))}
:mggx%pafafeqﬁbmwwn—EbQU%mm}+mwﬂmm
:ar}%éx;iax s1;p Ezwp[9(Z)] —Ezolf"(9(Z)]

=argmax D¢(Prxy ||Qrxy)
heH
zh;‘c.

Now we prove the robustness of D under condition (II). Denote by i’ the classifier that maximizes
Dy(Py 5 |Qp «y) and

Dy(Py 3 1Qps 5) > Df(Ph;x{fHQh;xY/)
But

Df(ph’x?HQh’x?)
=(1—ey—e_) [EZNP (5[0 (X), Y]] — Ezeq [f (5" ([ (X), Y])]} + Bias (1, §*)
Sy (1 ey —eo)-sup [Ez~p l9([n(X),Y])] = Ez~q [f*(g([h(X),Y])]} +Bias;(h}, g%)
(Biass(h, g*) < Bias¢(h},g%))
~hen (1 —ey —e-) Dp(Puxy|Qnxy) + Biasg(h}, g*) (variational form of D)
(1~ s — ) Dy (Payey |Qus xv) + Biasy (b, g°)
SSl;P Ez—ihs(x),y1~pP 9(Z2)] — Ez=in;(x).v1~Q [f*(g(Z))]] + Bias;(h},9)

:Df(Ph;x?||Qh;x?)7

which is a contradiction. O

A.9 PROOF OF LEMMA [I} IMPACT OF BIAS TERM FOR DIFFERENT f-DIVERGENCES

- v Ply.y) P(h(x)=y.¥ =y’
Denote p, = P(Y = y),p, = P(Y =y), == = P(}f(;)iy;{ﬁm(?i;,). We first prove that
Qy,y)
p /
~(y, v) — 1| approaches to 0 as a functionof 1 — ey —e_:
Qy,y)
}5 !
Proposition 10. When e, ,e_ < 0.5, M —1|=0(1-eq —e)).
Qy,y")
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Proof.
Ply.y) | |_ [P =yY =y) |
_ |P(h(z) =y|Y = y') =By P(h(x) = ylY =) — (1 = §y)P(h(z) = y|Y = —y)
P(h(z) =y)
_ 1_15y/ . 5y B - /
= W):y) P(h(z) =y|Y =¢') — P(h(z) = y|Y = —3')]

[P(h(x) = y|Y =y') — P(h(x)
[P(h(z) = y|Y =y) = P(h(z) = y¥ = —/)|

= [pyP(a(2) = ylY =3') - PY =3V =y') + (1= py JP(h(x) = yY = ) - P(Y = —y/|7 =)
—pyP(h(z) =ylY =y) - P(Y =

= y|Y = —y/)| derives as

= [pyP(h(2) = yIY =3') = (1= py P(h(w) = ylY = )| - P(Y = /| = ¢/) = B(Y =¢/|¥ = —)
The last equation is satisfied because Vy:
P(Y =ylY =) +B(Y = Y =y) =P(Y = —y|Y = ) + P(Y =y|Y = —y)
SPY =yl =y) —P(Y =y|Y = —y) =P(Y = —y|V
Now focus on |P(Y = ¢/|Y = /) —P(Y = /|Y = —¢/)|:
BY =y |V =y) - P(Y =Y = —)

B ]P’(}}:y/|Y:y')opy/ P(Y = —¢|Y =y') - py

P(Y =y) P(Y = —y/)
= ja—e)(1-p 5
= = = — r) - —p 1) — €ay p ’
p ’
- % (I —ey) (1 —py(l—ey) = (L=pyle—y) —ey - (py (1 —ey)+ (1 —pyle_y)|
Py - (1= py)
Dy’
= ——|(1—py)(1 —ef —e_
R e )
ey lmpy)y o
Py - (1= py)
Putting everything up together:
P(y,y' l—e, —e_
( ,) =1 =py (1 —py) (pyP(M(X) =y|Y =¢) — (1 - py)P(R(X) = y|Y = —y")) [1-e |
QYY) Dy’

When e, ,e_ < 0.5, we have
Py =Py (1 —ey) +p_ye_y >0.5min{p, 1 —p}.
Therefore
1 —er —e_]|

Py (1= py) (y B(R(X) =Y = y') = (1= py)P(W(X) = yY = —) ——=
< 2max{p, 1 = p}(py P(M(X) = ylY =¢) = (1 = py )P(h(X) = ylY = —¢/)) - [1 — ey — ]|
O
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Next, we prove Lemma [T}

Proof. Shorthand P(y7y’) = P(f}(fv) = y,ff =), Q(il/ y') :=P(h(x)

(2
_ _P(@)=yY=y) | _ Plyy) _
T = Bh(x)=y) BT =) 1 By o) 1. Next we prove Bias;(h, §
f-divergences.
Because Bias (h, §*) i= 070, € - Ab(h,§7) = X, €5 - Ex[ (M(X),9) — f*(5" (M(X),9))],
we analyze each of the term in expectation: §*(y,y’) — f*(¢*(y,v"))-

y)-P(Y = /). Denote

*) = O(«?) for different

Jenson-Shannon For Jenson-Shannon divergence, we have:

7 (wy) — G (4. y)) = 5 (y,y) +log(2 — eI ¥))

! Y,y
= log QP(y’q ) + log (2 B =ty >>
P(y,y') + Qy,v")
2P(y,y' Iy,
~ log Wy) e 20wy
P(y,y') + Qy,y") P(y,y') + Qy, ')
=1 2 +1 2
T Q) B P
P(y,y") Q(y,y")
= log + log
1 %H 1+z+1
4
= log i
2 + x4+ 1 + 41
Using Taylor expansion we know
4 4-(1- z5p2)
g — =0+ - S +0(a%) = O(a?)
2+$+1+m 2+$+1+m
=0
Squared Hellinger
. . 7" (v, 9) 7,y
9 (v, y) — (" (v, y)) =3 (v,y) — = =
W) = I ) =97y 1-g*(y,y)  1-9*(y.9)
_\/é(hm —y.V=y), Q@) =vY=y) |,
Q(h(z) =y, Y =y) P(h(z) =y,Y =y)

=0
Pearson X2
9 Wy) =G wy) =3 Wwy) -3 (y.y) - i(é*(y, y'))?
= (E(y’y/) - 1)2 — —2% = 0(a?).
Qv y)
Neyman X

T Wy) = G wy) =3"wy) —2-2V1-3"(y,9)

~ 2
_ () N (Y on
_ (w ) (1) 0w
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KL

Reverse KL

1+log(1+x)*1—(1+x)*1=1+[———

Jeffrey

1-g"(y.y) =

And

T ) =[G W) =5 y) =W Y)) - s — 5% (y,y) + 2

-9 _ W(elfg*(y,y )) _ W(elfg*(y,y’))

— W'(e! 9 W)

=0

—9_ W(elfé*(y,y’))

" +0(2?%)

1 li
N {W(el—g*(y,y'))}
=— W' (9 wy))

o |

~0(?)

A.10 PROOF OF THEOREM[7E H-ROBUSTNESS OF TOTAL-VARIATION

Proof. We present the binary derivation but it extends easily to the multi-class case.

For TV, since f(v) = Lv — 1|, f*(u) = u, we immediately have ¥y’ g*(h = o/, y) — f*(g(h =
y',y)) = 0 and therefore

A%(h,g) = Ex[g(h(X),y)] — Ex [f* (9(h(X),y))] = 0,Vy
and further for the binary case
Biass(h,g) == ey - A;l(h,g) +e_- A}H(h,g) =0
and for the multi-class case

Biass(h, g) = Ze] (h,g) =0.
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Therefore Bias ¢ (h, g) = 0. We then know TV is H-robust for an arbitrary # using Theorem [6]

TV’s robustness can also be derived straightforwardly for binary classification:

sk 5 [9(2)] =Bz [ (9(2))]

g

= sup {(1 —ey—e)[Ezap [9(Z2)] = Eznq [/ (9(2))]]
lg|<1/2

T Eer - g(h(X), 1) + e - g(h(X),+1)]

“Eles - I (g(h(X), ~1)) + e - F* (g(h(X), +1>>]}

_ ;352{“ —ey —e ) [Ezmp [9(2)] - Ezeg [f* (9(2))]

+Eles - g(h(X),=1) +e_ - g(h(X),+1)]

~Eles - g(h(X),—1) +e_ - g(h(X), +1)]}
= \QTEFQ“ —ey —e)[Ezop[9(Z)] — Ezeq [f*(9(2))]]
=(1—e4 —e_)Dy(Puxy||Qnxy)

That is for total variation, minimizing the f-divergence between h(X) and Y is the same as mini-
mizing the f-divergence between h(X) and the clean distribution Y. The above proof generalizes
to multi-class easily. For example for the uniform diagonal noise, we have

K
Aj(hog) = e; - [Exlg(h(X), ¥ = j)] —Ex |F*(g(h(X),Y = )] | = 0.
j=1

Similar argument holds for sparse noise too.

O
A.11 WHEN f-DIVERGENCE MEASURE IS H*-ROBUST?
Theorem 11. For binary classification, suppose A?(h, 9) has the following form:
AY(h, %) = wn - t(FITh = y,Y = y)) + (1 —wa) - t(FIT(h = —y,Y = y)) (8)

AF(hy,97) = wny - t(FIT(hy =y, Y =y)) + (1 —wns;) - t(FIT(h; = =y, Y =y)) (9

where wy,, wyy € [0,1]. When t(x) is monotonically decreasing as a function of |x — 1| on both
sides of [1,00] and (—oc, 1), then Biasy(h}, g*) > maxpeyw~ Bias(h, §*). Further, according to
Theorem|6] the corresponding f-divergence measure is H*-robust.

Proof. For binary case, when P(Y = +1) = P(Y = —1) and e, = e_, we have P(Y = +1) =
P(Y = —1).
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Denote H* := {h € H : max, FIT(A(X) = -y, Y = y¢/) < min, FIT(W} = —y,Y = y)}, we
first prove H* C ‘H*. Itis equivalent to prove, Vh € H* , h € H*:

H* ={heH :maxFIT(h(X)=—¢,Y =) < min FIT(h} = —y, Y =y)}
'

ol FGTE S < ot ot
g{h € H o P(h(X) = y'|Y —P(—h?{))()—zﬂ”(yfll)(X) =YY =yv)
< min P(h3(X) = ylY ;U;y()X— _(Z?(X) =ylY =vy) } U n)
c{hen:1- min P ](Pf((h) (;()y:y; YD < max P(hégi)(;)yfy: v) fungy
{h i ( ;fz(;g/Yy/: ¥) - P(hg)gi)(X)le ): y)} O A3

CH* = {h e H: minFIT(W(X) =y, ¥ = ¢/) > max FIT(h} = y,¥ =) } U {h}}

Yy Y

Since ¢(x) is monotonically decreasing as a function of |z — 1|, for h € H*,
Bias, (1) = cv S P03(X) =) (P 0) =¥ = +1)
+e_- ZIP’ (h3(X A(FIT(h}(X) =y, Y = —1))
=, - ZIP’ (3 (X (FIT(h3(X) =, Y =y)) - P(Y = +1)

+ e Z]P’ (h3(X) =y) tFIT(h5(X) =y, Y = —y)) - P(Y = —1)

+e_ - ZP AFIT(hH(X) =y, Y =) -P(Y = 1)
+e_- ZIP’ (h3(X AFIT(H(X) =y, Y = —y)) - P(Y = +1)
e++e,

=S Y R >=y>~[t(FlT(h;(X)=y,Y=y>>+t<FlT<h;z<X>=y,Y=—y))}

e t+e_ " . _
> max - [tmax FIT(RH(X) = 3,Y = ) + t(min FIT(hF(X) = 3. Y = )]

pon Biasy (") = puax e« SB(H(X) =) FIT(AC) = 3.¥ =-+1)

+e_- ZP A(FIT(h(X) =y, Y = —1))

=max [e; -P(Y =+1) +e_ - P(Y = -1)]- 3 P((X) = §) - t(FIT(h(X) =, = 7))

heH* p
Yy

+les BY = 1) +e-P(Y = +1)]- ) P(A(X) =§) - t(FIT(h(X) = 5,V = —7))

]

max ——— - |H(max FIT(h(X) = 9,¥ = y)) + tmin FIT(A(X) = y,Y = —y))
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Thus, Biass(h},9") > maxpen- Biasy(h, g*). According to Theorem @ the corresponding f-
divergence measure is H*-robust.

O

A.12  PROOF OF THEOREM 8} ROBUSTNESS OF Dy

Proof. Earlier we proved Theorem [T 1] next we show presented conditions in Eqn. (8) and (9) and
t(x) can be satisfied by the listed divergences:

The proof for Aii(h}, g*) can be viewed as a special case of Alj’p(h, J*). The following derivations
will therefore focus on A% (h, §*) and will not repeat for A% (h}, g%).

Jenson-Shannon For Jenson-Shannon, we have f*(u) = —log (2 — e*), and

7 (y,y') =lo
7" (y,y") g5

= log =
P(h(X) =ylY =y') + P(h(X) = y)
Therefore,
4-FIT(W(X) = —y,Y =
AY(h.g) =B(h(X) = —) ) =V =)
(1+FIT(h(X) = =y, Y =y))
4-FIT(h(X) =y,Y =
FR((X) = ) log - TE) 20T Z0)
(1 +FIT(h(X) =y, Y =y))
t(x) = log FTSE satisfies the requirement specified in Theorem
Squared-Hellinger For Squared-Hellinger, we have f*(u) = = , and
~x ’ P h(X) =Y
9" (y,y) =1- =
\/P(h(X) =ylY =y)
Therefore
Yy c 1
A% (h,g) =P(h(X) = —y) - |2 = \/FIT(W(X) = =y, Y =y) — ~
VAT((X) = 5, Y =)
1

1
Clearly t(z) =2 — \/z — 7 satisfies the requirement specified in Theorem
Pearson X
A%(h,g") = E[g"(M(X),y) — (5" (h(X),y))]
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Correspondingly t(x) = —(x — 1)2, which satisfies the requirement specified in Theorem

Neyman X2 For Neyman X? we have f*(u) = 2 — 2y/1 — u, and

A%(h, g") = E[g" (M(X),y) — (5" (h(X),y))]

Since

=—PhX)=y) FITR(X) =y, Y =y)~ ' —1)2
—P(h(X)=—y) (FIT(W(X) = —y,Y =y)~ ' — 1)

t(z) = —(z~! — 1)? satisfies the requirement specified in Theorem 11}

KL For KL, we have f*(u) = ¢*~!, and

(h(X) =19)
Therefore
A% (h,g) =P(h(X) = —y) - [1 + log FIT(A(X) = —y, Y =y) - FIT(W(X) = —y,Y =y)]
+P(h(X)=y) - [1+1ogFIT(h(X) =y, Y =y) — FITW(X) =y, Y =y)]

Clearly ¢(z) = 1 + log « — x satisfies the requirement specified in Theorem [L1]
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Reverse-KL  For Reverse-KL, we have f*(u) = —1 — log (—u), and
P(h(X) = y)
P((X) =ylY =)

7 (y,y') = —log

Therefore
~ 1

AY%(h,g) =P(h(X) = —y) - |1 —1logFIT(h(X) = —y,Y =y) — =

0 9) P(HX) = =) [1 = g FIT(A(X) = —0.¥ =) = g
~ 1
+Ph(X)=y) |1 -1ogFIT(h(X)=y,Y =y) — -
(h(X) =)+ [~ Tog FITA(X) =9 Y =4) = oo
Clearly t(z) = 1 — logx — 1 satisfies the requirement specified in Theorem
x
O

B SUPPLEMENTARY EXPERIMENT RESULTS

In our experiment settings, Dy measures fail to work well on almost all sparse high noise setting.
This is largely due to the super unbalanced noisy labels, e.g., for each pair, the ratio of samples

1
between the two classes is in the range of [g, 5]

B.1 SUPPLEMENTARY TABLE OF TABLE[3} METHODS COMPARISON WITHOUT BIAS

CORRECTION

In Table the performance of Pearson X’ 2] effrey divergence on MNIST, Fashion MNIST, CIFAR-

10 and CIFAR-100 are included in Table[7]

Dataset | Noise [ CE [ BLC | FLC [ DMI | PL | Pearson Jeffrey
Sparse, Low 9721 | 9523 | 97.37 | 97.76 | 98.59 | 99.24(99.07+£0.16) | 99.24(99.11+0.08)
Sparse, High 4855 | 55.86 | 49.67 | 49.61 | 60.27 | 58.63(58.58E0.05) | 49.21(49.17£0.04)
MNIST Uniform, Low | 97.14 | 9427 | 95.51 | 97.72 | 99.06 | 99.13(99.03£0.09) | 99.14(99.06F0.05)
Uniform, High | 9325 | 85.92 | 87.75 | 95.50 | 97.77 | 97.89(97.76E£0.10) | 97.94(97.80F0.12)
Random (0.2) | 98.26 | 97.46 | 97.61 | 9882 | 99.25 | 99.28(99.27F0.02) | 99.29(99.22F0.11)
Random (0.7) | 97.00 | 93.52 | 87.74 | 9547 | 9852 | 98.70(98.54E0.10) | 98.67(98.53%£0.15)
Sparse, Low 8436 | 86.02 | 88.15 | 85.65 | 88.32 | 88.93(88.81E£0.11) | 88.96(88.68+£0.21)
Fashion Sparse, High 4333 | 4697 | 47.63 | 47.16 | 51.92 | 44.62(44.36F021) | 45.57(45.26F 0.28)
MNIST Uniform, Low | 8298 | 8448 | 86.58 | 83.69 | 89.31 | 87.27(87.15£0.09) | 88.13(87.85X0.18)
Uniform, High | 79.52 | 78.10 | 8241 | 77.94 | 84.69 | 85.30(85.26F0.06) | 84.92(84.63£0.26)
Random (0.2) | 8547 | 83.40 | 77.61 | 8621 | 89.78 | 89.65(89.44E0.21) 89.74(89.33+0.29)
Random (0.7) | 82.05 | 78.41 | 73.42 | 80.89 | 87.22 | 86.72(86.29£0.32) | 87.21(87.19F0.04)
Sparse, Low 87.20 | 7296 | 76.17 | 9232 | 91.35 | 91.40(91.24%0.27) | 91.55(91.24F0.15)
Sparse, High 61.8T | 56.30 | 66.12 | 27.94 | 69.70 | 46.36(46.27£0.07) | 46.21(45.78E0.27)
CIFAR-10 Uniform, Low | 85.68 | 72.73 | 77.12 | 90.39 | 91.70 | 92.37(92.27F£0.07) | 92.17(92.02F0.08)
Uniform, High | 71.38 | 5441 | 6422 | 82.68 | 83.42 | 83.61(83.09£0.38) | 83.80(83.73£0.05)
Random (0.5) | 78.40 | 59.31 | 68.97 | 85.06 | 86.47 | 86.03(85.56£0.32) | 86.04(85.75£0.19)
Random (0.7) | 68.26 | 38.59 | 54.39 | 7791 | 57.81 | 76.92 (76.82F£0.07) | 79.46(79.08F0.25)
Uniform 63.87 | 5140 | 60.04 | 6439 | 67.94 | 68.42(68.16-0.16) | 68.86(68.63£0.18)
Sparse 40.45 | 3657 | 4339 | 40.53 | 44.25 | 37.54(37.50F£0.07) | 37.43(37.06E0.25)
CIFAR-100 [ Random (0.2) | 65.84 | 61.21 | 61.52 | 6623 | 62.92 | 69.90(69.72E£0.15) | 69.56(69.42F£0.14)
Random (0.5) | 56.92 | 2221 | 55.88 | 56.06 | 49.62 | 60.81(60.36E£0.26) | 60.95(60.73F£0.15)

Table 7: Experiment results comparison (w/o bias correction): The best performance in each setting
(row) is highlighted in blue. All f-divergences will be highlighted if they are better than the base-
lines we compare to. We report the maximum accuracy of each D, measures along with (mean +
standard deviation).

B.2 Dj; MEASURES WITH BIAS CORRECTION ON MNIST

In Table |8} we test the impact of bias correction on MNIST with 4 noise settings. Except for the
spare high noise setting which is a huge challenge for all implemented methods, experiment results
of other 3 noise settings further demonstrate the negligible effect of bias term in the optimization of
Dy measures.
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Noise [ J-S [ Gap ] PS [ Gap ] KL [ Gap ]| Jeffrey [ Gap
Sparse, Low 98.88(98.824-0.06) -0.27 99.05(98.9810.05) -0.19 99.29(99.1940.09) +0.08 99.13(99.061+0.06) -0.11
Sparse, High 21.39(21.36£0.03) -37.54 49.22(49.1710.03) -9.41 49.07(49.05£0.02) -0.07 49.14(49.061£0.09) -0.07

Uniform, Low 99.18(99.10£0.05) +0.05 99.13(99.01£0.10) +0.00 99.30(99.24£0.08) +0.20 99.20(99.121£0.09) +0.06
Uniform, High 97.76(97.68£0.07) -0.10 97.72(97.65+£0.06) -0.17 97.91(97.74F£0.14) -0.23 98.16(97.9810.14) +0.22

Table 8: D measures with bias correction on MNIST: Digits highlighted in blue means better than
baseline methods, in red means better than without bias correction. PS: Pearson.

B.3 Dy MEASURES WITH BIAS CORRECTION ON FASHION MNIST

In Table 0] we test the impact of bias correction on Fashion MNIST with 4 noise settings. We can
reach the same conclusion on bias correction as MNIST.

Noise [ J-S [ Gap ] PS [ Gap ] KL [ Gap ] Jeffrey [ Gap
Sparse, Low 89.37(88.83+0.34) +0.57 87.99(87.90+£0.13) -0.94 82.29(82.0340.22) -7.48 82.04(81.65+0.26) -6.92
Sparse, High X X 39.02(38.85£0.10) -5.60 46.98(46.231£0.62) +8.02 38.94(38.75£0.15) -6.63

Uniform, Low 88.98(88.61+0.26) +0.40 87.72(87.6610.06) +0.45 89.04(88.78£0.18) +0.72 89.05(88.87+0.15) +0.92
Uniform, High 85.56(85.33 £ 0.19) -0.06 85.57(85.03£0.37) +0.27 85.15(84.94+0.15) -0.54 84.76(84.4810.31) -0.16

Table 9: Dy measures with bias correction on Fashion MNIST: Digits highlighted in blue means
better than baseline methods, in red means better than without bias correction. x: experiment failed
to stablize. PS: Pearson.

C EXPERIMENT DETAILS

C.1 NOISE TRANSITION MATRIX FOR SECTION 5.2: ROBUSTNESS OF D MEASURES

We use CIFAR-10 dataset together with the uniform noise transition matrix to flip the noisy labels.
In the following noise transition matrix, e is in [0.00,0.01,0.02, ..., 0.09] and the noise rate of each
set of noisy labels is 9 * e.
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C.2 NOISE TRANSITION MATRIX FOR MNIST AND FASHION MNIST DATASET

Sparse-low noise matrix:

07 03 o0 0 0. 0 0 0 0 O
0.2 0.8 0. 0. 0. 0. 0. 0. 0. 0.
0. 0. 0.7 0.3 0. 0. 0. 0. 0. 0.
0. 0. 0.2 0.8 0. 0. 0. 0. 0. 0.
0. 0. 0. 0. 0.7 0.3 0. 0. 0. 0.
0. 0. 0. 0. 0.2 0.8 0. 0. 0. 0.
0. 0. 0. 0. 0. 0. 0.7 0.3 0. 0.
0. 0. 0. 0. 0. 0. 0.2 0.8 0. 0.
0. 0. 0. 0. 0. 0. 0. 0. 0.7 0.3
0. 0. 0. 0. 0. 0. 0. 0. 0.2 0.8

Sparse-high noise matrix:

0.3 0.7 0. 0. 0. 0. 0. 0. 0. 0.
0.2 0.8 0. 0. 0. 0. 0. 0. 0. 0.
0. 0. 0.3 0.7 0. 0. 0. 0. 0. 0.
0. 0. 0.2 0.8 0. 0. 0. 0. 0. 0.
0. 0. 0. 0. 0.3 0.7 0. 0. 0. 0.
0. 0. 0. 0. 0.2 0.8 0. 0. 0. 0.
0. 0. 0. 0. 0. 0. 0.3 0.7 0. 0.
0. 0. 0. 0. 0. 0. 0.2 0.8 0. 0.
0. 0. 0. 0. 0. 0. 0. 0. 0.3 0.7
0. 0. 0. 0. 0. 0. 0. 0. 0.2 0.8
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Uniform-low noise matrix:

0.258
0.08
0.08
0.08
0.08
0.08
0.08
0.08
0.08
0.08

0.075
0.253
0.075
0.075
0.075
0.075
0.075
0.075
0.075
0.075

Uniform-high noise matrix:

0.58
0.05
0.05
0.05
0.05
0.05
0.05
0.05
0.05
0.05

Random 0.2 noise matrix:

Random 0.7 noise matrix:

0.045
0.0575
0.045
0.045
0.045
0.045
0.045
0.045
0.045
0.045

82
02
02
02
02
02
02

[eRelololoNoloNo]

0.02
0.02

36
06
07
08
07
07
07

[eRelololoNoNoNo)]

0.02
0.82
0.02
0.02
0.02
0.02
0.02
0.02
0.02
0.02

0.07
0.39
0.07
0.07
0.07
0.07
0.07
0.06
0.07
0.07

0.09
0.09
0.268
0.09
0.09
0.09
0.09
0.09
0.09
0.09

0.047
0.047
0.577
0.047
0.047
0.047
0.047
0.047
0.047
0.047

0.02
0.02
0.82
0.02
0.02
0.02
0.02
0.02
0.02
0.02

0.08
0.07
0.38
0.07
0.07
0.07
0.07
0.07
0.07
0.06

0.085
0.085
0.085
0.263
0.085
0.085
0.085
0.085
0.085
0.085

055
055
055
585
055
055
055
055
055
.055

[=ololololoNoNoNoNo)

[eRelololoNoloNo]
oo
»

[eRelololoNoloNo]

053
053
053
053
583
053
053
053
053
.053

j=leololololoNoNoNo Nl

0.02
0.02
0.02
0.02
0.82
0.02
0.02
0.02
0.02
0.02

0.08
0.07
0.07
0.07
0.37
0.06
0.07
0.07
0.08
0.07

0.082
0.082
0.082
0.082
0.082
0.26
0.082
0.082
0.082
0.082

0.022
0.022
0.022
0.022
0.022
0.552
0.022
0.022
0.022
0.022

0.02
0.02
0.02
0.02
0.02
0.82
0.02
0.02
0.02
0.02

0.07
0.07
0.07
0.08
0.07
0.37
0.07
0.07
0.07
0.07

0.077
0.077
0.077
0.077
0.77
0.077
0.255
0.077
0.077
0.077

0.068
0.068
0.068
0.068
0.068
0.068
0.598
0.068
0.068
0.068

0.02
0.02
0.02
0.02
0.02
0.02
0.82
0.02
0.02
0.02

0.07
0.07
0.07
0.07
0.07
0.07
0.38
0.07
0.07
0.08

0.091
0.091
0.091
0.091
0.91
0.091
0.091
0.269
0.091
0.091

0.054
0.054
0.054
0.054
0.054
0.054
0.054
0.584
0.054
0.054

0.02
0.02
0.02
0.02
0.02
0.02
0.02
0.82

0.02 0.
0.02 0.

0.07
0.07
0.07
0.07
0.07
0.07
0.07
0.38

0.07 0.
0.07 0.

C.3 NOISE TRANSITION MATRIX FOR CIFAR-10 DATASET

Sparse-low noise matrix:

Sparse-high noise matrix:

cooeooooS?

cooooo0o2®

= =1

N

0.3 0.
0.9 0
0. 0.
0. 0.
0. 0.
0. 0.
0. 0.
0. 0.
0. 0.
0. 0.
0.6 0.
0.8 0.
0. 0.
0. 0.
0. 0.
0. 0.
0. 0.
0. 0.
0. 0.
0. 0.

0.
. 0.
7 0.3
1 0.9
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0.
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0.092
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0.27
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0.056
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0.056
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0.056
0.586
0.056
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02 0.02
02 0.02
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82 0.02
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07  0.07
07  0.07
07  0.07
07  0.07
07  0.07
07  0.07
37 0.07
07  0.37
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Uniform-low noise matrix:

0.82 0.03 0.01 0.023 0.017 0.022 0.021 0.018 0.019 0.02
0.02 0.83 0.01 0.023 0.017 0.022 0.021 0.018 0.019 0.02
0.02 0.03 0.81 0.023 0.017 0.022 0.021 0.018 0.019 0.02
0.02 0.03 0.01 0.823 0.017 0.022 0.021 0.018 0.019 0.02
0.02 0.03 0.01 0.023 0.817 0.022 0.021 0.018 0.019 0.02
0.02 0.03 0.01 0.023 0.017 0.822 0.021 0.018 0.019 0.02
0.02 0.03 0.01 0.023 0.017 0.022 0.821 0.018 0.019 0.02
0.02 0.03 0.01 0.023 0.017 0.022 0.021 0.818 0.019 0.02
0.02 0.03 0.01 0.023 0.017 0.022 0.021 0.018 0.819 0.02
0.02 0.03 0.01 0.023 0.017 0.022 0.021 0.018 0.019 0.82

Uniform-high noise matrix:

[0.46 0.07 0.04 0.05 0.06 0.04 0.06 0.07 0.08 0.077
0.05 0.48 0.04 0.05 0.06 0.04 0.06 0.07 0.08 0.07
0.05 0.07 0.45 0.05 0.06 0.04 0.06 0.07 0.08 0.07
0.05 0.07 0.04 0.46 0.06 004 0.06 0.07 0.08 0.07
0.05 0.07 0.04 0.05 0.47 0.04 0.06 0.07 0.08 0.07
0.05 0.07 0.04 0.05 0.06 0.45 0.06 0.07 0.08 0.07
0.05 0.07 0.04 0.05 0.06 0.04 0.47 0.07 0.08 0.07
0.05 0.07 0.04 0.05 0.06 0.04 0.06 0.48 0.08 0.07
0.05 0.07 0.04 0.05 0.06 0.04 0.06 0.07 0.49 0.07
10.05 0.07 0.04 0.05 0.06 0.04 0.06 0.07 0.08 0.48 |
Random 0.5 noise matrix:
[0.55 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.057
0.05 0.56 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05
0.05 0.05 0.55 0.05 0.05 0.05 0.05 0.05 0.05 0.05
0.05 0.05 0.06 0.54 0.05 0.05 0.05 0.04 0.06 0.06
0.05 0.05 0.05 0.05 0.56 0.05 0.05 0.05 0.04 0.05
0.05 0.05 0.05 0.05 0.05 0.54 0.05 0.05 0.05 0.05
0.04 0.05 0.05 0.05 0.05 0.05 0.55 0.05 0.05 0.05
0.04 0.04 0.05 0.05 0.06 0.05 0.04 0.56 0.05 0.05
0.06 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.55 0.05
10.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.55]
Random 0.7 noise matrix:
[0.37 0.07 0.07 0.07 0.07 0.07 0.07 0.07 0.07 0.077
0.06 0.38 0.07 0.07 0.07 0.07 0.07 0.07 0.08 0.07
0.07 0.07 0.36 0.07 0.07 0.07 0.07 0.07 0.07 0.08
0.07 0.07 0.07 0.37 0.07 0.07 0.07 0.07 0.07 0.07
0.07 0.07 0.08 0.07 0.37 0.07 0.07 0.07 0.07 0.07
0.07 0.08 0.07 0.07 0.07 0.36 0.07 0.07 0.07 0.06
0.07 0.07 0.07 0.07 0.07 0.07 0.37 0.07 0.07 0.07
0.07 0.06 0.07 0.07 0.07 0.07 0.07 0.37 0.07 0.07
0.07 0.07 0.07 0.07 0.07 0.07 0.07 0.07 0.38 0.06
10.07 0.07 0.07 0.08 0.07 0.07 0.07 0.07 0.06 0.37]

C.4 NOISE TRANSITION MATRIX FOR CIFAR-100 DATASET

For sparse noise matrix, we randomly divide 100 classes into 50 disjoint pairs, the flipping probabil-
ity (T, T;;) in each pair is randomly chosen from (0.05,0.75), (0.1, 0.70), (0.15,0.65), (0.2, 0.6).
C.5 PARAMETER SETTINGS ON NOISED DATASET

MNIST, Fashion MNIST, CIFAR-10 For experiments on MNIST and Fashion-MNIST datasets,
we use the convolutional neural network used in DMI for DMI, PL and f-divergences. All the
experiments are performed with batch size 128. PL and f-divergences adopt two kinds of learning
rate setting and trained for 80 epochs, either with initial learning rate 5e-4 or le-3, then decay 0.2,
0.5, 0.2 every 20 epochs. We choose the default learning rate setting for DMI, BLC and FLC.
For DMTI’s convolutional neural network, Adam( Kingma & Ba (2014)) with default parameters
is used as the optimizer, while for loss-correction’s fully-connected neural network case we use
AdaGrad(|Duchi et al.|(2010)) in order to be consistent with their works.

CIFAR-10 and CIFAR-100 For all methods and both datasets, we unify the model to be an 18-
layer PreAct Resnet (He et al.|(2016)) and train it using SGD with a momentum of 0.9, a weight
decay of 0.0005, and a batch size of 128. All methods firstly train with CE warm-up for 120 (CIFAR-
10) or 240 (CIFAR-100) epochs on CIFAR-10 and CIFAR-100 respectively. For DMI, BLC and
FLC, we use the default learning rate settings. For PL and f-divergences, we train 100 epochs after
the warm-up with initial learning rate 0.01, and decays 0.1 every 30 epochs.
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Clothing 1M For clothing 1M, we use pre-trained ResNet50, SGD optimizer with momentum 0.9
and weight decay le-3. The initial learning rate is 0.002. All mentioned f-divergences trained 40
epochs, after 10 epochs, the learning rate becomes 5Se-5. Then it decays 0.2, 0.5 consequently for
every 5 epochs. We compare with reported best result for all our baseline methods.

C.6 PARAMETER SETTINGS ON CLEAN DATASET

We adopt the same setting (except for the number of epochs and the learning rate setting) as used in
the noised dataset for each dataset.

MNIST, Fashion MNIST For CE, we trained the model for 40 epochs. The initial learning rate
is 5e-4, and it decays 0.2 after 20 epochs. For D; measures, the learning rate setting is the same as
that in the noised dataset.

CIFAR-10 For CE, we trained the model for 300 epochs. Learning rate is 0.1 for first 150 epochs.
From 150-th epoch to 250-th epoch, the learning rate is 0.01. Then, 0.001 till the end. For Dy
measures, we trained the model for 240 epochs. The initial learning rate is 0.1, and it decays 0.1 for
every 60 epochs.

CIFAR-100 For CE, we trained the model for 200 epochs. Learning rate is 0.1 for first 60 epochs.
From 61-th epoch to 120-th epoch, the learning rate is 0.02 (save the model at 120-th epoch as a
warm-up model for Dy measures). From 121-th epoch to 160-th epoch, the learning rate is 0.004.
Then, 0.0008 till the end. For Dy measures, we load pre-trained CE model and trained for another
100 epochs. The initial learning rate is 0.01, and it decays 0.1 for every 30 epochs.

C.7 COMPUTING INFRASTRUCTURE

In our experiments, we use a GPU cluster (8 TITAN V GPUs and 16 GeForce GTX 1080 GPUs) for
training and evaluation.
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