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Abstract

We propose the first, to our knowledge, loss function for approximate Nash equi-
libria of normal-form games that is amenable to unbiased Monte Carlo estimation.
This construction allows us to deploy standard non-convex stochastic optimiza-
tion techniques for approximating Nash equilibria, resulting in novel algorithms
with provable guarantees. We complement our theoretical analysis with exper-
iments demonstrating that stochastic gradient descent can outperform previous
state-of-the-art approaches.

1 Introduction

Nash equilibrium famously encodes stable behavioral outcomes in multi-agent systems and is arguably
the most influential solution concept in game theory. Formally speaking, if n players independently
choose n, possibly mixed, strategies (x; for ¢ € [n]) and their joint strategy (x = [[; x;) constitutes a
Nash equilibrium, then no player has any incentive to unilaterally deviate from their strategy. This
concept has sparked extensive research in various fields, ranging from economics [30] to machine
learning [16], and has even inspired behavioral theory generalizations such as quantal response
equilibria which allow for more realistic models of boundedly rational agents [28].

Unfortunately, when considering Nash equilibria beyond the special case of the 2-player, zero-sum
scenario, two significant challenges arise. First, it becomes unclear how a group of n independent
players would collectively identify a Nash equilibrium when multiple equilibria are possible, giving
rise to the equilibrium selection problem [[18]]. Secondly, even approximating a single Nash equilib-
rium is known to be computationally intractable and specifically PPAD-complete [[11]. Combining
both problems together, e.g., testing for the existence of equilibria with welfare greater than some
fixed threshold is NP-hard and it is in fact even hard to approximate (i.e., finding a Nash equilibrium
with welfare greater than w for any w > 0, even when the best equilibrium has welfare 1 — w) [2]].

From a machine learning (ML) practitioner’s perspective, however, such computational complexity
results hardly give pause for thought as collectively we have become all too familiar with the
unreasonable effectiveness of ML heuristics in circumventing such obstacles. Famously, non-convex
optimization is NP-hard, even if the goal is to compute a local minimizer [31]], however, stochastic
gradient descent (and variants thereof) succeed in training models with billions of parameters [[7]].

Unfortunately, computational techniques for Nash equilibrium have so far not achieved anywhere
near the same level of success. In contrast, most modern Nash equilibrium solvers for n-player,
m-action, general-sum, normal-form games (NFGs) are practically restricted to a handful of players
and/or actions per player except in special cases (e.g., symmetric [38] or mean-field games [34]). This
is partially due to the fact that an NFG is represented by a tensor with an exponential nm™ entries;
even reading this description into memory can be computationally prohibitive. More to the point, any
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computational technique that presumes exact computation of the expectation of any function sampled
according to x similarly does not have any hope of scaling beyond small instances.

This inefficiency arguably lies at the core of the differential success between ML optimization and
equilibrium computation. For example, numerous techniques exist that reduce the problem of Nash
equilibrium computation to finding the minimum of the expectation of a random variable (see related
work section). Unfortunately, unlike the source of randomness in ML applications where batch
learning suffices to easily produce unbiased estimators, these techniques do not extend easily to game
theory which incorporates non-linear functions such as maximum, best-response amongst others.
This raises our motivating goal:

Can we solve for Nash equilibria via unbiased stochastic optimization?

Our results. Following in the successful steps of the interplay between ML and stochastic optimiza-
tion, we reformulate the approximation of Nash equilibria in an NFG as a stochastic non-convex
optimization problem admitting unbiased Monte-Carlo estimation. This enables the use of powerful
solvers and advances in parallel computing to efficiently enumerate Nash equilibria for n-player,
general-sum games. Furthermore, this re-casting allows practitioners to incorporate other desirable
objectives into the problem such as “find an approximate Nash equilibrium with welfare above w”
or “find an approximate Nash equilibrium nearest the current observed joint strategy” resolving the
equilibrium selection problem in effectively ad-hoc and application tailored manner. Concretely, we
make the following contributions by producing:

* A loss function £(x) 1) whose global minima coincide with interior Nash equilibria in normal
form games, 2) admits unbiased Monte-Carlo estimation, and 3) is Lipschitz and bounded.

* A loss function L7 (x) 1) whose global minima coincide with logit equilibria (QRESs) in normal
form games, 2) admits unbiased Monte-Carlo estimation, and 3) is Lipschitz and bounded.

* An efficient randomized algorithm for approximating Nash equilibria in a novel class of games. The
algorithm emerges by employing a recent X'-armed bandit approach to £7 (x) and connecting its
stochastic optimization guarantees to approximate Nash guarantees. For large games, this enables
approximating equilibria faster than the game can even be read into memory.

* An empirical comparison of stochastic gradient descent against state-of-the-art baselines for
approximating NEs in large games. In some games, vanilla SGD actually improves upon previous
state-of-the-art; in others, SGD is slowed by saddle points, a familiar challenge in deep learning [12].

Overall, this perspective showcases a promising new route to approximating equilibria at scale in
practice. We conclude the paper with discussion for future work.

2 Preliminaries

In an n-player, normal-form game, each player ¢ € {1,...,n} has a strategy set A4; =
{a;1,-..,a;m,} consisting of m; pure strategies. These strategies can be naturally indexed, so
we redefine A; = {1,...,m;} as an abuse of notation. Each player 7 also has a utility function,
uw; : A=1T[, A — [0,1], (equiv. “payoff tensor”) that maps joint actions to payoffs in the unit-
interval . Note that equilibria are invariant to payoff shift and scale [27] so we are effectively assuming
we know bounds on possible payoffs. We denote the average cardinality of the players’ action sets
by m = 717 >, Mk and maximum by m* = max; my. Player i may play a mixed strategy by
sampling from a distribution over their pure strategies. Let player ¢’s mixed strategy be represented
by a vector z; € A™:~! where A™i "1 is the (m; — 1)-dimensional probability simplex embedded
in R™:. Each function u; is then extended to this domain so that u;(x) = >_,c 4 ui(a)[]; zja,

where & = (21, ...,2,) and a; € A; denotes player j’s component of the joint action a € A. For
convenience, let z_; denote all components of x belonging to players other than player .

The joint strategy @ € [[, A™i~! is a Nash equilibrium if and only if, for all i € {1,...,n},
wi(zi,w_;) < u;i(x) forall z; € A™i~1 i.e., no player has any incentive to unilaterally deviate from
x. Nash is typically relaxed with e-Nash, our focus: u;(z;, 7_;) < u;(x) + € forall z; € A™i—1,

As an abuse of notation, let the atomic action a; = ¢; also denote the m;-dimensional “one-hot" vector
with all zeros aside from a 1 at index a;; its use should be clear from the context. We also introduce
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Loss Function Obstacle
Exploitabilty maxy e (x) max of r.v.
Nikaido-Isoda (NI) >k €n(x) max of I.v.
Fully-Diff. Exp Dok Dapen, max(0, ug(ag, v—;) — ug (z)))? max of r.v.
Gradient-based NI | NI w/BRy, ¢ aBRj, = Ila (a,-k + nvwkuk(w)> I of £.v.
Unconstrained Loss + Simplex Deviation Penalty sampling from x; € R™*

Table 1: Previous loss functions for NFGs and their obstacles to unbiased estimation.

Vsz as player ¢’s utility gradient. And for convenience, denote by H, = E,__, [u;(a;,a;,z_;)] the
bimatrix game approximation [20] between players ¢ and [ with all other players marginalized out;
2 _; denotes all strategies belonging to players other than ¢ and [ and u;(a;, a;, x_;;) separates out ’s
strategy x; from the rest of the players z_;. Similarly, denote by fl ¢ = Ee i, [wi(as, ar, ag, T_i1q)]
the 3-player tensor approximation to the game. Note player ¢’s utility can now be written succinctly
as u;(z;,x_;) = x;'—V;, = x: Hflxl = xiTiiqulazq for any [, ¢ where we use Einstein notation for
tensor arithmetic. For convenience, define diag(z) as the function that places a vector z on the
diagonal of a square matrix, and diag3: z € R? — R9X4*4 a5 a 3-tensor of shape (d, d, d) where
diag3(z); = zi. Following convention from differential geometry, let 7, M be the tangent space
of a manifold M at v. For the interior of the d-action simplex A%~!, the tangent space is the same at
every point, so we drop the v subscript, i.e., TA%~1. We denote the projection of a vector z € R?
onto this tangent space as [lppa-1(2) = 2 — ész. We drop d when the dimensionality is clear
from the context. Finally, let I/ (.S) denote a discrete uniform distribution over elements from set S.

3 Related Work

Representing the problem of computing a Nash equilibrium as an optimization problem is not new. A
variety of loss functions and pseudo-distance functions have been proposed. Most of them measure
some function of how much each player can exploit the joint strategy by unilaterally deviating:

ex(x) Ed ug (BRg, k) — ug(x) where BR € arg max uy(z, z_). (D
z

As argued in the introduction, we believe it is important to be able to subsample payoff tensors of
normal-form games in order to scale to large instances. As Nash equilibria can consist of mixed
strategies, it is advantageous to be able to sample from an equilibrium to estimate its exploitability e.
However none of these losses is amenable to unbiased estimation under sampled play. Each of the
functions currently explored in the literature is biased under sampled play either because 1) a random
variable appears as the argument of a complex, nonlinear (non-polynomial) function or because 2) how
to sample play is unclear. Exploitability, Nikaido-Isoda (NI) [32] (also known by NashConv [21]] and
ADI [135]), as well as fully-differentiable options ([36], p. 106, Eqn 4.31) introduce bias when a max
over payoffs is estimated using samples from x. Gradient-based NI [35] requires projecting the result
of a gradient-ascent step onto the simplex; for the same reason as the max, this is prohibitive because
it is a nonlinear operation which introduces bias. Lastly, unconstrained optimization approaches ([36],
p. 106) that instead penalize deviation from the simplex lose the ability to sample from strategies
when iterates are no longer proper distributions. Table T[] summarizes these complications.

4 Nash Equilibrium as Stochastic Optimization

We will now develop our proposed loss function which is amenable to unbiased estimation. Our key
technical insight is to pay special attention to the geometry of the simplex. To our knowledge, prior
works have failed to recognize the role of the tangent space T'A. Proofs are in the appendix.

4.1 Stationarity on the Simplex Interior

Lemma Assuming player i’s utility, u;(x;, x_;), is concave in its own strategy x;, a strategy in
the interior of the simplex is a best response BR; if and only if it has zero projected-gradieny |norm:

'Not to be confused with the nonlinear (i.e., introduces bias) projected gradient operator introduced in [I9]).
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BR; € (intA Nargmaxu;(z, x_;) — ui(x;, v_;)) <= (BB € intA) A (|[Tlpa[Vi, ]|l = 0).
2)

In NFGs, each player’s utility is linear in x;, thereby satisfying the concavity condition of Lemmal|I]

4.2 Projected Gradient Norm as Loss

An equivalent description of a Nash equilibrium is a joint strategy & where every player’s strategy is
a best response to the equilibrium (i.e., ; = BR; so that €;(x) = 0). Lemma states that any interior
best response has zero projected-gradient norm, which inspires the following loss function

Lx) = nelTra(VE, I 3)
k

where 7, > 0 represent scalar weights, or equivalently, step sizes to be explained next.

Proposition[I} The loss L is equivalent to NashConv, but where player k’s best response is approxi-
mated by a single step of projected-gradient ascent with step size 1. aBRy, = xi + nkHTA(V’;k ).

This connection was already pointed out in prior work for unconstrained problems [[15, 35, but this
result is the first for strategies constrained to the simplex.

4.3 Connection to True Exploitability

In general, we can bound exploitability in terms of the projected-gradient norm as long as each
player’s utility is concave (this result extends beyond gradients to subgradients of non-smooth
functions).

Lemma2] The amount a player can gain by exploiting a joint strategy x is upper bounded by a
quantity proportional to the norm of the projected-gradient:

ex(x) < V2|[Hra (V5 )] )

This bound is not tight on the boundary of the simplex, which can be seen clearly by considering xy,
to be part of a pure strategy equilibrium. In that case, this analysis assumes x; can be improved upon
by a projected-gradient ascent step (via the equivalence pointed out in Proposition[I). However, that
is false because the probability of a pure strategy cannot be increased beyond 1. We mention this to
provide further intuition for why £(x) is only valid for interior equilibria.

Note that [|[TI7A (V% )|| < ||[VE || because Il74 is a projection. Therefore, this improves the naive
bounds on exploitability and distance to best responses given using the “raw” gradient Vﬁk.

Lemma The exploitability of a joint strategy x, is upper bounded by a function of L(x):

¢ <\ |2 /(@) © f(L). 5)

ming N

4.4 Unbiased Estimation

As discussed in Section 3] a primary obstacle to unbiased estimation of £(x) is the presence of
complex, nonlinear functions of random variables, with the projection of a point onto the simplex
being one such example (see I1x in Table[T). However, Ilpa, the projection onto the tangent space
of the simplex, is linear! This is the key that allows us to design an unbiased estimator (Lemma3)).

Our proposed loss requires computing the squared norm of the expected value of the gradient
under the players’ mixed strategies, i.e., the [-th entry of player k’s gradient equals V:]f:u =
Eq_y~a_Uk(ags,a—g). By analogy, consider a random variable Y. In general, E[Y]? # E[Y?].
This means that we cannot just sample projected-gradients and then compute their average norm to
estimate our loss. However, consider taking two independent samples from two corresponding identi-
cally distributed, independent random variables Y () and Y'®). Then E[Y (V]2 = E[y D]E[Y P)] =
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Exact Sample Others Sample All
Estlmator Of Vk(p) uk(akl,aﬁ,k) uk(akl,a,k ~ ZE,;C) mkuk(akl ~ M(Ak),a,k ~ m,k)el
VM Bounds | [0, 1] [0,1] [0, mg]
VEP) Query Cost H? L m; my, 1
L Bounds | +7 Zk e | £33 memu 5 >k mem
L Query Cost | n H My 2nm 2n

Table 2: Examples and Properties of Unbiased Estimators of Loss and Player Gradients (Vz (p ))

E[Y (DY ()] by properties of expected value over products of independent random variables. This is
a common technique to construct unbiased estimates of expectations over polynomial functions of

random variables. Proceeding in this way, define Vﬁil) as a random variable distributed according to
the distribution induced by all other players’ mixed strategies (j # k). Let Vfg,(f) be independent and
distributed identically to V’;,El) Then

Zn vk(l) (1Tvk(1)) ) (vk(2) (1Tvk(2)) )] (6)

m my

projected-gradient 1 projected-gradient 2

where @ﬁip ) is an unbiased estimator of player k’s gradient. This unbiased estimator can be con-
structed in several ways. The most expensive, an exact estimator, is constructed by marginalizing
player k’s payoff tensor over all other players’ strategies. However, a cheaper estimate can be obtained
at the expense of higher variance by approximating this marginalization with a Monte Carlo estimate
of the expectation. Specifically, if we sample a single action for each of the remaining players, we
can construct an unbiased estimate of player k’s gradient by considering the payoff of each of its
actions against the sampled background strategy. Lastly, we can consider constructing a Monte Carlo
estimate of player k’s gradient by sampling only a single action from player k to represent their entire
gradient. Each of these approaches is outlined in Table |2 along with the query complexity [3] of
computing the estimator and bounds on the values it can take (derived via Lemma|[T9).

We can extend Lemma [3to one that holds under T" samples with probability 1 — & by applying, for
example, a Hoeffding bound: € < f(L(z) + O(y/ % In(1/9)).

4.5 Interior Equilibria

We discussed earlier that £(x) captures interior equilibria. But some games may only have pure
equilibria. We show how to circumvent this shortcoming by considering quantal response equilibria
(QREy), specifically, logit equilibria. By adding an entropy bonus to each player’s utility, we can

 guarantee all equilibria are interior,
« still obtain unbiased estimates of our loss,

* maintain an upper bound on the exploitability € of any approximate equilibrium in the
original game (i.e., the game without an entropy bonus).

Define uj,(x) = ug(x) + 75(x;) where the Shannon entropy S(zr) = — >,z In(xy) is a 1-

strongly concave function with respect to the 1-norm [6]]. Also define L7 () as before except where

V’;k is replaced with V’;: = V,, ui (), i.e., the gradient of player k’s utility with the entropy bonus.

It is well known that Nash equilibria of entropy-regularized games satisfy the conditions for logit
Vk

equilibria [23], which are solutions to the fixed point equation 2 = softmax(—* ). The appearance

of the softmax makes clear that all probabilities have positive mass at positive temperature.

Recall that in order to construct an unbiased estimate of our loss, we simply needed to construct
unbiased estimates of player gradients. The introduction of the entropy term to player £’s utility is
special in that it depends entirely on known quantities, i.e., the player’s own mixed strategy. We
can directly and deterministically compute 77> ds = —7(In(zx) + 1) and add this to our estimator of

V’;ip ). V’;Z(p ) — v’;i” ) 4 TjTSk. Consider our reﬁned loss function with changes in blue:



192
193
194

195

196
197

198
199

201
202

203

204
205

207
208

210
211

£=<f(£T) with T=0 . £<f(L7) with T=75x10"2 N £<f(£7) with T=100x10"% Lo ESMLY) with T=125x10"2 Lo ESMLY) with T=150x10"2

b[Swerve]

o
o -
o

Game

o
[+

02 o4 o6 08 10 oo 02 o4 06 o8 10 00 02 04 o6 08 10 oo o0z o4 06 08 1o 60 o2 04 05
Player 2 Prob[Swerve] Player 2 Prob[Swerve] Player 2 Prob[Swerve] Player 2 Prob[Swerve] Player 2 Prob[Swerve]

e=<f(LT) with T=0 N €= f(L7) with T=75x10"% N €< f(£7) with T=100x10"% . £ =<f(£7) with T=125x10"> . £ f(L7) with T=150x10"2

o os o o8 10 "o 2 os  ds  os 1o %o oz a4 os o8 10 %o 02 o de  os 1o %o o3 o1 o5 s
Player 2 Prob[Cooperate] Player 2 Prob[Cooperate] Player 2 Prob[Cooperate] Player 2 Prob[Cooperate] Player 2 Prob[Cooperate]

Figure 1: Upper Bound (e < f(£7)) Heatmap Visualization. The first row examines the loss land-
scape for the classic anti-coordination game of Chicken (Nash equilibria: (0, 1), (1,0), (2/3,1/3))
while the second row examines the Prisoner’s dilemma (Unique Nash equilibrium: (0, 0)). Tem-
perature increases for each plot moving to the right. For high temperatures, interior (fully-mixed)
strategies are incentivized while for lower temperatures, nearly pure strategies can achieve minimum
exploitability. For zero temperature, pure strategy equilibria (e.g., defect-defect) are not captured by
the loss as illustrated by the bottom-left Prisoner’s Dilemma plot with a constant loss surface.

L(@) = el Mra (Vi) )
k

As mentioned above, the utilities with entropy bonuses are still concave, therefore, a similar bound
to Lemma |Z| applies. We use this to prove the QRE counterpart to Lemma@ where egrpg is the
exploitability of an approximate equilibrium in a game with entropy bonuses.

Lemma@ The entropy regularized exploitability, eqrg, of a joint strategy x, is upper bounded as:

2 o
core < \| ——/L7(@) £ f(L7). 8)

ming n
Lastly, we establish a connection between quantal response equilibria and Nash equilibria that allows

us to approximate Nash equilibria in the original game via minimizing our modified loss L7 ().

Lemma (L™ Scores Nash Equilibria). Let L7 (x) be our proposed entropy regularized loss
function with payoffs bounded in [0, 1] and x be an approximate QRE. Then it holds that

m— 2 nmaxy mpg -
€ S nr(W(e) 4 7)oy [TIERRE L) ©)

where W is the Lambert function: W (1/e) = W (exp(—1)) ~ 0.278.

This upper bound is plotted as a heatmap for familiar games in Figure[T} Notice how pure equilibria
are not visible as minima for zero temperature, but appear for slightly warmer temperatures.

5 Analysis

In the preceding section we established a loss function that upper bounds the exploitability of an
approximate equilibrium. In addition, the zeros of this loss function have a one-to-one correspondence
with quantal response equilibria (which approximate Nash equilibria at low temperature).

Here, we derive properties that suggest it is “easy” to optimize. While this function is generally
non-convex and may suffer from a proliferation of saddle points and local maxima (Figure[2) , it is
Lipschitz continuous (over a subset of the interior) and bounded. These are two commonly made
assumptions in the literature on non-convex optimization, which we leverage in Section[6} In addition,
we can derive its gradient, its Hessian, and characterize its behavior around global minima.
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Figure 2: We reapply the analysis of [12]], originally designed to understand the success of SGD in
deep learning, to “slices” of several popular extensive form games. To construct a slice (or meta-
game), we randomly sample 6 deterministic policies and then consider the corresponding n-player,
6-action normal-form game at 7 = 0.1 (with payoffs normalized to [0, 1]). The index of a critical
point x. (VL (x.) = 0) indicates the fraction of negative eigenvalues in the Hessian of L7 at x.;
o = 0 indicates a local minimum, 1 a maximum, else a saddle point. We see a positive correlation
between exploitability and « indicating a lower prevalence of local minima at high exploitability.

Lemma The gradient of LT (x) with respect to player s strategy x; is

Vo L7 (x) = 2anBMHTA vET) (10)

where By = —7[I — -211T]diag(L -) and By = [I — mikllT]H,’jlfork £ 1.

my

Lemma The Hessian of L™ (x) can be written
Hess(L™) = 2[BT B + TTya (V)] (11)

where B, = . /MK Bl HTA(@T) = [nlﬂTA(VfH), ooy allra(VET)], and we augment T (the
3-player approximation to the game, Tl’;k ) so that Tll” = Tdiag‘?(r%).
L

At an equilibrium, the latter term disappears because 117 (V’;:) = 0 for all £ (Lemma . Itx
was R, then we could simply check if B is full-rank to determine if Hess > 0. However, X is a
simplex product, and we only care about curvature in directions toward which we can update our
equilibrium. Toward that end, define M to be the n(m + 1) x nim matrix that stacks B on top of a
repeated identity matrix that encodes orthogonality to the simplex:

[—rymlra(;s)  /mllra(Hip) - Villra(Hi,) T
M(z) = Y, M llra(Hpy) S Y, TInHTA( n n—1) Ty T]nHTA(%n) (12)
1] 0 0
i 0 e 0 1) ]

where Tza (2 € RY*Y) = [I, — élalmz subtracts the mean from each column of z and I% is
shorthand for diag(x%). If M (x)z = O for a nonzero vector z € R™™, this implies there exists a z
that 1) is orthogonal to the ones vectors of each simplex (i.e., is a valid equilibrium update direction)
and 2) achieves zero curvature in the direction z, i.e., z' (B' B)z = 2! (Hess)z = 0, and so Hess
is not positive definite. Conversely, if M () is of rank nim for a quantal response equilibrium a, then
the Hessian of £7 at z in the tangent space of the simplex product (X = [], ;) is positive definite.
In this case, we call & well-isolated because it implies it is not connected to any other equilibria.

By analyzing the rank of M, we can confirm that many classical matrix games including Rock-
Paper-Scissors, Chicken, Matching Pennies, and Shapley’s game all induce strongly convex £7’s at
zero temperature (i.e., they have unique mixed Nash equilibria). In contrast, a game like Prisoner’s
Dilemma has a unique pure strategy that will not be captured by our loss at zero temperature.
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Figure 3: Comparison of SGD on £7=0 against baselines on four games evaluated in [13]. From left
to right: 2-player, 3-action, nonsymmetric; 6-player, 5-action, nonsymmetric; 4-player, 66-action,
symmetric; 3-player, 286-action, symmetric. SGD struggles at saddle points in Blotto.

6 Algorithms

We have formally transformed the approximation of Nash equilibria in NFGs into a stochastic
optimization problem. To our knowledge, this is the first such formulation that allows one-shot
unbiased Monte-Carlo estimation which is critical to introduce the use of powerful algorithms capable
of solving high dimensional optimization problems. We explore two off-the-shelf approaches.

Stochastic gradient descent is the workhorse of high-dimensional stochastic optimization. It comes
with guaranteed convergence to stationary points [10], however, it may converge to local, rather than
global minima. It also enjoys implicit gradient regularization [4], seeking “flat” minima and performs
approximate Bayesian inference [26]]. Despite the lack of global convergence guarantee, in the next
section, we find it performs well empirically in games previously examined by the literature.

We explore one other algorithmic approach to non-convex optimization based on minimizing regret,
which enjoys finite time convergence rates. X'-armed bandits [8] systematically explore the space of
solutions by refining a mesh over the joint strategy space, trading off exploration versus exploitation
of promising regionsﬂ Several approaches exist S} [37]] with open source implementations (e.g., [24]).

6.1 High Probability, Polynomial Convergence Rates

We use a recent X'-armed bandit approach called BLiN [14] to establish a high probability O (T4
convergence rate to Nash equilibria in n-player, general-sum games under mild assumptions. The
quality of this approximation improves as 7 — 0, at the same time increasing the constant on the
convergence rate via the Lipschitz constant \/E defined below. For clarity, we assume users provide
a temperature in the form 7 = m with p € (0, 1) which ensures all equilibria have probability

p
T

mass greater than for all actions (Lemma E[) Lower p corresponds with lower temperature.

The following convergence rate depends on bounds on the exploitability in terms of the loss
(Lemma |E|) bounds on the magnitude of estimates of the loss (Lemma E[) Lipschitz bounds on the
infinity norm of the gradient (Corollary , and the number of distinct strategies (nim = & V)

Theorem(BLiN PAC Rate). Assume n, =n =2/ Lr= m, and a previously pulled arm is
returned uniformly at random (i.e., t ~ U([T))). Then for any w > 0

e < w[ﬁ(W(l/e) + m7_2) +4(1 + (43 nm*ﬁ<¥) ﬁ] (13)
with probability (1 — w=1)(1 — 2T~2) where W is the Lambert function (W (1/e) ~ 0.278),
m* = maxy my, ¢ < i"iﬁ ll;’((f}p)) + 2)2 < i(llg((f};} + 2) upper bounds the range of stochastic
estimates of L™ (see Lemma|8), and L= (112((1773 + 2) (#;2/;;) + nm) (see COrOZlary.

This result depends on the near-optimality [37]] or zooming-dimension d. = nm(%222e) € [0, 00)
(Theorem [2)) where oy, and «; denote the degree of the polynomials that lower and upper bound the
function L7 o s locally around an equilibrium. For example, in the case where the Hessian is positive
definite, ay, = ap; = 2 and d, = 0. Here, s : [0, 1]”(’7“1) =11 A™i~1 is any function that maps
from the unit hypercube to a product of simplices; we analyze two such maps in the appendix.

2Zhou et al. [39] developed a similar approach but only for pure Nash equilibria.
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7-Player, Symmetric, 2-Action Game
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Probability of Selecting Action 1 of 2

Figure 4: Bandit-based (BLiN) Nash solver applied to an artificial 7-player, symmetric, 2-action
game. We search for a symmetric equilibrium, which is represented succinctly as the probability of
selecting action 1. The plot shows the true exploitability € of all symmetric strategies in black and
indicates there exist potentially 5 NEs (the dips in the curve). Upper bounds on our unregularized
loss L capture 4 of these equilibria, missing only the pure NE on the right. By considering our
regularized loss, L7, we are able to capture this pure NE (see zoomed inset). The bandit algorithm
selects strategies to evaluate, using 10 Monte-Carlo samples for each evaluation (arm pull) of £7.
These samples are displayed as vertical bars above with the height of the vertical bar representing
additional arm pulls. The best arms throughout search are denoted by green circles (darker indicates
later in the search). The boxed numbers near equilibria display the welfare of the strategy.

Note that Theorem|[I]implies that for games whose corresponding £7 has zooming dimension d, = 0,
NEs can be approximated with high probability in polynomial time. This general property is difficult
to translate concisely into game theory parlance. For this reason, we present the following more
interpretable corollary which applies to a more restricted class of games.

Corollary 1. Consider the class of NFGs with at least one QRE(T) whose local polymatrix approx-
imation indicates it is isolated (i.e., ]‘\(/[!rom equation ([I2) is rank-nim implies Hess >~ 0 implies
2-2

d. = nm(=3=) = 0). Then by Theorem BLiN is a fully polynomial-time randomized approximation

scheme (FPRAS) for QREs and is a PRAS for NEs of games in this class.

To convey the impact of stochastic optimization guarantees more concretely, assume we are given
that an interior well-isolated NE exists. Then for a 20-player, 50-action game, it is 1000x cheaper to
compute a 1/100-NE with probability 95% than it is to just list the nm™ payoffs that define the game.

6.2 Empirical Evaluation

Figure [3|shows SGD is competitive with scalable techniques to approximating NEs. Shapley’s game
induces a strongly convex L (see Section [5) leading to SGD’s strong performance. Blotto shows
signs of convergence to low, but nonzero €, demonstrating the challenges of local minima.

We demonstrate BLiN (applied to £7) on a 7-player, symmetric, 2-action game. Figure @] shows the
bandit algorithm discovers two equilibria, settling on one near = [0.7,0.3] x 7 with a wider basin
of attraction (and higher welfare). In theory, BLiN can enumerate all NEs as T" — oc.

7 Conclusion

In this work, we proposed a stochastic loss for approximate Nash equilibria in normal-form games.
An unbiased loss estimator of Nash equilibria is the “key” to the stochastic optimization “door”
which holds a wealth of research innovations uncovered over several decades. Thus, it allows the
development of new algorithmic techniques for computing equilibria. We consider bandit and vanilla
SGD methods in this work, but theses are only two of the many options now at our disposal (e.g,
adaptive methods [1]], Gaussian processes [9], evolutionary algorithms [[17], etc.). Such approaches as
well as generalizations of these techniques to imperfect-information games are promising directions
for future work. Similarly to how deep learning research first balked at and then marched on to train
neural networks via NP-hard non-convex optimization, we hope computational game theory can
march ahead to make useful equilibrium predictions of large multiplayer systems.
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Unbiased Stochastic Optimization
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A Loss: Connection to Exploitability, Unbiased Estimation, and Upper
Bounds

A.1 KKT Conditions Imply Fixed Point Sufficiency

Consider the following constrained optimization problem:

max f(x) (14)
zeR4

st.gi(x) <0 Vi (15)

hi(z) =0 V) (16)

where f is concave and g; and h; represent inequality and equality constraints respectively. If g;
and h; are affine functions, then any maximizer =* of f must satisfy the following KKT conditions
(necessary and sufficient):

* Stationarity: 0 € 0f (z*) — >_; A\jOh;(z*) — >, ni0gi(z*)
* Primal feasibility: h;(x*) = 0 for all j and g;(x*) < 0 for all
* Dual feasibility: p; > 0 for all ¢

* Complementary slackness: y;g;(x*) = 0 for all .

Lemma 1. Assuming player i’s utility, w;(x;,x_;), is concave in its own strategy x;, any best
response in the interior of the simplex has zero projected-gradient norm:

z* € (intA Uargmaxu;(z,2_;) — ui(z;,2_;) < (2" € intA) A (|[TA[VE]| = 0). (A7)

Proof. Consider the problem of formally computing exp; () = max,eimia wi(z, T_;) —u; (s, x_;):

max u;(z, ;) — ui(x;, x_;) (18)
z€R4
s.t. — Zi + Tmin S 0 Vi (19)

1-> z=0. (20)

where x,;; > 0 is some constant that captures our given assumption that the solution z* lies in
the interior of the simplex. Note that the objective is linear (concave) in z and the constraints are
affine, therefore the KKT conditions are necessary and sufficient for optimality. Mapping the KKT
conditions onto this problem yields the following:

* Stationarity: 0 € Ju; (2%, 2 ;) + AL+ ), pie;

* Primal feasibility: ZZ zi = land 2] > Ty forall ¢

* Dual feasibility: p; > 0 for all ¢

* Complementary slackness: ;2] = 0 for all 7.
For any point z € intA, primal feasibility will be satisfied for some i, > 0. This implies each z;
is strictly positive. By complementary slackness and dual feasibility, each p; must be identically zero.

This implies the stationarity condition can be simplified to 0 € Ou;(z*,z_;) + A\1. Rearranging
terms we find that for any z*, there exists a A such that

Ou;i(z*,x_;) € A1, (@3]

Equivalently, Ou;(z*,z_;) o< 1 at z* € intA. Any vector proportional to the ones vector has zero
projected-gradient norm, completing the claim. O

14
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A.2 Norm of Projected-Gradient and Equivalence to NFG Exploitability with Approximate
Best Responses

Proposition 1. The loss L is equivalent to NashConv, but where player k’s best response is approxi-
mated by a single step of projected-gradient ascent with step size Ni: aBRi, = i + nilla [V,ﬁk}.

Proof. Define an approximate best response as the result of a player adjusting their strategy via a
projected-gradient ascent step, i.e., aBRy = @ + 1 IIa[VE, ] for player k.

In a normal form game, player ks utility at this new strategy is uj(aBRy, z_;) = (V% )T (z) +
mlla[VE]) = we(@) +me(VE, ) TIA[VE ).
Therefore, the amount player k gains by playing aBR is

gk(.’B) = uk(aBRk, .CC_k) — uk(a:) (22)

=ne(VE,) "TIA[VE ] (23)

= (VE, — (1T )1) TTIA[VE ] 24)
- ,

= ne|TA[VE |17 (25)

where the third equality follows from the fact that the projected-gradient, ITx [V .J» is orthogonal to
the ones vector. O

A.3 Connection to True Exploitability

Lemma 2. The amount a player can gain by deviating is upper bounded by a quantity proportional
to the norm of the projected-gradient:

er(x) < V2|[Ta(VE ). (26)

Proof. Let z be any point on the simplex. Then

ug(z,z_p) —ug(x) < (V:k)—r(z — k) 27
: 1-1=0
— (V’;k)T(z—x;g) — m—(lTV];k)lT(z—xk) (28)
k
= (Ia[V5, ) " (2 — ) (29)
< V2[[Ha (V) (30)
O

Continuing, we can prove a bound on NashConv in terms of projected-gradient loss:

Lemma 3. The exploitability, €, of a joint strategy x, is upper bounded as a function of our proposed
loss:

2n

€< .
ming ng

v L(x). 31

15



Proof.

€= ml?xmaxuk(z,x_k) — ug(x) (32)
< Zmaxuk(z,x,k) — ug(x) (33)
k
< ZﬁHHA(V’;k)Hz (34)
—WHIIHA Dllzs - VEIIATE e, (35)
< Va0 (T, )les - Ta (V2o (36)
=V2n [3 |0A(VE I3 (37)
k
1
< m¢z CALNGE 68)

2 ¢Z el (75, ) (9)
k Mk
LN (40)

ming Mg

475 O

476 Lemma 4. The entropy regularized exploitability, eqrg, of a joint strategy x, is upper bounded as a
477 function of our proposed loss:

2n

ming 7

VL7 (). 1)

€QRE <

478 Proof. Recall that u7 (xy, x_1) is also concave with respect to x;. Then
k P

€EQRE = mgxmaxu;(z,x_k) —uj(x) 42)
< Zmaxu;(z, k) — uj(x) (43)
k
< Z\/ﬁnm Vil (44)
—annA (V3Dlzs - V2IIA(TED2]| 5)
< V210 (T2l l2s - [T (VD)2 | (46)
—Van ¢Z|HA (VEDI @)
gm\/z YA (VDI @8)
11 k“l’ 4

mlnknk\/zn’f” a(Vi (49)
Nt (50)

ming 7
479 D
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A.4 Unbiased Estimation

Lemma 5. An unbiased estimate of L(x) can be obtained by drawing two samples (pure strategies)
from each players’ mixed strategy and observing payoffs.

Proof. Define Vk as the random variable distributed according to the distribution induced by all

players’ mixed strategies. Let Vz(l) and Vﬁ,(f) represent two other independent random variables,
k
distributed identically to V; . Then

1
EakNﬂL’ka‘[‘c(w)] = ]EakkaVk[Z (||v H2 me (1Tv];k)2)] (51)
k
1
= k(B i [IVE, [1°] = —Eapma,ve[(1TVE,)?) (52)
mg

= Z Nk (Eak’\‘kak [Z(vﬁkl )2] akleVk Z V‘Lkl (53)
k l

= an’(z Eak"“xkv’c[(vl;kl)2] - ak""mka ZVIH (54)
k l

= Z e ZEGNM [ViiP]EaMM [VE®) (55)

—ni IO aMMZV’;?) (56)
=> ( Z Eo; i, vk Vi [Bajmavizk (VoG ) &7
k

- n}b ajroa;Vidk ZV{E&R ajr~a;Vitk Zvﬁﬁ) ) (58)
Z ( Vk(l vk(2) o (1Tvk(1))(1TvI;i2))) (59)
Z (VR 1 — (ATVEO )T R (60)
k Mk —~—

X ffs
appx. br gradient CXP- payolls

where @fﬁ,(f’ ) is an unbiased estimator of player k’s gradient.

Lemma 6. The loss formed as the sum of the squared norms of the projected-gradients, L, can be
decomposed into three terms as follows:

L7(x) =Y mnr) Bl Bretq+2 Y mkE) Brgtg+ Y  mnEy Ex (61)
k k k

() (B) ©)

where q is any player other than k.
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492

494

495

501

Proof. Let ST = —1 %, xilog(zk) so that g%; = —7(In(zx) + 1). Note that HTA[%E;} =
—7In(xg).

an ralVE]) Tra[VE,] (62)
= an Hiigrg + aST] 71— mikm]u Wi 117][Hgrg + ZS;} (63)
- an( 18,1 = TPl o+ 20— 1 Pl (6
v [‘;i:mf TP ) 65)
= kg Bl Brgtg+2Y mkE) Brgzg+ > i Ey Ey (66)

k k k

(4) (B) (©)
where By, = [I — —llT]Hk and By, = [I — m%cllTH%] = —7In(xy).

O

A.5 Bound on Loss

By equation , we can also rewrite this loss as a weighted sum of 2-norms, £(x) = 3, mi||[VE, —
pu]|3 where py = 7-(17V5, ) € [0,1] for brevity. This will allow us to more easily analyze our
loss.

Lemma 7. Assume payoffs are bounded by 1, then setting ny, < e OF e < % ory .Mk < %
ensures 0 < L(x) < 1forallx € X.

Proof.
0< Lz anllvzk el (67)
1 k 2
= ey [mik > (V- ) } (68)
k !
= Z nkmkVar[V’;k] (69)
k
1
<3 g M (70)
1
< Z(mgxﬁk)(%: mk) (71)
1
4
= (ml?xnk) < pryeg (73)
O
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5

1

5
5

2
3

The kth element of the sum in the loss does not depend on agent k’s strategy. We will rewrite the loss
to make its dependence on all other players’ strategies more obvious (I, ¢ # k below).

1
@) = 3 me([Hfw) T [Hfywo) = (T [Hpa]) (1T [Hig)) (74)
k
1 .
= e ([HEa) " [Hfyzg) - m*k[Hﬁm]TllT[Hﬁqxq]) (75)
i
1
= zk:nk[H;’jlxz]T[I - mfkllT][Hzquq] (76)
1
= Sl U710 - KlﬂnH,’:q]xq )
= anx Hkq - llT][Hkq] isolate dep. on ¢ (78)
= Z’W [Ha *HTHH;W] (79)
= Z NkTy T Agkgty. (80)
k

where Agrq = [H(’;k] [ - m%cll—r][H,’:q] does not depend on z.
Note this means we can also write £(z) = Y, nxz;" Aigqz, forany I, q # k.

Lemma 8. Assume payoffs are bounded in [0, 1], then

£7(@)| < e (75 +-2) 1)

P
Jfor any x such that xy; > ;7= Vk, .

Proof. Starting from the definition of £ and applying Lemma[I9]along with intermediate results
from Lemmal[T6] we find

L7 ()| = IanHHm I (82)
<3 zk:nkmk(T ln(xmm) +1)? (83)
1 1 m* 2

_ 1Z"kmk(1n<1/p) n( )+1) (84)
{2

1 _ /In(m*) 2
= Z(mgxnk)nm(ln(l/p) + 2) . (86)
]

B QREs Approximate NEs at Low Temperature

Lemma 9. Setting T = In(1/p) ! with p € [0, 1) ensures that all QREs contain probabilities greater
than

maxpy mg
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529

Proof. What must 7 be to ensure x;, > Zmin for any [, p? We can check the case where V = ¢;. Let
m* = maxg my. Then
k

R . . . Tp
Tmin = MmN %1%21 min [softmax(—T )L (87)
0
= (88)
(m* —1)er + €Y
1
=71 (89)
(m* —1)er +1
1 1
— T — — 1) (90)
m* —1 Tmin
SN 1 L 1 . 1)
In (m*fl (:rmin - 1))
If Zmin = ;2 with p € [0, 1], then
1
T = ; ; (92)
lIl (m*—l (mmm - 1))
1
- 1 m* (93)
In (m*fl( p - 1))
1
= — 94
ln (m*_lf ;)
1
< . 95
ln(%)

This implies if we set 7 = In(1/p) !, then we are guaranteed that all QREs contain probabilities
greater than x,;, = —2L O

maxjp mpg *

Lemma 10 (Repeated from Lemma 1 of [29]]). Let V:’;k be player k’s gradient (my, > 2) with payoffs
bounded in [0, 1] and x be a QRE at temperature 7. Then it holds that

k

i, (BRy, x—k) — up(x) = max(Vh ) — (Vﬁk)—rsoftmaw(%) <t(W(l/e) + M — 2

) (96)

e
where W is the Lambert function (W (1/e) ~ 0.278).
Lemma 11 (Slightly modified from Proposition 5.1a of [6]). Let Ye(xk) = Y, xp In(xp) if

x) € A™ L else +00. Then 1. (xy) is 1-strongly convex over int A™ =L w.rt. the || - ||; and || - ||2
norms, i.e.,
(Vipe() = Vie(y),z —y) > |lz —y[IT > ||lz — yI3 97)
1
= Ve(y) > V() + Vibe(2) T (y — 2) + 5[y — x[|3. (98)

forall z,y € intA™~1,
Lemma 12. Let I(z|x) = (Vfi(ar), z) + iBwﬁ(:mxk) where t, > 0, fr(z) = —ep(2) =
—[uk(z,2-5) + 57(2) - ﬁw) — §7(xy)), and By, (x, 1) = e () — Pe(y) — (z =y, Vibe(y))

with 1. defined in Lemmal|l 1| Finally, let xj11 = argmin ;. {(x|zk). Then

|2k — zx4a ] < 2|[Ta(VEDI- 99)

k

Proof. Plugging ¥c(zy) = Y, xp In(xy) = —S(xx) on intA into By, (z, xy), we find
By, (z,z) = S(xg) — S(z) — (In(zk) + 1,2 — zx) (100)
= S(zr) — S(x) — (In(zg), z — z) (101)
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ss0  for all x, ), € intA. Note that —S(z) is 1-strongly convex on intA, therefore, By, (z, ) is also
53t 1-strongly convex in x. Continuing, this also implies [(x|xy) is 1-strongly convex.

sz Let xj41 = argming g, [(x|21) and note that V fi(z),) = —Ve, = —VA7. Strong convexity of
533 [ implies
1
Uzpg1) = Wwk) + Vaol(zr) T (Tha1 — 2) + Sz = 3 (102)
— ok =zl < 2| Uown) = W) + Vol (o) (o — 411)] (103)
—_———
<0
1
<oV l(xr) " (2 — Tppr) = 2(V frlxr) + E[ln(mk) +1 —1In(z))) " (zp — Tp11)
(104)
=2V fi(er) " (2x — 241) = 2(Vip) T (@1 — 2x) = 20A(VED) T (@rr1 — 21)
(105)
< 2||TA (VD)2 = zhia |- (106)
s34 Rearranging the inequality achieves the desired result. O

x
ss6  player k’s entropy regularized gradient with payoffs bounded in [0, 1] and x be an approximate QRE.
537 Then it holds that

535 Lemma 13. [Low Temperature Approximate QREs are Approximate Nash Equilibria] Let sz be

up (BRg, x—k) — ug(x) < 7(W(l/e) + mkei 2

)+ 2/ | [Ta (V5| (107)

sss  where W is the Lambert function (W (1/e) = 0.278).

530 Proof. First note that z;, = softmax(In(zy)) for zj € intA. Recall that the softmax is invariant
s40 to constant offsets to its argument, i.e., softmax(z 4 ¢1) = softmax(z) for any ¢ € R. Then

Vk
softmax(—2%) = softmax(In(xy) — l[—V’;k + 7In(zk)]) (108)
T T ’
1
= softmax(In(zy) — —[~VE + 7In(zy) +71)) (109)
T
1
= softmax(In(xy) — =V fi(zx)) (110)
T
1
= argminl(x|zy) with t;, = — (111)
rEintA T
. (112)

541 where the closed-form solution to the minimization problem as a softmax formula comes from
s42 inspecting the Entropic Descent Algorithm (EDA) of [6].

s43 Then, beginning with the definition of exploitability, we find

ug(BRg, k) — up(x) = up(BRy, T_) — (V,];k)Tl‘k (113)
vk vk
= up(BRg, z_1) — (V% ) Tsoftmax(—%) — (V¥ )T (z), — softmax(—"%))
T ' T
(114)
-2 vk
< T(W(1/e) + T55) + | VE || - log - sofemax(—5)[|  (115)
my — 2
= 7(W(1/e) + ——=) +[|V5, || o — il (116)
my — 2 kT
< 7(W(l/e) + —_——) +2v/mu||[Ha(Va))ll (117)
544 O
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Lemma 14. [L"™ Scores Nash Equilibria] Let L™ (x) be our proposed entropy regularized loss
Sfunction with payoffs bounded in [0, 1] and x be an approximate QRE. Then it holds that

m—2 nmaxyg mpg
< 1 2 T 11
e<nr(W(l/e) + - )+2,/ g 7 L7(x) (118)

where W is the Lambert function (W (1/e) ~ 0.278).

Proof. Beginning with the definition of exploitability and applying Lemma|[[3] we find

€= ml?xuk(BRk, T_k) — up(x) (119)

< Zuk(BRk,x,k) — ug(x) (120)
k

< [rw/e) + ™22 w2y mavEDI | (121)
k

—nr(W(i/e)+ T 2) + 23 Vi (V) (122)

<nr(W(ife) + T 2) 4 2, e S [ (V) (123)

< nr(W(l/e) + mTQ) +2 ”Eji’ﬁ’“ VL (@). (124)

where the last inequality follows from the same steps outlined in Lemma 3] which established the
relationship between £(x) and e.

O
C Gradient of Loss
Lemma 15. The gradient of L™ (x) with respect to player s strategy x; is
Vo L(x) = ZanBleTA (VET) (125)
where By = —7[I — m%ll—r]dia,g(wl) and By = [I — —llT]H,’jlfork: # 1.
Proof. Recall from Lemmal|6that the loss can be decomposed as L7 (x) = (A) + (B) + (C).
Then
D,,[(A)] = D, anm B{,Brqtg] =2 nBjBum (126)
k£l
where ¢ # k and By, = [I — —llT][Hkq] does not depend on .
Also, letting By = —7[I — -11"]diag(;-),
Doy [(B)] = Day[-27 S mi () Bugay) (127)
k
= =27 [ Dy, [In(21) "Bigwg) + > _ kD, [In(2x) " B (128)
k£l
= 27 [mdlag( )quxq + an‘Bkl ln(xk)] (129)
k£l
1
= —27 ([T - EllT]diag(x—l))THTA(Vl) + ) B In(ay,)] (130)
k#l
=2[n By ra(V') = 7Y neBy In(ax)]. (131)

k£l
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And

1
Dy, [(C)] = De [ mer® In(ay) T[T — nTkHT] In(2)] (132)
k
1 1
— 972 [mdiag(x—l)[f ~ o1 In() (133)
= —2r([I - illT]diag(i))THm(—T1n(:cl)) (134)
my Xy
= 2 By Mpa(—71n(z;)). (135)

Putting these together, we find

Va £(@) =2 B (Bl — 7In(ax)) + 2m By Mra (V') + HTA(—Tln(xl))} (136)

k#l
=2 B A (VET) + 2 " BT (VET) (137)
k#l
=2 mB{Tra(VE). (138)
k

C.1 Unbiased Estimation

In order to construct an unbiased estimate of A;;;, we will need to form two independent unbiased
estimates of H 1]:1' Recall that H ,’jl is simply the expected bimatrix game between players k and [
when all other players sample their actions according to their current strategies.

C.2 Bound on Gradient / Lipschitz Property

Lemma 16. Assume payoffs are upper bounded by 1, then the infinity norm of the gradient is bounded
as

Ve £ ()]0 < %(m’?xnk)(ﬂn( )+ 1) [Tm*( —1) +nm] (139)

Tmin Lmin

Proof. Recall from Lemmathat the gradient of £(x) with respect to player I’s strategy x; is

Va £(@) =2 miBiTra(VE) (140)
k

where By = —7[I — m%llT]diag( )and By = [I — mikllT]H,fl for k # I.

1
z

For payoffs in [0, 1], the entries in V}7 = V5, — 7In(z}) are bounded within [0, 7 In(;1—) + 1]

1

with a range 7 In(-2—) + 1. Similarly, the entries in —Tdiag(%) are bounded within [—7 ——, —7]
with a range of 7(—— — 1).
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The infinity norm of the gradient can then be bounded as

IVa LT (2)]]oc = max |[Ve, £(2)]|0 (141)
= max |2 e Bilra (Vi) (142)
k
<2) m mlaX||B,1—lHTA(V§:)HOO (143)
k
<5 S mome(rin (=) + 1) + gaemir(—— — 1)(rln () + 1)
-2 kAL Lmin 2 Lmin Tmin
(144)
O Y {m*mlw( L oyy 3 nkmk} (145)
2 ZTmin Tmin
kAl
< Lmaxny) (rin (—1) 4+ 1) [Tml*( Ly 3 mk} (146)
-2 k min Lmin
kL*
< l(maxnk)(Tln( ! )+ 1) [Tm*( L 1) + nm} (147)
-2 k Lmin Zmin
where the second inequality follows from Lemma
O
Corollary 2. If T is set according to Lemmal(9) then the infinity norm of the gradient is bounded as
1 In(m*) *2 1 -
VaL” <= [ 2] [ ] = L 148

where m* = maxy, my, and L is defined implicitly for convenience in other derivations.

Proof. Starting with Lemma and applying Lemma@(i.e., 7 =In(1/p)~" and Ty = -2 where
m* = maxy my), we find

V2L (2)]]00 < %(ml?xnk)(Tln( min) +1) [Tm*(wmin -1)+ nm} (149)
1 In(m*/p) m*  m* _
= 5 (men) | n(1/p) ] {]n(l/p) (-1 Fum] - (150)
1 In(m*) m*2 B
< g (masxm) [ln(l/p) + 2} [pln(l/p) * ”m] (15D

As p — 0T, the norm of the gradient blows up because the gradient of Shannon entropy blows up
for small probabilities. As p — 1, the norm of the gradient blows up because we require infinite
temperature 7 to guarantee all QREs are nearly uniform; recall 7 is the regularization coefficient on
the entropy bonus terms which means our modified utilities blow up for large 7. In practice, setting p
to O(1),e.g.,p = 1—10 is sufficient. O

D Hessian of Loss

We will now derive the Hessian of our loss. This will be useful in establishing properties about global
minima that enable the application of tailored minimization algorithms. Let D.[f(z)] denote the
differential operator applied to (possibly multivalued) function f with respect to z. For example,
Dy, [H}i] = Do, [2,T,;,) = Ty where Tl is player k’s payoff tensor according to the three-way
approximation between players k, [, and ¢ to the game at .

Lemma 17. The Hessian of L™ (x) can be written

Hess(LT) = 2B B + TTpa(V7) (152)
where B, = . /M Bri, HTA(@T) = [mHTA(V;I), oy MIlra(VET)], and we augment T' (the
3-player tensor approximation to the game, Tl’Zk ) so that T};, = Td'iag.?(x—lz) and otherwise 0.

l
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s95 Proof. Recall the gradient of our proposed loss:

Vo L(x) =2 meBiTra(VE)
k

sos where By = —7[I — ;-11"]diag(+) and By = [I — -11T]Hj; for k # L.

1
z

(153)

s97 Consider the following Jacobians, which will play an auxiliary role in our derivation of the Hessian:

1 1
Dy[Bu] = 7[I - EllT]diag%*)
!

j
Dy[By]=0
Dy[By] =0
1
Dyl Bia] = [I = 11T,
1
Dy[lra(VED)] = [I — —117]Dy[V1T]
My
1
= [I — mikllT}Dk[v’;k — TlIl(xk-)}
1
=[I - —11"][-rdiag(—
[ - =7 lag(xk)]
= By
T 1 T
Dilllra(VE))] = [T~ - 117]Di[V]]
1
=[I - —11T][H}
1 T[]

s98  We can derive the diagonal blocks of the Hessian as

DylL(x)] = D[V, L(x)]

= 2Dy[> B Tra (VD))
k
= 2[n DB Tra (V)] + - mDi[Blllza (V4] |
k£l

=2 [m [Di[Bu) "Tipa (VYY) + By Dilllra (V)]
+ Z i [DeBr] Hra(VaT) + By Dy [HTA(VI;:)H}

kAl
1

1
-9 [m [rdiag3(—)[ — EHT]HTA(VZ) + BBy + > nkBleBkz}
k#l

p)
]

1
=2 [deiag([?] ©ra(VY)) + ZU}:B];;BM}
l k
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and the off-diagonal blocks as

Dyy[L(x)] = Dy[V, L()] (173)
= 2D,y m Bl Tlra (Vi) (174)
k
= 2[mDy [BiTlra(Vi)] + Y mDy [BiTlra(VED)] | (175)
kAl
= 2| (DB Wra (V) + By Dy[lira (V)] (176)
+ 0k [Dg[Bra) 'Tra(VET) + B,;ZDq[HTA(V’;:)]]} (177)
k£l
1
= 2[mBJ B+ Y me[Thll — (Vi) + BLBy] | (78)
[
[anBlekq + 3 mTllra (V). (179)
kAl

Therefore, the Hessian can be written concisely as
2[BTB + Tra (V)] (180)

where By = /x B, Hpa(V7) = [mﬂTA(VE), oy MIlra(VET)], and we augment T' (the
3-player tensor approximation to the game, Tl]; ;2) SO that Tz = leagB(%) and otherwise 0.

O

E Regret Bounds

Lemma 18. [Loss Regret to Exploitability Regret] Assume exploitability of a joint strategy x is upper
bounded by f(L"(x)) where f is a concave function and L” is a loss function. Let x; be a joint
strategy randomly drawn from the set of predictions made by an online learning algorithm A over T'
steps. Then the expected exploitability of x; is bounded by the average regret of A:

Ele] < f(= Z Ly). (181)

Proof.
Ele:] = E[f (L(21))] (182)
< f(E[L(=0)]) (183)

1

= f(;}t:awt)) (184)
where the second inequality follows from Jensen’s inequality. O
Theorem 1. [BLiN PAC Rate ] Assume n, =n =2/ L as defined in LemmaEl T = m so that all

equilibria place at leas
at random (i.e., t ~ U(T )) Then for any w > 0,

and a previously pulled arm is returned uniformly

€ < w{m'( (1/e) + 72) +4(1 + (4cH)1/3 \/nm*L(lnTT) 2(4,#2)} (185)

with probability (1 — w=1)(1 — 2T~2) where W is the Lambert function (W (1/e) ~ 0.278),

2
m* = max; my, and ¢ <+ (llggr;p)) + 2) is an upper bound on the maximum sampled value

from L7 (see Lemmal§).
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Proof. Assume 1, =n = % as defined in Lemma|2|so that £7 is 1-Lipschitz with respect to || - || co-

Also assume a previously pulled arm is returned uniformly at random. Starting with Lemma [I4]and
applying Corollary 9] we find

m— 2 nmaxy myg -
Ele;] <nt(W(l/e) + T) + 2\/ iV L7 (z) (186)

N (1/23)( (1/e) = )+ \/2717\/8 (4c? 1/3)2T<dz+2> InT@  (187)

n m—2 N1 lnT 2(dz+2)
= iy (VO + T)+4(1+(4c Y3V nm I ( - ) (188)

with probability 1 — 272 where W is the Lambert function (W (1/e) ~ 0.278), m* = maxy, my,

_ * 2
and ¢ < i% (llig"/p)) + 2) is an upper bound on the range of sampled values from L7 (see

Lemmal 3).

Recall [ = [ ((1 /p)) + 2} [ph’l’zf/p) + nm] Therefore,

1 nm 7 In(m*) 2
cgff(7+2) 189)
17 \in(1/p) (
In(m™)
1 o +2
= (). (190)
pini/p T

Markov’s inequality then allows us to bound the pointwise exploitability of any arm returned by the
algorithm as

€ < w (W (1/e)+—2)+4(1+(4c Y3V nm (II;T)WZ“’} (191)

[ n
In(1/p)
with probability (1 — w™1!)(1 — 27-2) for any w > 0. O

F Complexity

F.1 Polymatrix Games

Interestingly, at zero temperature (where QRE = Nash), M is constant for a polymatrix game, so
the rank of this matrix can be computed just once to extract information about all possible interior
equilibria in the game. Furthermore, the Hessian is positive semi-definite over the entire joint strategy
space, implying the loss function is convex (see Figure[T] (left) for empirical support). This indicates,
by convex optimization theory, 1) all mixed Nash equilibria in polymatrix games form a convex set
(i.e., they are connected) and 2) assuming mixed equilibria exist, they can be computed simply by
stochastic gradient descent on L. If M is rank-nm, then this interior equilibrium is unique.

Complexity Approximation of Nash equilibria in polymatrix games is known to be PPAD-hard [13].
In contrast, if we restrict our class of polymatrix games to those with at least one interior Nash
equilibrium, our analysis proves we can find an approximate Nash equilibrium in deterministic,
polynomial time (Corollary [3). This follows directly from the fact that £ is convex, our decision
set X =[], &; is convex, and convex optimization theory admits polynomial time approximation
algorithms (e.g., gradient descent). We consider the assumption of the existence of an interior Nash
equilibrium to be relatively mild’} so this positive complexity result is surprising.

Also, note that the Hessian of the loss at Nash equilibria is encoded entirely by the polymatrix
approximation at the equilibrium. Therefore, approximating the Hessian of £ about the equilibrium
(which amounts to observing near-equilibrium behavior [25]) allows one to recover this polymatrix
approximation (up to constant offsets of the columns which equilibria are invariant to [27]).

SMarris et al. [27] shows 2-player, 2-action polymatrix games with interior Nash equilibria make up a
non-trivial /4 of the space of possible 2 x 2 games.
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Corollary 3 (Approximating Nash Equilibria of Polymatrix Games with Interior Equilibria). Con-
sider the class of polymatrix games with interior Nash equilibria. This class of games admits a fully
polynomial time deterministic approximation scheme (FPTAS).

Proof. Lemma[3|relates the approximation of Nash equilibria to the minimization of the loss function
L(x). By Lemma [I} this loss function attains its minimum value of zero if and only if x is a
Nash equilibrium. For polymatrix games, Hessian of this loss function is everywhere finite and
positive definite (Lemma , therefore, this loss function is convex. The decision set for this
minimization problem is the product space of simplices, therefore it is also convex. Given that we
only consider polymatrix games with interior Nash equilibria, we know that our loss function attains
a global minimum within this set. By convex optimization theory, this function can be approximately
minimized in a polynomial number of steps by, for example, (projected) gradient descent. Gradient
descent requires computing the gradient of the loss function at each step. From Lemma T3] we see
that computing the gradient (at zero temperature) simply requires reading the polymatrix description
of the game (i.e., each bi-matrix game H, between players), which is clearly polynomial in the size
of the input (the polymatrix description). The remaining computational steps of gradient descent
(e.g., projection onto simplices) are polynomial as well. In conclusion, gradient descent approximates
a Nash equilibrium in polynomial number of steps (logarithmic if strongly-convex), each of which
costs polynomial time, therefore the entire scheme is polynomial. O

F.2 Normal-Form Games

Corollary|ll Consider the class of NFGs with at least one QRE(T) whose local polymatrix approx-
imation indicates it is isolated (i.e., M from equation is rank-nm implies Hess »~ 0 implies
d, = nrh(%) = 0). Then by Theore BLiN is a fully polynomial-time randomized approximation
scheme (FPRAS) for QREs and is a PRAS for NEs of games in this class.

Proof. If a = 0, an e-QRE can be obtained with BLiN in a number of iterations that is polynomial in
the game description length (nm™). The same holds for an e-NE, however, the temperature must be
exponentially small to achieve a given €; hence, we lose the fully qualifier. Specifically,

p< e Werarazz) (192)
This, in turn, causes the Lipschitz constant Lto grow exponentially large, leading to an exponential
blow up in the number of iterations required for convergence. O

F.2.1 Concrete Example

The end of Section[6]stated a concrete result for a 20-player, 50-action game assuming we are given
that the game as an interior Nash equilibrium. This result requires re-deriving a rate similar to
Theorem ] but for the unregularized game.

For example, revisiting Corollarybut for zero temperature, we find L = nin. Let n = % as

before. Now, consulting Table [2| we find that samples from £ are constrained to a range of size
— 15 — : .
c = gnmn = 1. Applying Corollarylglto Lemma we find:

€ < w{2x/§(1+41/3)n\/7n<¥)%} (193)

with probability (1 —w™1)(1—2772) = 0.95(1 —27~2). Plugging in w = 20, n = 20, and m = 50
and solving for 7' numerically, we find that 7 < 10%®-". For such large T', 0.95(1 — 27~2) ~ 0.95.
Again consulting Table [2] each call (arm pull) of BLiN costs 2n/m, implying a total query cost of
10329, In contrast, there exist 10352 scalar entries in the nm™ payoff tensor, which is a factor larger
by 1000.

G Helpful Lemmas and Propositions

Proposition 2. The matrix I — TikllT is a projection matrix and therefore idempotent. It is also

symmetric, which implies it is its own square root.

28



689

690

691

692

693

694
695

696

697

698
699
700

701

702
703

704
705

706

707
708

Proof.

1
I-—11""7-—11T]=7——11"T + 117117 (194)
mi k m My
2 1
=J——11" 4+ —11" (195)
mi mi
1
=[I-—11"]. (196)
my
O
Proposition 3. The matrix I — =117 is positive semi-definite.
Proof. Let z € R™*. Then
1 1
T T 2 2
I——11"]z= - —(z1 197
z' | - Jo = |l2]l2 mk<za ) (197)
1
> |2]12 — — (2|, 1)? 198
> [z mk<\2|, ) (198)
1
2 2
= - 199
|[2112 mkHZHl (199)
> ||z[13 = l2|l3 = 0 Vz (200)
1
— [[-—117]>0. (201)
m,
O

Proposition 4. The matrix I — m%cll—r has rank my, — 1 and its 1-d nullspace lies along 1.

Proof. Note that rank(A+ B) < rank(A) +rank(B) for matrices A and B of the same dimension.
Let A=1— --11" and B = 11" and apply rank(A) > rank(A + B) — rank(B):

1 1
rank(I — —117") > rank(I) — rank(—117") = my, — 1. (202)
mg mg

We can confirm the nullspace by inspection:

1

- —11"1=1-"*1 -0, (203)
my my

O

Lemma 19. The product A[I,, — %1m1;]p3 for any p > 0 has entries whose absolute value is
bounded by 7 (Amax — Amin) (Bmax — Bmin) where Apin, Amax, Bmin, Bmax represent the minima
and maxima of the matrices respectively.

Proof. The matrix [I — %HT] is idempotent so we can rewrite the product for any p as
1 1
Al — —117][I - —117]B. (204)
m m
The matrix [I — % 11 7] has the property that it removes the mean from every row of a matrix when
right multiplied against it, i.e., A[] — %11T} removes the means from the rows of A. Similarly, left

multiplying it removes the means from the column. Let A and B represent these mean-centered results
respectively. The absolute value of the 7jth entry in the resulting product can then be recognized as

o 1 1
D AaBisl =Y (A — — > Aw)(Bij — — > Bl (205)
k k Kk’ k'
=|m-Corr(A;.,B.j)-0a, .08 | (206)
<moa, 0B ;- 207)

The variance of a bounded random variable X is upper bounded by Var[X] < 1(maxx —miny )2
Hence its standard deviation is bounded by Std[X] < %(max x —miny ). Plugging these bounds

for A and B into equation (207) completes the claim. O
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700 H Maps from Hypercube to Simplex Product

710 In this section, we derive properties of a map s from the unit-hypercube to the simplex product. This
711 map is necessary to to adapt our proposed loss L7 to the commonly assumed setting in the X'-armed
712 bandit literature [8]. We derive relevant properties of two such maps: the softmax and a mapping
713 that interprets dimensions of the hypercube as angles on a unit-sphere that is then ¢ -normalized.

714 Lemma 20. Let f(z) = —L(s(z)). Then ||V f(2)||loo < ||J(5(2)) "||oo||VL(5(2))|] 00

Proof.
IV £ (@)oo = [[(5(2)) T VL(s(2)) oo < [T (5(2)) ool [VL((2))loo- (208)
715 O

716 Lemma 21. The co-norm of the Jacobian-transpose of a transformation s(x) applied elementwise
717 to a product space is bounded by the co-norm of the Jacobian-transpose of a single transformation
718 from that product space, i.e., ||J(s(x)) T ||co < max,,cx, ||J(5(z)) " ||oo for any i.

719 Proof. Letx € X = [[[_, X, Z2 =[]}, Z;and S : X — Z = [s(x1); -~ ;s(z)]" where ;
720 denotes column-wise stacking, x; € X;. Also, X; = X and Z; = Z;for all i and j. Then the
721 Jacobian of S(x) is

J(s(xy))T 0. . 0
H(S(@)T = 0 J(s(xg)) e 0 . 209)
0 0 -. 0
0 0... J(s(zp)) T

722 The co-norm of this matrix is the max 1-norm of any row. This matrix is diagonal, therefore, the
723 oo-norm of each elementwise Jacobian-transpose represents the max 1-norm of the rows spanned
724 by its block. Given that the domains, ranges, and transformations s for all blocks are the same,
725  their co-norms are also the same. The max oo over the blocks is then equal to the co-norm of any
726 individual J(s(z;))". O

727 H.1 Hessian of Bandit Reward Function

72s  Lemma 22. Ler s(x) be a function that maps the unit hypercube to the simplex product (mixed
729 strategy space). Then the objective function f(x) = —L(s(x)). The Hessian of — f () at an optimum

730 2™ in direction A is AJUT[Ds(m)THL(I)DS(x)}‘ Az where H is the Hessian of L and Ds(x) is
731 the Jacobian of s(x). )

Proof.

=0atx=x"

(D*(L o 8)(@") (A, Ax) = AaT | 37 0,L(s(2)) D)

ﬂAm + Az [Ds(z) " He(2)Ds(x)] Az

€T

(210)
Az. (211

*

= Az"[Ds(z)" Hy(x)Ds(z))]

732 O

733 Lemma 23. Let s(x) : X — [[, A™ ! be an injective function, i.e., x #y = s(z) # s(y).
734 Also let J = J(s(x)) be the Jacobian of s with respect to x and Ax be a nonzero vector in the
735 tangent space of X. Then

JAz #£ 0. 212)
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747

748

749
750
751
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Proof. Recall that the ¢jth entry of the Jacobian represents 3;1 so that the ith entry of JAz is

aSi

—~ Ox;
; j

Assume JAx = 0. This would imply a change in z € X results in no change in s (ds = 0),
contradicting the fact that s is injective. Therefore, we must conclude the claim that JAz # 0. [

Lemma 24. Let J be the Jacobian of the softmax operator. Then ||J||oo < 2 and ||J " ||0o < 2.

Proof. Let S; represent the ith entry of S = softmax(z) for any z € R™. Then the 1-norm of row ¢
is upper bounded as

D;S; = Si(6;; — S;) (214)
— > ID;Si =Y 1Si(6i5 — S))] (215)

J J
<) 16i8il + 1538, (216)

j
=Si+Y SiS; 217)

j
=S +8 ) S; (218)
j
— 95, (219)
< 2Vi. (220)
Also, the 1-norm of row j is upper bounded similarly as

(221)
D ID;Si = 18i(6i5 — S5) (222)
<) 1681l + 153, (223)
=S;+>_8iS; (224)
=Si+5)> S (225)
— 25, (226)
< 2Vj. (227)

The co-norm of a matrix is the maximum 1-norm of any row. Therefore, ||.J||o and ||J T || are both
upper bounded by 2.

Lemma 25. Let J = J(s(x)) be the Jacobian of any composition of transformations s = s; o ... 81

where si(z) = [zi/ _; zj]i. Then JAx lies in the tangent space of the simplex.

Proof. We aim to show 1T JAz = 0 for any Az and z. By chain rule, the Jacobian of s is

J=J(s)= Hi,j J(s}). Therefore, 1T JAz = 17( i,ztl J(s}))Ax. Consider the first product:
17J(s,) =0 (228)

by Lemma Therefore 1" JAz = lTJ(st)(Hiij_l J(s}))Ax = OT(Hi;j_l J(s}))Ax = 0.

This implies JAx is orthogonal to 1 for any « € X and Az, therefore JAxz lies in the tangent space
of the simplex for any x € X and Az. O

For spherical coordinates, s(z) = n(l(¢(x))) where ¢(z) = /2, [(¢)) maps angles to the unit
sphere, and n(z) = [2i/ > zjl-
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Definition 1. Define [(v)) as the transformation to the unit-sphere using spherical coordinates:

l1(¢) = cos(¢n)

(229)

lo(1h) = sin(¥1) cos(¥2) (230)
13(1)) = sin(t)y ) sin(e)2) cos(ths) (231)
(232)

Im—1(¢) = sin(¢1) sin(¢2) . . . cos(Pm—1) (233)
L (¥) = sin(t)1) sin(v2) . . . sin(Ym—1). (234)

Lemma 26. Let J be the Jacobian of the transformation to the unit-sphere using spherical coordinates,

ie. 2 =1(p) where ||l||* = 1 and ¢; € [0

Proof. The Jacobian of the transformation is

—sin(¢1)
cos(¢1) cos(¢2)
J(1) = :
cos(¢) sin(2) . . . cos(VYrm—1)
cos(t1) sin(thg) . . . sin(Yy,—1)
and it square is
t
cos(1)? cos(t)?
I = s
cos(¢1)? sin(a)? ... co8(thm-1)*
cos(1hy)? sin(2ho)? . . . sin(Yy,_1)?
where

Oim = 1if i = m, 0 else
t; = Oim cos® (Yi—1) +

, 5| represents an angle for each i. Then ||J||p < \/m.

0 . 0
—sin(¢n) sin(vg) - 0
—sin(¢y) ... sin(-z/Jm,g) sin(¥m—1)
sin(e1) . . . sin(¢m—2) cos(¢m—1)
(235)
0 . 0
sin(¢1)2t2 e 0
sin(1)2 .. . sin(¥m—z2)2tm_1

sin(t1)? ... sin(Ym_2)tm
(236)
(237)
(1 — 8im) sin?(¢;) < 1. (238)

To compute the Frobenius norm, we will need the sum of the squares of all entries. We will consider

the sum of each row individually using the following auxiliary variable R; j<; where > y ij =Ri1
and apply a recursive inequality.
(239)
i—1 i1
Rik<i = Z cos® (V) [ H SiDZ(dJl)] cos®(¥;) + t; HSiHQ(i/Jl) (240)
I=Fk,l£k' 1=k
i—1
= cos?(¢Yr) { H sin? (¢ } cos? (;) (241)
I=k+1
<1
i—1 i—1
+ sin? (¢, Z cosQ(wk/)[ H sinz(wl)} cos®(1;) (242)
k'=k+1 I=k+1,l£k’
+ sin? ()t H sin? (1) (243)
I=k+1
< cos? (y) (244)
i—1 i—1
+ sin2(wk)( Z cosQ(wk/)[ H sinQ(wl)] cos®(1;) + H sin? (¢ ) (245)
k'=k+1 I=k+1,1£k’ I=k+1
= cos” (Vr) + sin® () Ry 41- (246)
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Note then that R; ;11 <1 = R;, < 1. Weknow R; ; =t; < 1, therefore, ; 1 < 1 by applying
the inequality recursively. Finally, >~ J? = R; 1 < 1 implies the claim || J||3 = 35, Ri1 <m. O

Lemma 27. Let J be the Jacobian of n(z) = z/Z where Z =5, z. Then17.J =07.

Proof. The ijth entry of the Jacobian of n(z) is
1
J(n)ij = 75 (=zi +6i;2). (247)

Therefore [17.J]; = 3=, J(n)i; = 4z(—Z + Z) = 0 where z is a point on the unit-sphere in the
positive orthant. O

I A2: Bounded Diameters and Well-shaped Cells

We assume the feasible set is a unit-hypercube of dimensionality d where cells are evenly split along
the longest edge to give b new partitions and xj, ; represents the center of each cell.

There exists a decreasing sequence w(h) > 0, such that for any depth & > 0 and for any cell X}, ; of
depth h, we have sup,¢c v, , £(@n,i, ) < w(h). Moreover, there exists v > 0 such that for any depth

h >0, any cell A}, ; contains an ¢-ball of radius vw(h) centered at x, ;.

Ua,y) | ¢ | 2|
Uz,y) = |Jz—yllg || d*/2(L)" | b=o/d | d—o/2p2e
Uz,y) = ||z — yll% ()" | besd p—2a
Table 3: Bounding Constants: sup,¢ v, , {(4,i,7) < w(h) = eyt

I.1 Ly-Norm

Lemma 28 (L>-Norm Bounding Ball). Let {(z,y) = ||z — y|[5. Then sup,cy, , {(zh,i,x) <
wa(h) = cy" where ¢ = (d%)o‘/2 and v = b=*/?,
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Proof.

d 210 /2 d a/2
w©) = [0/ = (9)

=1

d
w(l) = [(1/6-1/2)2 + 3 (1722 = [(1/*)(1/4) + (d = 1)(1/4)]*/2

=2
A= 1410 a2
=(——F)
d

w(d) = [0/6-1/22) = (1 55)""

=1

d
wih) = [r/R /272 + 3 /m(1/2)2]
1/6)2(1/2)2 (r(1/6)% + (d — )] */?

)
1/b*)4(1/4)(d — (1 — l))}aﬂ
)

b2
a/2

IN

It

It

[(1/6%)%(1/4)d]

(/s 1/ 4)d]
It

(

IN

1/b2 h/d b2/4 d:lo‘/2

)‘”/2 (1/b)5h

C'yh

where ¢, 7 = divmod(h,d) = q¢>h/d—1,c= (ﬂﬁ)a/z, and y = (1/b)*/d = p=o/4,

(248)

(249)

(250)

(251)

(252)

(253)
(254)
(255)
(256)
(257)
(258)

(259)
O

Lemma 29 (Ly-Norm Inner Ball). Let ¢(z,y) = ||z — y||$. Any cell X} ; contains an (-ball of

radius vwy(h) where v = (db*)~/2,
Proof. Any cell &}, ; contains an ¢-ball of radius equal to its shortest axis:
i = [(1/4)(1/6) /1)
> [ara/p >h/d+1]“/2

(32 4)a/2 1/6)%
) ()"

w(h) -

db*

1.2 L,,-Norm

(260)
(261)

(262)

(263)

Lemma 30 (L..-Norm Bounding Ball). Let {(z,y) = ||z — y||S%. Then sup,cy, , {(vni,x) <

Woo (h) = ey where ¢ = (g)a and v = b=*/?,

Proof. Any cell &}, ; is contained by an ¢-ball of radius equal to its longest axis:
Fmax = [(1/4)(1/62) 11/ 2]/
< [(1/a) )12

2
= ()

= C’yh
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where ¢ = (%)Q/Q, and v = (1/b)a/d — p—a/d O

Lemma 31 (L.-Norm Inner Ball). Let {(z,y) = ||z — y||%. Any cell X, ; contains an {-ball of
radius vwes, (h) where v = b2,

Proof. Any cell X}, ; contains an ¢-ball of radius equal to its shortest axis:

Fanin = [(1/4)(1/67) (/1] 72 (268)
[(/ )(1/b2)h/ 4412/ (269)

= (2 4)0/2 1/b) 3" (270)

= w(n)- (55)"" @7

O

I.3 Near Optimality Dimension

This is written in terms of a maximizing f.
Assumption 1. Locally around each interior x*, — f(x) is lower bounded by — f(z*) + o_||x —
x*||*r and upper bounded by — f (x*) + {(x, x*) where £(x, x*) = o4 ||x — x*||*° with a, < ap;
and o_ < o4 if oo = ap. In other words, for all f(x) > f(z*) —
f@®) = f(2) < oyl —a™|[* (272)
f(@*) = f(z) > o]l —z™|[*™ (273)
where we have left the precise norm unspecified for generality.

Definition 2. X, & {2 € X|f(z) > f(z*) — ¢}

Definition 3. X!over & (3 ¢ X|f(2*) — o_||z — a*||*" > f(z*) — €}
Corollary 4. X, C Xlower,

Proof. By Assumption[l] f(z*) — o_||z — 2*||*i > f(x). Therefore, any x € X that satisfies the
requirement for an element of X, f(x) > f(z*) — ¢, will also satisfy the requirement for an element
of Xlower 0

Definition 4. The 1)-near optimality dimension is the smallest d’' > 0 such that there exists C > 0
such that for any € > 0, the maximum number of disjoint {-balls of radius e and center in X, is less
than Ce=? .

Theorem 2. The v-near optimality dimension of f : x € [0,1]¢ — [~1,1] under { is d' =
d(4ri=%le ) with constant

Qlohj
“hi hi— %o —d d/a,
C’:max{l Sy ( o JE ot )) }(‘77*) . (274)
,l/Jo_alo/O‘hi
: Voni . o
Proof. First, let us define r,, = (U% as in equation (285) which implies = o_ry**. Then

apply Lemmas 32| (N.<,, < Cecpe=%) and [34|(N.>, < C.s,) which bound the number of ¢-balls
required to pack X, when ¢ is less than and greater than 7 respectively:

d/ai,
Cecn = (ﬁ CZ*/O” ) l 275)
0_7 o X3
d/ — d(ahl — Qo (276)
(075 X87:
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818
819
820

821
822

823
824
825

826

827

828

829

830

831

832

833

and

o\ 4/ o
Cezn =5 (75) @77)
, /o
-yt ()"
o_n
= 5ty e gtonic (279)
= S Ly e/ g m e gdlonic (280)
_d%hi  _ (ahrﬂzo)
=8y g Moo et /Oy, (281)

_ g1 (T i 0(%5*‘10 (282)
— Xd n - e<n

where S is the volume constant for a d-sphere under the given norm. S;l has been upper bounded

for the 2-norm in Lemma For the co-norm, S; ' = 27 We have written C>,, in terms of C.<,,
to clarify which is larger.

Therefore,
L[ Sni (M) —d
C = max {1, S, < p gl “lethi ) }C’egn (283)
Xhi Qhi~ %o |\ —d d/a,
- max{LS;l (r,;”o e )) }(07*) . (284)
Uazo/am

Intuitively, if the radius for which the polynomial bounds hold (r,) is large and the minimum
curvature constant o_ is also large, then the bound C'.<,, holds for large deviations from optimality 7.
The number of n-radius ¢-balls required to cover the remaining space, C>,, will be comparatively
small. O

Corollary 5 (Zooming Dimension). The zooming dimension of f : @ € [0,1]* — [~1,1] under
Uz, y) = |Jo — ylloo is dx = d(22=012),

XloChi

Proof. Mapping the definition of zooming dimension onto -near optimality, we find ¢e = r/2 and
€ = 16r. Then we can infer ¢ = 1/32. This result only effects the constant C',, not the zooming
dimension.

If€:8(1+\/C1/Cg)T’m,thenw:m. O

Lemma 32 (N.<,, < Cecpe~%). The number of disjoint {-balls that can pack into a set Xo<,, Ne<n,
’ d/aie
is upper bounded by C.<,e~% where Ce<, = (07*> “and d' = d(2ri=te) and Sy is the

,ll)o.ilo/“hi QLoQhi

volume constant for a d-sphere under the given norm || - ||.

Proof. The number of disjoint ¢-balls of radius ¢ and center in X.<,, can be upper bounded as
follows.

Rewrite X" by rearranging terms as

1/ani gt

¢ ! (285)

xlover —{ze x| llo—a'l| < (=)
g_
and recall that from Corollary E| that X, C Xel"w”. Furthermore, an ¢-ball of radius e implies

1/,
oellr =il <ve = fla—yll < (L) E, (86)

O+
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The number of disjoint /-balls that can pack into a set X, N.<, is upper bounded by the ratio of the
volumes of the two sets:

Vol(X.)
Noeo < 287
=1 = Vol(By) e
VOl()(lower)
< € 288
—  Vol(By) o
Sde
€ 289
Sdrg ( )
()
=N .
(%)
1/o‘lo 71/0( o
_ (w)ded(l/am—l/alo) (291)
Ui/ah,i
d/oie _ gooni—aio
= (ﬁ) e (292)
oo/ ani
= eﬁne_d/ (299)

d/ao
where Ce<,, = (W) and d’' = d(°2i2%e) and Sq is the volume constant for a d-sphere

under the given norm || - ||, e.g., Sg = 2% for || - || o- O

Corollary 6. If a;, = ap; = o,

il ) ve (294)

Neén < (a

Yo _
Corollary 7. If Assumption[l|is given in terms of the 2-norm, these can be translated to bounds in
terms of the oco-norm resulting in the same -near optimality dimension but incurring an additional

exponential factor in the constant C’E(Zog — C’E(?ndd/ 2,

U d/a
In other words, N.<, < C’egne*d where Ce<py = (&) and d' = 0.

Proof. Recall that || - ||oo < || - ||2 < V/d|| - ||so» therefore

f(@®) = f(2) S opallz — 2™[[5" < ool — 27|50 (295)
f(@®) = f(2) 2 osg|lz — 27|[5" = 0 oo|lz — 27|32 (296)

where 0o = 0 2d*/? and 0_, = 0_5. Then

C(Oo) _ (U.,_Qd(”o/z)d/alo

e<n

d/aio
042 ) ! 442 — Ce(?nddm' (297)

« (6377 = ( « (67X
1/)0__120/ hi wo__l;/ hi

O

Recall, these results apply when f(x) > f(z*) —n, i.e., when e < 7. Otherwise, we can upper bound
the number of ¢-balls by considering the entire set X which has volume 1. First, we will bound the
constant associated with the volume of a d-sphere.

Lemma 33. The volume of a d-sphere with radius r and d even is given by Sqr® where Sd_l <

m(ﬁ)d/%

Proof. First, we recall Stirling’s bounds on the factorial: v/27n(%)"e AT <l < 27m(%)”eﬁ.
This will be useful for bounding the Gamma function: I'(d) = (d — 1)! for even d.
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Given d is even, we start with the exact formula for S,:

g1 = @2+ 1)

a2 (298)
(d/2)!
= (299)
1
/QW(d/Q)(dT{Z)d/Zeilz(d/z)
< 2 (300)
771/2d1/2(2%)d/265
= Y (301)
1/2 3(d+1)/2 , 2
_ mPdT ) Resd (302)
(2me)d/2
d \d/2
§\/27rd(—) . (303)
2me
O

Lemma 34 (N¢>y, < Ce>y). The number of disjoint £-balls that can pack into a set Xe>p, Ne>y, is

d/aie
upper bounded by Cc>, where Cc>, = Sd_1 (Z—;) and Sy is the volume constant for a d-sphere
under a given norm.

Proof. We can upper bound the number of ¢-balls needed to pack the entire space as follows:

Vol(X)
N>, < 304
== Vol(By) (G509
1
= — 305
SdT‘Z ( )
< I (306)
- d/ouo
Yn
5i(22)
. 1 0-7_"_ d/oqo
=57 wn) (307)
= Ce>y (308)
where r; was defined in equation ti S;l has been upper bounded for the 2-norm in Lemma
For the co-norm, S; ' = 274, O

Corollary 8. If Assumption[l|is given in terms of the 2-norm, these can be translated to bounds in
terms of the oco-norm resulting in the same -near optimality dimension but incurring an additional

oteniNd ot/eni N d
exponential factor in the constant o :< 12 ) c! ):< +2 ) c® qd/2,

e>n 201/ %00 e<n 2nt/ 10 €<n
Proof.
d/OLlO
C(m>:2_d<g) d/? (309)
€n Yn
— gy~ d/at Y on (ﬂ)d/%dd/ ? (310)
’(/}o_alé)/ahi
_ 2—dn—d/aloo.d_/2ahice(;on) (311)
1/ap; d
(042 (o0)
O
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ges If we further assume o« = o, = ay,; = 2, then we can bound the number of ¢-balls required with a
ges constant, independent of ¢, as

C = max{Ne<y, Ne>p } (313)
jo d/2 Ao e \ 92

— max { (E) ,\/27rd<27rew77) } (314)

— /2y d/2gE/2(d ) (315)

1/d

87 where § =k, { = 0 for N.<, and 3 = U“"“;fﬁ? < 2;‘;;* = Wi—’;% < ﬁ ford > 2,£ =1 for

868 Ne>y. Ne>y dominates for large d. The cross over occurs at

K d/2 /e damaw d/2
(J) - 27Td(27rewn) (316)
E o 1/d domaz
= 7 =) (G W) (317)
2_ N _ yaf 4\ _
— 2= = (2ma) (m) = 2(d). (318)

se9 where 7, was defined in equation (285). As d grows and z(d) exceeds 17, Nc>, begins to dominate,
g7o  therefore we will upper bound C' as

K d/2
< z(d+1), 1
< (Ganp) @ G
Locality H C
2 K 4/2 1(d+1) 3rkb? a2 d+
(%) < 2(d) || Nesyn < <¢(2T”)2> dz = (W) ditz
a7z
12> 2(d) | Ny < (%) = (3m02)" a2
Table 4: Bounding Constants for £(z,y) = ||z — y||3, ¥ = v/3 = (3b%d)~! and z(d) =

(2md)t/@ (2%6) with smoothness radius r,, and ) = v/3. (x) indicates the case that is more likely

for difficult problems.

For convenience, we repeat the other relevant constants in TableE}

U(z,y) H ¢ \ gl \ v
o) = ke =yl || d(3)” [ b2 [ a2
Table 5: Bounding Constants

871

sz J D-BLIN

873 The regret bound for Doubling BLiN [[14] was originally proved assuming a standard normal distribu-
g74 tion, however, the authors state their proof can be easily adapted to any sub-Gaussian distribution,
875 which includes bounded random variables. This matches our setting with bounded payoffs, so we
g76 repeat their analysis here for that setting.

s77  Definition 5 (Global Arm Accuracy). & o {|u(x) — (O] € T+ 4B V1 < m <

878 DBgop — 1, VC € Ay, V2 € C}.

InT

879 Define: ny, = 275~ = = co ol

Nm
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890
891
892

893

894

895
896

Definition 6 (Elimination Rule). Eliminate C' € Ay, if i — [i,(C) > 2(1 4+ y/c1/c2)rm =
2(\/e2 + /e1)\/ 2L where [ € maxce a,, fim (C).

Lemma 35. Pr[E] > 1 — 272/ =),

Proof. Assume yc,; € [a,b] withc = b — a and 4(C) = ﬁ > yei. Applying a Hoeffding
inequality gives '
~ ~ InT —2¢1 InT/c?
Pr[|f(C) ~ E[G(C)]] = \fer—— | < 2e72 (320)
= 2( )2/ (321)
— o272/ y(. (322)
By Lipschitzness of ;1 we also have
[E[a(C)] — p(x)| < rm, Yo € C. (323)
Then consider
sup [u(z) = (C)] = sup [u(z) — E[(C)] + E[a(C)] — a(C)] (324)
< sup (|u(@) — E[(O)]] + [E[H(C)] - (C)]) (325)
zeC
= sup (@) — E[n(C)]] + [E[A(C)] — 4(C)] (326)

InT
<\Jer—— 4 (327)
Nm

with probability 1 — 2721/ <®The first inequality follows by triangle inequality and the second
follows from equation (323) and considering the complement of equation (322).

The complement of this result occurs with probability

InT
Pr{[sup () = O > 1 + (fer-—] < 2720/, (328)
zeC N,

At least 1 arm is played in each cube C' € A,, for 1 < m < By, — 1, therefore, |.A,,,| < T must be
true given the exit condition of the algorithm. In addition, assume Biop < T (Bstop Will be defined
such that this is true). Then a union bound over all 7 events gives

T
Pr {Elm € [1, Bstop — 1], C € A s.t. sup |p(z) — A(C)| = 1 + clz—} (329)
zeC m
Bstop— nT
Z Z Pr[sup |u(z) — p(C)| = rm + cln—} (330)
m=1 C€An, Mm
Bstop—1
< 3N erred (331)
m=1 C€EA,,
< or-2a/eT2, (332)

Taking the complement of this event and noting that sup, ¢ |u(z) — i(C)] < 7y + /1 2L =

Nm

|u(x) — (C)| < 7+ lnT == Vx € C gives the desired result. O

Lemma 36 (Optimal Arm Survives). Under event &, the optimal arm x* = arg max pu(x) is not
eliminated after the first B;,, — 1 batches.
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Proof. Let C};, denote the cube containing z* in A,,. Under event &£, for any cube C' € A,, and
x € C, the following relation shows that C7;, avoids the elimination rule in round m:

H(C) = (C3) < (o) +rm + (fers) 4 (=) oy feri ) 333)

InT
= (u(@) = pla")) 421 + 2y fer—— (334)
N —  p— m
<0
InT InT
SQ\/CQH—FQ\/Cln (335)
T, N,
InT
= 2(y/e1 + V)| —— (336)

where the first inequality follows from applying Lemma[35]to upper bound /i(C) and /i(C};,) indi-
vidually. The remaining steps use the optimality of z*, the definition of r,,, and the elimination
rule. O

Lemma 37. Under event £, for any 1 < m < Bgop, any C € Ay, and any x € C, Ay satisfies
Ay <41+ +/cr/e2)Tm—1 (337)

Proof. For m = 1, recall that r,, is the side length of a cube C' € A,,, therefore, A, < rp,_1 <
4(1 + \/c1/¢2)rm—1 holds directly from the Lipschitzness of .
Form > 1,let C};,_; € A,,_1 be the cube containing z*. From Lemma 36} this cube has not been

eliminated under event £. For any cube C' € A,,, and x € C, it is clear that z is also in the parent of
C, denoted Cpqr (x € C C Cpgr). Then for any 2 € C, it holds that

) . [ T A f
A, =p(z") —plz) < (um,l(Cm,l) 4+ Tt + 1/ C1 ) + (— fim—1(Cpar) + Tm—1+ 1/ 1
MNm—1 n

(338)
N . . InT
= (fim-1(Cp 1) = Aim-1(Cpar)) + 2(Ver + Vez)y [ » (339)
~Amax ~ h’lT
< (™1 = fim=1(Cpar)) +2(Ver + Ve2)y [ — (340)
InT nT
<2V +VE) [ b 2AVE V) [ (341)
InT
= 4(Ver +Ve)y [ (342)
:4(].+ \/Cl/CQ)Tm,1 (343)

where we have applied Lemma [35]similarly as in Lemma[36]and also used the definition of 7, ;.
The last two inequalities use the fact that fi,,,—1(C},_;) < gin® and Cpq, was not eliminated. [

Theorem 3. With probability exceeding 1 — 2T~2(1/<*=1) | the T-step total regret R(T) of BLIN
with Doubling Edge-length Sequence (D-BLiN) [l 14)] satisfies

R(T) < 8(1 + \/e1 /c2)(2¢2 + 1) In(T) =P T a4 (344)

where d, is the zooming dimension of the problem instance. In addition, D-BLiN only needs no more

than B* — log 2(T)—log 2(

7 ) ) 4 2 rounds of communications to achieve this regret rate.
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Proof. Since r,,, = T"T‘l = T.;—1 = 21y, for the Doubling Edge-length Sequence, Lemma

implies that every cube C' € A,, is a subset of S(8(1 + y/c1/c2)ry,). Thus from the definition of
zooming number (Corollary 5] with appropriate condition), we have

| A <N, < Corde, (345)

Fix any positive number B. Also by Lemma[37 we know that any arm played after batch B incurs
a regret bounded by 8(1 + +/c1/c2)r B, since the cubes played after batch B have edge length no

larger than 5. Then the total regret that occurs after batch B is bounded by 8(1 + +/c1/ca)rgT
(where T is an upper bound on the number of arms).

Thus the regret can be bounded as

B Tm,

R(T) < S Ave, +8(1+ Ver/ea)rsT (346)

m=1CeA,, i=1

where the first term bounds the regret in the first B batches of D-BLIN, and the second term bounds
the regret after the first B batches. If the algorithm stops at batch B < B , we define A,, = for any
B < m < B and inequality equation (346) still holds.

By Lemma , we have A, < 8(1 4 \/c1/ca)rm, forall C € A,,. We can thus bound equa-

tion (346) by

[Am| - 7 - 8(1 4+ +/e1/ca)rm + 8(1 + /1 /ea)rgT (347)

M=

R(T) <

3
&

N, - 8(L 4+ Ver/ea)rm + 8(1 4+ /e1/co)rT (348)

IA
M=

=

:

3
&

-Q%-8(1—|—\/01/02)7",”—1—8(1—1—\/01/02)7"BT (349)

m

Il
M ®
=
:

Q
3
Il
—

Il
M=

InT
N,, - f— -8ca(1 + \/er/ez) + 8(1 + erJea)rsT (350)

1

3
Il

where equation 1! uses equation (345), and equation (349) uses equality n,, = CQI?TT. Since

T =27 and N, < ;% < 20m=Dd: we have

B
InT
R(T) < Z 2(m—1)d- . 2jn+1 8ca(1+/e1/c2) +8(1 4 er/ep)27 BHT (351)
m=1

B
=8(14+/c1/c2) [oz InT Z o(m=1)(d-+1) | 2—B+1T] (352)
m=1

42



929

930

931

932

933

934

935

936

937

938
939
940

941

Continuing we find

) B
R(T) < 8(1 +/er/es) [ealnT 3 20m= D=+ 2—B+1T] (353)
B m=1
) B
= 8(1+ Ver /o) [T Y (244 2*B+1T} (354)
B m=1
) B-1
= 8(1+ ver/eo) [ InT Y (2+1)™ ¢ Q*B“T} (355)
B m=0
- 2B(dz+1) -1
=8(1+ c1/co) c2 lnT(W) + 2*B+1T} via geometric series (356)

2B(d +1)

81+ Ver/eo) [ea T (S — ) + 27507 (357)
9B(d.+1) -
8(1+ Verfea) [ean (2 ) +27 241 (358)
=8(1+/c1/c2) [2c22<3*1><d2+1> InT + 2*<B*1>T} . (359)
This inequality holds for any positive B. By choosing B* =1 + %, we have
= In T\ @
R(T) < 8(1+ /e /e2) 202 (mT) InT + (7) 7| (360)
= 8(1+ /1 /e2) [2c2T<dz+2> T\ ES 7w 1nT7<dzl+2>] (361)
8(1 + + /01/02 {2C2T<dz+2> 1nT<dz+2> + T(dz+2> 1nT<dz+2>} (362)
1 + 61/62 (262 + 1 <‘12+2) IHT(dZ+2) (363)
O

1/3
Corollary 9. Setting c1 = 2¢? and co = (%) simplifies TheoremHsuch that

R(T) < 8(1 + (4¢2) /32T ) In T, (364)
with probability 1 — 21772,

Proof. O

K Experimental Setup and Details

Here we provide further details on the experiments.

K.1 Loss Visualization and Rank Test

Figure([T]and claims made in Section[5]analyze several classical matrix games. We report the payoff
matrices in standard row-player / column-player payoff form below. All games are then shifted and
scaled so payoffs lie in [0, 1] (i.e., first by subtracting the minimum and then scaling by the max).

RPS:
0/0 —1/1 1/-1
/-1 0/0 —1/1]. (365)
~1/1 1/—1 0/0
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943

944

945

946

947
948

949

950

951
952
953
954
955

Chicken:

0/0 -1/1
/ / (366)
1/-1 -3/-3
Matching Pennies:
/-1 —-1/1
/ / (367)
-1/1 1/-1

Modified-Shapleys:
1/-0.5 0/1 0.5/0
0.5/0 1/-0.5 0/1 . (368)
0/1 0.5/0 1/-0.5

Prisoner’s Dilemma:
-1/-1 -3/0

369
0/—-3 —2/-2 (369

K.1.1 NashConv is Biased

We use Chicken to demonstrate the effect of sampled play on the bias of the popular NashConv loss.
NashConv is unable to capture the interior Nash equilibrium because of its high bias. In contrast, our
proposed loss L7 is guaranteed to capture all equilibria at low temperature 7.

) e<fLT) withT=0 ) €< f(L7) with T=75x10"% ) €= f(L7) with T=100x10"? 10 €< fLT) with T=125x10"? 10 &< f(£7) with T=150%10"%
L w
E2
L = v " o = -
52
g
g0
E5
gz,
g
0.2 04 06 08 10 Oon 02 0.4 0.6 08 10 0.0 02 0.4 0.6 08 10 0.0 0.2 04 06 0.8
Player 2 Prob[Swerve] Player 2 Prob[Swerve] Player 2 Prob[Swerve] Player 2 Prob[Swerve] Player 2 Prob[Swerve]

Sewith T=0 2TW(1/e) + Tey with T=75x10" 2TW(1/e) + Sei with T=100x10"2 2tW(1/e) + Sei with T=125x10"3 2TW(1/e) + Fei with T=150x103
10 10 1 1 -

Chicken Game
Player 1 Prob[Swerve]

I 02{ 02
0 o o

S o o5 os 10 %o o2 os o o8 1 G i o6 on 1o %o o3 o a6 os 10 oo o2 o1 ds  as
Player 2 ProblSwerve] Player 2 ProblSwerve] Player 2 ProblSwerve] Player 2 ProblSwerve] Player 2 ProblSwerve]

Figure 5: Effect of Sampled Play on a Biased Loss. The first row displays the expected upper bound
guaranteed by our proposed loss L7 (also displayed in Figure[I). The second row displays the
expectation of NashConv under sampled play, i.e., ), € where e, = E,_, <, , [max,, uj(a)] —
Eq~z[u},(a)]. To be consistent, we add the offset n7W (1/e) + >, € to NashConv per Lemma [14]
which relates the exploitability at positive temperature to that at zero temperature. The resulting loss
surface clearly shows NashConv fails to recognize the interior Nash equilibrium due to its inherent
bias. NashConv succeeds in finding pure equilibria because sampling from a pure joint equilibrium is
a deterministic process (no noise means no bias).

K.2 Saddle Point Analysis

To generate Figure 2] we follow a procedure similar to the study of MNIST in (Section 3 of
Supp.). Their recommended procedure searches for critical points in two ways. The first repeats a
randomized, iterative optimization process 20 times. They then sample one these 20 trials at random,
select a random point along the descent trajectory, and search for a critical point (using Newton’s
method) nearby. They repeat this sampling process 100 times. The second approach randomly selects
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956 a feasible point in the decision set and searches for a critical point nearby (again using Newton’s
957 method). They also perform this 100 times.

958 Our protocol differs from theirs slightly in a few respects. One, we use SGD, rather than the saddle-
959 free Newton algorithm to trace out an initial descent trajectory. Two, we do not add noise to strategies
960 along the descent trajectory prior to looking for critical points. Lastly, we use different experimental
961 hyperparameters. We run SGD for 1000 iterations rather than 20 epochs and rerun SGD 100 times
962 rather than 20. We sample 1000 points for each of the two approaches for finding critical points.

93 K.3 SGD on Classical Games

964 The games examined in Figure |3| were all taken from [15]. Each is available via open source
965 implementations in OpenSpiel [22] or GAMUT [33].

966 We compare against several other baselines, replicating the experiments in [[15]. RM indicates
967 regret-matching and FTRL indicates follow-the-regularized-leader. These are, arguably, the two most
968 popular scalable stochastic algorithms for approximating Nash equilibria. YQRE®“*“ is a stochastic
969 algorithm developed in [15].

970  For each of the experiments, we sweep over learning rates in log-space from 10~2 to 102 in increments
971 of 1. We also consider whether to run SGD with the projected-gradient and whether to constrain
972 iterates to the simplex via Euclidean projection or entropic mirror descent [6]]. We then presented the
973 results of the best performing hyperparameters. This was the same approach taken in [[15]].

974 Saddle Points in Blotto To confirm the existence of saddle points, we computed the Hessian of
975 L(x10k) for SGD (s = o), deflated the matrix by removing from its eigenvectors all directions
976 orthogonal to the simplex, and then computed its top-(nm — n) eigenvalues. We do this because
977 there always exists a n-dimensional nullspace of the Hessian at zero temperature that lies outside the
978 tangent space of the simplex, and we only care about curvature within the tangent space. Specificaly,
79 at an equilibrium x, if we compute z " Hess(L)z where z is formed as a linear combination of the
980 vectors {[x1,0,...,0]T,...,[0,...,z,]T, then each block By, is identically zero at an equilibrium:
981 Bz = NG ﬁllT]H,fl;vl = VMllra(VE ) = 0. By Lemma this implies there is zero

982 curvature of the loss in the direction z: z " Hess(L)z = 0.

983 K.4 BLIN on Artificial Game

984 To construct the 7-player, 2-action, symmetric, artifical game in Figure i} we used the following
985 coefficients (discovered by trial-and-error):

0.09906873 0 0.23116037 0 0.62743528 0 0.19813746
0 0.33022909 0 0.03302291 0 0.62743528 0 .
(370)

986 The first row indicates the payoffs received when player ¢ plays action 0 and the background
987 population plays any of the possible joint actions (number of combinations with replacement). For
988 example, the first column indicates the payoff when all background players play action 0. The second
989 column indicates all background players play action 0 except for one which plays action 1, and so on.
990 The last column indicates all background players play action 1. These 2n scalars uniquely define the
991 payoffs of a symmetric game.

9g2  Given that this game only has two actions, we represent a mixed strategy by a single scalar p € [0, 1],
993 1.e., the probability of the first action. Furthermore, this game is symmetric and we seek a symmetric
994 equilibrium, so we can represent a full Nash equilibrium by this single scalar p. This reduces our
995 search space from 7 x 2 = 14 variables to 1 variable (and obviates any need for a map s from the
996 unit hypercube to the simplex—see Lemma[24).
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