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ABSTRACT

Recent studies have shown that large language models’ (LLMs) mathematical
problem-solving capabilities can be enhanced by integrating external tools, such
as code interpreters, and employing multi-turn Chain-of-Thought (CoT) reason-
ing. While current methods focus on synthetic data generation and Supervised
Fine-Tuning (SFT), this paper studies the complementary direct preference learn-
ing approach to further improve model performance. However, existing direct
preference learning algorithms are originally designed for the single-turn chat
task, and do not fully address the complexities of multi-turn reasoning and ex-
ternal tool integration required for tool-integrated mathematical reasoning tasks.
To fill in this gap, we introduce a multi-turn direct preference learning frame-
work, tailored for this context, that leverages feedback from code interpreters and
optimizes trajectory-level preferences. This framework includes multi-turn DPO
and multi-turn KTO as specific implementations. The effectiveness of our frame-
work is validated through training of various language models using an augmented
prompt set from the GSM8K and MATH datasets. Our results demonstrate sub-
stantial improvements: a supervised fine-tuned Gemma-1.1-it-7B model’s perfor-
mance increased from 77.5% to 83.9% on GSM8K and from 46.1% to 51.2% on
MATH. Similarly, a Gemma-2-it-9B model improved from 84.1% to 86.3% on
GSMSK and from 51.0% to 54.5% on MATH.

1 INTRODUCTION

Large language models (LLMs) have demonstrated remarkable capacities across a variety of lan-
guage tasks. Notable models include ChatGPT (OpenAl, [2023), Claude (Anthropic, 2023)), and
Gemini (Gemini et al.l 2023). However, despite these advances, even the most advanced closed-
source LLMs still struggle with complex reasoning tasks that require multi-turn decision making. In
particular, for the representative task of mathematical problem solving, LLMs often fail with basic
arithmetic and symbolic computations (Hendrycks et al., [2021}; |Zheng et al., 2021). To address this
issue, recent studies recommend the integration of external tools (e.g., calculators, computational
Python libraries and symbolic solvers) to augment the LLMs’ mathematical problem-solving ca-
pabilities (Shao et al., 2022} Mishra et al.| |2022; Zhang et al.,|2024a). Specifically, by integrating
natural language reasoning with the use of these external tools, these enhanced LLMs can receive
external messages from tool interactions and reason based on both previously generated tokens and
external messages, which significantly improves their performance in mathematical tasks (Gou et al.,
2023b;  Toshniwal et al.l|2024; Shao et al., [2024).

These successes of tool-integrated LLMs lead to a natural research question: how can we better train
LLMs to combine tool usage with intrinsic reasoning to tackle complex reasoning tasks? For math-
ematical problem solving, existing works primarily focus on synthetic data generation (by strong
teacher models) and supervised fine-tuning (SFT), as seen in ToRA (Gou et al) [2023b)), Meta-
MathQA (Yu et al.,|2023), MAmmoTH (Yue et al.,2023;2024), and Open-MathInstruct (Toshniwal
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et al., 2024). These synthetic datasets have yielded significant improvements in test accuracy on
standard benchmarks like MATH (Hendrycks et al.,|2021)) and GSM8K (Cobbe et al., [2021a)).

Built on strong SFT models, Reinforcement Learning from Human Feedback (RLHF) has proven
to be a key technique to elicit LLMs’ knowledge during the post-training stage and has become
standard in the LLM training pipeline (Ouyang et al., 2022; Gemini et al.,|[2023)). Broadly speaking,
the RLHF learning paradigm, which was originally designed for aligning LLMs with human values
and preferences, is distinct from SFT as it learns from relative feedback. It has notably enhanced the
capabilities of models like ChatGPT, Claude, and Gemini, enabling them to generate responses that
are more helpful, harmless, and honest (Bai et al.| [2022). Inspired by RLHF’s success in general
chat applications, in this paper, we explore RLHF for improving LLMs’ mathematical problem-
solving abilities when equipped with external tools. In particular, since deep RL methods (e.g., the
proximal policy optimization, PPO algorithm (Schulman et al.,|2017)) are often sample inefficient
and unstable (Choshen et al.l 2019), our goal is to derive direct preference learning algorithms that
directly learn from the preference dataset (Zhao et al.| [2023}; |Rafailov et al.,[2023).

Contribution. We begin by formulating the learning process as a Markov decision process (MDP),
distinct from the contextual bandit approach typically used in RLHF for making general chatbots
without external environment interactions (Xiong et al., 2024} |[Rafailov et al., 2023). Then, we de-
rive the optimality condition of the planning with such an MDP and our findings indicate that when
the external randomness is low, we can develop multi-turn direct alignment algorithms (M-DPO and
M-KTO), where the primary modification is to mask out irrelevant tokens during training. Further-
more, we extend our approach to its online iterative variants, which recent works demonstrated to be
promising (Xiong et al.| 2024} |Guo et al., [2024b). Finally, we evaluate our approach through case
studies using augmented training sets from MATH and GSMS8K benchmarks, employing various
base models such as Gemma (Team et al., 2024), CodeGemma (Team, |2024)), and Mistral (Jiang
et al} [2023). For instance, the performance of a supervised fine-tuned Gemma-1.1-it-7B model
increased from 77.5% to 83.9% on GSMS8K and from 46.1% to 51.2% on MATH. Similarly, a
Gemma-2-it-9B model improved from 84.1% to 86.3% on GSM8K and from 51.0% to 54.5% on
MATH. These empirical results indicate a significant improvement in performance over standard
SFT models, demonstrating the potential of RLHF in complex reasoning task. We also provide a
comprehensive recipe for the practical implementation of our online iterative multi-turn methods,
and will make our models, datasets, and code publicly available for further research and develop-
ment.

2 ALGORITHMS DEVELOPMENT

2.1 PROBLEM FORMULATION

We first formally formulate the tool-integrated reasoning task. At the first step, a prompt x € X is
sampled from some distribution dj as the initial state s; = x. Then, at each step h € [H],

* Action: the agent observes the current state s;, which is the history of the first h — 1
interactions with the external environment, and takes an action a;, according to some policy

7Th('|5h,) S A(A)

» Observation: in response to the agent’s action, the environment then returns an observation
on ~ Pi(-|sh, ahbased on the history s;, and current action ay,.

Then, we transit to a new state, which is the history up to the step h + 1: sp41 = (Sp,an,0n) =
(x,a1,01,- - ,an,o0n), and a new step begins. This process repeats for H rounds in total and even-
tually, we collect a trajectory: 7 = (x,a1,01, - ,0H—1, a5 ). We present an example of multi-turn
tool-integrated reasoning in Figure [d] Typically, the action is in the ReAct manner, which consist
of a reasoning step f; and an execution step e, (e.g., writing python code) (Yao et al., 2022). We
mention in passing that such an MDP formulation of preference learning was recently studied in
Zhong et al.| (2024)); Rafailov et al.| (2024); Xie et al.| (2024a) but with a focus on the single-turn chat
task and without explicitly considering the external messages.

"When there is no ambiguity, the abbreviation s, 1 ~ P} (-|sn, ax) is also adopted.
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To connect the problem with RLHF that learns from relative feedback, we follow Ouyang et al.
(2022); Bai et al.|(2022)) to assume that we can query the Bradley-Terry model for preference signal.

Definition 1 (Bradley-Terry model). We denote T/x = y, where the prompt is excluded from the tra-
jectory. We assume that there exists a utility function of the trajectory u* such that given (z,y*,y?),
one response y' is preferred over another response y?, denoted as y' = y?, with probability

Prob(y' = v* | 2, 4", y°) = o (u*(z,y") — u*(z,9°)), (1)

where o is the sigmoid function o(z) = 1/(1 + exp(—z2)). Also, given (z,y*,y*) we denote the
sampled preference signal as z with z = 1 indicating y' — y? while z = 0 indicating y> = y'.

Here we only assume access to the trajectory-level preference, but not an action-level one. However,
we remark that the utility function itself can be defined in a step-wise manner. Examples of the utility
function include the binary reward from checking final result, outcome-supervised reward models
(Cobbe et al., [2021b), and process-supervised reward model (Lightman et al., 2023).

2.2 PLANNING WITH A MODEL: OPTIMALITY CONDITION AND PRACTICAL ALGORITHM

We develop the main algorithms in this section with the general MDP formulation. Following
Rafailov et al. (2023)), we first establish the connection between a model M = (S, A, H,P, dy, u)
and its associated optimal policy. In particular, we are interested in the following KL-regularized
planning problem with respect to a reference policy my.¢:

H
arg max J (m; M, Tret) = Eardg,ap~m () son~Pn (lsnan) [“(m’ y) =1y D (mn(-|sn), “ref”‘(‘m))} '
4 h=1

2
In the single-turn case with H = 1, the optimal solution with respect to a utility function u is the
Gibbs distribution (see Lemma . Moving toward multi-turn case, we first consider H = 2 to
illustrate the idea. The idea is to take a backward iteration from h = H = 2 to h = 1. Specifically,
when we fix so and consider only the step 2, it reduces to the single-turn case:

uls .
Tm,2(+]82) = argmax B,y (-[ss) (U(waz) -7 DKL(M('\&),Wrcf,z('lsz))) o Trer,2(+[52) - exp ( ( ;’ ))-
T2

Then, we can define the value function associated with a4 o as
Vit2(52) = Bagm g o(-fso) (w52, a2) = nDkL (Ta1,2(:|52), Tret 2(+[52))]
QM,l(Slval) = Eo1~P1(-|s1,a1) [V/\/LQ(SQ)} .
For step 1, since we have determined 74,2, with the definition of Qo4 1 (s1,a1), we have

Qrm,1(s1,) )

a1 (]s1) = argmax By wr, () [QM,1(51,a1) —nDxr, (Trl(-|51),7rref,1(~|sl))] o Tref1(+]51) - exp ( ;
T

By construction, {45 }s_, is optimal as it maximizes the KL-regularized target. For general
MDP, we can repeat the process for /1 times starting with Vi, 71 = 0 where we recursively define

u(sm,an), ifh=H,
Sh,Qn) = ; 3
Qurtn(sn, an) { Eoy,~py (-1sn,am) [VM 41 (Sh41)], ith<H—1, ©

Here the optimal policy and the V'-values are given by

M)

n

Van(sn) = Bap o agnClom) [@rMon (Shyan) — 0 - Dxrn (mat,n (-[sn), ree,n (sn))] @)

/

M) =nlog Zn(sn),
n

(M)
n

Tam,n(an|sn) = Zh(lsh) Tref,h (@n|Sh) - €xp ( (Gibbs distribution of Q a4,r)

= N10gEr . 1 (afl5n) EXP (
where Zy(sp) = >, aneA Tret,h (an|Sp) - €xp is the normalization constant. The
second equality in the definition of the V'-value is from Lemma Then, by definition, [maq,5]f,
is optimal. Essentially, we solve H Gibbs distributions in terms of the ()-values. We summarize the
results into the following proposition.
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Proposition 1. We can recursively define the following optimal value functions and optimal policies
for a KL-regularized MDP with horizon H and external observation oy,. For Q value, we have

u(sy,an), ifh=H,
Shyap) = ; 2
@ (5n, an) { Eop~py (-fsnanm) VM 41 (Sh41)]5 ifh<H-—1L (

Also, for all h € [H], we have:

VM,h(Sh) = nlog E“hNﬂ'r(:l\h("‘ﬂv) exp

)

(QM,h(;h,ah))

=:Zp(sp)

Tamn(an | sn) =

Tref,h (Ah | Sh) Qrm,n(Sh,an)
AT exp ( g ): (6)

We have a few interesting observations that may be of independent interests.

1. The optimal value function is characterized by the expectation with respect to the initial
reference policy due to the additional KL constraint.

2. For a fixed step h and state-action pair (sp, a), we can treat the future as a bandit (with
only one step), then, we have Q aq,n(Sh, an) = E,u(sn, ap, z), where z is a completion
staring from (sp,, ap). One can use the Monte-Carlo estimation to estimate this value by
multiple roll-outs. We notice that the non-regularized version of this process, is commonly
referred to as the process-supervised reward (PRM) in the literature (Wang et al.| 2023a)).
In other words, the PRM constructed in [Wang et al.| (2023a)) is essentially a Q learning
process.

We remark that the results are essentially from the entropy-regularized MDPs (Williams & Peng,
1991} [Ziebart, 2010).

Multi-turn DPO. According to equation ] we can solve the ()-values as

T, n(an|Sk)

+V . 7
Tref,h (@n|Sh) Min(sn) )

Qm,n(sn,an) =n-log

Furthermore, combining equation [/| with the definition of @Q-values Q r4,5, in equation E], we have

Ta,n(an|Sk)

+ Va,n(sn), ifh<H-1
7Tlref,h(ah"sh)

th"‘]})h,('lsh,vah)VMvh“’l(Sh+1) =n-log

s (anlsn) ®
H\UH|5H
u(sm,am) =n-log TSI 4 Vi g (sw).
Tret, 1 (@H|SH)
Summing over h € [H], we have the following re-parameterization result:
0 Ta,n(an|sn) =
u(sm,an) = nZlo aon(@nlsn + Vai(s1) + [VM,h+1(5h+1) - th~]P’h(~|sh,ah)VM,h+l(5h+1)i| .
Tret,h (QR|SH) s —
term (B) _
term (A) term (C')
)

Here, term (A) is similar to the single-turn case and term (B) will be cancelled for the reward
difference of two samples with the same prompt s;. However, in practice, term (C) is typically not
feasible to directly compute as term (C') is related to the randomness of the external environment.

For the focus of this work, i.e., the tool-integrated mathematical reasoning, luckily the code execu-
tion result is determined by the history (the codes written by the LLMs). This leads to term (C) = 0.
Therefore, we can plug equation @] 1nt0 the maximum likelihood estimation of the utility function
with a dataset D consisting of (x, 7%, 7!), to get the following multi-turn DPO (M-DPO) loss:

H w w
Lioro(0) = _Z(z,TW,TL)G’D loga(nz [bg mo,n(an |sh) log 7re,h(a2|slhl) D (10)

Pt Tret,h (@} [s3) et n (@}, |5},)

Similarly, we can implement M-KTO under deterministic transition. We refer interested readers to
Appendix [A]for the loss function details.
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2.3 ONLINE ITERATIVE TRAINING

We now combine the planning algorithm M-DPO with the online iterative learning framework, as
inspired by its great success in the single-turn case (Xiong et al.| 2024} |Guo et al.} 2024b).

Learning objective. For a more comprehensive understanding of its statistical behavior, we will
consider two different learning objectives. The first objective is a KL-regularized one:

H
m;ixEzwdoEahNﬂ(-\s;l),oh,NP;‘Z(-\sh,ah) |:U* (l’, y) -1 Z -DKL (ﬂ_("sh)7 WO("Sh))} ) (11)
h=1

i.e., max, J(m; M* m) where M* = (S, A, H,P*, dy, u*) is the groundtruth environment and 7
is the initial SFT policy. This target is widely adopted in RLHF and requires us to search for the
optimal policy only at a fixed KL ball centered at the SFT policy 7. In contrast, the second one is
the non-regularized target, i.e., directly optimizing the reward:

In;lx EmNdoEa;L~ﬂ(~\S;L)70;LNP7L(~\S;L7G;L) [u* ($7 y)] : (12)

This target is the standard one in canonical RL studies (Sutton & Barto, 2018). One motivation for
this target is that in the reasoning task, the reward function is more interpretable (e.g. final result
checking) compared to the chat task.

Algorithmic framework. We present a general online iterative algorithmic framework in Algo-
rithm [I] This framework is termed as Online Iterative Multi-turn Gibbs Sampling from Human
Feedback (M-GSHF) because the optimal policy is a layer-wise Gibbs distribution that generalizes
the result in Xiong et al.|(2024). We now discuss some features of the framework as follows.

Reference model choice for controlling regular-

ization level. We unify the two different learn- 3'\ 1 ~
ing targets in equation [T1] and equation [I2] by ve | o \ 2 / .
taking the reference model choice as a hyper- i <‘/ S
parameter. First, if we fix the reference model A

as the initial policy, i.e., T ref = o, VE € [T,
we always search the optimal policy within
the KL ball centered at 7o, and thus optimize Figure 1: Illustration of the difference between the
the KL-regularized target. In contrast, inspired  two learning objectives. Left: the KL-regularized
by the mirror descent (Nemirovskij & Yudin, target as we do not update the reference model.

1983), if we update the reference policy every Right: the non-regularized target.
iteration to be the policy learned in the last iter-

ation, i.e., Ty et = m;_1, Vt € [T, the cumula-

tive update can make the model to move away from the original 7y (while a constraint is made on
the per-iteration update magnitude) and we thus optimize the non-regularized target in equation[I2}
See Figure[I|for an illustration.

Non-symmetric policy choice for exploration-exploitation trade-off. We update our behavior policies
in a non-symmetric way. The first agent aims to extract the historical information we have gathered
so far and runs the M-DPO or M-DKO presented in Section However, it is widely recognized
in RL studies (Sutton & Barto, 2018} |Auer et al., 2002)) that simply exploiting the historical data
via following the empirically best model is not sufficient to obtain a good final policy, while it
is also required to explore the environment so that new information can be collected to facilitate
subsequent learning, i.e., the exploration-exploitation tradeoff. Therefore, the second agent will
strategically incorporate the uncertainty of the future relative to 7} to choose 77, which is referred
to as the exploration policy.

A comprehensive theoretical analysis is derived for Algorithm [I] deferred to Appendix [D]due to
space constraint, with a focus on the KL-regularized target. Here we highlight the following in-
formal result (see Theorem [2| for the complete version), emphasizing the efficiency of Algorithm
guaranteed by a sublinear regret. The other target of optimizing the rewards has been theoretically
studied in[Wang et al.|(2023b) while the techniques of analyzing mirror-descent-style algorithm have
been developed in|Cai et al.| (2020).
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Theorem 1 (Informal). Under the realizability assumption, with the KL-regularized target, the the-
oretical version of Algorithm|l|leads to a regret (defined in equation that is sublinear in horizon
T for a broad class of reward and transition models.

The main take-away message from the theorem is that if we choose suitable exploration policy, the
online iterative learning is provably efficient. We also remark that without explicit mechanism to
encourage exploration, the randomness of the LLM itself is not sufficient to learn the optimal policy
(Zhang, [2022)) if we do not make additional assumption.

Moving toward practical algorithm designs, the exploration is generally interpreted as increasing
the diversity of the collected data by adopting inference-time methods with the base DPO policy 7.
For instance, one may tune the sampling temperature as in Llama project (Touvron et al.| [2023) or
use best-of-n sampling (Xu et al.||2023; [Hoang Tran} 2024} Dong et al.,[2024)), where these methods
outperform the vanilla on-policy sampling with considerable margin. In this work, we mainly enrich
the generated data by various intermediate checkpoints, as done in the Claude project (Bai et al.,
2022). We refer this approach as mixture sampling. It is also natural to adopt reward-guided Monte
Carlo tree search (MCTS) (Xie et al.,[2024b)), which we leave for future work.

Algorithm 1 Online Iterative M-GSHF

1: Input: KL coefficient 7 > 0, horizon T' > 0, initial policy mg, batch size m > 0.

2: Initialize D < () and 7§ = 77 = 71 ref < 0.

3: fort=1,2,--- ;T do

4: Sample m pairs (z, 72, z) as Dy by x ~ do, 7t~ wi, 7 ~ 77, receive the m preference signals z
following the Bradley-Terry model from Definition[T]and update the preference dataset D «— D U D;.

5: b Extract the empirically optimal policy from historical data

6:  Practical: Perform the planning algorithms on D to get 7} (e.g., using the M-DPO loss in equation
or the M-KTO loss in equation [T3)

7: Theoretical: Perform MLE on D to obtain model estimation ./\;lt = (G, I@’t) as in equation and
equation , call Oraclewith Mt, 1, Tt ref tO get 7rt1

8: > Select the exploration policy to facilitate learning

9:  Practical: Given }, select 77 as an exploration policy using heuristic methods (such as mixture sam-
pling, inference parameters tuning and west-of-n sampling.

10:  Theoretical: Given 77, choose 72 as an exploration policy following equation

11: > Choose the reference model to control regularization level

12: Update 71, ref TI'tl when considering the non-regularized target; keep 741 ret — 7o When consid-
ering the KL-regularized target

13: end for

14: Output: the best model in 71,7 by a validation set.

3 EXPERIMENTS

3.1 EXPERIMENT SETUP

Task, datasets, and models. We use the test sets of MATH (Hendrycks et al.||2021) and GSM8K
(Cobbe et al., [2021a) to measure the model’s ability to solve the mathematical problems. To con-
struct the training prompt set, we use the prompts from MetaMathQA (Yu et al.| [2023) and MMIQC
(Liu & Yaol [2024), which is an augmented prompt set from the 7.5K training problems of MATH
and 7.47K training problems of GSM8K. We provide an example of the data sample in Figure ] We
train with a range of base models, including Gemma-1.1-it-7B (Team et al., 2024), CodeGemma-
1.1-it-7B (Teaml 2024), Mistral-7B-v0. (Jiang et al.,2023)), and GemmaZ2-it-9B. We first fine-tune
the model using a subset of the Open-MathlInstruct dataset. The details of the SFT process are
provided in Appendix

Implementation of Iterative M-DPO and M-KTQO. We run the iterative training for 3 epochs
in total. For each iteration, we have a prompt set of 20K questions and generate 20 responses per
prompt with current DPO model and 10 responses per prompt with the model from last iteration.

>We use the pre-trained version because the chat template of its instruct model from huggingface is not
consistent with their own codebase.
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We check the final answer of these responses to determine their correctness. Then, for each prompt,
we randomly sample two responses with correct and incorrect final answers and add them into the
training samples. Then, we train the model on the collected samples using the M-DPO/M-KTO
loss. We also include an ablation of reference model choice. To implement the M-DPO, we simply
set the labels of all the user-turn tokens to be -100 and mask the log-probability in the subsequent
loss computation. We train the model for 1 epoch at most and tune the learning rate in {2e-7, 4e-7,
Te-7, le-6} with the first iteration of iterative training. Eventually, the learning rate of 4e-7 is used
for Gemma-1.1 models and 2e-7 is used for Gemma-2 model and Mistral model. The global batch
size is 32 with a warm-up step of 40. We evaluate the model every 50 training steps by the split
prompt set. The hyper-parameters are of M-KTO are mostly the same as the M-DPO. We also set
the A = A_ = 1 following the original KTO paper (Ethayarajh et al.| 2024).

Baselines. The existing literature mainly focuses on the synthetic data generation and SFT to teach
the models to use the external tool. We use the results from Toshniwal et al.| (2024) as baselines
because we use the same SFT dataset so the results are generally comparable. For the CoT baselines,
we use the Wizardmath models from|Luo et al.|(2023)). We also include the reward ranked fine-tuning
(RAFT) as a baseline (Dong et al.| [2023), which is also known as rejection sampling fine-tuning
(Touvron et al.,|2023). Another baseline is the single-turn online iterative DPO and KTO (Rafailov
et al.,[2023}; |[Ethayarajh et al.,2024), which ignore the problem structure (i.e., the external messages)
and treat the trajectory as a whole. In implementation, it means that we do not mask the tokens of
external messages.

Table 1: Main results of different methods on the test sets of GSM8K and MATH. 1: the model
serves as the starting checkpoint of other methods. The results of the CoT methods are borrowed
from the technical reports (Toshniwal et al., 2024} |Gou et al., [2023b). For iterative M-DPO/M-
KTO, we update the reference model by default if not specified. The gains relative to the SFT
starting checkpoint are marked by 1.

Base Model Method with Tool ‘ GSMSK MATH AVG
WizardMath-7B SFT for CoT X 54.9 10.7 328
WizardMath-13B SFT for CoT X 63.9 14.0 39.0
WizardMath-70B SFT for CoT X 81.6 22.7 522
CodeLLaMA-2-7B SFT 75.9 43.6 59.8
CodeLLaMA-2-13B SFT 78.8 455 622
CodeLLaMA-2-34B SFT 80.7 48.3 64.5
CodeLLaMA-2-70B SFT 84.6 50.7 67.7
Gemma-1.1-it-7B SFTf 71.5 46.1 61.8
Gemma-1.1-it-7B RAFT 79.2 47.3 63.3
Gemma-1.1-it-7B Iterative Single-turn DPO 81.7 48.9 65.3
Gemma-1.1-it-7B Iterative Single-turn KTO 80.6 49.0 64.8
Gemma-1.1-it-7B Iterative M-DPO + fixed reference 79.9 48.0 64.0
Gemma-1.1-it-7B M-DPO Iteration 1 81.5 49.1 65.3
Gemma-1.1-it-7B M-DPO Iteration 2 82.5 49.7 66.1
Gemma-1.1-it-7B M-DPO Iteration 3 839 16.4 512 5.1 67.6 15.8
Gemma-1.1-it-7B Iterative M-KTO 821 14.6 495 13.4 658 14.0
CodeGemma-1.1-it-7B SFT* 71.3 46.4 61.9
CodeGemma-1.1-it-7B RAFT 78.8 48.4 63.6
CodeGemma-1.1-it-7B Iterative Single-turn DPO 79.1 48.9 64.0
CodeGemma-1.1-it-7B Iterative Single-turn KTO 80.2 48.6 64.4
CodeGemma-1.1-it-7B Iterative M-DPO 815 14.2 501 3.7 658 14.0
CodeGemma-1.1-it-7B Iterative M-KTO 81.6 143 496 13.2 656 13.8
Mistral-7B-v0.3 SFTf 77.8 427 60.3
Mistral-7B-v0.3 RAFT 79.8 43.7 61.8
Mistral-7B-v0.3 Iterative Single-turn DPO 79.8 45.1 62.5
Mistral-7B-v0.3 Iterative Single-turn KTO 81.3 46.3 63.8
Mistral-7B-v0.3 Iterative M-DPO 823 145 475 148 649 14.7
Mistral-7B-v0.3 Iterative M-KTO 81.7 13.9 467 14.0 642 74.0
Gemma-2-it-9B SFTf 84.1 51.0 67.6
Gemma-2-it-9B RAFT 84.2 52.6 68.4
Gemma-2-it-9B Iterative Single-turn DPO 85.2 53.1 69.2
Gemma-2-it-9B Iterative Single-turn KTO 85.4 52.9 69.2
Gemma-2-it-9B Iterative M-DPO 863 12.2 545 13.5 704 129
Gemma-2-it-9B Iterative M-KTO 86.1 12.0 545 13.5 703 12.8
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3.2 MAIN RESULTS

We evaluate the models in the zero-shot setting and report the main results in Table [T} From the
first two sections in Table[I] we first observe that the tool-integrated LLMs significantly outperform
their CoT counterparts with only SFT, demonstrating the benefits of leveraging external tools. In the
subsequent discussions, we focus on the comparison within the scope of tool-integrated LLMs.

Iterative M-DPO and M-KTO considerably improve the SFT models. Across all four base
models, iterative training with M-DPO or M-KTO consistently leads to notable improvements over
the initial SFT checkpoint on both GSM8K and MATH. In particular, with M-DPO, the aligned
Gemma-1.1-it-7B model attains accuracies of 83.9% and 51.2% on GSM8K and MATH, respec-
tively, and is comparable to the open-source Open-MathInstruct-finetuned CodeLLaMA-2-70B
(slightly worse on GSMS8K but also slightly better on MATH). Moreover, the aligned Gemma-2-
it-9B model achieves accuracies of 86.3% and 54.5% on GSMS8K and MATH, surpassing all of the
open-source models trained with Open-MathInstruct in the 7B to 70B range. Overall, our framework
can robustly further boost the tool-integrated models’ ability after SFT.

Iterative M-DPO and M-KTO surpass existing RLHF baselines. We also observe that the it-
erative M-DPO and M-KTO surpass other existing RLHF baselines. First, they consistently and
significantly outperform RAFT across all four base models. This is because RAFT only imitates
the correct trajectories, while the DPO-based and KTO-based algorithms further use the negative
signal from incorrect trajectories. We note that the SFT stage in our pipeline can also be viewed
as an application of RAFT. Consequently, our results should be interpreted to be that after the first
stage of SFT, algorithms with negative signal are more sample efficient. Moreover, while the on-
line iterative single-turn DPO (KTO) also gives a better performance, it is generally worse than the
multi-turn version. This suggests that learning to predict the off-policy external messages returned
by the code interpreter usually has a negative impact on the reasoning ability improvement. We also
present a representative example we encounter in Figure[5] where LLMs generate poorly constructed
code resulting in anomalous and lengthy external messages. Forcing LLMs to learn to predict these
messages can significantly hurt the model’s reasoning abilities.

Iterative training and reference update lead to better performance. Using Gemma-1.1-it-7B
with M-DPO as an example, we observe that online iterative training leads to better results. The
GSMSK test accuracy increases from 77.5% (SFT) to 81.5% (iter 1) to 82.5% (iter2) to 83.9%
(iter3), and the test accuracy of MATH improves from 46.1% (SFT) to 49.1% (iter 1) to 49.7%
(iter2) to 51.2% (iter3). This aligns with our theoretical insight that iterative training helps models
progressively explore and learn the optimal policy. Additionally, if the reference model remains
fixed at the SFT policy, the final performance is notably worse compared to updating the refer-
ence model at each iteration. This likely occurs because the algorithm, in this case, optimizes the
non-regularized reward, and the rewards in mathematical reasoning tasks are more accurate than in
general chat tasks, leading to better in-domain performance. A detailed ablation study on the impact
of KL regularization is deferred to the next section.
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Figure 2: The pass @n rate with respect to the number of candidates n. We evaluate the models using
temperature 0.7 following the previous works [Shao et al.|(2024)); Toshniwal et al.|(2024). We notice
that preference learning only improves the metric pass@n when n is relatively small.
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Preference learning improves pass@n only when n is relatively small. We plot the pass@n
accuracy in terms of the number of candidate trajectories n in Figure[2] A question is solved if at
least one of the n sampled trajectories is correct. We find that preference learning improves pass@n
accuracy only when n is small. For n > 16, all models perform similarly on GSM8K and MATH,
indicating that iterative M-DPO does not introduce new knowledge but instead enhances the quality
of top-n responses. This observation also aligns with the result of CoT reasoning (Shao et al.l[2024).

3.3 ABLATION STUDY AND DISCUSSION

Moderate KL regularization balances per-

iteration improvement and exploration. Method | GSMSK  MATH
The effectiveness of iterative DPO is highly SFT 717.5 46.1
dependent on the reference model and KL  update reference + n = 0.01 | 81.7 50.1
coefficient. In our ablation study, we first update reference +n = 0.1 | 83.9 51.2
consider two different choices of the reference  update reference + 7 = 0.5 | 82.8 49.7
model: (1) using the fixed reference model 7y; fixed reference + 77 = 0.1 | 79.9 48.0

(2) updating the reference model to the last

iteration’s model at each round, which can be
viewed as a trade-off between the generation
diversity and reward optimization. As shown
in Table [3.3] models with an updated reference
model outperform those with a fixed reference model. We hypothesize that in reasoning tasks, the
correct reasoning paths are highly concentrated, making diversity less crucial so optimizing the
non-regularized reward gives superior model performance.

Table 2: Ablation study of the impact of KL regu-
larization on iterative M-DPO.

Previous work (Tunstall et al., 2023) on offline DPO suggests that a lower KL coefficient (0.01)
improves performance by allowing the model to deviate more from the SFT model my. In our
ablation study, we search the KL coefficient n € {0.01,0.1,0.5}. According to Table we find
that the strongest model is obtained by a moderate KL coefficient of 0.1, outperforming both 0.01
and 0.5. To explain this, we plot the GSM8K test accuracy (Figure[3) during iterative training. In the
first iteration, lower KL values show larger improvements, consistent with [Tunstall et al.| (2023))’s
results. However, models trained with very low KL coefficients lose diversity quickly, reducing their
ability to generate diverse trajectories for later training, leading to diminishing returns in subsequent
iterations. Conversely, a higher KL coefficient of 0.5 imposes too much regularization, limiting
improvement per iteration. In summary, for online iterative training, a balance between per-iteration
improvement and exploration efficiency is key to optimizing overall performance, an intuition that
also applies to sampling strategies and other experimental techniques.

GSMB8K Test Accuracy MATH Test Accuracy

51 === SFT 3 epochs
—e— Mixture Sampling
On-policy Sampling

Accuracy
Accuracy

-=- SFT
—— eta=0.01
eta=0.1
—— eta=0.5
—e— eta = 0.1 + fixed reference

Iteration Iteration

Figure 3: Left: the test accuracy on GSM8K dataset with different levels of KL regularization.
Right: the test accuracy on MATH dataset with different sampling strategies.

The impact of sampling strategy: data diversity and coverage are crucial. During iterative
training of Gemma-1.1-it-7B, we see an increase in correct trajectories from 47% in the first iter-
ation to 76% in last iteration. Moreover, as the reference model updates at each step, trajectory
diversity declines, which is critical for DPO/KTO training due to its contrastive nature. We follow
Bai et al| (2022); |[Dong et al.| (2024)) to explore two data collection strategies: (1) on-policy sam-
pling (trajectories sampled from the current model) and (2) mixture sampling (20 trajectories from
the current model and 10 from model of previous iteration). As shown in Table [6] mixture sampling
significantly outperforms on-policy sampling, particularly in the third iteration where on-policy sam-
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pling fails to improve MATH test accuracy. This highlights the importance of diversity in iterative
training and aligns with previous findings that advanced exploration strategies help prevent diver-
sity collapse and improve preference learning (Bai et al., [2022; [Touvron et al., 2023} |Xiong et al.,
2024; |Pace et al., 2024} Dong et al.| [2024). It would also be interested to explore more advanced
exploration strategy like MCTS in the future study.

To ensure both correct and incorrect reason-

ing paths exist, we collected N trajectories per Method | GSMSK MATH
prompt. A larger N generally improves prompt SFT 77.5 46.1
coverage, as more samples are needed for diffi- N=30 + Mixture 83.9 51.2
cult problems. For example, in iteration 1, with N=12 + Mixture 83.5 51.2
N=30, 92.5% of the prompts are covered, com- N=6 + Mixture 82.0 49.2
pared to 83.0% for N=12 and 60% for N=6. See N=30 + On-policy 83.1 49.5

Figure [2] for an illustration of the relationship

between pass@1 and N. However, increasing N Typle 3: Ablation study of the sampling strategy

also increases computational costs. In our abla-  yith iterative M=DPO and Gemma-1.1-it-7B.
tion study (Table[3.3), we find that increasing N

from 6 to 12 leads to a significant performance boost, reflecting better coverage for complex prob-
lems. However, increasing N from 12 to 30 yields only minor improvements, suggesting that the
benefits of larger N diminish quickly in vanilla rejection sampling. We expect that difficulty-aware
sampling can lead to a better performance, while maintaining a moderate inference cost.

4 CONCLUSION, LIMITATION, AND FUTURE RESEARCH DIRECTION

In this paper, we demonstrate that preference learning, as an alternative to supervised fine-tuning,
further enhances the performance of tool-integrated reasoning LLMs after SFT. We introduce an
online iterative multi-turn direct preference optimization algorithm, validated through extensive ex-
periments across multiple base models. Results show significant improvements in pass@ 1 over the
SFT policy, particularly on benchmarks like GSM8K and MATH. Ablation studies highlight the im-
portance of balancing per-iteration improvement with exploration, which is achieved by moderate
levels of KL regularization and strategic exploration choices.

Several avenues for improvement remain unexplored. Our current approach only uses final result
checks as preference signals, limiting the comparison between trajectories with correct or incorrect
answers. One may use step-wise reward signal (Lightman et al., 2023)) in the data ranking stage.
Meanwhile, the fine-grained reward signals could enable the use of advanced exploration strategies
like west-of-n sampling (Pace et al.,[2024)), or MCTS (Xie et al.,{2024b) in our heuristic exploration
implementation. Finally, while the direct preference learning algorithms show promising gains for
the mathematical reasoning tasks with code interpreter, it is not directly applicable to the general
agent learning with more complex and stochastic external environments or against dynamic oppo-
nents. In particular, it requires to construct a value network for involving an adaptive margin in
the optimization target and take the randomness of the external environment into consideration. We
leave the study of this more involved algorithm to the future work.
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result. Most implementation details, including hyperparameters, are provided in Section [3.1] and
Appendix [B] Additionally, we have open-sourced our training code along with a step-by-step guide,
using Gemma-1.1-it-7B as an example. We have also made the processed SFT dataset, prompt
set, and the training data for the first iteration of M-DPO/M-KTO available for easy download (see
supplemental materials for details). The RLHF experiments of this paper are run with 8xA100
80G GPUs, where an additional machine with 8xA100 40G GPUs is also used to accelerate data

10



Published as a conference paper at ICLR 2025

collection and model evaluation. The main experiment of this paper can be reproduced within 24
- 48 hours with this setup. To improve the readability of this paper, we provide a notation table in
Appendix [A] The informal version of our main theoretical result is summarized in Theorem [I] is
re-stated in Theorem [2]and its proof is provided in Appendix
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A NOTATION TABLE, RELATED WORK, AND MISSING DETAILS

A.1 NOTATION TABLE
[ Notation Description
x, X The prompt and the prompt space.
do The distribution of initial state (prompt).
sp € S,ap € A,op The state, action, and observation.
H Episode length, e.g., the maximal number of tool calls.
P* = [P}]7, The true observation kernel.
7= (z,y) T is a trajectory and y is the completion part, i.e., we exclude = from 7.
u* The true utility function associated with the BT model defined in Deﬁnition
M* = (S, A H,P* do,u") The true model with observation kernel P* and utility function u*
o(v) o(z) = 1/(1 + exp(—=z)) is the sigmoid function.
z € {0,1} Preference signal.

™= [Trh]}l;lzl
M= (S,A H,P,do,u)
Tref = [Wref,h]hH:I

The policy, which is parameterized by the LLM.
One arbitrary environment with observation kernel P and utility function .
One arbitrary reference policy.

J(m; M, Tryer) The KL-regularized target (equation | with environment M and reference mpf.
n The coefficient of KL penalty, defined in equation
Qm = [Qumnln The optimal Q-values associated with J (7; M, 7ryet ), defined in equation 3|
Vi = V)i, The optimal V-values associated with J(m; M, mrer), defined in equation 4]
Tm = [Tamnlfes The optimal policy associated with J(7; M, myet), defined in equation
Lyopo(*) M-DPO loss, defined in equation |10 '
Lyvixto(+) M-KTO loss, defined in equation
J(m) The abbreviation of J(7; M™, 7o), defined in equation|14]
™ = [mh]he, The optimal policy associated with J (7).
T, T The main and exploration policy at round ¢
Reg(T) Regret over horizon T', defined in equation
u,pP Known sets such that u* € U/ and P* €
B Assuming u* (z,y) € [0, B],V(z,y).
ay, Py MLE of »* and P* at round ¢, defined in equationand equation
Uy, Py Confidences sets of ©* and P* at round ¢, defined in equation
c1,C2,C Absolute constants.
K 1/(2 + exp(—B) + exp(B)).
dy Eluder coefficient from Deﬁnition
dp,&(+) Generalized Eluder-type condition from Definition
TV(,) Total variation distance between two distributions.

Table 4: The table of notations used in this paper.

A.2 RELATED WORK

LLMs for Mathematical Problem Solving. A line of works proposes to prompt LLMs to solve
the complex reasoning task in a step-by-step manner, known as the Chain-of-Thought (CoT) prompt-
ing (Wei et al.,|2022; Zhou et al.,[2022; Zhu et al.| 2022} Tong et al.,|2024), which has been a standard
practice in reasoning task. However, LLMs often struggle with basic arithmetic and symbolic ma-
nipulations when relying solely on internal knowledge and natural language reasoning, as measured
by standard benchmarks (Cobbe et al., 2021aj [Hendrycks et al.l [2021). To overcome these limita-
tions, several studies have explored the use of external tools to enhance the LLMs’ problem-solving
abilities. This includes calculators (Cobbe et al.,[2021b;|Shao et al.| 2022)), symbolic solvers (Zhang,
2023)), and code interpreters (Mishra et al., [2022; OpenAl, |2023)). A particularly effective approach
is the Program-based method (PoT), which performs CoT reasoning by writing code and using the
output of the written code as the final answer (Gao et al., 2023} |Chen et al.l [2022). This method
significantly outperforms traditional CoT-based techniques in mathematical problem solving. How-
ever, PoT also faces challenges in planning and error handling, where natural language reasoning is
more suitable (Gou et al.||2023a). In view of this, tool-integrated reasoning is proposed to combine
the natural-language-based intrinsic reasoning with the external tools (Gou et al., [2023b)) and has
achieved great progresses in recent studies (Gou et al., |2023b; [Yue et al., 2023} Yu et al., 2023}
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Shao et al.| 2024} Toshniwal et al.| [2024). While these efforts have primarily focused on synthetic
data generation for tool-integrated reasoning, our work aims to further boost the performance of
tool-integrated LLMs by RLHF.

RLHF and RLHF Algorithms. The predominant approach in RLHF is the deep RL method,
Proximal Policy Optimization Algorithms (PPO) (Schulman et al.| |2017), which leads to the great
successes in Chat-GPT (OpenAll [2023), Gemini (Gemini et al., 2023), and Claude (Anthropic,
2023)). However, applying PPO requires extensive efforts and resources (Choshen et al 2019; [En-
gstrom et al., 2020), often beyond the scope of open-source capabilities. In view of this, alternative
approaches have been developed. The rejection sampling fine-tuning was first proposed with the
name RAFT (reward ranked fine-tuning) in RLHF (Dong et al., |2023) and was later extended to
machine translation (Gulcehre et al.,|2023)) and mathematical problem solving (Yuan et al.| 2023a)).
Its theoretical advantage was explored in|Gui et al.|(2024). Subsequently, another long line of works
proposes direct preference learning algorithms, including SLiC (Zhao et al} [2023)), DPO (Rafailov
et al., 2023)), IPO (Azar et al, 2023, KTO (Ethayarajh et al.| |2024)), and GPO (Tang et al., [2024).
These algorithms bypass the reward modeling step and optimize carefully designed loss objectives
directly on the preference dataset, hence the name direct preference learning. There are also some
works focusing on more general preference structure Munos et al.|(2023); Swamy et al.| (2024); |Ye
et al.| (2024); Rosset et al.| (2024) beyond the reward-based framework or post-processing of the
model (Lin et al.} 2023} Zheng et al.,2024).

The newly proposed direct preference learning algorithms have largely advanced the RLHF area,
particularly the post-training of open-source models, with the Zephyr project as a notable example
(Tunstall et al.,2023)). After this, a long line of work (e.g., Liu et al.| [2023b} Xiong et al.l |2024;|Guo
et al., 2024b; | Xu et al.l |2023; [Tajwar et al., 2024; Xie et al., 2024a; Zhang et al., [2024b; [Liu et al.,
2024ab; Meng et al.,|2024) demonstrates the effectiveness of on-policy sampling (the samples are
generated by the policy to be trained) and online exploration in enhancing direct preference learning.
In particular, the online iterative DPO (Xiong et al., 2024; |Xu et al., 2023; |Hoang Tran, [2024)) and
its variants (e.g., (Chen et al., |2024bj Rosset et al.,[2024; |Cen et al.| 2024} |Zhang et al., 2024c) have
made state-of-the-art open-source models (Dong et al., [2024)), or even the industry models (qwel,
2024; [Meta, |2024). Despite these advancements, most algorithms are proposed and designed for
single-turn interactions and chat. The scenarios beyond single-turn chat remain largely unexplored
in the existing literature. One exception is the very recent work by|Shani et al.|(2024), which studies
multi-turn chat task under general preferences. In contrast, in this paper, we aim to explore the use of
RLHF in multi-turn tasks that incorporate interactions with external tools. Meanwhile, they derive
a mirror-descent-based policy optimization algorithm, which is also different from ours.

RLHF for Math Problem Solving. Algorithms traditionally used in general chatbot applications
have been adapted to enhance the reasoning capabilities of LLMs in mathematical contexts. For
instance, RAFT (Reward-rAnked Fine-Tuning) (Dong et al., 2023; [Yuan et al., 2023bj [Touvron
et al.| 2023) is extensively employed for synthetic data generation, whether through on-policy (self-
improving) (Yuan et al.,|2023a) or off-policy (knowledge distillation) methods (Gou et al. [2023bj
Yu et al., [2023} Toshniwal et al., [2024} |Singh et al., 2023} [Tong et al., |2024)). The reward signal in
these scenarios is typically derived from either final result checking or Outcome-supervised Reward
Models (ORMs) (Uesato et al., |[2022; [Zelikman et al.| [2022). A novel approach by [Lightman et al.
(2023)) introduces Process-supervised Reward Models (PRMs), which provide feedback at each step
of the Chain-of-Thought, demonstrating significant improvements over ORMs when combined with
rejection sampling (Lightman et al.,[2023; Wang et al., 2023a)).

In addition to the RAFT, the GRPO algorithm proposed in |Shao et al.| (2024) studies multi-turn
math problem solving but focuses on the CoT format without external inputs and the resulting model
achieves the state-of-the-art performance in its class. The GRPO is a variant of Reinforce (Williams),
1992)) thus falling into the scope of deep RL methods.

Further advancements include adapting direct preference learning algorithms to mathematical prob-
lem solving. For instance, Jiao et al|(2024); [Yuan et al|(2024) have applied the original DPO or
KTO by taking the trajectory completion as a “meta” action. Xie et al.| (2024b)); |[Pang et al.| (2024)
further adapt the online iterative DPO originally designed for chat (Xiong et al.| 2024} Xu et al.,
2023} Hoang Tran, 2024)) and achieve better performance for CoT reasoning. Inspired by the suc-
cess of PRMs, recent studies have explored generating proxy step-wise labels for the intermediate
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steps of the reasoning trajectories. For instance, Xie et al.| (2024b); (Chen et al.| (2024a); [Lai et al.
(2024) leverage Monte Carlo Tree Search (MCTS) and use the estimated Q value to generate the
proxy labels for the intermediate steps. |Lai et al. (2024) proposes to use Al feedback like GPT-4
(Lai et al.;,|2024) to find the first error step in the trajectory. Meanwhile, [Lu et al.| (2024) identifies a
trajectory with the correct final answer and no errors as preferable, and prompts the SFT model with
a high temperature, starting from some intermediate step to collect a rejected trajectory with errors
(Pi et al.| 2024). Finally, a very recent study by |Chen et al.| (2024a) proposes to use MCTS with a
backward iteration from the final leaf node to compute the proxy unregularized value of each node.
Preference pairs are then extracted from the tree by fixing the prefix and comparing the next single
reasoning step. Then, they run the original DPO on these intermediate actions with the proxy labels
from MCTS. To summarize, these works present different ways of preference data collection and
apply the original DPO algorithm (with some additional marginal loss and regularization adapted
from the literature), thereby differing from our work in both algorithmic concepts and application
scope. In contrast, we study preference learning in the context of trajectory-level comparison, where
we derive the optimality condition and introduce a multi-turn DPO within an online iterative frame-
work, specifically for tool-integrated mathematical problem solving. However, we remark that while
we focus on the trajectory-level comparison, the preference signal itself can be generated in a step-
by-step supervision (see Section [2.1| for the detailed examples). When preference signals for partial
trajectories with shared prefixes are available, our method can also adapt to learn these step-level
signals (see the optimality condition in equation[9). In particular, the algorithmic design presented in
this paper can be readily combined with the MCTS-based data collection strategy outlined in recent
literature, which we leave for future work.

A.3 MISSING DETAILS

Multi-turn KTO. With equation@]implying that with term (C') = 0, the implicit reward is given
by A=rn Zthl log _mn(anlsn) o multi-turn version of KTO (Ethayarajh et al.,[2024), denoted as

Tref,h(an|Sh)’

M-KTO, can also be naturally derived:

EM-KTO(Q) = ]Em,yND [)\y - ’U(I, y)]7 (13)
where
Tu,h(anlsn)
= I
(@9) WZ o8 Toet,n(anlsn)’
H
20 = Ez/wD,‘r’NﬂgHz’) Z DKL (7T0('|3h)7 71—ref('|sh))7
h=1
and

’U(SU ) . /\+0(77(U9($7 y) - ZO)) lfy ~ ydesirable‘x
, )‘70—(77(20 - ug(x, y))) lfy ~ yundesirablelx -

Here A4 and A_ are two hyper-parameters. We notice that [Mitra et al.| (2024) developed an online
iterative version of KTO for the CoT format reasoning task. Here we extend it to build the tool-
integrated reasoning agent.

B IMPLEMENTATION DETAILS

Supervised fine-tuning (SFT). We first fine-tune the model for the tool-integrated reasoning task
(Gou et al.l [2023Db)), using a subset of the Open-MathInstruct dataset, which was generated by the
permissively licensed Mixtral-8x7B model through in-context learning. The problems are from
the training sets of MATH and GSMS8K datasets. We restrict the number of samples for each question
to be 50 and remove the nearly duplicate responses. Eventually we get 510K samples in the SFT
dataset. We train the models for 4 epochs at most with a learning rate of 5e-6 for Gemma instruct
models (Team et al., [2024)) and a learning rate of le-5 for Mistral-v0.3 model (Jiang et al., [2023)).
The learning rates are determined by searching {2e-6, 5e-6, le-5}. We use a cosine learning rate
scheduler and set the warm-up steps as 100. The samples are packed into blocks with length 4096 to
accelerate training and a global batch size of 64 is used. We also mask all the user messages (i.e., the
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Multi-turn Reasoning with Python Interpreter for Mathematical Problems

Prompt:

User: Let
ax+3, ifx>2,

f(x)=3 x-5 if -2<x<2,
2x-b ifx <=2,

Find a + b if the piecewise function is continuous (which means that its graph can be drawn
without lifting your pencil from the paper) (s1 = x)

Assistant: The function must be continuous at 2 and —2. That means x -5 =ax+3 atx =2
and x — 5= 2x — b at x = —2. Let’s now solve for x in each case. (f1)

from sympy import symbols, Eq, solve
## define the wvariables
X, a, b = symbols('x a b')

## the funciion must be continuous at 2
eql = Eq(x-5, a*x + 3)
eql_sol = solve(eql, x)

10 ## the funciion must be continuous at -2
1 eq2 = Eq(x-5, 2*x - b)
12 eq2_sol = solve(eq2, x)

14 ## print the solutions
15 print(eql_sol)
16 print(eq2_sol)

(e1)

User: “output [-8/(a-1)] [b-5]“ (01)
Assistant: Thus, x = —-8/(a — 1) when x = 2 and x = b — 5 when x = —2. We can now solve
for a and b. (f2)

## © = -8/(a-1) when x© = 2
eq3 = Eq(-8/(a-1), 2)

a = solve(eq3, a)

print(a)

## x = b-5 when © = -2
eqd = Eq(b-5, -2)

b = solve(eq4, b)
print (b)

O ® N O M A W N e

(e2)

User: “output [-3]

[31% (02)

Assistant: Thus, a = -3 and b = 3. Hence, a+b = @ (f3)

@

Figure 4: An example of multi-turn mathematical reasoning with Python interpreter. The action is
in a ReAct style (Yao et al.,|2022) where it consists of a reasoning step f3 and an execution step ey,.

prompt and the messages returned by the Python interpreter) in the training. The checkpoint at the
end of the third epoch is used for Gemma and the checkpoint of the end of the second epoch is used
for Mistral as the starting point for RLHF. This is because these models outperform the last-iteration
one with considerable margin and is very close to the next one. An ablation study on the SFT epochs
is also included.

Data format and generation. We format the data into a multi-turn chat where the user asks the
LLMs a question, and provide the messages returned by the Python interpreter in the subsequent
user rounds of chat. For all the data generation process, we adopt the following constraints: (1) for
each turn, the model can generate up to 512 tokens; (2) the maximal number of steps is H=6; (3)
the maximal number of token for each trajectory is 2048. Following Gou et al.|(2023b)); Toshniwal
et al.| (2024), the LLM agent is allowed to call the python interpreter when it decodes a python code
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starting with * * " python and ending with " *. For each step h, to generate the observation oj,, we
leverage the python package IPython, and run all the codes in the history one by one and treat
each code snippet as a Jupyter cell. We only return the standard output or the error message from
the last snippet. When there exists some bug in the code, we only return the error message which
is typically less than 20 tokens as in |Toshniwal et al.| (2024). We notice that some works (e.g. |Shao
et al.|(2024)) also returns the first and the last 50 tokens of the trackback information.

Evaluation Configuration. All the models are evaluated in the zero-shot setting. For all the data
generation process, we adopt the following constraints: (1) for each turn, the model can generate
up to 512 tokens; (2) the maximal number of steps is H=6; (3) the maximal number of generated
token for each trajectory is 2048. When collecting new data for online iterative M-DPO, we set
temperature to be 1.0 and decode without top-K or top-p sampling. For evaluation, greedy decoding
is employed so that the results are generally comparable with previous works |(Gou et al.| (2023b));
Toshniwal et al.[(2024). For evaluating the models with pass@n rate, we follow [Toshniwal et al.
(2024) to adopt a temperature of 0.7.

Python Experiment Environment. We find that the evaluation can be influenced by the python
environment, the precision (especially for the Gemma-1.1 models), and even the virtual machine
we use. This does not affect the overall trend and conclusion because the magnitude of oscillation
is relatively small compared to the overall improvement. For completeness, however, we specify
some of the key package versions here. We use transformers 4.42.4, torch 2.3.0, sympy 1.2, antlr4-
python3-runtime 4.11.0, IPython 8.26.0 for all models. We evaluate the models using torch.float and
use vllm 0.5.0.post1 for most the experiments except for Gemma-2 where vllm 0.5.1 is required. The
inconsistency of vllm version is because Gemma-2 model was not released when we performed the
main experiments of this project. We fix the python environment and machine for our evaluation
throughout the experiment. For SFT, we use the open-source axolotl project with version 0.4.1
and for online iterative preference learning and RAFT, we use the code base from RLHF Workflow
(Dong et al., 2024).

RAFT implementation. RAFT first collects N trajectories per prompt, filters the low-quality data
(by reward function), and fine-tune on the selected trajectories. The data generation step is similar
to the online iterative M-DPO training, except that we only keep the trajectories with correct final
answer. For each prompt, we sample at most k trajectories where we search k € {1, 3,8} and use
k = 1 eventually because we do not see improvement by leveraging more data. We run the algorithm
for three iterations in total. The training parameters are similar to the SFT stage, but we use a smaller
batch size of 32 so that there are enough optimization steps. For Gemma models, we use a learning
rate of Se-6. For each training stage, we train the models for two epochs in total according to our
parameter search. For Mistral model, we find that a smaller learning rate of 1e-6 and training for 1
epoch give us much better performance.

Prompt template. We do not tune the prompt though we do observe that the prompt engineering
can further improve the performance. For all the experiments, we simply adopt the chat template of
the models to form a multi-turn chat as in Figure 4]

C ADDITIONAL EXPERIMENTAL RESULTS

We include additional ablation studies in this section for a more comprehensive understanding of
the proposed algorithm.

The best model is obtained with starting checkpoint fine-tuned with more than 1 epochs. |Tun-
stall et al.|(2023) finds that if the SFT model is trained for more than one epoch, the subsequent DPO
training will lead to performance regression with longer training in terms of instruction-following
ability and benchmark for a general chatbot. In other words, there exists a trade-off between the
SFT training epochs and the DPO training steps. Moreover, the best model is obtained by SFT for
one epoch in their practice. We also conduct an ablation study on the impact of the SFT epoch and
summarize the results in Table[5] Consistently across all tested scenarios, the subsequent iterative
M-DPO training leads to considerable model improvement compared to the SFT model. Meanwhile,
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An example of external messages returned by the Python interpreter

Prompt:
User: Convert the periodic decimal notation 0.42 followed by an infinite sequence of 42s into a reduced fraction g, such that
p and q have no common factors other than 1. Find the sum of p and q.

import sympy as sp

1

2

3 # Define the number as a sympy number with infinilte repeating digits
4 digits = '42'

s num = sp.N(0.4242424242, 1000000) # 1000000 digits are accurate

6 num

User: “output 0.4242424242000000234043000091332942247390747070312500000000000000000 (omit other 320 °0")
File "/site-packages/timeout_decorator/timeout_decorator.py", line 69, in handler_raise_exception(timeout_exception, excep-
tion_message)
File "../anaconda3/envs/inference/lib/python3.10/site-packages/timeout_decorator/timeout_decorator.py”, line 45, in
_raise_exception

raise exception()
timeout_decorator.timeout_decorator. TimeoutError: 'Timed Out’ *“

Figure 5: An example of external messages returned by the Python interpreter. The model writes
down a bad python code leading to an anomalous and lengthy error message.

we also observe a similar trade-off between SFT and RLHF training because with more SFT epochs,
the gains from the RLHF stage decrease. However, in our case, the strongest model is obtained with
three epochs of SFT, followed by fine-tuning through iterative M-DPO, which is different from the
offline DPO training (Tunstall et al., 2023)) or the iterative DPO for general chatbot (Dong et al.,
2024) with only one epoch of SFT.

Table 5: Ablation study of the impact of SFT epoch. Mixture sampling is adopted for the iterative
M-DPO training and we run for three iterations in total. The gains relative to their starting SFT
checkpoints are marked by 7.

Model Method | GSMSK MATH
Gemma-1.1-it-7B SFT 1 epoch 75.1 41.1
Gemma-1.1-it-7B  SFT 1 epoch + Iterative M-DPO | 80.6 5.5 46.7 15.6
Gemma-1.1-it-7B SFT 2 epoch 75.3 44.0
Gemma-1.1-it-7B  SFT 2 epoch + Iterative M-DPO | 82.4 17.1 49.8 15.8
Gemma-1.1-it-7B SFT 3 epoch 77.5 46.1

Gemma-1.1-it-7B  SFT 3 epoch + Iterative M-DPO | 83.9 164 51.2 15.1

NLL loss helps when the SFT model is substantially underfitting. The recent work Pang et al.
(2024) has introduced iterative RPO, specifically aimed at enhancing Chain of Thought (CoT) ca-
pabilities for solving mathematical problems. A key feature of this approach is the inclusion of
an additional negative log-likelihood (NLL) loss for the preferred response. The main intuition for
adding the NLL loss is that the original DPO algorithm (Rafailov et al., 2023)) tends to reduce the
likelihood of the preferred responses, and this is believed to hurt the reasoning ability (Wang et al.,
2024). Motivated by their results, we explored the applicability of this idea to our setup. We conduct
an ablation study by adding the NLL loss into the iterative M-DPO training and observe performance
regression as reported in Table[6] We observe that the best model is obtained in the second iteration if
we add the additional NLL loss even though we use the mixture sampling to increase the diversity of
the collected data. With time-weighted exponential moving average for smoothing training record,
we observe that the log probability of the chosen responses and rejected responses are (-126, -222) at
the 200th step of the third iteration training when we add the NLL loss, as compared to (-166, -350)
in the case without the NLL loss. This is consistent with the result of |Pang et al.| (2024) where with
the additional NLL loss, both the log probability of chosen responses and that of rejected responses
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increase. These evidences indicate that the NLL loss further contributes to the model distribution
collapse and eventually hurt the overall performance of online iterative learning. Finally, we notice
that the additional NLL loss can be viewed as an implementation of the pessimistic principle (Liu
et al.| [2024b)). This also explains its inferior in-domain performance though it may be helpful to
stable the training, which requires more in-depth studies.

However, one distinct feature between our setup and [Pang et al.|(2024) is whether we first fine-tune
the initialized SFT model with in-domain data. To further understand the phenomena, we fine-tune
the Gemma-1.1-it-7B with only 100 steps (so that the model knows to leverage Python code to solve
the problem) as the starting checkpoint of preference learning and conduct an ablation study with
the NLL loss using this model. We observe when the SFT model is substantially underfitting, the
addition of NLL loss actually enhances performance. This scenario mirrors the findings of [Pang
et al.|(2024), who utilized a general LLaMA2-70B-chat model (Touvron et al.l 2023)) without firstly
fine-tuning on the in-domain data. Our observations align with prior research in the context of
developing general chatbots (Lin et al.l [2023), which suggests that RLHF is less effective without
preliminary SFT.

Table 6: Other ablation studies. Mixture sampling is adopted for the iterative M-DPO training and
we run for three iterations in total. The gains relative to the iterative M-DPO are marked by 1.

Model Method | GSMSK MATH
Gemma-1.1-it-7B SFT 3 epoch 71.5 46.1
Gemma-1.1-it-7B SFT 3 epoch + Iterative M-DPO 83.9 51.2
Gemma-1.1-it-7B Iterative M-DPO with NLL loss 81.7 |22 495 |17
Gemma-1.1-it-7B SFT 100 steps 50.8 23.7
Gemma-1.1-it-7B + M-DPO Iteration 1 57.8 27.9

Gemma-1.1-it-7B  + M-DPO and NLL loss Iteration 1 | 61.0 3.2 30.1 12.2

On-policy sampling and small learning rate mitigate the probability drops in preferred re-
sponses. In the literature, the Direct Preference Optimization (DPO) algorithm is often reported
to diminish reasoning capabilities by reducing the likelihood of preferred responses (Yuan et al.,
2024; Hong et al., [2024; Meng et al., |2024)). In our preliminary experiments, we also observe simi-
lar phenomena with a large learning rate (1e-6), where the model’s reasoning ability collapses after
only a few training steps, preventing convergence to good reasoning performance. In contrast, we
find that using on-policy sampling within our online iterative training framework, coupled with a
smaller learning rate (2e-7 or 4e-7), the DPO algorithm enhances the model’s reasoning abilities. To
interpret our observation, we can first write down the gradient of the DPO as follows:

1
Voma(y*|z) — ﬁveﬂe(yl\x) ,

VoLppo(me, Tret) = =1 - O’(Te(d?,yl) - Te(l"vyw)> { oyl

o (Y™ )

where ry(x,y) = nlog %

In practice, the probability of the rejected responses typically decrease, and their gradient quickly
dominates when 7y (y'|z) << mg(y™|x) and the optimization becomes unlearning of the rejected
responses. In this case, the probability of the chosen responses cannot increase. This phenomenon
was also discussed in the blog|Guo et al.| (2024a). When we adopt on-policy sampling, it leads to a
relatively large probability for both rejected and chosen responses at the initial stage, ensuring that
both gradients remain valid and effective. Moreover, a small learning rate prevents the model from
deviating too significantly, maintaining the effectiveness of both gradients. We also notice that for
the KTO algorithm, the preferred responses and the rejected responses do not appear in pairs. We
suspect that the probability of the preferred response increases because the gradients of the rejected
response do not dominate in every mini-batch of data. A more comprehensive understanding of the
training dynamic of the direct preference learning algorithms remains largely open and we leave a
more detailed study of this phenomena to future study.

is the implicit reward and we use the single-turn one for simplicity.
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D THEORETICAL PROOFS

D.1 THEORETICAL RESULTS

In this following, we show that the multi-turn RLHF problem can be solved in a statistically efficient
manner under standard assumptions in learning theory literature. In particular, for generality, we tar-
get the most challenging scenario with stochastic and unknown transitions, while as aforementioned,
multi-turn mathematical reasoning with external tools falls into a relatively easier regime with de-
terministic transitions. As mentioned in the main paper, we mostly study the KL-regularized target
due to the lack of theoretical research on it. The other target of optimizing the rewards has been
theoretically studied in|Wang et al.| (2023b)) while the techniques of analyzing mirror-descent-style
algorithm and corresponding guarantees have also been developed in |Cai et al.| (2020), which can
be migrated to considering preference feedbacks. Also, to ease the presentation, we consider the
scenario with batch size m = 1, while the results can be easily generalized to large batches.

First, to measure the online learning process, we define the optimal policy as

7 = arg max J(m) := J(m; M*, 1), (14)
and introduce the standard notion of regret as
Reg(T) := ) J(x*) = J(m}), (15)
te[T)

which represents the cumulative performance loss over T' steps comparing the learned policies
[7#]Z_, against the optimal policy 7*. In addition, we consider that a bounded u*(z,y) € [0, B] for
all (x,y) to maintain a reasonable utillity regime. Also, it is assumed that we have accesses to the
following policy improvement oracle, that is analogue to the one considered in|Xiong et al.|(2024).

Definition 2 (Policy Improvement Oracle). For any model M = (S, A, H,IP, dy, u) and a reference
function e, we can compute the optimal policy associated with the model [T, h}thl iteratively
as in equation[d

The overall algorithm, i.e., the theoretical version of online iterative M-GSHE, is also summarized in
Algorithm At each round ¢, with D = Uf;%Di as the aggregated dataset, it starts with performing
a maximum likelihood estimation (MLE) of the reward function u* over a set U/, whose elements
are bounded in [0, B], as

Gy = argmax L (@)
aeu

= X [pesetaeh) —atr)) + (1 - oglotar?) — aryy], 1
(z,71,72,2)€UI_1 D;
and also an MLE of the transition kernel P* over a set P as
P, = arg max L(P) := Z log P™ (1), (17)

Fep (m,m)EUtZID;

where P7 (7) denotes the probability of trajectory 7 under policy 7 and transition kernel P. With the

obtained model /\;lt = (1, ]f”t), the Oracle defined in Deﬁnitionis called with the reference policy
Trret Set as the initial policy 7y, whose output is adopted as the main policy 7.

Then, we specify how to choose a theoretically sound exploration policy 72. The previous work
of Xiong et al| (2024) on single-turn RLHF has demonstrated the intuition that the exploration
policy should be in charge of collecting information of the uncertain parts of the environment M,
which is thus often selected to maximize one uncertainty measurement. In the multi-turn RLHF
setup considered in this work, the following proposition serves as the cornerstone to find a suitable
uncertainty measurement to decide the exploration policy. In particular, we can observe that the
optimal policy is parameterized by the optimal ()-function. If a different set of Q-function is adopted
for policy parameterization, we can bound its performance as follows.

Proposition 2 (Value Decomposition Lemma for KL-regularized MDP). If considering a set of
Q-functions [Qp)F_, and a reference policy et with the induced policy 7 as

n(anlsn) & Tret n(an|sn) - exp (Qh(smah)/ﬁ) ,
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and the corresponding set of V -functions [Vh]le as

Vi(sn) = Eapmn(sn) [Qh(shyah)} — D (7h(-|Sh), Tret,n (-|51)), Virs1(smi1) =0,

for any comparator policy m, it holds that

J(r) — J(#)

=Eqy xp [0 (5H,08)] — Eag, 70+ [0 (sH, am)]

+ Z Edg,w,]}”* {VhH(ShH) - Qh(s}uah)} - Z Edo,ﬁ,lP’* [Vh+1(3h+1) —Qh(sh,ah)
he[H] he[H]

/N Z Edg,ﬂ,IP’* [DKL(Wh('|Sh)77Arh('|Sh))] ’
he[H]

where the expectation Eq,  p+ is with respect to the prompt and response (i.e., the trajectory) gen-
erated following dy,P* and 7.

Based on Proposition [2} the exploration policy 72 is selected as

77 = arg max max E, glu(sy,an)] —E, . 5lu(sa,an)]
™ aely,PeP, e

_ (Edg,ﬂ-f [ﬁt(sH, aH)] — Edo,ﬂ%,ﬁ [ﬁt(sH, (LH)D (18)
+ Z By x5 {Vt,h+1(3h+1) - [ﬁDt,th,h-&-l] (Shaah)} ;
he[H]

where U; and P, are two confidence sets defined as

U ={uecld:Li(u) > L) — ci log(JU|T/5)},

~ . 19)

Pe={PeP:L(P) > L(P:) — c1log(|P|T/5)} (
with ¢; denoting an absolute constant here. Note that for the theoretical convenience, we have as-
sumed U/ and P are finite here, which can be extended to the infinite case using standard discretiza-
tion techniques. It can be observed that 77 is selected to maximize a combination of uncertainty
from estimations of both rewards and transitions. If considering known transitions (i.e., without the
need to estimate IP), the uncertainty from the estimation of transitions dimimishes, which leads to a
similar uncertainty measurement adopted in | Xiong et al.|(2024).

The following theorem establishes a rigorous guarantee for the regret incurred.

Theorem 2. Assuming u* € U and P* € P, with probability at least 1 — §, we have that

Reg(T) Sk~ By/duT log(U|T/8) + B*HE(dp, T, ez log(|P|HT/9))
=1 DY Bag e e [P Clsn)swlnClsn)]

te[T] he[H]

where k := 1/(2 + exp(—DB) + exp(B)), ¢z is an absolute constant, dy; is the Eluder coefficient
defined in Definition |3|while dp and £(-) are from the generalized Eluder-type condition defined in

Definition

We note that the Eluder coefficient and the generalized Eluder-type condition are standard and well-
adopted conditions in the theoretical studies on RL (Zhang, 2023} [Zhong et al., |2022; |Liu et al.,
2023a}; Xie et al.|, [2022; |Agarwal et al., 2023) and also RLHF (Zhan et al., 2023} Wang et al.,
2023b; |Ye et al., [2024). Moreover, for a board class of RL problems (see [Zhang| (2023); Liu et al.
(2023a)) for more details), the Eluder coefficient d;; is small and the condition is satisfied with
&(dp, T, c2log(|P|HT/5)) < /dpT log(|P|HT/S), which implies that the regret of theoretical
version of Algorithm [T]is sublinear in 7', further evidencing its statistical efficiency.
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D.2 PROOF OF PROPOSITION[2]

Proof of Proposition[2] For one policy , starting with Vi me1 = 0, we recursively define its V-
value and Q-value functions on one model M = (S, A, H,P, dy, u) and the reference policy myct
as

Qe (5 1n) { u(sm,an), ifh=H,
hy @R) 1= . .
Mk EOhNPh("Sh,CLh)[VM,h+1(Sh+1)]7 ifth<H-— 1,

V./T\Zl,h(sh) = Eahwwh(-|sh) [QﬂMyh(Sha ah) -n- DKL (ﬂ-h("sh)a 7Tref7h('|5h))] .
It is noted that with the optimal policy mat, @m,n = Q)Y and Vag,n = Vi . In the following
discussions, we exclusively focus on the model M* = (S, A, H,P*, dy, u*) with abbreviations
= QN pand VT = VT, .
For any comparator policy 7, it holds that
J(m) = (%) = By [Vi*(51) = Va(s1)] = Eaq [V (1) = Vao1)]

For any h € [H], we can obtain that

Edgimin 1 Vit (1) = Vi(om)| = Bao s, [Vir (1) = Vilon)|

(a) p
= Edg,my_ 1.1, _, [Em, [Qh(sh,an)
Tiho1 _]Eﬁ'h, Qh( )
— Edgtvn_r Bt [Er, [QF (shyan)] = nDxL(Fr(]sk), Tret,n(-|5n)

(snyan)] = nDxw. (o (sn)s Toet.n (lsn))|

= Edo,min By, [QZ(Shvah) — Qn(sn, ah)} — Eag,1,Py,, [QZ(Sh,ah) - Qh(shvah)}
+Edomns#t,_, |Ery |@n(sn,an)| — Ez, [Qh(sh; ah)”

term (I)

)
)

] = Dk (7h([8k), Tret,n(+51))]

g minor 7 | = nDicw GnClsn) moenClsn))|
)]

+Ed07"1h 1,P]

1:h—1

—~

=1 Bagmpp_s 1, [DKL (1 (:|88); Tret,n(+|8h))]

+ 1 Eagmy 1 pr,_, [Dxr (Tn(: 51n))]

b . ) R
o Eag,myn.Pr, [ h(8hyan) — Qn(sn, ah)} = Edp 2y P2, [QZ(Sm an) — Qn(sn, ah)}
-n- Edo T1n—1,P1 4 [D (ﬂ-h('|5h)’ﬁ-h('|5h))]'

|sh |
|5h ,Wref,h('|

In the above derivation, equation (a) is from the definitions of @™ and V™, and the relationship
between @@ and V. The equation (b) is because

(term I) := E,, [Qh(sh,ah } - [ n(sh,an }
=By, [log Tnlan]sn) } 0 Es, [ nanlsn) }
Tref,h ah|5h 7Tref h(ah|5h)

=1 D1, (mh(:|8h); Tret,n (+[s1)) — 0 - Dxcr (7 (-[s1), Tr(:|sn))
—n - Dxr, (7n(-[sn), Tret,n(+[sn)) -

where the second equation is from the relationship that

A frh(ah\sh)

=n-1 —n-logZ .
Qn(sn,an) =n Ogﬂ'ref,h(ah|3h) n - log Zp,(sn)

Furthermore, if h = H, we can obtain that

Edg,rrmr 1P, |VA(sH) — VH(SH)} —Edo, 101 ,P1 s {VS(SH) — Vi(su)
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=Edominpy [u*(Sm am) — Qu(sn, aH)] — Bag, 10,255, [U*(sHv an) — Qu(su, aH)]
=0 Bagmrn 1y (DL (T (sH), T (+[sH))]

= Eao,mrn,Pr py_, W (sHs am)] = Bag, iy by, [0 (SH,a)]
+ Edo,my.n,P;. [VH+1(8H+1) — Qul(sn, GH)} = Bdo v Py [VH+1(SH+1) — Qul(sn, GH)}
=0 By mym 1 i, (DU (ma Clsa)l|7m(sm))],

where the second equality leverages that VH+1 (sg+1) = 0; otherwise, for all h < H — 1, it holds
that

Edg,miin_1,P1,_, {V}f(Sh) - Vh(Sh)] = Edg 710 1.P7,_, {Vhﬁ(sh) - Vh(Sh)]

= Edg,mr0.Pr,_, {QZ(SM an) — Qn(sn, ah)} = Edg,#1.,P7,, [QZ(Shyah) — Qn(sn, ah)}

=0 Eagmy_1.pr,_, [P (mn(sp)l|Tr(:|sk))]

= Eag, w0 Py, [Vh+1(5h+1) = Qn(sh, ah)} — Edo 710, [Vh+1(8h+1) — Qn(sn, ah)]

=0 Bag,mp_1,p5,_, [Pk (mn(-[sn)||7a(|sk))]

+ Edg,m1.0,P3,, [Vhﬂ+1(sh+1) — Vi1 (Sha1 } — Edg,mrn.P1, {Vhﬁ+1(5h+1) - Vh+1(8h+1)] :

The proposition can be obtained by iteratively using the above relationship for h € [H]. O

D.3 PROOF OF THEOREM[2]

First, with the assumption u* € U and P* € P, the following lemma demonstrates that th and 7515
are valid confidence sets.

Lemma 1 (Proposition B.1 from Liu et al.|(2023a)). There exists an absolute constant ¢y such that
forany § € (0, 1], with probability at least 1 — 6, for all t € [T), & € U, and P € P, it holds that

Li(4) — Le(u*) < 1 log(JU|T/6), Li(P) — Ly(P*) < ¢1 log(|P|T/9),
which implies that u* € L?t and P* € 75,5.
Then, we provide an additional lemma demonstrating the in-sample error of the MLE and optimistic

estimators.

Lemma 2. There exists an absolute constant co such that for any § € (0, 1], with probability at least
1 -0, forallt € [T], we have

A~ ~ * * 2
Z ’U (Ut(S?,Ha a?,H) - ut(s},Hvazl,H)) -0 (U (S?,Hv a?,H) —u (S},Hvag,H))| < cplog(|U[T/0);
i<t

~ ~ * * 2
Z |0 (Ut(SE,Ha a?,H) - ut(szl,Hva},H)) -0 (u (SzQHv a?,H) —u (szl,Hvazl,H)H < ez log(|U[T/0),
i<t
and for all t € [T), h € [H], we have

) ~ . 2
Z Z Z v ({d07 7sz‘7 []Pylk:h—lv Pt,hvprL-i-l:H]}v {d07 Trzj‘vpj{:H}) < ¢z log(|P|HT/d);

je{1,2} he[H] i<t
. ~ . 2
> STV ({doywl [Ph 1 P Phrr b Ado, 7 Pry ) < colog(PIHTY),
j€{1,2} he[H] i<t

where TV ({dy, 7, P}, {do, 7', P’'}) denotes the TV distance between the probability distributions
over the trajectories induced by dg, m, P and dy, 7', P'.

Proof of Lemmal[2] First, for @, we can obtain that with probability at least 1 — 4§, there exists an
absolute constant ¢ such that for all ¢t € [T7,

Z |U (at(S?,H7aiH) - at(S},Hvazl,H)) -0 (U*(Sim a?,H) - U*(Szl,m azl,H))‘

i<t

2
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<e. Zlog Zi - 1 H> azl,H) - 'i*(s?,Hvazz,H)) +(1—2z)0 (’:t*(sfH: a?,H) _it*(szl,Hv ail,H))
izt (“t(SI,Hv azl,H) - ut(szz,H7a12,H)) +(1—-z)0 (ut(S?,H7 a?,H) - ut(szl,H7 azl,H))

+ c-log(|Z/{|T/6)

= c(Lu(u") — Lu() + log({UIT/5))

(Le(u") = Li(te) + 1 log(|U|T/6) + log([U|T'/5))

c2

<c
< c2 log(U|T/9).

where the first inequality is from Proposition B.2 from |Liu et al.|(2023a) and the second inequality
uses LemmalT] The result for @ can be similarly established.

Then, following similar steps, for I?’t, we can obtain that with probability at least 1 — 9, there exists
an absolute constant ¢ such that for all ¢ € [T,

. ~ . 2
Z Z ZTV ({do,ﬂ'g, [szhflﬁphthZJrl:H]}v {do’ﬂ-ipy{:H})

je{1,2} he[H] i<t

<Y Y (Zl (a5t Zjh) +1og(7>hHT/5)>

je{l 2} he[H)] i<t Pth zh+1|51h7 zh)

|
o

> Zlog + 2log(|P|HT/S)

je{1,2} i<t Pt ( 7
= ¢+ (L") = Lu(By) + 210g(|P|HT/5))
< ¢+ (L) = Li(By) + 1 log(IPIT/5) + 2log(|P|HT/5))
< e log(|P|HT/9).

The result for P, can also be similarly established. O

Proof of Theorem[2] In the following proofs, we omit the KL term in the decomposition to ease the
presentation. Then, with probability at least 1 — 4, for all ¢ € [T], we can obtain that

(") — J(x})
= Eagonev [0 (511, 00)] = Byt oo [0 (511, 000)] = (Bag o v [ (511, am)] = Byt o [ie(s1, ar)])

+ Z Eqg,nx p |:‘A/;§,h+1(3h+l) — [Pt,hvt,h-&-l] (5h7ah)] — Z Egy,xl b [‘Zﬁ,h+l(5h+1) - [@t,hvt,hﬂ] (Sh,ah)]
he[H] he[H]

< Eyyon 5, (s, 00)] = By oy 5, (11, am)) = (Bgy na 5, [0 (511, am)] = By o 5, [ie(sm, )] )

term (I)4

+ Z Edo,w?ﬁt [Vt,h+1(5h+1) [Pt WVi h+1:| (sn,an) } + Z Eyp rt - HPt WVi h+1:| (sn,an) — Vt,h+1(8h+1)],
he[H) he[H]

term (1)

where the inequality is from the definition of 72 and the fact that (u*, P*) € U, x P, from Lemma

We define the following terms:

term (A), := By, 12 po [r(s11,am)] — Egy o1 p- [@e(srr, am)] - (Edo,ﬁtzyp* [w* (s#, am)] = By 1 5 [u" (51, aH)]) :
term (B) := By, 2 ps (W (su,an)] — Eq,x1 pr [w"(sm,an)] — (Edo,wf,]}"* [4e(sh,am)] — Egy nl e [ﬁt(sHvaH)]) )

em(©), = Y. S E, .. [TV (ﬁt,h(.\sh,ah),m(.m,ah))],

je{1,2} he[H]

term (D), := Z Z ]Edg,w{,l?* [TV (]fbt’h(-‘Sh,ah),P;;('Sh,ah))].

je{1,2} he[H]
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For term (I),, we have that

term (1), := Edo,wf,f”t [Ue(sm,am)] —E, 1 B, [We(sw,am)] (Edo x2 B, [Ge(sm,am)] — Edo,wé,f% [ﬁt(sH,aH)])
= By np e [(511,a1)] = By ot oo [t (s, 08)) = (Bag e [0 (511, 010)] = Byt - [uF (512, 00)])
+ By x2.p [ug (sar,am)] — By, l P [ui (sm,am)] (Edo 2 p* [G¢(sr,am)] — By l P [ut(sH,aH)})
+ Euo. 2 B, [Ue(sm,anm)] —E, 1 B, [t(se,am)] (Edo a2 pe [Ut(sm,am)] = Eqy o1 pe [Ur(sm,an ])
+ Bz oo [t (s1,080)] — By nt o [ (51, arr)] (Edo w5, li(sm,am)] — By s (s, an ])
< Buy oz e [e(sm,am)] = By oy oo [, am)] = (B m2 oo 07 (510, am)] = By oy o [0 (512, 10)])

+ By n oo [0 (511, 08)] = Byt o (05 (s, 00)] = (Bt n2 - 00511, 00)] = By oy g [f(511, 0] )
+4B- TV ({do, !, e}, {do, wl B"}) + 4B - TV ({do, w7, Pi}, {do, 7, P})

< Buy oz e [e(sm, am)] = By g o [, am)) = (B o2 - 07 (510, a0)] = By g e [0 (520, 10)])

term (A),

+ By n oo [0 (511, 08)] = Byt o [0 (s, 00)) = (Bt 2 2 00511, 000)] = By oy g [f(511, 0] )

term (B),

+4B- >0 D EaE [TV (ﬁtvh“shvah)7PZ('|5h7ah))] :

j€{1,2} he[H]

term (C),

For term (II),, we have that

term (I); = Z Eo,n2 3, [Vt,hﬂ(shﬂ) - [Pt,hvt,hﬂ} (Shvah)}
he[H]

+ Z Egy,x2 p Hpt,hf/t,h+1} (sh,an) _Vt,h-',-l(sh—',-l)}

he[H]
= Y Egynzpe {‘77:7h+1(8h+1) - {Pt,h‘};zh-i-l] (Sh,ah)]
he[H]
+ Z do,2,B, Vt,h+1(8h+1) - [Pt,hvt,hqtl} (8hyan)
he[H] )
— Y Egm ‘A/t,h+1(5h+1) - [I@t,hf/t,h-&-l} (8hsan)
he[H] )
+ Y Egymip {I@)t,h‘z,h-i-l} (sh»an) = Ve (Sne1)
he[H] .

SOB- 3 D gy |TV@enClsnan). B (s, )|

je{1,2} he[H]
+2BH - Tv({d07 7Tt ) ]P)t}v {dO, 7rt ) ]P)*})
<2B- 3 N By e [TVBenClsnan), BiClsnsan)]

j€{1,2} he[H]

term (D),
+2BH- Y Z By o0 [TV(]E,;L(-B;I,ah)),PZ(~|sh,ah)} .
je{1,2} he[H
term (C),
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In the above derivations, we have repeatedly used similar relationships as follows:
V({do, 72, Be} {do, 8 P Y <3 Bz e [TV (BenClsns an) P Clsnsan) )|
he[H]
which can be derived as
TV({d07 Trt ) ]P)t} {d07 Trt ) * S Z TV ({dOa U 7P1 ch—1> Pt h: H} {dOa Trt 5 IP>1 h?Pt h+1: H})

he[H]

- Z Edy 2 - {TV (ﬁ)t,h('|3haah)7PZ("Sh7ah)})}.

he[H]

Then, we can obtain that

Z J(r*) = J(7}) < Z term (A), + Z term (B),

te[T) te[T) te[T)
+ (4B + 2BH) Z term (C), + 2B Z term (D), .
te(T] te(T]

Then, we control the sum of each individual term in the following. First, for term (A),, with proba-
bility at least 1 — ¢, we have that

Z term (A),
te(T)

= > Bupnz oo [, 00)] = By o [(511,000)] = (B2 e [0 (51, 00)] = By oo [0 (511, 0] )

te(T)
< Z ﬂt(sf,H7a?,H) - at(stl,Hva%,H) - (U*(SE,H,G?,H) —u (St Haat H ) + O Bv Tlog 1/5
te(T)

T t—1
<|du Z <1 + Z (ﬁt(sf,H: a?,H) - ﬁt(szl,Hv a},H) - (“*(S?,Ha a?,H) - u*(szl,H’ a’zl,H)))2>
t=2 i=1
+ O(B+/Tlog(1/9))
< 4| du Z (1 +r2 Z i, H? a;, H) at(S},H7 a},H)) -0 (“*(5?,1-17 a?,H) - u*(S},H7 azl,H)))2>

t=2

+ O(B+/Tlog(1/6))
< kT'BYduTlog(JU|T/9),

where the first inequality is from the Hoeffding inequality, the second inequality uses the Eluder
coefficient dy := EC(1,U — U, T) from Deﬁnition the third inequality leverages the mean value
theorem with x := 1/(2 + exp(—B) + exp(B)) representing the minimum derivative of o(-) in the
regime of [0, B], and the last inequality incorporates Lemma A similar result can be obtained for
term (B),.

For term (C),, we have that

Z term (C), = z Z z Edm i p [TV (Pt n(1snyan), P (- |5haah))}

te([T] j€{1,2} t€[T] he[H]

= > 3 Y TV (1o Prn v B Phraal} o, 7 Py}
j€{1,2} te[T] he[H]
< 2H - £(dp. T, ¢ log([P|HT/5)).

where the last step is from the generalized Eluder-type condition in Definition f]and Lemma[2] A
similar result can be obtained for term (D),.

Finally, we obtain that

Reg(T) <k~ 'B\/dyTlog(|U|T/8) + B*HE(dp, T, co log(|P|HT /)
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033" By [Dxn (i Clsn), mhn (lsn))]

te[T] he[H)
which concludes the proof. O
E TECHNICAL LEMMAS

Lemma 3 (Solution of KL-regularized Optimization (Proposition 7.16 and Theorem 15.3 of Zhang
(2023))). Given a loss functional with respect to p(-|x), written as

IEwwp(-) |: - U(w) +nDkL (p()ap()()):|

= nDx (p(-)ypo(-) exp (%U(-))) — 1 10g By py () €XP (%U(w)),

C
where the minimizer of the loss functional is p*(w) = Z&-po(w) exp <%U(w)>, also known as Gibbs
distribution.
Definition 3 (Eluder Coefficient, Definition 17.17 in |[Zhang| (2023)). Given a function class F,

its Eluder coefficient EC(\, F,T) is defined as the smallest number d so that for any sequence
{zy:te[T)}and {fi :t € [T]} € F,

T T t—1
D lfilwe) = frla)] < 4 |dD (A + 2 (fulwi) = f*(xi))2> :

Definition 4 (Generalized Eluder-type Condition, Condition 3.1 in|Liu et al.[(2023a))). There exists a
real number dp € R™ and a function & such that for any (T, A) € NxR™, transitions {P, : t € [T}
and policies {m; : t € [T]}, we have

Vt € [T], ZTV({dQ,P;,ﬂ',‘}, {do,P, Tl',‘})2 < A

i<t

= Z TV({d(%Pivﬂ-t}a {d()vPv ﬂ-t}) S g(d'PvTaA)
te[T)
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