Radial-VCReg: More Informative Representation
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Self-supervised learning aims to learn maximally informative -5 Target | 0-5 _ Target 05 Target
representations, but explicit information maximization is hindered by the .04 .04 . 0.4
curse of dimensionality. A defining property of high-dimensional Gaussian éo 3 50_3 20 3

\distributions is that their radial distribution follows a Chi distribution. ) 2 2 A
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We propose Radial-VCReg, which augments VCReg with a Radial- 0.1 0.1 J \ 0.1
Gaussianization loss. We prove that Radial-VCReg transforms a broader 0.0 0.0 0.0
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class of distributions toward normality compared to VCReg. Radius Radius Radius

\( - - - - - \) A. shows the initial feature-norm distribution at random initialization (W,=17.15) B.
Radial-VCReg CO'TS'Stently Improves perfor.mance by r.educmg.hlgher- shows the representation learned with VCReg after optimization (W, = 8.17). C. shows
order depen.denmes and promoting more diverse and informative the representation learned with Radial-VCReg, whose radius distribution closely

\representatlons. y matches the target Chi distribution (W, =0.79).

[ Motivation } [ Results }
Fig 2.
ﬂd-dimensiona[ isotropic \ A. Original Samples B. Optimized Samples m /We asSSess Radial'VICReg by pretraining models with different prOjeCtor \
Gaussian’s radial marginal followsa | 15 \ S e | | dimensions on CIFAR-100 and ImageNet-10 (Tables 1-2). Radial-VICReg
Chi distribution. Enforcing this Lo \\ // Lo | | | consistently delivers higher accuracy than VICReg at smaller projector
radial property together with 05 N/ D sizes, showing gains of up to 1.5% in Top-1 accuracy across both ResNet
whitening provides sufficient 0.0 IR \amd ViT architectures. )
conditions for Gaussianity whenthe | -os // \\ -1y
underlying distribution is elliptically | -1 / N\ -2 Table 1: CIFAR-100 Results (Linear Probes). The table reports the mean =+ standard deviation for
Q/mmetric. J -15) 4 N\, ? e | Top-1 and Top-5 accuracies, with the two metrics separated by a forward slash (/). All results were
S - 0 : averaged over multiple random seeds. Hyperparameter details are provided in Appendix F.1.
mspired by this observation, we \ A.The X-distribution re.malns uncharrged ] Projector Dimension (d)
investigate whether self-supervised under.VCReg because it already has.lde.ntl’fy Architecture  Method 12 048
representations can be made more covariance, so VCReg cannot Gaussianize it.
Gaussian—and therefore more B. Under Radia[.VCReg, the same ResNet18 Radial—VICReg 65.99 +£ 0.08/89.28 +-0.21 68.25 +0.41/90.61 £ 0.23
informative—by explicitly matching distribution becomes spherical, elucidating VICReg 64.23 £ 0.10/88.32 £ 0.10 67.99 £ 0.27/90.78 £ 0.05
their radial marginal to the Chi that the radial loss can Gaussianize ViT Radial-VICReg 61.33 £0.29/87.36 £0.28 62.91 +0.20/88.11 +0.37
\distribution. / distributions that VCReg cannot transform VICRCg 60.30 4+ 0.21 / 86.68 4= 0.05 62.28 +-0.33/87.97 £ 0.31

Table 2: ImageNet-10 Results (Linear Probes). The table reports the mean + standard deviation for

. . . Top-1 and Top-5 accuracies, which are separated by a forward slash (/). All results were averaged
[ Ra d lal Regu la rization } over multiple random seeds. Hyperparameter details can be found in Appendix F.2.
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For each feature z;, define its radius r; = ||z;||,. We want the empirical radius distribution \R]‘i‘gilil'VICReg g§'2703fooézsé 3%’72125 gilz gg':;fooézlé 39;1077;'[3'5 gggg i ‘l)'gg/ 33.2407500(')?)3
to match the Chi distribution y(doyt)of an isotropic Gaussian. We approximate the KL i ' 69/99. ' : 23/99. ' ' 55/99. :
divergence Dy (pg (r)||px(r))using a cross-entropy term minus an entropy term. Fig4.
Where the Cross-entropy term is Ef the form: /Across ayperparameter sweeps, we \ A
B1 1 5 observe that lower Wasserstein ,\365 |
CE(Z) =" (E”Zi”Z ~ (dout — 1) log| Zi||2)' distance to x correlates strongly with <
i=1 ) g
And Entropy term is of the form (Vasicek m-spacing estimator) lmprove.d downstream p.erformance, <
Nem supporting the hypothesis that = 60
4 (N +1 ) Gaussianized radii yield more 3
H(Z) = z lo Z(; — ||z(; ) ) y ] Q
N-m & I\ m (lz@mllz = 1z llz) informative representations, as <
Where we let the radii be sorted: ||z(y) ‘|2 <... < ||Z(N)‘ 5. Qhown in Figure 4. / 5o
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Hence, we define radial loss as: Wasserstein Distance to y
r(Z; B1,B2) = CE(Z) — H(Z) [ Limitations and Future Work }
and Radial-VICReg loss is: ﬁahighlight that some \
n , . , Fig 5. distributions cannot be
LRadial—VICReg(Z;Z) = Lyicreg(Z,Z") +7v(Z; B1, B2) + 7 (Z'; B1, B2) B,=0 B,=1 Gaussianized even with Radial-
VICReg. The Sunshine
This pushes radii toward y(d,, ;) while VICReg pushes the covariance toward identity— —_— distribution (Fig. 6) provides
together moving features toward a maximum-entropy Gaussian. 2 L : . such an example: despite
0 0 Qo o having identity covariance and
PN a Chi-distributed radius,
Radial-VCReg Gaussianizes a Broader Class 2 2 | varying the entropy weight
Let X € R have distribution Py with mean u and covariance X. Then, the VC Reg map is ﬁzcanpot [?rtrl‘shflt towarld a true
TvcReg(®) =X7/*(x — ) 202 =0 2| padssian- o éﬁ:ﬂeg?nzo
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Sadllﬁ'allglc F\eil\lglip :Whlt:r;ng; I::aDdII:alfCDflTr'?'ESform) & EZ, o [, affects the radial structure
ety bethe ofrand F,the of x( )2 en RN of samples. More broadly, we
B 2 2 O 0%, 3 N .
TRadial(®) = = Fi! (F-(1y112)). N * | observe thatoptimal
Iy ownstream performance
Define the sets of distributions that each map sends exactly to a standard Gaussian: 0 i’é.,{"i! 0 often occurs when f8; = f35,
Fvcreg = {Px: TycReg(X) ~ NV (0, D}, Fradiar = {Px: TRadial(X) ~ N(0,D)}, . d _2 even though B, = B,is the
Then, theoretically consistent KL

Fvcreg & FRradial S5 = °(; 5 estimator. Under§tanding this
If X is elliptically symmetric, then whitening plus enforcing a Chi-distributed radius asymmetry remains open.

makes X exactly Gaussian. VCReg can succeed only when the radius is already Chi-
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future work, strengthening information-
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N (0, I)across all mixture ratios, demonstrating

maximizing priors and enabling more

distributed after whitening. Radial-VCReg explicitly corrects the radius, so it ] ] . \ Fig 6.
Gaussianizes strictly more distributions. . Because of the qurse of dlmens.lonallty, : u
Fig 3. perfectly Gaussian representations are 3 ' ‘; 0.14
/ \ go | Data Distribution infeasibl.e jco guarantec-.). Still, necessary but | -
Figure 3 shows samples drawn from a mixture = \PZSEZ%VCReg non-sufficient constraints—such as :
aX + (1 — )N (0, I),where X is the non- S0.5 enforc[ng a x-distributed radial marginal— 1), 2 o10
elliptically symmetric X-distribution that VCReg % can eff|.0|en.tly push features t0\./vard more 0 008
cannot Gaussianize. Radial-VICReg corrects the 504 Isotropic, higher-entropy behavior. We view | |
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that it Gaussianizes strictly more distributions 0.2 : : . N 002
than VCReg. expressive, disentangled representations. / - S
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