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Abstract

In this supplementary material, we provide complete proofs of the theorems of the
main paper.

A Proof of Theorem 1

A.1 Preliminaries

In Section 2 of the main paper, the loss function space is defined as:

Ly, ={l(z,y, f) =Llps(x,y) : [ € F}, (1)
where
JF= {.ZE = (w,\IJ(x,y» TweE RNv ”pr < AP}'

‘We now introduce the function space of the margin function

Fp={(a,y) = psla,y): f € F}. )

We also denote p¢(z,y) as p(x, y, f) and introduce the Rademacher complexity definition of the loss
function space:

Definition 1 (Rademacher Complexity [2]]). Assume L, is a space of loss functions as defined in
equation , then the empirical Rademacher complexity of L, is:

. 1 n
R(L,) =Es | sup —

Loel, M

O-'L'E/J(x’ia Yis f) P
1
where 01,02, ..., 0y, are i.i.d. Rademacher variables taking values —1 and 1 with equal probability,

independent of the sample S = {(z1,91), ..., (€n,Yn)}. The Rademacher complexity of L, is
R(L,) = E(Ly)Np?fﬁ(Ep), where P is the underlying distribution.

Besides, we define the empirical risk of any scoring function f as
. 1 <
R(£p> - E ng(xzﬁ Yiy f)7
i=1

and the expected risk is defined as

R(E/I) = E(z,y)NP[ep(xv Y, f)]

*Corresponding Author.

35th Conference on Neural Information Processing Systems (NeurIPS 2021).



According to the McDiarmid inequality [8] and the symmetrization technique (e.g., Theorem 4.4 in
[10D), it is easy to obtain that with probability at least 1 — 6,
log1/6

2n
Due to Lemma A.4 in [5]], combined with the Lipschitz property of ¢, in the Assumption 1 of the
main paper, we have the following inequality with probability at least 1 — §:
log1/6

2n

R(€,) — R(L,) < 2R(L,) + 3M

R((,) — R(£,) < 2uR(F,) + 3M 3)

Thus the key step is to bound the term R(F, b)-

A.2 Covering number bound

To bound the term SEE(}: »), we first introduce the definition of covering number.

Definition 2 (Covering Number [15])). Let F be class of real-valued fucntions, defined over a
space Z and S := {z1,...,2,} € Z" of cardinality n. For any € > 0, the empirical {..-norm
covering number N (e, F, S) w.r.t S is defined as the minimal number m of a collection of vectors

vl, ..., v™ € R” such that (Vg is the i-th component of the vector v7 )

sup min nax |f(zi) — V]| <e
1=

yeeesTU

feFi=lm
In this case, we call {v',...,v™} an (e, )-cover of F wrt. S. We denote N (e, F,n) =
supg Noo (€, F, S). Furthermore, the following covering number is introduced:

N(&, F, || - |leo) := supsup N (€, F,S).
n S

We then need to introduce the following lemmas.

Lemma 1 ([14]). Let L be a class of linear functions. If ||x||, < band ||w||q < a, where2 < p < oo
and1/p+1/q =1, then Ve > 0,

a’b?
log Noo (e, L,n) < 36(p — 1)6—2 log, [2[4ab/e + 2]n + 1],

where Noo (€, L,n) = supg Noo (€, L£,S), and where S = {(x1,y1), .o, (Tn, yn)} € (X x Y)™
Lemma 2. For any scoring function [ and ]? and any sample (x;,y;), we have the following

property:

)

heH,;

max fu(ziyy) — fulziy)

Proof. Based on the notations, we have

’Pf(xi,yz‘,f) - Pf(ﬂfiayi,f)’

< ’f(xi,yz-) — max f(z;,y) — f(zi, ;) + max f(z;,9)
Y #Yi Y #Yi

<

e FGoi) ~ Flaso)] | + || e fas/) = Flan')|
Y #Yi

Y #Yi

< 2 |max f(x;,y) — ~$1,

< 2| f(a1.9) = o)

<2 Z max fr(xi, yn) — fr(Ti, yn)
heH; vey

=2y max fn(ziy) — ﬁ@i»ll)' :

heH;

The proof is over. O



The following proposition is the covering number bound on the margin function class F o

Proposition 1. For the function class F o defined in (El) we have

~ 144(q — 1)s2A2r2
log Noo (€&, F, S) < @ 2) vl ) [ {881\”% +2W k+1] ,
€ €

where s = max;c,) |Hil, 2 < p < oo, I/p+1/q =1, rq = max; py [|Yi(zi,y)|lq and k =

Zie[n] ZhE|H|7‘, Zyeyh,'

Proof of Proposition 1. The proof is inspired by [6]. A difficulty towards this aim consists in the
non-linearity of margin py. We bypass this obstacle by introducing the following linear function
class:

Fi={ve (w,v):weRY |w|, <A, veS}, 4)
where S is defined as follows
S = {Up(z,y):x € {x1,...,xn},h € Hi,y € Vp}. 3)

We relate the covering number of the non-linearity function class F ,» to the covering number of this

linear function . The latter is easy to be addressed since it is a linear function class, to which
standard arguments apply, such as Lemma T]

We now relate the empirical ¢,,-norm convering numbers of F w.rt. S to that of ]-'p wrt. S. Let

i (] J J J J J L
r’ = (r e, T T T T e, T :j=1,...,.N
{ ( 1,1,10 17h\H1\g|yh,‘H1||’ 2,110 2,h\H2|"yh‘H2“’ > in,1,10 n,h‘Hn\,lyh,‘H"M) J rn

be an (e, Lo, )-cover of F with N be the cardinality. That is, for any w € RY with lwl|l, < Ap, this
cover guarantees the existence of j(,,, € {1,..., N} such that

), Wy (24,))| < e 6

s e e 7, — (0. a1, 9)| < ®

Now we define r/ = (3 heH, rf n.) forall j € [N], where 7 represents labels in the label space
of factor ~ and is corresponding to y, in the term U, (2, ypn). Take sample ¢ = 1 for example,
hem, ™on, T) is a vector where 7 choose elements from the label space of factor h. It is important
to note that if r’ is assigned with sample y; (such as the following Pri i (T4, Yi, 1 )) then it becomes

an element whose 7 corresponds to sample y;, so that we can use the L1psch1tz property established
in Lemma 2] to bound the difference of the margin function by the scoring function on the factor level.
Therefore, we define the set

{(prj (l'laylvrl) prJ ($2,y2,r2) ~;PrgL($mymr{1)) .7 = 1) aN} (7)
Then we have:

J(w)

max pf(xzvyuf) p](w) (xzvyu r; )

i€[n]
< max2 Z

<9 o ) . .j(w)
m?}](;rfé%f 252%;;( il |[{w, U (zi,y)) Tihy

< 2max\H le  Using (6).
i€ln

J
max fp(z;,y) — Ti)(,;“fy

Using Lemma
YEVh & Q

Denote s by max;e[y) |H;|. The above analysis shows that the set defined in (7)) is also an (2se, £ )-
cover of ]-'p wrt S = {(z1,y1), -, (Zn,Yn)}. Therefore,

log Now (€, F,, S) < log N (—e F,S). (8)



Based on Lemmal(I] we have

o 36(g— 1)A22
log N (e, F, §) < Mlog [2 {4/\”” +2w k+1} : ©)
€

where s = max;cp, [Hil, 2 < p < 00, 1/p+1/q = 1, vy = maxpy |[|[¥n(zi,y)|g. and & =
Zze[n] Zh€|H|i Zyeyh
Combined (8) with (9), the proof of Proposition[T]is completed. O

A.3 Proof of Theorem 1

Lemma 3 ([4]). Let F be a real-valued function class taking values in [0, 1], and assume that 0 € F.
Let S be a finite sample of size n. For any 2 < p < 0o, we have the following relationship between

the Rademacher complexity R(F) and the covering number N, (F, e, S).

R(F) < inf (4a+ —/ \/1og N, (F €, S)d ) (10)

Proof of Theorem 1. Denoted by a := 144(q — 1)s*A2r2, b := 16sA,rqk and ¢ = 6k + 1. Based
on Lemma [3]and Proposition [T} we have:

ﬂ?ﬁ(}')<n;f0<4a+/ V10g Noo (F,, €, S)de >
. Ja
C <4a_+rzt/‘ah%£bﬂi+(fde
Tl €

T a>0

/ \/alog (bn+c
1/n

H ¢
4  12lnn
= — 4+ ———+/alog(b .
- + NG alog(bn + ¢)
Substituting this result into (3)), with probability at least 1 — §, we have
- 24pl log1/é
R(t,) — R(t,) < 2 4 220 “”\/144(q — 1)s2A2r2log(16sA,rkn + 6k + 1) + 3M °g2 /9
n n
where s = max;e[y, (i,y)llq. and k =

Zie[n] Z}LEIHli Zyeyh' That is we have
uslnn

Mﬁ<RmW»<RMW»+0<\ml%%m@+¢miw>

By some simple transformations of notations, the conclusion of Theorem 1 in the main paper can be
easily verified. The proof is over. O

Remark 1. [Sketch of proof techniques.] Our proof is based on space complexity tools: Rademacher
complexity [2] and Covering number [15]. According to the McDiarmid inequality [8]] and the
symmetrization technique (e.g., Theorem 4.4 in [[10]), combined with the Lipschitz property of £,
the key step in our proof is to bound the empirical Rademacher complexity of the margin function

class: §R( »). We use the refined Dudley entropy integral inequality in [4] with {,-norm to bound
this term R(F,): R(F,) < infaso(da + ﬁ = \/10g Noo (F, €, S)de). Then the proof switches to

bound the /,-norm covering number of the margin function class: log N (e, F ,9). The {o-norm
covering number takes advantage of the max operator in the margin, which admits us to improve
the dependency on the size of the output space. The challenge lies in that the margin function

is nonlinear. To deal with the nonlinear margin function class F,, we construct a simpler linear
function class: F':= {v — (w,v) : w € RV, ||Jw|l, < A,,v € S}, where S is defined as follows:
S:={U(z,y) :x € {x1,...,zn},h € Hy,y € Yn} . The covering number of F can be connected
to the nonlinear margin function class: log N (€, F,, S) < log N (3¢, F, S), while the covering
number bound of the linear function F is easier to handle (145 [6].



B Proof of Corollary 1

In [3], they provide two margin loss, additive and the multiplicative empirical margin losses, that can
be used to guarantee many existing structured prediction, defined as:

£330 )= 4 (o,) = 0" (e L/ ) = 3 (o) = Fo)]).

mu. mu. * 1
ot (@, y, f) = 0" (pp (2, y) = @ (g}gﬁL(y’,y) (1 5 [f(z,y) — f(x,y’)]» ;
where ®*(r) = min (max, , L(y,y’), max(0,r)). To prove Corollary 1, we should show the
Lipschitz continuity property of E,‘jdd(x, y, f) and EIT“”(:E, Y, f).

Lemma 4. For any scoring function f and f and any sample (z,vy), we have

~ 1
65y, £) = ", D] < Jor@y) = piey)

)

and

5 e ) = 6o P < 2o = o).

Proof. Note that ®*(r) is 1-Lipschitz continuous w.r.t. 7.
(1) For the additive margin loss, we have

8w,y ) — 05 (@, y, )|

< | (max 20/ = 3 o) = 1) = (max 2070 & [Flo) = T )|
< | [max Fles) = Feoa)]  [max s — )|

IN

%‘pf(x,y) —pf(x,y)’-

(2) For the multiplicative margin loss, we have

[ty ) = € @, )

max L(y,y) (1 - % [f(@,y) - f(x,y’)]) —maxL(y',y) (1 - % [f(x, y) ~ f(, y/)D ‘

IN

M
< =

P | LY #y y'#y

s o) = Flo)] [ max fa) ~ )|

M
< = Jort@y) — o).

The proof is over. O
proof of Corollary 1. Substituting y1 = % and p1 = % for £4%% and ¢! into Theorem 1, respectively,
Corollary 1 can be easily verified. O

C Proof of Corollary 2

Proof. For a fixed f = (fi, ..., fr), any « in the probability simplex A defines a distribution over

{f1, .-, fr}. Sampling from { f1, ..., fr} according to « and averaging leads to functions m of the
1

formm = = Zz;l ng f; for some n = (ny,...,ny) € NT, with Zthl ny =n',and f; € Fy,.

For any N = (Ny,..., N,) with |N| = n’, we consider the family of functions

p Nk

Mon =3 253 fugl¥(h,) € o] % [Ni] fis € B p

k=1j=1



and the union of all such families Mg ,,» = Ujn|=n' Mg N. Also the margin function class is defined
as

Mmg,N = {pm tm e MQ,N}-

Fix p > 0. For a fixed N, the empirical Rademacher complexity of M, g n can be bounded as
follows for any n’ > 1:

X 1
R(Mp,g.) JZNRR pk)-

Thus, by Eq (3), we have the following bound holds: for any § > 0, with probability at least 1 — 4,
forallm € Mg N,

A log1/6
R(lp 1 (m)) — R(L,-(m)) < 2uR(M, g ) +3M 2n/
log 1
< 20— N NR(Fpi) +3M Oan/é
1

Since there are at most p” possible p-tuples N with [N| = n’, by the union bound, for any § > 0,
with probability at least 1 — 6, for all m € Mg ,,/, we can write

logp™' /&

. 1 & .
Ry () = R(Lp () < 20 37 NyR(Fp ) + 30| 2L
k=1

Thus, with probability at least 1 — 4, for all functions m = % ZiT:1 ny fr with f; € Fy,, the following

inequality holds

log p™' /4

R(¢,+(m)) — R(£,,(m)) <2 nlzp: (Fpuk,) +3M o

Taking the expectation with respect to « and using E,, [nt /n'] = a4, we obtain that for any § > 0,
with probability at least 1 — &, for all m, we have

logp™ /8

T
Ea [R(£.- () = Rl (m))] < 20 D e(Fo) + 30y =0

Fix n’ > 1. Then, for any d,,; > 0, with probability at least 1 — &,,,

Ea [R(Ef”(m)) - R(Em(m))] <oy uR(Fpk,) + 3M\/W.

t=1

Choose 0, = o —% for some § > 0, then for p > 2, 3° wr>1 00 = ﬁ < 4. Thus, for any

0 > 0and n’ > 1, with probability at least 1 — ¢, the following holds for all m:

log 2p?™'—1/§

T
Ea [R(€r(m)) = R(€yr(m))] <203 aeR(Fy,) +3M o

t=1
We first consider the additive margin loss, defined as
1
0 (@, y,m) = 029 (2, ) = ©* (mgx L y)+7— 5 (@)~ m(x,y’)]) :
y'#y
Thus, there holds that
A log 2p2"'—1/§
B (R 0m) R o)] < 45 () + 30y 200

t 1



1

Now, forany g = S/, a;f; € G and any m = I nifi, we have

R(g) = E[L(9(2),y)]
= E[L(§(x)y) Ly, (e.)<0]

and the following proof follows the Section A.8 in the Appendix of [3]]. For brevity, we omit it here.
Following their proof, we can finally obtain that

. 2M /10g 4 |VI2p2n logp log 2/6
add
R(g) — R(£55 E atSR o) T 9M\/fp2 log( Tlogp )] . o

Because for any k; € [1, p], in the proof of Theorem I part, there holds that

o = 4 121
R(Fp) <+ —=

\/144((] —1)s2A2r2 log(165A,rqkn + Gk + 1),

Since Zthl a¢ = 1, we have the following bound:

. 4 |VI2p?n - logp log2/§ 2M [logp 16
_ add < 1 i e =T
R(g) - R <g>>_9M\/f 7 log(15) 20| 2EL o B 2 JRED

él?lnn

\/144(q — 1)s2A2r2log(16sA,rqkn + 6k + 1),

(i,y)]lq. and k =

where s = max;¢[,
Zze[n] ZhElHli Zyeyh

That is we have

> Inn 1
_ add < S 1
R(g) — R(£;7(9)) <O (p\/ﬁ (log (nsk)) ++/C(n,p, p, |y|’5)) ’
where C'(n, p, p, |Y|,6) = [p% log( \leig;nﬂ 10517 + %'

For the multiplicative margin losses

B o) = €2 () = & (max L/ (147 = S ) = mGe/ 1) ).

by a similar proof, we have

2p2n .1 log2/6 2M |1 16M
Y [?p nylosp | log /6, 2M Jlogp
4logp n 2n 0 n pn

) 4
R(g) — R(€71"(9)) < 9IM \/ [— log(
4M 12lnn

\/144 g — 1)s2A2r2log(165A,rgkn + 6k + 1),

where s = maxiep, [Hil, 2 < p < 00, 1/p+1/¢ = 1, 7y = max py [|Vn(2i,y)llq and k =
Zze[n] ZhEIHli Zyeyh

That is we have

- Mslnn 1
_ mult < 3
Rlg) - R @) < 0 (MEE (1og? (ush)) + VOl 915))
where C(n,p, p, |V, 0) = [ & log(I2)] 82 4 108200,

By some simple transformations of notations, the conclusion of Corollary 2 in the main paper can be
easily verified. The proof is over.



D Proof of Theorem 2

D.1 Uniform Localized Convergence
D.1.1 Preliminaries

Rademacher complexity is a classical tool in measuring the space complexity and can be used to
bound the uniform deviation [2l], however, it is worth noticing that it consider the worst-case of the
element in function space, neglecting that the algorithm will likely pick functions that have a small
error. [1] demonstrates that the local Rademacher complexity is more reasonable to be served as a
complexity measure. Therefore, we use the local Rademahcer complexity as a tool to measure the
space complexity. We introduce the following definition:

Definition 3. For any r > 0, the local Rademacher complexity of L, is
R(L,) = R{alyla €[0,1],4, € L,, Rl(al,)’] <1}, (11)

where R[((,)%] = E(z )~ p [&2)(557 v, )]

The key idea to obtain sharper generalization error bound is to choose a much smaller class £}, € £,
with as small a variance as possible, while requiring that £, is still in £7.

With the local Rademacher complexity, we have:

Proposition 2. Assume that {, € L, is bounded by [0, M], where M > 0 is a constant. Let
" be the fixed point of R(L}), that is v* is the solution of R(L},) = r with respect to 7. Then

Vv > max(1, %), with probability 1 — §, we have
v ~ ~ % Cs
R(¢,) < max{v_ 1R(€p),R(€p)+cMT +n}, (12)
where ¢y = 18 Mv, cs = —(12”“4:)31%(1/5).

D.1.2 Proof of Proposition 2

We first prove the following three lemmas.

Lemma 5. Let L be the normalized loss space

- r
L= {W(RWWP e Lp} . (13)
Suppose that, Vv > 1,
. - g r
= — < —.
Ou(£) = sup {RUEy) ~ R(E,) | < 5

Then we have

R(€,) < R(L,) + Un(L) < R(Ly) + (14)
Let us consider the two cases:

1) R(2) <7, L, € L,

2) R(2) > 71,0, € L,.



In the first case £, = £,, by (T4), we have
R(ty) = R(t,) < B(ly) + 5 = B(6p) + 3. (15)
In the second case, Zp = %Em then

R(£})

R(t,) — R(¢,) <U.(L,) = Up(L) < ——21 —_ — . (16)

By combining the results of Eqs (T3) and (T6)), the proof is over. O

Lemma 6. £ C L),
Proof. Let us consider L, in the two cases:
1) R(@%) <r,l, €L,
2) R(2) >, L, € L),
In the first case, Zp =/, and then:
R(£3) =R(€2) <.

In the second case, R(E?,) > r, so we have that

o= s | o <

p

and the following bound holds:

R(2) =
=
Thus, the lemma is proved. O

Lemma 7. v,,(r) = R(L}) is a sub-root function.

Proof. In order to prove the lemma, the following properties mush apply:
1) 1, (r) is positive
2) 1y, (r) is non-decrasing
3) ¥, (r)/+/r is non-increasing

By the definition of 8(L}), it is easy to verity that 8(L},) is positive.

Concerning the second property, we have that, for 0 < r; < ro: L;l - L;ﬁ, therefore

1/}n(rl) = ES,O’ sup

LoeLyt

1 n
E ;Uiép(xi7yi7f)|

1 n
E i:ZlUin(xhyi) f)H

< Ego | sup

L,EL?
= 7/}71 (TQ)-

Finally, concerning the third property, for 0 < r; < ro, let

1 n
- ilo(Ti, Y, .
S et

02 =arg supEg &
L,eL,?

sup
L,EL?




Note that, since ;—; < 1, we have that %E;} S L‘;?. Consequently:
T 2o,
RI|(/2e2)] =2R[(62)?] <r.
K sz)} T ()] <
LS ot (o )
— 0ilp\Ti, Yi,
n ’ 4

ZUL\/ xzayuf)|‘|
|
= *ES o sup Z Uz JJ“ y'u
V 7o L,eL?

= %wm),

Thus, we have that:

which allows proving the claim since

Ynlra) _ ¥nlr1)
VAERERVIEY

Proof of Proposition 2| According to Theorem 2.1 of [[1], we have
Un(L) = sup {R(E,) — (7,) |

< inf (2(1+ \/%log 1/9)
a>0
Y, (1 > log(1/4) >
3 «

< inf (2(1+a w/mog 1/9)
a>0
log(1
+M (3 > 08(1/9) > Using Lemma 0]

2r log(l/d) 7Mlog(1/5)

<3R(L}) + 3 Setting @ = 1/2
2rlog(1/d 7M log(1/d
<3V 4] 2 Oi( /9) + (;)i( /9) Using sub-root property.

The last step of the proof consists in showing that r can be chosen, such that Un(i) < 31 and
r > r*, so that we can exploit Lemma[5]and finish the proof. For this purpose, we set

A3 4 210g(1/5)’B _ 7M1;g(1/5).
n n

Thus, we have to find the solution of
r
A B=—
v+ o

which is

2B 2 2B 4B2

|: vJV[ + A \/ + A2 B YEDE

r= a7
szz

10



Since v > max(1, 2—\{3), v2M? > 1. Therefore, from (T7), we have

2
r> A2M?0? > % =r"
r < A2M?v? + 2BMw.
Thus, we have

,
— < A’Mv +2B
Mo = vt

:<3¢m W) Ao MM1oE(01/8)

Note that, Va, b > 0, (a + b)? < 2a® + 2b?, so we have that

T 18Murt 4 (12v + 14) log(l/é).
Mo 3n

By substituting the above inequality into Lemma[5] the proof is over. O

D.2 Proof of Theorem 2

Proof. The key step is to obtain the fixed point r* of §R(£;). According to Lemma 3.6 of [[L1], with
probability 1 — J, we have

. S 2log(1/0)R(L7)
%(L'p) < %(L’p) + fp.

Note that Va, b > 0, Vab < % + % So we have
log(1/9)

R(LD) < R(LD) +R(LL)/2 + — =

There holds that
. log(1
R(LD) < 2R(LE) + M.

n

Based on the Lemma 2.2 of [[13]], we have that

R(LE) < 211/687 log®? (64n)R(F).
Thus, we have

R(L) < 12/657 o2 Gam)R(F,) + 2B

In the proof of Theorem 1 part, we have
= 4 12Inn
R(F, < — log(b ,
( p)_n—i— Tn valog(bn + ¢)

where a := 144(q — 1)s*A2r2, b := 16sA,7¢k and ¢ = 6k + 1, and where s = max;c[,) | H;| and

k= Zie[n] ZhelH\i Zyeyh'

So we obtain

4 12Inn

R(L}) < 424/667 log®/%(64n) [n + NG 2log(1/0)

alog(bn + c)] + —.
n

Therefore, we set

o(r) = 42\/%1%3/2(64“) E + 12;%” alog(bn + c)] + 21%(1/6).

11



Solving the equation ¢ (r*) = r*, we obtain

log”(n) In? log(1/6
r*=C {5og () In nalog(bn +c)+ 7og(n/ )}
log* log(1/6
<C [5 o8 nalog(bn—i— c)+ mg(/)] ,
n n
where C is a constant. This result show that Vv > max(1, %), with probability 1 — 2§, we have
R R log* Clog(%
R(f,) < max{v . -R(L,), (L) + c? 05 " alog(bn + ¢) + 07;5(5)} .

Therefore, we have Vv > max(1, %), for any 0 > 0, with probability 1 — § over the sample .S, we
have

v . Bs?logn log(1)
RUT) < Rit(p) < max { 2 RUE(o) Rlelp) + 0 (P togusty + )

forany f € F, where s = max;e(y) [Hi| and & = 3,1 D pe 1), 2oyey, -

By some simple transformations of notations, the conclusion of Theorem 2 in the main paper can be
easily verified. The proof is over. O

Remark 2. [Sketch of proof techniques.] We first use uniform localized convergence tech-
nique [I]] to prove Proposition Yv > max(1, 2—‘{3), with probability 1 — d, we have R({,) <
max{ ,Uflé(ép), R(L,) + e + %2}, where cps and c; are constant, and r* is the solution of
%(E;) = r with respect to r. Thus the key step is to bound the local Rademacher complexity

term R(L}) to find its 7*. And to use the covering number bound of the margin function class

log Noo (€, fp, S) established in the proof of Theorem 1, it is necessary for us to construct the re-
lationship between the local Rademacher complexity %(ﬁ;) of the loss function class £, and the
covering number bound of the margin function. We deal with it by using the smooth property of £,

to bound the local Rademacher complexity J(L},) by O(\/ﬂft(]?p)) and by using the refined Dudley

entropy integral inequality [4] with £.-norm to bound 5)?%(.7? »)). Thus the relationship is built. Finally,
solving r* of the upper bound established for %(/3;) finishes the proof.

E Proof of Theorem 3

E.1 Preliminaries

We first introduce four Lemmas. The first Lemma is a slight refined result of Theorem 2 in [3].

Lemma 8. Let L, be a function class defined in (1) satisfying ||{,|lc < M, V¢, € L,. There holds
the following inequality:

R(L)) < inf {m{ep €5 R(2) < &)  SMELEN (/2. £, 5) | f’“ElOgNw(e/Q’CP’S) }

n n
where £, = {6, — £ ¢ Gyt € L) RIZ) = LY Ups(aiy)® and RI(6,)?] =
Bz y)~p [Lps(@,9))]-

Proof. According to Lemma 1 in [3]] and log N5 (e/2, £, S) < log N (€/2, L,, S), we have

EocR{l, € L, R(2) <r) < inf {Eaa?e{ep €L, R(?) <)+ \/2r log Noo (€/2, £,, 5) } .

n
(18)

For any € > 0, we fix the sample S. For any ¢, € L, with R(Ef)) < r, there holds that

R(2) < sup  (R((2) — R(£2)) + R(£2) < sup  (R(€2) = R(£2)) +r.
L,€L,R(£2)<r Lo€L,:R(£2)<r

12



Therefore, there holds almost surely that
{Ep S Cp : R(gz) < 7‘} - {fp € ﬁp : R(@i) < sup (R(gi) _ R(@%)) + T} .
Lo€Ly:R(EZ)<r
This imply that
R(LD) = EE.R{(, € L, : R((2) <r}

< EE, R {Ep €L,: R(ﬁi) < sup (R(ZZ) - R(ﬁi)) + 7“}
Lo€L:R(E2)<r

Lo€L,R(E2)<r

<ER{(, € L,: R((?) <} + \/E]E < sup  (R(£2) — R(£2)) + r) log Noo(€/2, L, S)

SBRY, € s RIE) < 3) + | e Nele/2L0.5) (E

sup (R(@p) - R(£2)) + r> ,

L,€L,:R(£2)<r

where the second inequality follows from (I8) and the last inequality follows the concavity of
f(z) = v/ coupled with the Jensen’s inequality. Besides, according to the standard symmetrical
inequality on Rademacher average and the Lipschite property of f(x) = 22 with lipschitz constant
2M on [— M, M] (a direct application of Lemma A.4 in [3]), there holds that

(E sup (R((%) - R(£2)) + 7“) < \/2E§f%{€g Ay €L, R(EZ)<r}+7r

L,€L,:R(£2)<r

< AMER{, € £, : R(2) <1} +.
Thus, we obtain that

R(LD) = EEcR{(, € L, : R(£2) <1}

(€/2,£Ly,5

n

X - 2E log Now -
<ER{(, € L, : R(2) < &} + \/ og N )\/4MIE§R{€p €L, R(2) <r}+r.

Solving this inequality, we have

R(L},) < 2ER{(, € L, : R(2) < &} +

8MElog N (€/2,L,,5) N \/QTE log Vo (€/2, L, S)
n n '

The above inequality is hold for all € > 0, thus the proof is over. O

Lemma 9 ([9]). Let S = { X1, ..., X,,} be a set of examples and let P,, be the associated empirical
measure. For any function class F and any monotone sequence (€ )2, decreasing to 0 such that

€0 > supser \V/ Puf 2, the following inequality holds for every non-negative integer N :

N
. 1
%(]:) §4§ ekl\/OgNoo(€ka-F?S) +en.

n
k=1

Lemma 10 ([12]). Let || - || be a norm defined on the class F. Define Fas {f—-9g:f,g€F} we
have/\/(eafv H . H) < N2(6/27}—7 H . ”)

Lemma 11 ([12]]). Let F be a class of functions from X to R and let Fy C F be a subset. Then for
any € > 0, we have the following relationship on covering number: N (e, Fo,d) < N(e/2, F,d).

E.2 Proof of Theorem 3

Proof. Recall that the loss function space is defined as:

‘Cp = {Ep(x,y,f) = E(pf(x,y)) S ]:}’7

13



and the margin function space

]?p = {(xay) = pf(ﬂc,y) 1 fe ]:p}'
Since ¢(py) is p-Lipschitz continuous w.r.t ps, so there holds that
log Noo (€, L, S) < log Nog (¢/ 1, Fp, S). (19)
Thus based on the result of Lemmalg] we have

(L)

. I MEL 9 wEl 2
Sigg{zE%{&eﬁp:R(ﬁi)§62}+8 0g Noo €/ "C’”’S)+\/ rElog Noo (¢/ ’LP’S)}

n n

< igg ER{L, € Z,: : R(@f,) <y 8MElog Noo(e/2p, Fp, S) N \/QTElogJ\foo(c/Zu,}'p,S)
€ n n

For the term ER{/, € Z;, : I:i(ﬁl%) < €%}, applying Lemma|§|with the assignment ¢;, = 27 %¢, we
have

logNoo(ek/2,Z;,S) N

N
ER{¢, € L, : R(2) <€} <4ED ey

EN
n
k=1
N
21 /4, L,,8
§4E26k_1\/ OgNoo(jfZ/ il )+€N

k=1

N =
<4]E26k1\/210g/\/'oo(e;;l/4u7]:p,5) Fen
k=1

where the first inequality follows from Lemma T1] the second inequality follows from Lemma|[T0} the
third inequality follows from (T9).

Thus, the important term need to bound is log N, (.7?,), €,.5). As we showed in (8) of Proposition ,
there holds that
~ 1 ~ ~
log Noo (€, Fp, S) < logNoo(?e,F, S),
S

where
Fi={v (w,0):weRY, |w|, <A,,veS}
and where S is defined as follows
S :={U(z,y):z € {z1,....,xn},h € Hi,y € V}.
(1.) According to the Assumption 3 of the main paper, we have
log Neo(e, F. §) < 2.
€

Then we have

2 5Py,

logNoo(e,]?p, S) < .

(24

Based on the above analysis and results, we have

2log Noo (e /41, Fp, S) Fen

N
ER{¢, € L,: R(2) < €} 4B ex s -

k=1

23p+kp+1fypup5p€—p

N
< 4221_k6\/ +27Ne
n
k=1

N
_ [ Yol sP 9(3p+7)/2 1-p/2 Z o(P=2)k/2 | 2 Ne,
n

k=1

14



when 0 < p < 2, the series 3,5 2(P~2)%/2 converges and thus one can tend N — oo to derive the
bound ER{¢, € L,, : R(2) < €2} < ¢y 2222 ¢1=P/2, Therefore, we obtain that

%([:T) < o inf /’Yp/;pspel—p/Q + SMEIOgNOO(e/2Ma~Fp7‘S’) + \/27ﬁ]E10gNoo(€/2Mafpvs)

e>0 n n

2 2
< ¢pinf \/PY”Mipspelp/2 + 8M 2Py, P sP i 2122P~y, 1P sP
e>0 n nep eP
< ¢p,m inf {\/Welpﬂ + Ypht?'s? i T”ypupsp} '
’ e>0 n nep nep

So we obtain that

_ : [VplPsP 1 _pya  VpkPs? TP sP
We(r) = cpur gg{ n_ * nep * nep ’

The associated fixed point r} = 1).(r}) satisfies the constraint

PP PGP
' < oo [ [t 1 %1 |

If we choose ¢ = n~1/(P+2) we obtain

Wp il

np+2

T’ = Cp,M
This result show that Vv > max(1, 2‘]\5) with probability 1 — §, we have

~ ~ P P
CR(L,), R, )+ cpar 2 +c‘5}.

v — np+2 n

R(¢,) < max {
That is Vv > max(1, 51\6) for any § > 0, with probability 1 — § over the sample S, we have

RU) < Rit(og) < m {2 Rt Riepp) + 0 (215274 REGI) L

np+z n

for any f € F, where 0 < p < 2 and s = max;e[, | H;].
(2.) Similarly, according to the Assumption 4 of the main paper, we have
log N (6, F, §) < Dlog?(2).
Then we have ‘
log Nuw (€, F,, §) < Dlog? (2 7)

Based on the above analysis and results, we have the following 1nequality that holds for any N € NT:

N =
. . 2log Noo (€ /411, Fpy S
IE?R{KPGEP:R(E,Q))§62}§4E26k_1\/ g (’;/'u P )+6N
N 2D logP (81
D SR e A T

n

N
D
<27/2\/> 2 FelogP/? (2543 sy
< nz elog?’“( psye ) +en
<2(7+p/2\/722 Re[((k + 1) log 2)P/2 + log” * (4usve )] + e

D
< 200)/2 [ Zele(p) + log?’* (4psye )] + en,

n
(20)
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where the fourth inequality follows from (a+b)?/2 < [2max(a, b)]P/? < 27/2(aP/2 +b7/2),a,b > 0

and the last inequality is due to the fact Zszl 2*’“((/@ +2) log 2)17/2 < 0.
Letting N — oo in (20), we have

R(L,) < inf {Z(QH’)/Q\/f&[c(p) + logp/2(4u5fye*1)] + S8MElog N (¢/241, F, S)

e>0 n

+\/2r]ElogNoo(6/2u,.fp,S)

n

8MDlog? (%) [2rDlog”(*7)

D
< inf { 209+P)/2, | Ee[c(p) + log?’? (4psye )] +

e>0 n n
/D D logP (4sx rD logP (4£x
< cinf ZelogP?(4usye ) + il Grand + il rand
e>0 n n n

2D
Setting € = /7 in , we obtain that

e

DlogP(#2)  [rDlog? (2
R(L)) <e | ——F—+\| ———

n n

L

Setting € = , we derive that

B

n n

?R(E;) <c [
Therefore, we obtain that

W) = ¢ lDlogp(éllusv\/ﬁ) N \/’I“D logp(4,us'y\/ﬁ)] .

n n

Dlog®(4usyv/n) \/ rD 10g”(4u8%/ﬁ)| .

The associated fixed point r* = (r*) satisfies

. [Dlog”(zmwm . \/r*mogmﬂsym | |

n n
Solving this equation, we obtain
Dlog?
pe < LPlog"(usyvn)
n
This result show that Vv > max(1, 2‘1\6) with probability 1 — §, we have

R(Ep) Smax{ v R(ep),R(gp)"_chog(M—’_if}

v—1 n

That is Vv > max(1, 51\6) for any § > 0, with probability 1 — § over the sample S, we have

R(f) < R(¢(py)) < max{vi}?@(l)f))yé(g(pf)) Lo (Dlog (:37\/5) . k’g(a)) } |

n

for any f € F, where s = max;¢[,) | H;|. The proof is over. O

Remark 3. [Sketch of proof techniques.] The proof is also based on Proposition |2} Thus the key
step is to bound the local Rademacher complexity of the loss function class R(L7,) to find its r*.
In the proof of Theorem 3, the difficulty lies in constructing the inequality between §R(£;) and the
covering number log A (e, Fp, || - |loo). We handle it by slightly refining the main Theorem in [4].
Main proof techniques contain constructing the covering number inequalities among different spaces.
Combined the Lipschitz property and the proof techniques in Theorem 1, we will finally need to
bound the term log N (€, Fp, || - ||oo). Using Assumptions 3 or 4 and solving r* of the upper bound
established for %(L}) finish the proof.
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F Proof of Corollary 3

Proof. We define the function class {¢(py) — £(ps+)}. Since R(¢(ps) — £(ps-)) > 0 and R(¢(ps) —
Upg))? < BR(U(ps) — £(pg~)), if we apply the class {£(ps) — £(ps)} to Proposition we will
get

v * Cs
Rit(oy) = Hpr-)) < max { 7 [A(Ups) = tpy-D)]  RUEGor) ~ oy )+ cor” + 2.
where r* is the fixed point of local Rademacher complexity of function class {¢(ps) — ¢(ps+)} and
¢p = 18 Bw. Note that R(E(pf*)) — R(¢(ps-)) <0, s0 we have
. C
R(t(pf.)) = R(t(ps-)) < epr” + 2.

Thus the key step is to bound the local Rademacher complexity term of the function class {¢(p;) —
l(pg~)} to find its r*.

Recall that when we want to bound the local Rademacher complexity term of the function class
{€(py)} (thatis £,), we can bound R(L}) by

BMElog Noo(€/2.£,,5) \/21"Elog./\/oo(e/2,£,,,5)}

n n

inf {m&{ep €L, R(2) <)+

e>0

Note that there is no difference between the metric entropy of the excess loss class {¢(py) — €(ps+)}
and mertic entropy of the loss class {¢(pys)} itself: that is, from the definition of covering number,

one has

log No (€, L, S) = log Noo (e, {l(ps) — L(ps=)}, S).
Therefore, we can also bound the local Rademacher complexity of the excess loss class {¢(p;) —
¢(py+)} by the following term:

. I 16ME] 2 wEl 2
igg{QE%{ﬁpeL‘,p:R(zi)gg}Jr 6 OgN:LO(€/ 7£p75)+\/ r OgNOZ(E/ ,/:,),5)}.

This means that for the local Rademacher complexity of the excess loss class {£(ps) — £(py+)}, we
finally obtain the same r* as in Theorem 3.

Therefore, under Assumptions 1 and 3 of the main paper, for any § > 0, with probability 1 — § over
the sample S, there holds

Ritloy) < Rit(ps-) + 0 (252 ) 1 o (B,

np+2 n

for any f € F, where 0 < p < 2 and 5 = max;e[,, | H;].
The proof for the Assumptions 1 and 4 case is similar. The proof is over. [

Remark 4. We now illustrate the difference between our bound in the space capacity setting and
the empirical Bernstein bound in [[7]. Theorem 6 in [7]] shows the following generalization bound:

R(f) — R(f) < 5(\/Varn(f78) In(Ne (1/n,F,2n)/6) I ln(Noc(l/n,f,Qn)/(S))

n - , where F is the loss
function class. If the variance of the loss and the covering number of the function class F are small,

this generalization bound scale as O (%) To explore different learning rates of structured prediction
under different conditions, for instance, the smoothness curvature condition and the space capacity
condition, instead of assuming directly that the variance of the loss is small, we exploit Theorem 2.1
in [2] and the property of sub-root functions to transform an upper bound with the variance to the
bound with a fixed point of the local Rademacher complexity, please refer to the proof of Proposition
Moreover, assuming directly the covering number on the function class F will ignore the factor
graph property of structured prediction since the factor graph is reflected in the scoring function, not
the loss function. In the proof involving covering numbers, we exploit the covering number to bound
the local Rademacher complexity and construct relationships of covering numbers among different
function classes (please refer to the proof of Proposition|l{and Theorem 3), which thus permit us to
show the explicit dependency on the properties of the factor graph and the dependency on the number
of possible labels. Therefore, our proof and Theorem 6 in [[7] all require the variance and the covering
number to be small to obtain sharper generalization bounds. However, for the complex structured
prediction problem, it requires fined analysis. We thus exploit different implementation modes.
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