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A APPENDIX
The appendix contains all technical proofs and some additional experiment results.

A.1 PROOF OF LEMMAS AND THEOREMS

Proof of Theorem 1. Consider two different data points x and z’, at the first iteration, notice that

[mV f(0o,z) —mV f(fo,z")|l2 < 2mCo.

Therefore, the sensitivity of the gradient iterates ¢; is bounded by 27, Cy. Using Proposition 1,
adding a Gaussian noise 21, Cy/ ;w1 to a gradient update makes this step 111-GDP. Consequently,
6, is p11-GDP since the initial estimate 6 is deterministic. The second iterate 65 takes 6 as input in
addition to the dataset. According to the Proposition 2, we then have the two-fold joint mechanism
(01, 02) is max{p1, 12 }-GDP. Using the same argument repeatedly, we have completed the proof of
this theorem.

O

Proof of Theorem 2. Following the proof of Theorem 1, the statement in Theorem 2 is also true.
O

Proof of Theorem 3. Recall that
On, = 0n—1 — Vf(On—1,Tn) + N An,
where A,, = 2Cowy, /i1, We then have
16— 0*11> = 1621 — 61 = 200 (Br1 = 0",V (On1,20)) + 12|V (1, 20) > + 712 ]| An ]|
+ 200 (-1 — 0%, An) = 207V (On1, 2n), An). (1)

Notice that E(A,,) = 0 and therefore the expectations of the last two terms of (1)) are zero. Under
Condition 1, we have E(||V f(6;_1,%;)||?) < C2. For the second term of , by Condition ??, we
have

E(<0n—1 - 6*, vf(077.—17xn)>) :E(<9n—l - 9*3 vf(en—hxn) - Vf(9*7xn)>)
ZmE(Hon—l - G*HZ)?

where the first equality holds due to E{V f(6*, z,,)} = 0. For the fourth term of (I}, we know

4C3 64C3d
B(14nI%) = S22 BJwnl) = 20 = 12

Define A,, = E(||#,, — 0*]|?). Combining the above inequalities, we then have the following
recursion rule

Ap < Dpoy = 2mm Ap—y + 1,08 + e < (1= 2mma) Aoy + 0 (CF +737). ()
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Notice that (1 — 2mn,,)A,,—_1 is always positive with 1, = nn~% when 2mn < 1. Applying the

recursion (2) n times, we obtain

An < T =2mme) A0+ T (0= 2mn){ni(C3 + )}

k=1 k=1i=k+1
~2
< Al,nAO + A2,n0-;“

2

where 7,

= m]?x{Cg + 72}. For A ,,, using the fact e™* > 1 — x, we have

A1 < exp <2m2nk> :
k=1

For A ,,, we decompose it as follows

n/2 n
S0z 3 TT0- 20
k=1i=k+1 k=n/2+41i=k+1
n n/2
< H 1 - 2m771 an + /2 Z H 11— 2m7h
i=n/2+1 k=n/2+1i=k+1
n n/2 T2 n n
<exp|-2m > omi|D> mi+ o SV I a=2mm) -] Q- 2mm)
i=n/2+1 k=1 k=n/2+1 Li=k+1
n n/2 77 n
<exp|-2m > mi|>_ ni ”/2 1— I «a-2mn)
i=n/2+1 k=1 i=n/2+1
<exp | —2m z”: 7 . 7],% + 77n/2.
- _ 2m
i=n/2+1 k=1

When 7,, = nn~%, we have the two following two inequalities

n 2 n
g%—a(n) < ;m < nip1—a(n), %wl—m(n) < ;773 < n?h1_aa(n),

where 15(n) = (n® — 1)/8. Then, we have
Al,n < eXP{—QmU%—a(n)},
Az < P¥1-20(n) exp{—mn(1-a(n) — Y1-a(n/2))} +

A, < exp{—2mmp1_a(n)} Ao + ;A4 + 0?03 Y124 (n) exp(—mnn' ~*/2)

n

i=k

mn”‘
Note that ¢ o (n) — 11 _o(n/2) > n'=%/2. Therefore, using the above inequalities, we have

< exp{—2mmbi—a(m)} A0 + O3 (L2 4 1120 (n) exp(—mn' =*/2))

Proof of Theorem 4. Notice that
E{VQf (0", 20)} (01 — 07)

=V2f (0", 2,) (01 — 0%) + [E{V2 FO0F,20)} = V2 (0%, 2)] (01 — 0%)
=Vf (On-1,20) = V(0% 2,) + [V f (0%, 2) (01 — 0°) = Vf (Op—1,20) + V f (67

+ [E{V?f (0%, 2,)} — V2 f (0%, 2,)] (0—1 — 07)
=0 + I+ I3 + 14.

1+ ———
min{/7}

O

3)
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For I, we have )
Vf (Gn—lvxn) = (Gn—l - en) + An

n

Then, we get
lijw(e )—lil(a —0y) ZA
” k—1, Tk = " k—1 k) k
k=1 k=1
n—1 n
1 1 1 1 1 1 1 1
== 0, —0%) - - ==, —=0") —+ = (0g—0") — + — Ay
”kz::l(k ) (Uk+1 Uk) n( ) n n(o ) Lt lez:l *
For I, we have
2
1
E||E{V%f(# Zw <t [E{V2f (0%, 21)} 'SE{V2f (6", 21)} ],

where S = E{V f(6*, )Vf(@*, x) T}, For I3, using Condition 3, we obtain
C
[92F (6 00) B = 67) = VF (Bur,20) + V£ O 0)|| < SH0nr — 67

Therefore,

2
1 n C2 n—1
- Y {VPF (07, 2k) (k-1 — 07) = Vf (Br—1,2%) + Vf (0%, < ﬁ > 6w — 07"
k=1 k=0

For I, under Condition 2, we get

E(|[E{Vf (6" 20)} = V*f (0" 20)] (61 — 67)
We then have

%) < AM2(|0,—y — 67|,

]‘ < * * *
52 [E{V2f (0, x1)} — V2f (0%, 21)] (Or—1 — 07)
k=1

Next, we need to bound ||6,, — 6*||? and ||0,, — 6*||*. From the proof of Theorem 3, we know the
following recursion formula

10 = 0%1I* = 105—1 = O"[|* = 20 (On—1 — 0",V f(On—1, 20)) + 1 |V f 01, 20) | + 75 ]| An]®

+ 277n<9n—1 - 9*7 An> - 277721<Vf(9n—17 xn)v An>
For notation simplicity, denote 6,, = 6, — 6* and ¥,, = Vf(0,,, Zn+1). Then, we have the fourth
order as follows

161" =N0n—1ll" = 49 (15 Cr) [6n—1[I” + 40 (-1, An)[6n—1 1> = 4052 (Y1, An) |61 ]|
+ 200 [ Vo1 2180 —1 11 + 202 [ Anl 21601 [1> = 402 (Wp—1, An) 1651 ]|
A3 (Gt U1 ) (W1, An) — 400 [V [P (Gt Wrm1) — 400 | A1 (6n—1, W)
— 87 (On—15 An) [ An > + 40 (01, An) [ W51 |12
+ 405 (On—1, An) | An | = 403 (W1, A [ W1 [|? — 40 (U1, An) || An)
+ 205 1V [P ARl® + 402 [ W01 P[00 -1 11 + 402 | A 160111 + 405 [ An 1 * @1 |12
[ W [+ 7| A 1%

Note that all terms containing the first moment of A,, have zero expectations, then we only need to
bound the following terms

- 477n<5n717\11n>||6n71”2 < _4m77n||6n71||47
677721H\Pn71H2”5n71”2 < m77nH‘5nfl||4 + 9772”\1}“*1”4/”]‘7
20 || A2 100—1 117 < |61 /3 + 3| An | /m,

— A 11 PGy Wrn1) < 18— [|* 4 305 [ W [,
— 4 1A 1% (G, Wrna) <181 [|* 4 305 [ An ],

67 [ W1 1P| 451> < 305 [ @n[|* + 31| An ],

A3 [ An 100111 < 2mm[|6n-1[1*/3 + 61| An||* /2.

E 0* %
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According to the Lemma 1.19 of Rigollet & Hiitter (2015) and Condition 1, we know E(||4,|*) <
74 and E(||[¥,_1]|*) < C§. Combining the above inequalities, the expectation of fourth order has
the following recursion

3 9
B8 < (1~ 2, + 22) (1301 l) + 4(C8 + 7 (o + 00 ).

Denote
C30=(Cq+1H(B+9/m), Cyo=4(C5+712).

‘We then have
E([I6.]1) < (1 = 2mnp + 20) E([|0n-1]|") + Ca,07; + Ca,07n

n

< JTC —=2mme +209) E(I60ll*) + > T (1= 2mmi + 208)(Cs.0n + Caomi)
k=1 k=1i=k+1

= B1,n B(]|d0]|*) + Bz,n-

It is easy to show that

B <o (<2 Y4237 52).
k=1 k=1

For Bs ,,, denote ng = inf{n € N : 2772 > mny, }, we obtain

n

n
By < >[I exp(=mn:)(Csomii + Caont)
k=no+1i=k+1

n no  no
+ I expl=mm) )Y ] exp@n})(Csomit + Cuon)
k=ngo+1 k=1i=k+1
<> T exp(=mn:)(Caomi + Caont)
k=1i=k+1
n no no no
+ [T exp(=mmw) [ exp(mne) [T exp(2nf) D (Cs omi + Caong)
k=1 k=1 i=1 k=1
<Y T exp(=mn:)(Cs omi + Caomi)
k=1i=k+1
n no no
+ [T exp(=mm) [T exp(dn?) D (Cs.0ni + Cuomid)
k=1 =1 k=1
= B3,n + B4,n~
For B3 ,,, we have
n/2 n n n
By =Y [I exp(=mn)(Csoni+Coond)+ >[I exp(—mni)(Csoni + Caoni)
k=1i=k+1 k=n/2+41i=k+1
n n/2 n n
< I exo=mn) Y (Csomi+Caond) + Y I exp(=mm)(Csono+ Caon o)
i=n/2+1 k=1 k=n/2+1i=k+1
n n/2 n n
< [ exp(=mm) Y (Csomi + Caoni) + (Ca.0m7 )2 + Caontj2) D exp (m > m) i
i=n/2+1 k=1 k=1 i=kt1
n n/2 1
< JI exp(=mm) D> (Csoni + Cooni) + 5(03,0772% + Ca o7} j5)-
i=n/2+1 k=1
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When 7,, = nn~ and using the bounds of summations, we obtain

By < exp{—mny1_a(n) + 27737/}1—3(1(71)}7
Bs,, <exp [*% {t1-a(n) — 77/11—(1(”/2)}} {C5,07%1%1_3a(n) + C1on*Y1-4a(n)}

1 222a 323a
+— (C'a,o77 + C'4,077 > ,
m n n

B < exp { =L (n) + 40*1 30 (1) (Co.00 10 (n) + Caon¥1—sa(n) }

Combining the above inequalities, we have

i 222a n323a
B(13a11%) < expl-mpin-a(n) + 2P 61-aaIECISY) + - (Caa 20+ Can 20 )

+exp { = 20010 4o () } {Ca0m b1 -sa(n) + Coon'b1-1a(n)).

Therefore, using (3), we get

B8, ~ 6°]%) < tr [B{V2F (6,210} SE(V?f (67, 20)) ]

1
* (12 -1 —1\2 * (12
E(||0x — 07| )(nk+1 — M ) JrWE(H@an 1)

k=1
1 403 n
P - __A* A
+@Wﬁﬂm)GW9H 2 P14
\ oy 4 A2
4 P ZE 16k = 0°1") + -5 E(160 — 6"]|*) ZEHH — |7

.=J1+J2+J3+J4+J5—|-J6+J7+JS.

Now, we calculate the bound for each term J;, j = 1,...,8. Let

B= kZ:1 exp {—Tl_a/‘l +h1-2q(k) + 4U3¢13a(k)} .

‘We then have

n—1

4o 2(a—1) * (12
iy € —a S R B, - 0°2)

2
mn
N k=1

IN

40° n&i a—2 10® 2 1-a 2, . 2:2\72(a—1)
2 ; ?k + i ’; exp{1-—2a(k) —mnk™ = /2}(E||0o | +n5,)k

40[2[72 4a2
‘" 2, ,2~2
< m2n2n a—1(n) + mntn? (Elldoll” +n U,L)B,
1 ne .
Js < m exp{—2mny_o(n )}AO+ # JFT] p n1-2a(n) exp(—mnn' = /2)
o 1 &2
Il 2
= m2n2—az T e E||5O|| —— iy Y1-2a(n),
= mn? 4=
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C ,,722204 ,,732304
J6_42m22<030k +C'40k >

+ 4 2 {E|I6o]|* + C3,0n*¥1-30(n) + Ca,on*¥1-4a(n)} B
ClcS 077 201047077
< n2m2 — 5 Y1-2a(n) + le—&](n)

+ {E||50||4 + C3,07°11-34(n) + Caon*th1—1a(n)} B,
4M2 2 4M .

Ts<—5 ) —Fk° (E||50H2 +1°6,,)B
mn? £ m
M5, an? 2, 222

< m2n2uw1 aln) + - 5 (E|o]I* +n°5),)B.

Finally, we obtain the overall bound as

B(f, ~ 6°]%) < e [B{V?F (6"

2p)} ISE{VAF (07, 2)} ] + m%_l(m + mz;n
+ (mn127]2 * mn2(11—a)772 + Z:nj\z2> E||6o]* T O )wl 20(1)
(M)<H> S

4M?

n
m2n2u {El60]I* + C3.0n°¢1-3a(n) + Ca0n* 1 —4a(n)} B.
The proof of this theorem is completed.

_|_

Proof of Theorem 5. Using the same arguments in Theorem 3, we have the following recursion

Ap <Api+ Conn +Tnnn
After applying the previous recursion n times, we have

k=1

where 62 = max{CZ + 77}. Using the Lipschitz continuity of F'(f) and taking conditional expec-
tations, we have

2

F(en) S F(en—l) - nn<vF(9n—1)7vF(0n—laxn) + An> + 77niHVFV(en—laxn) + Anuza
2 n2 212 M

E{F(6n) | Fa1} < F(0n1) = na[ VE@n)|* + Z5= E{IVE (01, 20| p Ao 5

where (7, ), are an increasing family of o-fields and 90 is Fp-measurable. Using F'(0)—F(6*) <

(VF(0),0 — 0*), denote D,, = E{F(0,,) — F(6*)}, we have

FO)N? < B{IVF(0n-1)*}E (001 — 0"]%).
In addition, note that E(||V f(0,,—1,z,)||?) < CZ, we have

Dy = [E{F(0n-1) -

2M5'2
D, <D,_ 1—FD2 1+77"2 "
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For o > 1/2, 572 | n? is bounded and we define lim K, = K. Consider another recursion by

n— oo
replacing inequality with equality:

20752
5—Dn1_7D2 1+ﬂ
K 2

with Dg = 50. Next, we show that forany n € N, D,, < En Define the function

M 9
t t) =t — —1
= glt) =t = 7t
which is increasing on [0, K« /(27,,)]. Note that both D,, and D,, is bounded by (M /2) K. When
n < 1/M, we have [0, M K /2] C [0, Koo /2ny,]. Then Dy = Dy implies D; < D;. Due to both
sequences being within the increasing interval of g(t), we have forany n € N, D,, < D,,.

Define ¢,, = (4M1/2&#773/2)_1K;o/2 min{1,n3*/2=1}, note that 77,1/2 - 7771/+21 > nt/2/(4n/?), we
then have for all n > 0,

1/2 1/2
n21 4 )2 =2 (U eni) V2 2> 02 (1t i) — b2 (1 + 2np0)

1/2 1/2
n 1/2 n
Z 4na/2(1+€n+1) Z 4na/2’
,'71/2 min{17n3a/2—l} - ,’71/2
4\/§n2a - 4\/§na/2
1/2

<021+ ) = (L ensn) 2

R SR

Let ng be the smallest n such that D2, > (1 + ,)M NG Koo /2. Next, we show for all n > ny,
such that D2 _; > (1 + &,)M1,572 Koo /2. In fact, if Dy 2 (1 + en) VMY 20 %5, KX )V/2,
due to the fact that g(¢) is increasing in D,,_;, we have

20752
Dy > (14 en)2M Y2125 K1/2/\[ Moy,

2

{(1_|_€ )1/2M1/2 1/2 K1/2}2
> (1+ an)l/?M”?nifl&uKif/f — snnnM&in

+ MY25, K202 (14 e) 2 = gl2 (1 + e000) Y2} /V2
> (1 + €7l+1)1/2M1/277’}L{‘1-21 NuKl/Q/\[

Correspondingly, the recursion for n > ng can be updated by

‘We then obtain

Therefore,

_1 n _Ek 1
Ko Zk:noJrl Ttes Tk + D

0

1
n 71 2~7 1/2°
B i T+ V(L + ey) MY 2 P K

IN
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Moreover, it is easy to show that

i
L

a2 (L en) ™ = {%+{ (L) 2 =0 P (A rey)” 1/2}+n1 V2(1 4 g)71/?

3 =
—_

m/? (L en)? =02 (L4 ) ?
!> (14 e)'/? 77;1421 (14 ex11)"?

n 1/2(1+€) 1/2

Vv I
1M

-1 —1/2 —1/2 ( 1/2 1/2 —1/2 -
(1+ekt1) ! Nk / 77k+{ (ﬂk/ - 7714.1) +m / (1+e1) Yz
1

S £k N
an7M1/2U“Kool/2.
Pt 14+ e

E
I

IV
N | =

Finally, we obtain

D, <D, < !

1 n € '
Koo > k=1 Trer
When 1/2 < o < 2/3, we have

2K
D, < =
Zk L 4M1/25,m3/2 K P pi—sa/2
1/2 1/2 - s
2K+ AM e )y 2K (L4 AMM 25,072
D ko2t - VYo s2(n)
_ 2{A¢ + 520*Y1_2a(n)}/2(1+ AMY25,m3/%) Iy
o 1%/2(”) '
When 2/3 < a < 1, we have
2K
D, < —; ‘:’kia
Zk:zl 1+4M1/2&}Ln3/2K;o1/2
2 ~ 2 ~

2R AM 25, ) [y 2K (14 MY 25, )

Do B B Y1—a(n)
_ Ao+ G Y1 aa ()} 21+ M 26,07 2) /n
B Y1—a(n) '

For0 < a<1/2, 220:1 n2 diverges, then we consider the following equality:
- 2M5'2
Dy =D,_1 — —DQ K
1 K —1 + 2 5

with K, < Ag + &inzwl_ga(n). We follow the same procedure above and get
1

3 ket K%c likek Mk
2(1+4MY25,0%/2) /n

PRy 71/2]““/2_1

(AO + 5 ~2 2)(1 +4M1/2~ 3/2)/77

(2P, e 172
_ 280 + o)1+ 4M1/2w73/2)/n
N (1 —20)Y24p34/2-1/2(n)

We have completed the proof of this theorem. O

D, <D, <

IA

I /\
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Proof of Theorem 6. By convexity of F'(#), we have
r(l Zn: o) <t Z F(6))
"= ‘) k=1 "

The convexity also implies F'(8) — F(0*) < (VF(0y), 6, — 6*). From the previous inequality, we
then have

B0 = 0711 | Fie1) < 10k — 01 = 200 E{(Or—1 — 0", VF (0)—1))} + 15 (CF + 7).

Therefore,

E{F <n1§0k> — F(9* }

Z{F (0r) — F(67)}

1 n
<E {n§ (VF(6y),0), — 0" >}

1~ (Ap— Dy s )

< Ly (e A znk
,u

2n = < M
< An Uunwl—a(n)
- 2nmy, 2n

no—t T —a(n)
_ Ao + 521201 _9a p .

2 {Ao +a,n"P1-2a(n)} + on

Hence, the proof of this theorem is completed. O
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B ADDITIONAL EXPERIMENTS RESULTS

In this section, we showcase the remaining numerical results for both linear and logistic regressions,
maintaining consistent configurations with dimensions d = 10,20. These findings align with the
trends discussed in the main body of the paper.
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Figure 4: Trajectories of the distance between the loss incurred by the estimators and the optimal
loss for linear regression with d = 20.
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Figure 5: Trajectories of the distance between DP-SGD estimators and the optimal for logistic
regression with d = 10.
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Figure 6: Trajectories of the distance between the loss incurred by the estimators and the optimal
loss for logistic regression with d = 10.
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Figure 8: Trajectories of the distance between the loss incurred by the estimators and the optimal
loss for logistic regression with d = 20.
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