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Abstract

Softmax policy gradient is a popular algorithm for policy optimization in single-
agent reinforcement learning, particularly since projection is not needed for each
gradient update. However, in multi-agent systems, the lack of central coordination
introduces significant additional difficulties in the convergence analysis. Even for
a stochastic game with identical interest, there can be multiple Nash Equilibria
(NEs), which disables proof techniques that rely on the existence of a unique global
optimum. Moreover, the softmax parameterization introduces non-NE policies with
zero gradient, making it difficult for gradient-based algorithms in seeking NEs. In
this paper, we study the finite time convergence of decentralized softmax gradient
play in a special form of game, Markov Potential Games (MPGs), which includes
the identical interest game as a special case. We investigate both gradient play and
natural gradient play, with and without log-barrier regularization. The established
convergence rates for the unregularized cases contain a trajectory dependent con-
stant that can be arbitrarily large, whereas the log-barrier regularization overcomes
this drawback, with the cost of slightly worse dependence on other factors such
as the action set size. An empirical study on an identical interest matrix game
confirms the theoretical findings.

1 Introduction

Multi-agent systems encounter vast application in real world scenarios, such as network routing
[35, 8], social and economic decision making [36, 30], and robotic swarms [22, 14]. In these problems,
a system consists of a group of agents interacting in a shared environment. Given the recent success
of reinforcement learning (RL), increasing attention has been drawn to the possibility of applying RL
algorithms, such as policy gradient, to multi-agent systems. However, the theoretical foundations for
multi-agent reinforcement learning (MARL) remain limited. Unlike single-agent RL, the actions of
other agents affect the dynamics and the decision making outcome for each individual in the system,
raising additional theoretical challenges when analyzing joint performance.

The stochastic game (SG) is a classical multi-agent model that has received extensive attention in
recent MARL studies. In a stochastic game, the environment is represented by a state space that
evolves based on the joint actions of agents. Each agent in a stochastic game tries to maximize its own
total reward by making decisions independently, based on state information shared between agents.
The stochastic game model was first introduced in [31], with a series of followup works proposing
NE-seeking algorithms, particularly in the RL setting (e.g. [21, 5, 32, 6, 17, 38] and citations therein).
Given recent progress in the underlying theory of RL, many recent works have investigated finite
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time iteration and sample complexity for learning NE or other general equilibria notions, such as
correlated and coarse correlated equilibria (e.g. [33]).

There are different types of SGs, some with attributes that merit special attention; for example,
two-player zero sum games [4, 9], which are widely used to model two player competitive games
such as GO. In this paper, we will focus on another type of SG, the Markov potential game (MPG) [23,
27, 39, 18], which includes the identical interest game as a special case. The structure of a MPG
enables efficient learning through the use of gradient-based algorithms such as gradient play. Recent
work [39, 18] has focused on the iteration and sample complexity of finding a NE in an MPG under
the direct policy parameterization, which is not practical in most real world scenarios, given the
cost of projecting back to the probability simplex on every iteration. This drawback has motivated
consideration of the soffmax parameterization, which bypasses the projection step in the gradient
update, and is perhaps the most popular approach to parameterizing policies in practice. [11] have
studied natural gradient play for MPG under softmax parameterization, but only address asymptotic
behavior and leave finite time complexity open.

From the perspective of analysis and practical performance, the extension from the direct to the
softmax parameterization in policies is nontrivial. Even in the single agent case, as shown by [2, 24],
there are policies in the softmax parameterization that have near-zero gradient and yet are far from
being globally optimal, which creates difficulty for a gradient-based algorithm to escape suboptimal
points. A similar issue exists for MPGs: due to the more complex interaction between agents, there is
even a greater set of policies that obtain small gradient norm but are far from a NE. Based on our
analysis and numerical results, even for natural gradient play—which is known to enjoy dimension
free convergence in single agent learning [2]—we find in the multiagent setting that it can still
become stuck in these undesirable regions. Such evidence suggests that preconditioning according
to the Fisher information matrix [29, 3] is not sufficient to ensure fast convergence in multi-agent
learning. A stronger form of regularization is required, which motivates the introduction of log-barrier
regularization to avoid undesirable regions of policy space.

Algorithm Single-agent MDP Multi-agent MPG
Gradient play, 0] <7( 1'“:“’%12 ) O ( (Ymax *‘i’l(nlii )’%;1%1 [A;[M?
direct parameterization [2] [39, 18]
Gradient play, @) ((1#)2%26) o (n 1ax; | As | (dene — bonin) M2 ) *
softmax parameterization [24] (1—y)%c2e
Natural gradient play, 0 ((1772)25) o (n (Benae—brmin)? M) X
softmax parameterization [2] (1—7)%ce?
Gradient play + log-barrier reg., 0 (%) o (n max | A; |2 (Gmex — Grmin) M2 )
softmax parameterization [2] (1=v)e
i - i 2
N ety LS | Unkown | O (£t

Table 1: Summary of known convergence rate results for gradient based methods in Markov decision processes
(MDPs) and MPGs respectively. The new results proved in this paper for MPGs are displayed in bold font.
Complexity bounds with ‘*’ depend on an additional assumption on the MPG (See Theorem 4 and 5). The
definitions of variables M and c appearing in some bounds can be found in (5) and (11). Note that the definition
of M is slightly different from the “distribution mismatch coefficient” D, defined in [2] (see more details in
descriptions that follows Assumption 1). To make the complexity results more comparable, we slightly modify
and re-derive the results in [2, 24, 39, 18].

Our contribution: In this paper, we provide finite time iteration complexity results for gradient
play and natural gradient play under the softmax parameterization, considering both unregularized
and log-barrier regularized dynamics. We summarize the convergence rates and compare them to
existing results for the direct parameterization and to the corresponding single agent cases in Table 1.
These findings suggest that regularization is crucial for obtaining fast convergence to a NE under the
softmax parameterization in a MPG. In Table 1, the results for the two unregularized algorithms in
the multi-agent case rely on the assumption that the set of stationary policies is isolated (which is
also assumed in [11] when establishing the asymptotical convergence for natural policy gradient),
and the corresponding complexity bounds contain an initialization dependent factor c. By contrast,
the log-barrier regularized algorithms overcome both drawbacks, but as a tradeoff, their bounds



incur a slightly worse dependence on |A;| and M. We observe numerically that the log-barrier
regularized algorithms are indeed more robust against becoming trapped near undesirable non-NE
stationary points. To the best of our knowledge, the finite-time iteration complexity results are the
first such results for MPGs under the softmax parameterization. Though the analysis for the gradient
play follows their single-agent counterparts [2, 24], the results for natural gradient play are highly
non-trivial, requiring very different analysis tools which have their own merits to the literature (see
Remark 2 and Remark 3 for more details on the technical novelty in the analysis). Our results also
convey the following two messages. First, finding the NE of a multi-agent MPG is harder than
finding the global optimum for the single-agent case, because multi-agent learning suffers greater
risk of becoming trapped near undesirable stationary points. This is reflected in the dependence of
the complexity bounds on € in Table 1. Second, natural gradient play outperforms gradient play
counterparts, suggesting that natural gradient play captures useful information about the geometry of
the parameter space that accelerates the learning process.

2 Problem settings

We consider an infinite time horizon n-agent stochastic game (SG, [31]) M = (N, S, A= A; x
oo X Ap, Por = (r1,...,mn), 7, p) which is specified by an agent set N = {1,2,...,n}, a finite
state space S, a finite action space A; for each agent ¢ € N, a transition model P (such that
P(s'|s,a) = P(s'|s,aq,...,a,) is the probability of transitioning into state s’ upon taking action
a:= (ai,...,ay,) instate s where a; € A; is action of agent %), a reward functionr; : S x A — [0, 1]
for each agent 4, a discount factor v € [0, 1), and an initial state distribution p over S. Weuse s(t) € S
to denote the state at time step ¢, and a(t) = (a1 (t),...,a,(t)) € A to denote the total action.

A stochastic policy 7 : § — A(A) (where A(A) is the probability simplex over .A) specifies a
strategy, where agents choose their actions jointly based on the current state in a stochastic fashion; i.e.
Pr(a(t)|s(t)) = m(a(t)|s(t)). A decentralized stochastic policy is a special subclass of stochastic
policies with 7 = 7 X ... X m,, such that 7; : S — A(A;), where ; is agent i’s own local
policy. For decentralized stochastic policies, each agent takes its action based on the current state s
independently of other agents’ action choices; i.e.,

Pr(a(t)]s(t)) =m(a(t)]s(t)) =TTiZy milas()]s(t)).
For notation simplicity, we define 77 (ar|s):=][;c;mi(a;|s), where I C N is an index set. Further,
we use the notation —i to denote the index set N\ {:}. In this paper we focus on tabular softmax

parameterization for a policy, where policy 79 = (mg,,..., s, ) is parameterized by a set of
parameters § = (01,...,60,), with 0; = {05 4, }ses.a,c4,, and where
exp (0s,a,)

o, (ails) = 5 1

o €XD (0s,a)

We denote agent ¢’s total reward starting from initial states s(0) ~ p as: J;(0) :=
Es(yp [Droov'ri(s(t), a(t))] m, s(0) = s| . Agent i’s objective is to maximize its own total re-
ward J;. A Nash equilibrium (NE) is often used to characterize the equilibrium (a joint policy) where
no agent has a unilateral incentive to deviate from it.

Definition 1. (Nash equilibrium) A policy 0* = (05, ...,07) is called a (Markov perfect) Nash
equilibrium (NE) if
Ji(07,0%,) > Ji(0;,0%,), VO, ieN )

Further, we define the ‘NE-gap’ of a policy 0 to be:
NE-gap; (0) := supy, J;(0;,0—;) — Ji(0;,0—;); NE-gap(0) := max; NE-gap; (0).
A policy 0 is an e-Nash equilibrium if: NE-gap(0) < e.
We define the value function with respect to stage cost r; as:
Vie(s) =F [Zfio ~ir; (s(t), a(t))| 79, s(0) = 5] .
We define agent i’s Q-function and advantage function Qf, A? :Sx AR,

Qf(&a)::E[Zfio 'ytri(s(t),a(t))| 79, 5(0)=s,a(0)= a}, Al(s,a):=Q%(s,a) — VI(s).



We further define agent ¢’s ‘averaged’ Q-function af : S X A; — R and ‘averaged’ advantage-
function AY : S x A; — Ras:
Qs ai) =%, o (ails)Q0(s,ai,a), Als,a;) =Y, o (ails)A)(s, a5, 0 ).

Finally, define the discounted state visitation distribution dg of a policy my given an initial state

distribution p as:
do(s) := Eq(0)mp(L = 7) 720 7P (5(1) = 5[5(0)), 3)

where Pr?(s(t) = s|s(0)) is the state visitation probability that s(t) = s when executing 7y starting
at state s(0). From the policy gradient theorem [34], we have that (proof given in Appendix B):

2J;(0) 1
00 q, 11—y

d(s)mo, (ails) A7 (s, ;). )

For the remainder of the paper, we make the following assumptions on the stochastic games we study.
Assumption 1. The stochastic game M satisfies: infg minges dg(s) > 0.

Assumption 1 requires that every state is visited with positive probability for any policy, which is
a standard assumption for convergence proofs in the RL literature (e.g. [2, 24]). We will use M to
denote the following quantity

M := sup, maxs #(s). %)

Note that M can be viewed as a measure of exploration sufficiency in the stochastic game, which

is slightly different from the “distributional mismatch coefficient” introduced in [2] defined by

SUpy ¢ Maxs d(’/((s)) ; however, both can be upper bounded by max;, m.

We primarily focus on the following subclass of stochastic games in this paper:

Definition 2. A stochastic game is called a Markov potential game (MPG, [37, 23, 39, 18, 26]) if
there exists a potential function ¢ : S x Ay X --- x A, — R such that for any agent i and any pair
of policy parameters (0},0_;), (0;,0_;) :

|5 ' (s(0h )l =(0.0-0,5(0)=s
{Zwﬁ —(0,,0_1), ]

_ [Z’Y ri(s t))|ﬂ—:(€ia‘9—i)as(0)28:|

Zwﬁ =(0;,0_,),5(0 )—5} Vs. (6)

Without loss of generality, we assume that @iy < ¢(s,a) < dmax for all (s, a). The definition of
MPG is a generalization of the notion potential game in the one-shot setting [28]. Note that identical
reward game where agents share a same reward function naturally satisfies the above condition and
serves as one important special case of MPG. For non-identical reward settings, [23, 12] found that
continuous MPGs can model applications such as the great fish war [19], the stochastic lake game
[10], medium access control [23] etc. For tablular MPGs, [39, 18] also discuss necessary/sufficient
conditions that implies a MPG, as well as its application and counterexamples.

Given a MPG, we define the fotal potential function ® as:

®(0) := Es0)~p [Zfio ’yt¢(s(t),a(t))| 7, 5(0) = s} .
Given the property in (6), it is straightforward to verify that the NE condition (2) is equivalent to

(07,07 ;) > ©(0;,0",),V0;,i € N and that for the policy gradient, % 97 (fi) = g(i(‘zz for all i, s, a;.

Remark 1 (Differences between MPG and single-agent/centralized MDP). Because of the exis-
tence of the total potential function @, it is natural to ask whether MPG renders the multi-agent policy
gradient similar to single agent policy gradient and thus results and analysis tools developed for single
agent policy gradient in e.g., [2, 24] would be easily extended to the multiagent case. Unfortunately,
this is not the case. To illustrate how it differs from single-agent/centralized case, we can focus on the
special type of MPGs where every agent has the same reward function, namely the identical interest
case. In the single agent/centralized case, there is a unique global optimal solution which corresponds
to the convergent stationary policy. However, in the multiagent case, even if the rewards are identical,
because the policy is decentralized, i.e., agents taking independent policies m := w1 X ... X Ty,
we loose the connection between stationary policies and optimal policies. As we shown later, the




convergent stationary policies are Nash equilibria, which are unfortunately non-unique even for the
identical interest case. Moreover, a key condition that is used in establishing the convergence rate,
Lojasiewicz condition (Lemma 1), is also much weaker for the multiagent case compared to single
agent [24]: the left hand side is the Nash gap max; g+ ®(0;,6_;) — ®(0) instead of the optimality
gap maxy- (6*) — ®(0)). Note that zero Nash gap does not imply zero optimality gap, as there
exists many NEs of different values. These differences disable many proof technique used for single
agent case and make the analysis harder and lead to different performance results, as demonstrated in
the rest of the paper.

3 Relationship between first order stationary point and Nash equilibrium

Before studying convergence performance of gradient play algorithms, it is important to first under-
stand the relationship between the stationary points and the NEs. Unfortunately, equivalence cannot
be established in this setting. Standard optimization theory guarantees that all NEs are stationary
points, but unfortunately not vice versa. Under softmax parameterization, there exist non-NE sta-
tionary points. For example, from the gradient formulation (4), it can be shown that any non-NE
deterministic policies are also stationary points. However, the notion of NE and stationarity are
indeed closely related. This section aims to characterize some differences between NE and non-NE
stationary points. This differentiation of the NE and non-NE stationary points is established by the
non-uniform t.ojasiewicz condition (also known as gradient domination) for stochastic games.

Lemma 1. (Non-uniform Lojasiewicz inequality; proof given in Appendix D) Define
M () := max, 7(191(3)’ ¢(f) := ming Za:@rgmmai 0 (s,a0) T (af|s). @)

Then we have that

w-gop,(6) < 19070

The Lojasiewicz condition (gradient domination) implies that the NE-gap of a policy can be bounded

VA M(0)

by the norm of its gradient, whereas the term ‘non-uniform’ refers to the factor B which

cannot be bounded uniformly for all §. The counterpart of Lemma 1 for a single-agent MDP
was first introduced in [24, Lemma 8]. One major difference between Lemma 1 and [24, Lemma
8] is how ¢(#) is defined. In [24], ¢(f) := ming mp(a*(s)|s), where a*(s) is the optimal action
on state s (i.e., a* = argmax, Q*(s, a)), whereas in MPG, because there’s no globally defined
@7, the af in (7) is chosen as the greedy optimal action of the current averaged ()-function (i.e.,

al € argmax,, QY(s,a;)).
Note that because ¢(6) on the denominator can be zero for certain policies (e.g. one can verify that
any non-NE deterministic policy have ¢(f) = 0), which implies that a 6 with gradient norm close to

zero is not necessarily near a NE. Given this observation, we could differentiate the non-NE stationary
points with NEs by whether ¢(0*) equals to zero, which is formally stated in the following lemma:

Lemma 2. (Proof given in Appendix D) Suppose 0* is a stationary point, i.e. |V ®(0*)|| = 0, then
0* is a NE if and only if ¢(0*) = 1, 6* is not a NE if and only if ¢(6*) = 0.

4 Unregularized gradient play

We first investigate the convergence to NE for gradient and natural gradient play, respectively. Under
the softmax parameterization, the two schemes are given by

D0V, Ji (0 (8)

i

D 4 nF(09)1,, 7i(61) )

Gradient Play: th“) =
Natural Gradient Play: 95”1) =

T~ S~

0
0

N

where } denotes the Moore-Penrose inverse and F(6) is the Fisher information matrix for 7, :

Ft(9) = Es~d9(~)an\frr9i(~|s) [V& log T, (QZ|S)v91 log 71'9((11|8)le .



For notational simplicity, we abbreviate the variables dy), Af(t) and Af(t) as d®, Az(.t) and Agt)
(t)

respectively; and denote 7y« (als) and 7, (a;i|s) as 7" (als) and 7, (a;|s) respectively. For
the softmax parameterization, we can establish the equivalence of natural gradient play and soft

Q-learning [13], formally stated in the following lemma.

Lemma 3. (Proof given in Appendix C) Natural gradient play is equivalent to
Wft+1)(ai|s) x wgt)(ai|s) exp (nAgt)(s, ai)/(l — 7)) (10)

Asymptotic convergence to Nash Equilibrium. As stated in Section 3, there exist stationary points
that are not NEs. It is not immediately obvious why running gradient methods can avoid converging
to these points, thus before studying convergence rate to NE, it is necessary to first examine whether
asymptotic convergence holds. Moreover, the asymptotic convergence result is used to establish the
finite time convergence rate results later (see the subsection 4.1).

Theorem 4. (Proof given in Appendix E) Suppose Assumption 1 holds and that the stationary policies

are isolated, gradient play (8) with n < ) guarantees that lim;_, , o, 8 = () where §(>)

6n
(1-y)?

is a NE. The same argument also holds for natural gradient play (10) with n < I C e —

The proof of Theorem 4 resembles the technique used in [2] for the single agent case, where the
additional assumption on the isolated stationary policies is introduced due to some specific technical
difficulties encountered in multi-agent learning (see more discussion in Appendix E, which is also
introduced in [11] for establishing the asymptotic convergence of NPG. We believe it is a conservative
condition for ensuring the asymptotic convergence. It remains an interesting open question to establish
convergence without this assumption.

4.1 Finite time convergence rate

This section considers finite time convergence rate for gradient play and natural gradient play.
Corresponding results for the single-agent setting can be found in [24] (for gradient play) and
[2, 16, 25] (for natural gradient play). Some aspects of these analyses can be carried over to the multi-
agent MPG setting; however, as will be discussed later, there are several fundamental differences that
make the multi-agent case more challenging.

Our convergence results rely on the observation from Section 3 and the asymptotic convergence to
NE. Combining Theorem 4 and Lemma 2, we know that ¢(6(*)) asymptotically converges to 1 for
(natural) gradient play, and since ¢(6(!)) > 0 for any softmax policy (because 7, (a;|s) > 0),

c:=inf, c(A®) > 0. (11)

We are now ready to give formal convergence rates for gradient and natural gradient play respectively.
Theorem 5. (Gradient play and natural gradient play; proof given in F) Suppose Assumption 1 holds

and that the stationary policies are isolated, gradient play (8) withn = (1&7)3 will guarantee that
forall T,
ZZ:Bl NE_gap(e(t))z < 9] nmax; |~Ai‘(¢max - (bmin)]\42 (12)
T ~ (1 —=y)*e?T ’

Natural gradient play (10) with n = ﬁﬁ” will guarantee that for all T,

T—1 (t)\2 42

t=0 NE gap(0 ) 5 9] n(¢max ¢m1n) M ] (13)

T (1 —=7)3T

Here O(+) hides constant factors, M and c are defined as in (5) and (11), respectively.

Remark 2 (Proof sketch and novelty). The proof for gradient play is relatively straightforward
from the non-uniform Lojasiewicz inequality and standard non-convex optimization results, which
we refer readers to the appendix for more details. However, the proof for natural gradient play is
more involved and existing analysis on NPG cannot be generalized to this setting. For single-agent
MDP, the analysis on NPG leverages the unique existence of optimal value function V* so that
similar analysis for mirror-descent can also carry over to NPG analysis, and thus obtain dimension



free convergence. However, in the multi-agent setting, there’s no well-defined V* as NEs can be
non-unique with different potential values, thus, we need to further deploy additional structures of
the total potential function ®. Our analysis rely on the sufficient ascent lemma (Lemma 20) that
lower bounds the ascent amount ®(6(**1)) — (™)) for each natural gradient step (we would like
to further note that this sufficient ascent lemma cannot be trivially obtained by the smoothness of
®). Then, we further lower bound the ascent amount in terms of NE-gap (Lemma 21). Lastly, the
theorem follows by conducting standard telescoping techniques.

Discussion on %: The complexity results in Theorem 5 both depend on % However, this term can
become arbitrarily large. In fact, [20] show that ¢ can be exponentially small in terms of the number
of states |S| for a general finite MDP, even under uniform initialization, hence convergence can be
very slow. This conclusion is also confirmed by numerical evidence. As pointed out by [24], even for
single agent settings, policy gradient can get stuck at regions with small gradient yet far from being
global optimal. Similar or even worse phenomena can be observed for multi-agent MPG, as shown
in Figure 1(a)-(c): even for a single state game (|S| = 1) with uniform initialization, unregularized
gradient based algorithms can still enter regions with a relatively large NE-gap while the gradient
norm and ¢(0) are close to zero.

More comparison with learning for single-agent MDP: For gradient play, we have established
r2
an iteration complexity of O ("maxi ‘“Ellil_(fﬁ"*c’;;;bmi“)M ) to find an e-NE, whereas [24] show a

complexity of O (%) to reach an e-global optimum for policy gradient in a single

agent MDP. The dependence on = is better in the single agent case because of the existence of a
global optimal policy 7* and 0pt1ma1 total reward V*, which justify the definition of optimality gap
5 = V(#™) — V*. This, combined with the non-uniform Eojasiewicz condition which bounds d;
by the gradient norm, allows one to use techniques from convex smooth analysis to show that ¢; is
on the scale of % By contrast, for multi-agent learning, there can be multiple NEs with different
values, hence ¢, is ill-defined. Further, note that the NE-gap is different from the optimality gap,
hence gradient ascent no longer guarantees monotonic decreasing of NE-gap (Figure 1(a)), and we
can only exploit non-convex optimization techniques that yield O(}z) complexities.

For the same reason, the rate of convergence we obtain for natural gradient play is

n(¢tx)ax _¢'miu)2M
0 (W

given in [2] for single-agent MDPs. (A better exponential convergence rate for natural PG has also
been proved in [16, 25] with the exponential factor being problem dependent.) Nevertheless, the
suggesting that the preconditioning of
natural gradient play at least partially captures the geometry of the parameter space. We also note that
the quadratic dependence on (¢max — Pmin) might be a proof artifact. It remains an open question
whether this can be reduced to a linear dependence.

, which is worse than the dimension free convergence rate of O ﬁ)

5 Gradient play with log-barrier regularization

The previous section has shown that, for unregularized objectives, the convergence rate for gradient
based algorithms depends on a factor 1 that can be arbitrarily large for bad 1n1t1ahzat10ns This

motivates us to investigate regularlzatlon in hopes of removing the dependence on E For this
purpose, we consider log-barrier regularization:

Ji(0) = J;(0) + A “log g, (ails).
S,a;
Define: .
O(0) =@(0) + 2D > logmg, (ails). (14)
=1 s,a;
It is not hard to verify that the gradient with respect to J; is:
81 (0) _ 9%(0) 1

B = 0 = T e ls) AT(s,00) 4 A= A Al (o)




Discussion on the choice of the regularizer: Before analyzing the resulting algorithm we first
discuss the motivation for this regularizer. First, note that for each agent, the additional regularizer
only depends on an agent’s own local policy, which is desirable for multiagent RL. As an alternative,
one might impose regularization by choosing

B(0) = D(0) + MEyry() Timy Do, log o, (asls);

i.e., so that the regularization weight imposed on a state s depends on the state visitation probability

dy(s). However, in this case the gradient of the i-th agent Vg, ®(6) will not only depend on its own
policy parameter 6;, but also on other parameters of the other agents’ policies _;. Thus, running
gradient based algorithms with such a regularization scheme can no longer be executed in a fully
decentralized manner using local policy information. Therefore, we prefer regularization (14) which
does not depend on dy(s). Secondly, we adopt the log-barrier instead of entropy regularization
due to technical rather than practical considerations. Although entropy regularization achieves fast
exponential convergence in single agent learning [7, 24], for multi-agent learning, we haven’t been
able to obtain results as strong as the log-barrier regularization. Intuitively, the log-barrier regularized
gradient field repels the trajectory from regions with small 7;(a;|s) values (where the geometry
becomes close to singular) more strongly, which enables us to obtain our current analysis. However,
we emphasize that our result does not imply that log-barrier is better than entropy regularization in
practice. It remains future work to determine whether entropy regularization, or other methods such
as trust region based methods, can achieve the same, or even better convergence rates.

5.1 Gradient play

We first consider gradient play algorithm, i.e.,
0D = 0 + V5, T (00). (s)

Fortunately, similar analysis from [2] for single-agent MDP can be generalized to MPG with slight
modifications. Here we only state the result and defer the proof to Appendix G.1.

1-—° _ 0
6n+2X max,iTAqv\(l—'y)‘?’ and A = M maf(i [A;]” let 9( )
be the uniform random policy, i.e., 0(°) = 0, then running gradient play (15) for T' steps, where

. .12 _ . 2
T2>0 (”maxl |A1(|1£‘:“)]Z;‘2 Pmin) M ) will guarantee that ming<¢<7_1 NE-gap(6®)) < e.

Theorem 6. Under Assumption 1, for n =

Note that compared to the unregularized case in Theorem 5, it only requires Assumption 1, while the
convergence rate is accelerated by eliminating the dependence on % However, as a (worthy) tradeoff,
the dependence on the action space size max; |.A;| now becomes quadratic. The key reason for these
differences is that log-barrier regularization assures that any policy with sufficiently small gradient
norm cannot be close to the boundary of the probability simplex where the non-uniform Lojasiewicz

constant is large.

5.2 Natural gradient play

In the unregularized setting, we have seen that natural gradient play enjoys a better convergence rate
than gradient play, which motivates us to consider whether a similar advantage still holds for the
regularized case. In this section we consider natural gradient play

6/ = 61" + nF(00)1V,, Ti(60), (16)

which is equivalent to (see the proof in Appendix C)

(t+1) (t) N nA nA|A;|
m; (ails) oc w77 (a;]s) exp A (s, a;) + — . (17
L—y A0 (s)m P (ass) AP (s)

Theorem 7. (Proof given in Appendix G.2) Under Assumption 1, for
1 1

1 ) ’ P ) aM 3nM
15(W+,\|A7\M) 4(4/\ max; | As | M2 ALy 4 Snl,

7 = min ) , the natural gradient play (17)
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Figure 1: We consider a two-player identical reward matrix game as shown in the reward table. We run gradient
play and natural gradient play (with and without log-barrier regularization) with initial policies being the
uniform distribution (i.e., m1 = [%, %, %], T = [%, %]) The subfigures (a)-(d) show how the NE—gap(Q(t)),
[Vo®(8®)]|2, c(8?) (defined in (7)) and ®(A*)) change with each iteration respectively. In Figure (c), we
zoom in on the log,, ¢(#) factor for natural gradient play. In Figure (d), we also zoom out the trajectory for
running gradient play to iteration 2 x 10*. Here the step sizes were chosen to be 7 = 5 while the regularization
weight A was chosen to be A = 0.003. In consideration of numerical stability issues, we truncate the update step
of natural gradient play with log-barrier regularization by a maximum absolute value of 1 for each entry. For
more numerical results and corresponding analysis see Appendix A.

S wE-gap(0?) - 9(BOT)-B(6))

will guarantee that T < AT + Amax; |A;| M, Further, by setting
1A . 2 T—1yn ()
A= 2max;|Ai\M’ 6 =0, forT 2 0 (nma}q ‘A(il‘(_qs::])zxez Pmin) M >, we have =t=0 NETgap(e ) <e

Remark 3. (Proof sketch and novelty) As also stated for unregularized natural gradient play, there’s
no direct analysis tools we could borrow from literature for the analysis of natural gradient play. Our
analysis depends on two key lemmas. The first is a sufficient ascent lemma on ®(8(*+1)) — &(®))
for each natural gradient step (Lemma 26). Another key lemma (Lemma 24) states that the algorithm
implicitly ensures that the policies never go near the boundary of the probability simplex, i.e., it can
%, Vt. Combining the two lemmas, it
A(AAIM 57

can be concluded that the ascent value ®(#(**+1)) — &(9(")) can be bounded by NE-gap(#™*)) plus
a Amax; |A;|M bias term (Lemma 27 and 28), thus the proof is finished by standard telescoping
technique and choosing an appropriate .

be uniformly lower-bounded by 7r§t) (a;|s)>

Compared with gradient play, natural gradient play manages to reduce the time complexity by a
max; |A;| factor. Further, gradient play only guarantees the minimal NE-gap smaller than €, while
natural gradient play guarantees the average NE-gap along the trajectory smaller than €. To the best
of our knowledge, this is the best time complexity bound for the softmax parameterization in a MPG.

6 An Illustrative example

This section aims to gain a better understanding of the four gradient play algorithms, (8), (10),
(15), and (17). To better justify our theoretical results and provide additional insights, we choose a
carefully designed simple two-player game so that our theoretical results can be easily revealed from
the empirical observations. However the four algorithms also works for settings with more agents. !
Due to space limits, we defer the simulation with more agents in Appendix A.

The reward table as well as the performance of the four algorithms are shown in Figure 1. Comparing
the log-barrier regularized algorithms to the unregularized counterparts, one can see that the regular-
ized dynamics converge faster but with a bias induced by the regularizer. This finding corroborates

!Code can be found in https://github. com/DianYu420376/NeurIPS2022- sof tmax-MPG
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the analyses given in Theorem 6 and 7. By contrast, the unregularized dynamics are able to find a
policy with zero NE-gap asymptotically, but tend to get stuck in regions where ¢(6*)) is very close to
zero, as illustrated in Fig 1(a)(b). Specifically unregularized natural gradient play gets stuck around
iteration 100-400 in a region where the gradient norm and ¢(6(*)) are both close to zero while the
NE-gap is not. This corroborates the finding in Lemma 1. Similar behavior can be observed for
gradient play if we keep running the algorithm. In comparing the natural gradient play to gradient
play algorithms, natural gradient play generally converges faster, which matches with our complexity
analysis. However, natural gradient play with log-barrier regularization can suffer from numerical

instability due to the 1/ ﬂgt) (a;|s) term in the exponential factor. In this case, the stepsize needs to be
chosen carefully. To bypass the numerical instability, we truncate the update step of natural gradient
play with log-barrier regularization by a maximum absolute value of 1 for each entry.

7 Discussions and conclusions

We have established finite time iteration complexity bounds for gradient and natural gradient play
under the softmax parameterization, considering both unregularized and log-barrier regularized
dynamics, in the Markov potential game setting. To our best knowledge, these are the first finite
time global convergence results for softmax gradient play for MPGs. However, our work suffers
from the following limitations: firstly, the paper mainly focuses on MPG settings, which limits
its application to general-sum Markov games; secondly, convergence results for the unregularized
case relies on an extra assumption that the stationary points are isolated; thirdly, for the regularized
case, we consider log-barrier regularization, which is admittedly a stronger regularization compared
with entropy regularization which is more frequently used in practice. Some limitations are due to
technical challenges, some might be caused by the fundamental difficulties of multi-agent learning. It
remains interesting open questions to sharpen the analysis, derive similar or better bounds for other
regularizations, and to develop more fundamental understandings of multi-agent learning.
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The checklist follows the references. Please read the checklist guidelines carefully for information on
how to answer these questions. For each question, change the default [TODO] to [Yes] , , or
[N/A] . You are strongly encouraged to include a justification to your answer, either by referencing
the appropriate section of your paper or providing a brief inline description. For example:

* Did you include the license to the code and datasets? [Yes] See Section ??.

* Did you include the license to the code and datasets? The code and the data are
proprietary.

* Did you include the license to the code and datasets? [N/A]

Please do not modify the questions and only use the provided macros for your answers. Note that the
Checklist section does not count towards the page limit. In your paper, please delete this instructions
block and only keep the Checklist section heading above along with the questions/answers below.

1. For all authors...

(a) Do the main claims made in the abstract and introduction accurately reflect the paper’s
contributions and scope? [Yes]

(b) Did you describe the limitations of your work? [Yes] See the contribution paragraph in
Section 1, assumptions in theorems, and Section 7: Discussions and Conclusions.

(c) Did you discuss any potential negative societal impacts of your work? [Yes] As this
work is primarily theoretical, we do not foresee any potentially negative societal impacts
of this work.

(d) Have you read the ethics review guidelines and ensured that your paper conforms to
them? [Yes]
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2. If you are including theoretical results...

(a) Did you state the full set of assumptions of all theoretical results? [Yes]
(b) Did you include complete proofs of all theoretical results? [Yes]

3. If you ran experiments...

(a) Did you include the code, data, and instructions needed to reproduce the main experi-
mental results (either in the supplemental material or as a URL)? [Yes] The URL is
provided in Section 6

(b) Did you specify all the training details (e.g., data splits, hyperparameters, how they
were chosen)? [Yes]

(c) Did you report error bars (e.g., with respect to the random seed after running experi-
ments multiple times)? [IN/A] Our experiments are deterministic

(d) Did you include the total amount of compute and the type of resources used (e.g., type
of GPUg, internal cluster, or cloud provider)? [Yes]

4. If you are using existing assets (e.g., code, data, models) or curating/releasing new assets...

(a) If your work uses existing assets, did you cite the creators? [N/A]
(b) Did you mention the license of the assets? [IN/A]
(c) Did you include any new assets either in the supplemental material or as a URL? [N/A]

(d) Did you discuss whether and how consent was obtained from people whose data you’re
using/curating? [N/A]

(e) Did you discuss whether the data you are using/curating contains personally identifiable
information or offensive content? [N/A |

5. If you used crowdsourcing or conducted research with human subjects...

(a) Did you include the full text of instructions given to participants and screenshots, if
applicable? [N/A]

(b) Did you describe any potential participant risks, with links to Institutional Review
Board (IRB) approvals, if applicable? [N/A ]|

(c) Did you include the estimated hourly wage paid to participants and the total amount
spent on participant compensation? [N/A ]
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Other notations: We use the abbreviation 7y, , to denote the probability distribution 7y, (-|s) (as
well as the corresponding |.A;| dimensional vector). We use || - |1, || - ||2, || ||oo to denote the ¢1, €2, £oo
norm respectively. KL(-||-) is used to denote the KL divergence of two probablity distributions. We
also define the value function, Q-function, advantage function, averaged Q-function and averaged
advantage function with respect to potential function ¢ as
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Figure 2: This set of figures shows how each algorithm performs for different initializations.
initialization is the same as described in Figure 1; for good initialization, we choose the initial parameter
as m1 = [0.1,0.1,0.8], 72 = [0.5,0.5]; for good initialization, we choose the initial parameter as 71
[0.8,0.1,0.1], 72 = [0.5,0.5]. Figures from top row to bottom plot out NE-gap(8®), [V ®(8)||2, 2(6P))
and c(G(t)) respectively. Here we choose 7 = 5, A = 0.003.
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Figure 3: How Q@ (as), TF(t) (a;) change with time when running unregularized natual gradient play. The left

1), 7 (t) (a1) and the right two figures plots out Q ( 2), Wét) (a2).

two figures plots out Q(t)
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A Numerical Simulations

This section provides more material for the numerical example shown in Section 6. Figure 2 displays
numerical performance for different initialization policies. All four algorithms perform well given a
good initialization, i.e., initial policy close to a stable NE. However for bad initialization that is close
to a non-NE stationary point, log-barrier regularized algorithms can escape bad regions and converge
to NE much faster than unregularized dynamics.

To examine why multi-agent learning suffers more from getting stuck at undesirable stationary points,
we plot out the trajectory for Qgt) (a;), 7 (t) (a;) for both agents in Figure 3. We will mainly focus

our attention on the two plots on the left. Note that for the first few steps, Q1 (a1 = 2) is much

larger than Qgt)(al = 3), thus the natural gradient play scheme (10) will drive wgt)(al = 2) close

to 1 and 7r§t) (ay = 3) close to 0 very quickly. However, at around iteration 70, Qgt)(al = 3)

becomes slightly larger than Qgt)(al = 2). Unfortunately, at this stage, most of the probability

is assigned to the suboptimal action a; = 2 and the optimal action receives W%t)(al = 3) close

to zero. Thus it will take more steps to bring ﬂt)(al = 2) from 1 to 0 and 7r§t)(a1 = 3) from

0 to 1, which reflects as the trajectory being stuck at the non-NE stationary policy with 71(a; =
3) = 1 in numerical behavior. From this simulation, we may conclude that one important reason
for natural gradient play to get stuck at undesirable stationary points is due to the fact that the

value of averaged @Q)-functions Qgt) ’s for different actions might switch order during the learning
process. In contrast, for single agent bandit learning, the averaged Q-function as well as the Q-
function itself is the same as the reward value of a certain action r(a), and thus will not change
order, which explains why it can achieve dimension free convergence in single agent learning.

0.25 ' 1

Additionally, we would like to re-
mark that the algorithms considered
in this paper also generalizes to set-
tings with more agents, and similar
phenomenon will still be observed. n J -
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Running trajectories for all the four algorithms for one set of initializations takes approximately 2.04
seconds of CPU running time (Intel(R) Core(TM) i5-8250U CPU @ 1.60GHz 1.80 GHz).

B Derivation of Gradient and Performance Difference Lemma

Proof. (of Equation 4) According to policy gradient theorem [34]:

0J; (6 Ologmg(a’|s’) o
396 o, sza )Tm@i (s,a)

s/

Since for softmax parameterization:

dlogma(a'|s') _ dloge, (afls')

= 1{a, = a;,s' = s} — 1{s' = s}mp, (ails)

aos,a,, B a05,(171
Thus we have that:
0J;(0
= T 2 Sl el (1 = = 5) = 14 = s}, al) @)
_ 9 R _ 9
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- ivde@m(aﬂ >6<s airal) - ivdew)maasw(s)

15



S \

- _,yde(s)ﬂ-gi(a” $)AY (s, a;)

O

We also introduce a useful lemma used throughout the proof which is derived from the performance
difference lemma in MDP [15].

Lemma 8. Letr 6’ = (6,,0_;),

Ji(05,0_5) — Ji(65,0_;) = —ngz s)mo (a:ls) AY (s, a;)

sal

Proof. From performance difference lemma [15]

Ji(0;,0_;) — J;(0;,0—;) = —— Zdef s)mer (als) A (s, a)
= 7Zd9/ 779/ (ai]s) Zm) (s ai,a—_;)
= Zdef s)mey (ai]s) A2 (s, as). 0

C Derivation of Natural Gradient Play

Lemma 9.
Eqrg(]5) [V@w log g, (a;]s) Ve, , logmg, (ai|s)T] = diag{mg, s} — ng)swg;,s =F; 5(0;5),

where diag{-} denotes the diagonal matrix generated by the corresponding vector, and wy, s € RIA:|
is the vector that denotes g, (-|s). Further, F; s(0; s) is a semi-positive definite matrix, where the
eigenvalue 0 has the eigenspace of dimension 1 that is the span of the all one-vector 1.

Proof. Calculating the gradient using chain rule we have
Ologmg. (a;|s
dlogmo, (ails) _ 1{a, = a;} — 7, (d}]).
00y s
Letl,, € RIA:l denote the vector where the entry corresponds to a; is 1 and other entries are zero.
Then
v9i,s log 7T9i(a|8) = 10«1‘ — T;,s
= Vg, logm,(a;|s)Vy,, log g, (as]s) T = diag{1,,} — g, S1 1a17r9 s+, Sm;r <

Taking the expectation E, (.|s) We have

]EllNﬂ'ei (-Is) [v97‘,,s10g o, (a|5)v9i,slog 7o, (a‘S)T] = diag{ﬂ'&,S}fﬂgusﬂ';,s 77791:7571'&2,3 +7T971757T4;ri,s
= diag{ﬂ-ei,S} - 7T‘9i757r;—i,s

Further, for softmax parameterization, 7y, (a;|s) > 0, Va;. Thus F; 4(6; 5) is a (non-strict) diagonally
dominant matrix with diagonal entries all being positive and off-diagonal entries all being negative,
in which case the all-one vector 1 is the only eigenvector for eigenvalue 0.

Corollary 10.
F;(0) = blkdiag{dy(s)F; s(0;,s)}ses,

where blkdiag{-} denotes the block-diagonal matrix generated by corresponding sub-matrices.
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Proof. This is a direct corollary of Lemma 9 , since

0log 7y, (a;i]s)

T =0, fors #s,

we have that
F;(0) = Esdo () Eaimmo, (15) [Vgi log mp, (a;|s) Vg, log Tl'g(ai|8)T] = blkdiag{dy(s)F; s(0:.s)}
O

Lemma 11. Forvector g: S x A; — R, with 3, g(s,a;) =0, Vs € S, we have that

1
(9) —
[F;(0)'g] () = 7

T () o anls) I8 ) L),

where c(s) is a function that depend on state s but not on a;.

Proof. Since F;(0) is a block diagonal matrix,

1
FiQT :7Fi90isf s ")
[ ( ) g](&.) d@(s) ( ,k) 9(5 )
From Lemma 9, since F; ; only has a one-dimensional eigenspace for eigenvalue 0, and the eigenspace
is the span of the all-one vector 1, we have that

1

117,
| A

Fi,s(gi,s)TFi,s(ai,s) =1-

Let f(S,ai) = m9(57ai)

do(5) [Fi,s (03.5)f (5,)],,, = do(s) | o, (ails).f (s, ai) — 7o, (ails) D mo,(af]s) f (s, af)

= 9(57 ai) — Ty, (ai|5) 29(570'” = g(s, ai)7

ie.,
dG(S)Fi,s(ei,s)f<57 ) = g(s, )
L p 0 Vs ) = E (6, )E (0, .
- dg(s) Fz,s(el,s) 9(57 ) - Fz,s(ez,s) Fz,s(ez,s)f(sa )
= (I - Vlu 11T) f(s.)
= f(57 ) - C(S)la
ie.,
[FZ(Q)TQ] (s,ai) = f(svai) - C(S),
which completes the proof. O

Lemma 12. Scheme (9) and (10) are equivalent. Similarly, (16) and (17) are equivalent.

Proof. Tt is not hard to check that V. J;(0), Vg, J;(0) satisfies

Z Vo, Ji(0)] (5.0, = 0, Z [vaiji(g)}( -0

a; a; S’ai)

17



thus we can apply Lemma 11 and conclude

A(t) ;
F00)1Va, 107 = 220 o)
~ A(t) i A AlA;
R0V, T(0") = 220 - AL ),
1- A (s)n (as]s) AP (s)
which completes the proof. O
D Proof of Lemma 1 and Lemma 2
Lemma 13.
1 — 1 v
NE-gap, (6) < Tmafo(s,ai), NE-gap(f) < Tmaxmafo(s,ai).
— ’y S,a; — ’}/ k3 8,45
Proof. From performance difference lemma
JL(GQ,G_l) — Ji(ﬁi,ﬁ_l = — Zda/ 7T9/ CLZ‘ ) (S az) (Lemma 8)

A0
< ﬁ ZS: do (s) max Al(s,a;)

Thus we have that
1 1 S
NE-gap,(6) < 1= maXA (s,a;), NE-gap(f) < 1, maxmax Af(s,a;).
— Y saq - 1 S,a;
Proof of Lemma 1. From Lemma 13 we have that

1
NE-gap,(§) < 7maXA (s,a;).

1—7 sa
Since
maer(s a;) < ! - Z |70, (ai|$) A9 (s, a;)|
ai Zafeargmax @(s a;) |
VA \/ 2
< Z .(ai]$)AY (s, a;)
Za €argmax,, Qe (s al) )
— 1 — 2
- e Z( ol il 00
Za;‘éargmaxai QY (s,aq,) 0; (ai |S) dg (S) a; 1=
1—~)M(O A;
< L=DMOVIAL G, 761
c(0)
Thus

1
NE-gap,(f) < TmaXA (s,a;)
— 7y sai

18



Ji(0) ]2

O
Remark 4. A similar bound to Lemma 1 can be obtained by leveraging equation (259) in [24]
V S 7 DOO d ’
NE-gap,(6) < MHV@,&(G)HQ, where D, = sup max o (5) (18)
c(9) .00 5 do(s)

Notice that there’s an additional v/S dependency on the right hand side compared with Lemma 1,
while replacing the term M (0) by D,. We remark that there’s no fundamental difference between
these two bounds. There’s no significant difference in the proof techniques and it is hard to tell which
one is better. One can also easily re-derive the set of analysis in the paper using (18), with bounds
that depends on D, instead of M and slightly differs in the dependency on S from our current result.

Proof of Lemma 2. Firstly, it is straightforward to see that if ¢(6*) # 0, 8* is a NE by applying
Lemma 1. So we only need to focus on proving that if 6* is a NE, then ¢(6*) = 1.

From performance difference lemma, let 6 := (6., 0* ,)

Ji(05,60%,) — J; (07,0 ,) = 726@/ s)mgr (ails 1) A" (s, a;)

5,05
Select a; (s) € argmax,, Aig)*(s7 a;) and set:

mo;(ails) = H{a; = a;j(s)},
then

Ti0,07 ;) — Ji(07,0" ) ——Zdef s)mo; (ails) AT (s, ;)

sa7

1 —
T Es dp(s) ma?XAZ (s,a;) > 0.

Since 0 is a NE, -
= max AY" (s,a;) =0, Vs, Vi.

A (s,a;)|. Since 3, - (ai] ) A" (s,a;) = 0

a;¢argmax, F(Sﬂli) ‘ *
== 0= Z mo: (ails) Ir}laxAif*(s, a;) + Z To: (ai|s)A7?*(s, a;)
a; €argmax, Aif*(s,ai) a;¢argmax, F(s,ai)
<-A Z mor (ails)
a;¢argmax, Aif*(s,ai)
= Z g (ails) =0
a; %argmaxai T?*(s,ai)
— > Tos (as]s) = 1

a;€argmax, A% (s,a;
G,L T ?

= Z mor (ails) =1
a;€argmax, Qif*(s,ai)

— (0") =1

Let A := min, min

19



E Proof of Theorem 4

E.0.1 Asymptotic convergence for gradient play

Lemma 14. Forn < ( ) , running scheme (8) will guarantee that lim;_, | VCI)(G(”) 0.

Proof. Since ®(0) is S-smooth w.r.t. §, where § = (167"7‘)3

<vq>(9(t))’9(t+1) _ g(t)> _ gug(tﬂ) — 902

Y

(D) — &™)

TIva@e®)2 >0

V

which proves the monotonicity of @(G(t)). Since ¢ is a bounded function, this gives:

; (t) _
Jlim_ [ V(0] = 0. O

From Lemma 14 and that the stationary points are isolated, we know that the limit for () exists, i.e.,
it is valid to define
6>) .= lim 6®.

t—+oo

We abbreviate the related functions with respect to #(>) as follows:
Q¥ (s,0) = Q1 (s,0), V)=V (), AP (s,0) = QP (s,0) = VI (s)
Q(Oo) (s,a;): Zﬂ'( o) (a_i|$)Q) (s,ai,a_), Agoo)(s,ai) = Zw(ff)(a_ﬂs)A(oo)(s,a,»,a_i)

Since 6(°) is the limit of 6®), we have that:
) (o) ) N0 _ 4 (0) )
tilgrnocQ (s,a:) = Q; /(s,a4), l}inoo A7 (s,a:) = A7 (s, a4) (19)

Define:

I5° = {ai] Q™ (5,a:) = V) (5)} = {a;| AP (s, 0) = 0}

17 = {ai| Q) (s,a) > V) (5)} = {as] AP (s, 05) > 0}

"% .= {ai|Q§°°)(s,ai) < V@) (5)} == {ai\Agm)(s,ai) <0}
Let

A := min min |A§°°) (s,a;)] (20)
b 5,00 AP (s,:) £0}

From Lemma 13, it is sufficient to show that I _ﬁ_s =0, Vi,s.

From the Lemma 14 and the above definitions we have the following corollaries:
Corollary 15. There exists Ty, such thatVt > Ty, Vs € S, Vi € {1,2,...,n},

A .
A(t)(s a;) < e Ya; € IV°
A ]
Agt)(s,ai) > Va; € IY°

A .
149 (s, a;)| < T Vaie I’

Proof. This is a direct corollary from (19) and (20). O]

20



Corollary 16.

; (t)
P A =1
aiEI
) (t)
LT SR LR
a; €1p°UI>?
Proof. This is a direct corollary from Lemma 14,
lim V&(0®) =0
t—+o0
oB(AM) 1 —
=V ) lim —d® ® . ® N
:>t—13+moo Da tl}?oo = ’Yd (s)m; " (ai|s)A; " (s,a;) =0
= lim 7r()( ils) lim A()(s a;) =0
t—+o0 t—+o0
() is
zf—l>1+mooﬂ (ails) =0, Va; ¢ Iy
; (t)
:>tL1£rnoo Z (ai]s) =0
a;€r>*urt®
. (t) 1 (t)
—m ¥ A=t gm X Aleer 0
aiEIS'S aiefisUIi’s
Lemma 17. Va; € I‘ ® thzh is bounded from below. Va; € Iﬂs,limt_>+oo thzq = —o00.

Proof. The first statement, Va,; € Ifr’s, 9221 is bounded from below, is trivial from Corollary 15. We
only need to prove the second statement. The key observation is that:

(0 1
889( .):1 d(t Zﬂ't) (ai|s) A()(s a;) =0

Qag

Thus

>0, = Z 050,
a;
From Corollary 16, we have that
lim z (t)(a1| )=0

t—+oo - .
a; €IyuIt?

= da; € Ié’s, s.t. limsup ) = 400

5,Q4
t—+4oo

And since all 9§ ,a; Sum up to a constant and that Va,; € Iis, 98 .a; 1s bounded from below, we have
that:
3@ el Ul st liminf6") = —oc. 1)
t—+4oo e

From Corollary 15, fora; € I és, 9?21 is monotonically decreasing for ¢ > 77, thus

lim H(f J= = ()

t—-+00 8,3

where 95902) is either a constant or —oo. We’ll prove by contradiction. Suppose 0§°§) is a constant,

then for any § > 0 there exists 7] > T} such that V ¢ > T7, |(9§t21 — (9§°§) < 4.
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Let a; € A; be defined as in (21), define:

® t+1, it > 0l%) — 5
T(t) ;= =
ming {T{ <t/ < 1070 < 68%) — 8, vt <7 < t}, otherwise

We will focus on the set where {t|7(¢) < t}. Since liminf; ') — _co, there are infinitely

S,5
many elements in this set.

For all 7(t) < 7 < t, we have that:

8P(0(™) —
e | |77 (i) A7 (s, a0 o am o | AT (s, 0:)
2607 | — ) X =exp (057, — 0,a) =,
90, o m o (@ls)A; (s, @) A" (s, )
oA s,a) | A=)
A (s, @) 4
Thus
o0(0))  A(1— ) 00(0™)
< <r<
Woa S 4 agn o TWsTst
t t
1 02(0) _ A(1—7) &~ 02(07)  A(L=79) t+1) v
—— (05D — 7)) = < > = (g —Ooar)
K () 05,0, 4 (1) 09s.a 4n
(22)
Since: ) )
T(t T(t)—1
a2 08 g 2 0

is bounded from below, and that 9§(¢f) is also bounded from above by egﬁ), thus taking lim inf; | o
on both sides of eq (22) will give

t—4oo 8,04 t—+oo %

Al — 1
lim inf 9§t2f_1) — 0 < 7( 7) lim inf 9(,ti,1) — Qg:a:,) +0+n——s | = -0
i 4 S,a; pLezs (1 _ 7)2

— liminf ) = —oc0
[

which contradicts the assumption that 9@023 is a constant, and thus we can conclude that

lim 6{) = —oo, Va; € I"". O

t—+4oo

Lemma 18. Va; € I}, for any a € 15®, if there exists t > T} such that ﬂgt)(ai\s) < ﬂgt)(aﬂs),
then for all T > t, ng) (a;|s) < 7T§T) (a;|s)

Proof. We will prove by induction. Suppose for a certain 7 > ¢, it holds that 7™ (a;|s) < 7" (a|s),
then:

oP(6) Lo a1y 20
= o .T A A.T +
89 n 1 _ ,yd (S)ﬂ-z (al ‘S) (3 (S7a’z )

s,ai

> A ()l (i) AT (5,0)
-7
; -

> T dD ()7 (@il 477 (5. 02)
-7

_ 02(6)

- 0.4,
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Since 7\ (a;]s) < 7 (af |s) = 607, < 9( )+, we have:

9(T+1 0(7) né?(I)( i ) > an) +T]8‘I’(9(T)) _gr+D)

sl a0, , 00,0, S

Thus 7{" "™ (a;]s) < 77T (a;"|s) also holds, which completes the proof. O

Lemma 19. Ifr’s = (.

Proof. We will prove by contradiction. If 1 is # (), select an arbitrary aj' el i’s and define
By*(af) = {a; € Iy | m (als) < mi)(a] |s), V¢ > T2},
, ) (g,
From Lemma 17, we have that for any a; € I"° limy_, 1 o % = 0, thus there exists T, > T}
™ ai

such that for any ¢ > T5,

m(ailt) (L= A
O (aflt)y 1614l i

Additionally, since for any a; € IO im0 A(t)(s a;) = 0, there exists T3 > T such that for
any t > Tj,

O} —-A ;
(.t) i > — i Il’s.
A7 (s, a;) 614, Va; € I

Thus, for ¢ > max{T5, T3}, from the fact that ) 771(’5)(czl-|s)@(s7 a;) = 0, we have:

0= 3 mDal)AD (s,a) + Y 7 (als)AD (s,a) + 3 7 (als) AP (s, ;)

aiEIé'& aiEIi’S aieli’s
> Y dPalA sa)+ Y 7 (als) AN (s, a;)
a; TP\ B*(a}) a;€BJ*(a})
+ 70t 194D (s,a) + 3 7D (@ils)AD (s, a:)
qu‘,EIi’s
> Y AP sa)+ Y 1Owls) A
- = : : , : 16]A;]
a; €15°\By* (a]) a; €BY*(a})
1—9A —
+ a0t |94 5,07 + ;Mﬂ%ﬂ AT e
a; el

> Y wal)Al (a0 + WA il 1
a; €12 \B{* (a7) ‘

1A (0) -1

A=
+maf ) T+ Ml g @l e T

> Y s AD (s, a) + 70 (0 |s)

a; €I7°\By* (a])

— S mPails)A (s,a0) < 0.
ai €15 \By" (a})

o] >
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Thus for t > max{Ty, T3},

1 _
> ol = > o)+ nmd(t)(s) > 7 (a;)5) A" (s, ;)
a; €I \B{* (a}) a; €IS \Bi* (a) a; €Il *\Bi* (a})

< Z egtt)lz’
a; €I \By* (a])
which leads to the fact that Za €1\ BE (at) 92’21 is bounded from above. Further, from Lemma 17,

H(tzﬁ is bounded from below, thus the value

S’i

t
ZaieIgS\BgvS(aj) 7%( )(ai|5)

w9 (af |s)

is bounded from above. However from Corollary 16,

t
Saerse T (ails)

lim = 400
A D
Thus ®
. EaieBgS(a%f)Wi (ai|s)
lim 0 L = +o0,
e ;" (af]s)

which contradicts the fact that
" (ails) < 7 (af]s), Va; € By*(a])

and finishes the proof by contradiction. O

Lemma 19 directly implies asymptotic convergence for gradient play as state in Theorem 4.

Remark 5. (Discussion on the isolated stationary points assumption) The proof of Theorem
4 resembles the technique used in [2] for the single agent case, which relies heavily on the fact
that the sequence of Q-functions Q(*) (s, a) obtains a limit Q(°) (s, a). The existence of such a
limit in the single agent case follows from the monotonicity of the Q-functions. However, gener-
alizing this proof to the multi-agent case requires the assumption that the sequence of averaged

Q@-functions Ql(»t) (s, a;) (which can be non-monotonic, see, e.g., Figure 3 in Appendix) has a limit

QEOO) (s, a;), which is not necessarily true in general. For instance, if the set of stationary policies
SP Z:{TF mi(a;|s)AT (s,a;)=0,Vs€S,a;€ A,i=12.. .,n} is not isolated, one cannot rule out the
possibility that (natural) gradient play will not converge to a fixed point 7(>) (see e.g. [1] for coun-
terexamples). Consequently, Qgt) (s, a;) might not converge to a single value. For the above reasons,
we assume the stationary policies are isolated to ensure that 7(*) converges to a fixed stationary policy

7(>°) and thus Qgt) (s, a;) obtains a limit. We believe that this assumption is a conservative condition
that is sufficient to imply asymptotic convergence. It remains an interesting open question to establish
convergence without this assumption.

E.0.2 Asymptotic convergence for natural gradient play

The asymptotic convergence for natural gradient play is easier to establish compared with gradient
play.
From Lemma 20 and the assumption that ¢(s, a) is upper-bounded, we know

A0

A; i .
tli?oo;ﬂgt)(“”s)e}(p W =1,Vs,i=1,2,...,n.
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Since

(t) (t) (t)
®, nA; (s, ai) | o Q nA; " (s, a;) 1 [ nA;" (s, a:)
E ™ (as|s) exp § (asls) [ 1+ 1—~ +4 1—~

22
(6121+m+Zf0r|x|§1)

2
(f) Mol
:1+7E i|$)A; ;
M=) ) (ai|s) A7 (s, a;)?

(®) nol
= t_lgp w7 (ai]s) A} (5,a:)? =0

a;

= lim 77 (a1| )A(t (s,a;) =0, Vs,a;,i=1,2,.
t—+o0

(t) _
= lm_|[Vy@(0®)]2 =0

Similar to the proof for gradient play, from the assumption that stationary points are iso-
lated, we can conclude that 7() converges to some stationary policy 7(°°), and we can define

QEOO) (s,a;), AEOO) (s, a;) accordingly. Asymptotic convergence is equivalent to

Iis = {ai : AZ('OO)(S,ai) > O} =0, Vs,i=12,...,n

We prove by contradiction. Suppose there exists aj' such that AZ(-OO)(S,af) > 0. From

limy 4 o0 7T§t) (ai|s)A§t)(s, a;) = 0, we have that lim;_, ; o Wft)(aﬂs) =0.

Select a? such that limy_, o 7" (a%]s) > 0. From limy_, 4o 7" (as]s) A" (s, a;) = 0, we have
that lim;_, 4 « Agt)(s a?) = 0. Thus there exists A > 0 and T such that for ¢t > T,
A
A(t)(s al) > A A(t)(s al) < >
Thus from natural gradient play scheme (10)

)+ ey -1 (1) +
™, (ai |s) _ T ( ‘ )exp< n ZA(_T)(S a{r) —AET)(S aq)> > ™, (ai |s)

) (af]s) wi”(ams) o " (afls)’

(t)(aJr‘s)

which contradict the fact that lim;_, | o — el = 0, and thus completes the proof.

F Proof of Theorem 5

F.1 Proof of Theorem 5 (Gradient play part)

Proof of Theorem 5, gradient play. From Lemma 29, ® is S-smooth with g = 7)3, we have that:
(t+1)y _ () (t+1) _ g\ _ Zypit+1) _ g®) |12
BOHD) — (01 > <vq>(e ),0 0 > 2\|9 il

2
= =25y vee®)?

Y

n
Tivaeo))?
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Summing over ¢ we get:

M > o(01)) — () > g RN
-7 t=0

From Theorem 1 we have that

veOD)|| > c NE-gap(0®)
Voo™ = e [ A gap(0'")
Thus
T-1
NE- gap (t) 2maxz |"4 |M (¢max quin)
t=0 (1 —v)e*nT
which completes the proof. O

F.2 Proof of Theorem 5 (Natural gradient play part)

(1—)*
2n(¢pmax —Pmin)’

<I>(9(t+1)) (t) Z Z d(t+1) 10g Zz ,8

Lemma 20. Forn < running scheme (10) will guarantee that

where Z"* is defined by

i
I—~

) A® S, a;
Zps = ngt)(aﬂs) exp 777()

Proof. From performance difference lemma we have that
(t+1)y _ ) (s (t+1) _7® ®)
2(01) — 2(6) = 1 Zd Z <7r (als) — 7 (a|s)> AV (s, a).

We define

Af (s,a;): ZHWH_l (ajls) H 7T a]| )(s,ai,a_i). (23)

a—; j=1 j=i+1
Then
1
(O — (W) = i Es:d(tﬂ)(s) ; (W(t+1)(a|s) _2® (a‘s)) Ag)(s, a)
n i n —
=2 d 63| T ™ asls) [T 7 asls) )~TTtasls Hﬂ (asls))| 455, 0)
75 a i=1\j=1 j=i+1 j=1
1
_ (t+1 (t+1) D (. A0 )
=2 2;( (ails) = 7" (ails) ) AL (s, 1)
71 L
=1 Zd(tJrl ZZ( (t+1) (t)(a1| )) A%(s,ai)
=1 a;
1 — -
+71—vzd(t“ ZZ( 1) (4,15 Z@(ai\s)) (Agf;(s a;) — A%(S,ai))
=1 a;
1
_ - (t+1) (t+1 (t)
P Pl ZZW ails) A} (5,
Part A
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+ ﬁ Zd(tﬂ) ZZ ( (t+1) — 7(50((%‘3)) (@(S,ai) —A%(aaﬁ) .

=1 a;

Part B

From scheme (10),

O — 2D '
=13 (i) i)

ails

Substitute this into Part A, we have

Part A = %Zd(t“) 933 7 (0,920 (5,0,

=1 a;
_1 (441 D (auls) s
_EZd(z%l 2;77 t+ 10g< ;gt)(ai‘s) + log (Z )
—— Z Z d(t+1 YKL (7 (t+1) IE: (t)) % Z Zn: d(t+1)(5) log (Zfz 5)
s i=1 s =1

Further, we have that

A (s,a:) — ALY (s,0,)

i—1 1—1 n
1
=TT als) = [T 7 als) | TT =7 (as1s)AY (5, 1,0
a_; \j=1 j=1 j=i+1
¢mdx ¢mm 1
< Smax_ Tmin Zn D —ax,
¢mdx ¢m1n Z || (t+1 ( ||1
J15 :
Thus
1 n —_——
|Part B| < mzdmn(s)zgz ™ — 7 (ay]s) ‘AE%(S,ai) — A (s, a;)
¢m'1x _¢m1n " 1 1
< R L A @ )~ nf s \anﬁ) i

2
¢max_¢min 1
e 24 lew““ wlh

S

7/L((bmax - ¢min) 1
< S Zd““ ZW“ i

(¢max d)mm Zd(tH) ZKL Hl)Hﬂ .) (Pinsker’s inequality)

(1-v)?
2n(Pmax —Pmin) ’

B(AUY) — () = Part A + Part B

Thus, when n < we have that

n

1 2 ¢max - ¢m1n ]_ is
> < _ n( = > ZZd(t+1 YKL( (t+1)H (t)) ; sz(tJrl)(s) log (Zt’ )

n s i=1 s =1
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Z Z A+ (5) log (Zl )

which completes the proof. O

Lemma 21. Forn < (1 —~)?

1) ( i (t))2
ZZd s)log Zp® > 3]\4NE gap(0'")

Proof. From Lemma 13 we have that NE-gap(f) < 125 max; max, g, AY(s,a;). On the other hand,

. A (s a;
Zp° = Zﬂ' (a;|s) exp e L, 11_(8,;61)

- Ziﬂzw (a;]s) exp 7711_(5’;0) T Zﬁﬂgt)(aHS) exp [ 2 max{ _L’y (5,0)
aigargmaxaiQEt)(s,ai) aq',EargmaxalQEt)(s,ai)
(1)

t nA; "’ (s, a;)

2 > i ails) | 1+ B
aigéargmaxai@(s,ai)
n Z (t)( ) |1+ 7 max,, Agt)(S,ai) N 1 [ nmax,, Agt)(s,ai)
7 als 1 — ’y 2 1 — /7

a;€argmax, Qgt) (s,as)

A ) 77 (0 1 ® nmax,, A" (s, a;)
—Z?TZ- (ai|s) Zﬂ' (a;s A (s, a) + = Z (ails)

2 1—x
aieargmaxaiQEt)(s,ai)
(t) ?
1 . nmaxg, A; (s, a;)
=1+ 3 ) (ass) T

a;€argmax, Qgt) (s,ai)

S14 ¢ [ nmaxg, A,Et) (s,a;)
2 1—7

Thus
2

(t)

i ¢ [ nmax,, A;” (s, a;)
log(Z;°) > 1 1+ = i
0g(Z;") = log +2 1—~

— 2
aXq, A(t) S a;
Because when 7 < (1 — )2, we have § (W) < 1, and that

2
log(1+z) > gx, for0 <z <

DO =

thus

2

(t)
s ¢ [ nmax,, 4;7(s,a;)
1 > 1 14 = Lt
0g(Z,") > log 5 1—~
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Thus

n ) _
sz(tJrl logZZ s> ;;zs:d(tﬂ)(s) nmaxg, A; (s, a;)

I—»v

2

> S 2 r(cln_py)2 MAX MAX max Al(-t)(s,ai)2
2
cn (t)\2
> ——NE- .
2 3y VE-gap(6) O

We are now ready to prove the bound for natural gradient play in Theorem 5.

Proof of Theorem 5, natural gradient play. Combining Lemma 20 and 21 we have

(60 ) — a(6") sz " (s) log Z;*

Summing over ¢t we have

Drmax — G o
max min 2 (I)(Q(T)) _ (I)(a(())) Z 7”7 NE—gaP(o(t))Q,
1—7 3
t=0
thus
Z'tT:*Ol NE_gap(a(t))Q < 3M(¢max - ¢min)
T - (1 —=~)enT
which completes the proof. O

G Proof for log-barrier regularization

G.1 Proof of Theorem 6

We start with the following lemma:

Lemma 22. Suppose 0 is such that |V, J;(8)||2 < ) then NE- gap,(0) <
defined as in Assumption 1.

, where M is

Proof. From ||V, J;(0)|2 < 2 we have that

?)‘;ii):liydas) (i) A (5, i) + A = Al Ailmo, (aif)

= mp, (a;|5) (1 ! do(s )A (s,a;) — )\.AZ-|) +A<A

— ng(ai|5) <1ifyd9( )A (5 az) )\|Al|> S 0
— do(s)A%(s,a;) — AlA;] <0
AlA (1 —

— A(s,a) < ) < AA(1— )M

d@ (8)
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Thus,

NE-gap, (0) = sup J;(07,0_;) — J;(0;,0_;) = —— Zd(,* s)mor (a;]s) A% (s, a;)
0: s,a;
§ Zda* maxff(s,ai)
S—Zda* ($)AlAi| (1 = ~v)M
< >\|A¢|M. O

Lemma 22 implies that any policy with gradient norm smaller than X is also a AM max; |.4;|-NE.
Thus by properly choosing A, agents can find a e-NE by running gradient play.

‘We now prove Theorem 6.

Proof of Theorem 6. From Lemma 30, ® is 3-smooth with 8 = (1?77;)3 + 2\ max; |A;|, we have
that:

D) — (00 > <vq>(9(t)) PUt+1) _ 9<t>> _ §H9<t+1> — 92

2
(251w

v

n
TIvae®))?

For §(9) = 0, summing over ¢ we get:

Gumax = bmin - = 5
Pmax =~ Pmin Gy — () > ! Z RN
2=

L=
Thus,
. i~ 2(¢max - ¢min)
(t)y]] « Z2Fmax  Pmin/
on [Ve@ll < e
Thus for
2 max — #min
T> (¢’—¢2)
(1 =7)nA
- 2 max; |Ai‘2(¢max - ¢min)M2
(1 —~)ne ’

it can be guaranteed that

3 0] <\ = ¢
0<t<T—1 IVe@E)I < A max; |A;| M

Then applying Lemma 22 completes the proof. O

G.2 Proof of Theorem 7

For notational simplicity, we define the following variables:

A ALA;|
fz(t) S,Q4) 1= Agt) s Ue -
(8,0:) = A (s,00) + d® (57 (a;]s) D (s)
ZTF exp( f(t)(s,ai)>
(t+1) ,
2O o= T leds)

) (ails)
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Lemma 23.

> wt(ails) £ (s,05) = 0
3 7 (ails) AP (s,a) = 0

Z>1

Proof. From the definition of fi(t) (s,a;), Al(-t) (s,a;),

Zw?)(ai\s)ff%s,a»

0] ® 1 MAI ®
Z’R’ (ai|s) SG,Z-I-)\ZW al|)d(t()()('5 Zﬂ' (ails)

(t+ )(a,| )
Zw (a;|s) A (s,a;) Zﬂ (ai|s) ((t)(a()_l>
:E:ﬂﬂl 4 }:w )=1-1=0

Using the fact that e” > 1 + z,

Z = Zw() (a;]s) exp (nf (s, a1)>
>Z7r (1+77f(t)(8 a,))
ZZT{‘Z— +nZ7T f( (s,a;) > 1. O

1 (0
)
Tz HAlAIM)

Lemma 24. Forn < 15( ) =0, running scheme (17) will guarantee that

70 (ai]s) > o
£ (A + L)

Proof. We will prove by induction. For §° = 0 apparently 7(°) satisfies the lower bound. Suppose
that

o A

Tl = L (NAIM + L)

then from the definition of fi(t) (s,a) we have that

1

o A < ) < 5 (

1
A M)
(A
Thus

_%_77]0( (5 al)S

oo\»—*

which leads to the fact that

}:74) s exp (nf" (s, a:))
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<> (ails )<1+ (17 (s,a)) + (nfim(s,ai))z) 24)

a;

1 1
T < 2 for— — <z<-
(e” <14 x+ 2=, for 157:c73)

2
=1+ E i) (n£9(s.0)) )
10
<l4+ —=5=—.
+ 32 9

Thus we have that

(t+1)( 1‘5) B exp (nfi(t)(‘s?ai)) - 1+77f(t)(57ai) . 1— 115 21

UG A A
Thus, for a; such that 7" )(a,»|s) 2 we have
(AIA ‘MJr(l 7)2)
21 A A
' (ails) > >

B3 (NAIM + )~ 4 (A + )

A
AA;| M+

On the other hand, for a; such that 771@ (ai]s) < ( we have

(1- w)2>

1
F(s.a:) > DR

From inequality (25) we have that

Z2t<1+772Z7r()a1|) (s a;)?

[£2

1 1
“AAM £ 3 +)\AiM> 2(+AAiM>,
- ((1—7)2 Al (1—7)? Al

2
S1+25772< +>\|Ai|M>

o
(1—=7)?

5 1
< _ - .
1+377<(1 7)2 +/\A1|M)

Thus
A sy e (0 (s.a0)) 1+ (00 (s.0)) 1+ 2 (e + MMM
- = 0 = i e 21,
" (ails) Zy Zy 1+ 30 (e + AMAiIM)
then according to the induction assumption, we have
A
' (ails) =

A (AAIM + )
which completes the proof of the lemma. O

Corollary 25. Under the condition of Lemma 24, running (17) will guarantee that

1 ) 1 is _ 10 1 )
—— < . )<=, Z;7< — —— < A
15 —nf’L (S’a ) — 3 t — 5 — ) (

9 ) S,G/Z‘)S

5)
Proof. The first two inequalities are proved in the proof of Lemma 24, we only need to show
f% < Agt) (s,a;) < % In the proof of Lemma 24, we have already shown that

(t)
w0 (afs) _ o (1176000) 14npOsa) 1- 4 2

B T 25 ©

, > >
P (ails) 28 Z v

cm,p

T
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thus

4 1
A(t)(s,al) >—-—1=—-.
v 5 5
On the other hand,
(t)
(t+1)( i|s)  €XP (nf» (S,ai)) 1 3
_ ¢ (t) )
= - < ) . < < =
(t)(al| ) ZZ’S — eXp (n.fz (87(11) — eXp(g) — 27
thus 3 1
AP (s,a) <5 —1==
(s.a) <5 ~1= 3,
which completes the proof of the corollary. [
Lemma 26.
~ ~ 1 4M 3nM
(-3 (9 2(277 —4A mZaX|Ai\M2 e )ZZd 2 az| Al )(s a;)?

1=1s,a;

Proof. Let 0(®) be defined as:
070 = (67,60, 601, 6.

»Yg—10"1e

Then we have that

cI)(e(t‘+1)) _ (I)(e(t)) Z (@'i,(t)) _ (I)(gi+1,(t))

=1
1
- szmm DAL JAT T (s,0;) - (Lemma 8)

| |
M
i?

Z ( 0 (a,]5) — 775”(%\5)) W(S,ai)-

i=1 s
Thus
T (t+1)\  Ept) (t+1) o) 7 (a4]9)
B(HD) — (M) = d(HHY)) — )+AD D log ol
i s,a; a;|s
e T 3 (L") = 7%l Qo0 #3323 o (14+805,09)
7, 1 s i S,a4

Z )Y (= ails) = 7 (ails)) Q1 (5, a)

(€23

ZZd“) )Y (7 ails) = 70 (ails) (@ (5, a0) — Q1 (s,00))

[£2

ﬁ ; ; (damt) (s) = d(t)(5)> az (W§t+1)(ai|5) - 7rEt)(ails)) QU (s, a)
A3 log (1 +A® (s, ai))

i S,a;
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= %7 S d 0 (7 (ails) — 7P (ails) ) Q1 (s, 0:) + AA (5, :)
i=1 s

- Part A
A3 log (1 +AB(s, ai)) — AW (s, a;)
— Part B
— Z () 3 (w P als) = i asl) (@ (s,00) = QV(s,01))
= Z 32 (Ao 6) = d0) 3 (k) = i) QT s,

We will now bound each part separately. We first get a lower bound for part A:

Parta = 3° 5" () [ (2 ails) — 70 als)) (1 A70.00) + 200 5,00

i=1 s,a; -
= iZd@ (s) _Wl(t)(ai|s)AZ(_t)(5,ai) (1114?)(5,%)) + @;\Agt>(3,ai)]
=1 s,a; - -7 d (8)
i [ 1~ A A
=3 X ) [ a5, (2 A0 00 - 55 ) + s A0
=1 s,a; - 1 - Y d(t) (S) d(t) (S)
1 —o A AA;|
= dD ()7 (a5 ) AV (s,0:) | —— AV (5, a5) + S
; Z 17 d® (s)r (a;]s) AP (s)
= ZZd (t) (ai]s )A( (s, al)f( )(s,ai)
1=1 s,a;
(t+1)
a;|s 1,8
= Y e A 5,0 (g [ T 0 gz
i=1 s,a; n T (ai|5)
= S S a0 al)A 5,00 o (14 406,00
i=1 s,a;

+ - ZZd(t) )log(Z®) ZTK’ A (s,a;)

fZZd (t) (ai|s )A( )(s a;) log (1—|—A( )(s al))

i=1 s,a;

fZZd(t) (t) ‘A S, a;)

1=1 s,a;

‘log (1 + A(t)(s az))}

From the boundedness of Agt) (s,a;) in Corollary 25, we have that

1
‘log (1 + Agt)(&ai))‘ > 3 ‘Agt)(s, a;)
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Substitute this into the above inequalities, we get

Part A > — Z Zd(t) Z(t) )A( )(s a;)?

=1 s,a;

Now we will give a lower bound for part B. Similarly, from the boundedness of Agt)(s, a;) in
Corollary 25, we have that

log (1 + Agt)(s, ai)) - A,Et) (s,a;) > fA,L(-t)(s,ai)z.

Thus

Part B = AZZlog (1 + AW (s, al-)) - Agt)(s,ai) > —)\Z ZAE”(S, a;)?.

i S,a; i S,a;

Additionally, using Lemma 24,

Part B > —\ Z Z Agt)(s, a;)?

i 8,4

> —4 ()\maX|A |M+ 2) ZZW(t) (ails) A( (s,a;)*

—4M ()\maX.A |M—|— ) ZZd (t) )A( )(s ai)?.

i s,a;

Y

We will now move on to bound the absolute value of Part C.

|PartC| < 7zzd(t) Z’ t+1) al| —7Tt (az‘ )HQOHI (t)( s, 2) Q(t)(s az) .

Since

‘Q?i“’(”(s,ai) - Q;" (s,a;)

i+1, ()
Zmlm 19)|@" " (s.a1,a-) = Qs 01,0-)

+3 ‘W‘oﬁiw (ails) — ) <a_i|s>\ \Q%, @)

a_;

< max|[ Q7" (s,0) ~ QU (s, )| + - Zn 2 — Ol

From Lemma 32,

max ‘Q@’iﬂ,(t)(s’ a) _ Q(t)(s7 a)‘ <
a

msax ||W§i+1,(t) - 7T9§t) ||1

1
(1—7)?

1 0D 0
Smm?‘XZ||Fj,s —m;slh

Thus we have that

ngm,m (s, i) — Qgt)(S,ai) < masx ‘Qg;m,(z)( a) — Q(t (s, a)’ + 17 Z H (t+1) (t)H

<G maxz It = i
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Thus

|Part C|

IN

1 n
— d® (s ‘W(t+1) a;ls — ) a;ls ‘ 5 max 7r(t+1) (t)
_7;:1:%: ()%f i (ails) =7 (aals) EII slh

i

IN

2 n
TP maxzuw““ il -sz“)@z\ﬂ?“)<az-\s>—w5”<ails>
=1 s a;
2 (t+1) (t) (t+1) (t)
< =)y maxz 7 7 —mslh .zs:d Z ||7Tj sl

2
2 (t+) _ 0
S W maXZ Hﬂ' H
From Cauchy-Schwarz inequality,
2 2
(t+1) t t t
Zn —mll ) = [ sl |aP s, a)
j=1 a;
< (X m@ls) | [ 2o m (sl A (s, 0)?
Jj=1 a; j=1 a;
—nZZﬂ'() (ajls) A (s a;)?
Jj=1 aj

Thus

|Part C| <qaF ZZW (ai|s) A (s, a;)?

1=1 a;
n

2nM
1—7)3 sz(t t) (ais )A( )(3 a;)*

1=1 a;

Lastly, we will bound the absolute value of Part D.

|Part D| = ‘i Z Z ( _— d<t>(s)) 3 (W(t+1)(ai|s) — (ai|s)) Q7 (5. )

a;
1
<G 523 o 5) = d96) | 2[5 ) — 7O el
i=1 s a;
1 " 1
< WZH@XHWS; : *Wz@H Z‘dez ® )(5) :
=1

From Corollary 34

3 [d50 (5 = 2)

IA

T max Hw(;i,(t>(a|s) —a® (a|s)”1

t+1 t
7mSaXZ”W( ) _ A )”
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Thus

|Part D| < Zmax ||7r(t+1) . 7T(t)” Z ’del o d(t)(s)‘
<Z max ||7r (t+1) (t)||1> (maxz (Eu () _ 52“1)
1 = ’
t+1) t
< (1_7)3 (ZmSaXH?TZ(,S m )” )
v i=1

From Cauchy-Schwarz inequality
(ngxnwif: 1’—w§f3||1> <y max (Z\w?*%n 7r§”<az|s>(>
=1 =1 a;
n 2
= anax( 7r(t) ‘A(t) a;ls )‘)
i=1
n
Sanax( th)(a” ) (Zﬂ' (a;|s) A( (a;|s) >
=1 a;
< nz maxz 71'( )
<’I’LZZ7T (ai]s A()(al| )2

i=1 s,a;

(ails) A (ais)?

Thus

[Part D] < 75 35 )AL (al)?

=1 s,a;

SiZd(t) ft) )A()(a2| )

=1 s,a;

Combining the bounds on Part A,B,C,D we get
$(9+D) — &) = Part A + Part B + Part C + Part D

1 4M 3nM
> [ — — 4 max |A;| M2 — ) dt) (t) A()sal ,
<2n e A 1-72 2.2 A (5,0:)”

=1 s,a;

which completes the proof. O

Lemma 27. Under the condition as in Lemma 24,

szt) (t) az| )A(t S az Z %ZZd(t) ( i‘s)fi(t)(s,ai)2

=1 s,a; =1 s,a;

Proof. Recall from the definition of Agt) (s,a;):

A(t)(57ai) _ exp (Wfi(t)(S,ai)>

i — —1.
Zy
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(eXp (nf (s, ai)) - ZZ’S)Q

@ )
— 1 [Z ey (eXP (”fi(t)(s’ “i)) _1)2

_QZF i1s) (exp (00 (5,00)) 1) (7~ )+ZW“ als) (2 - )2]
I3 lzf o o) 1) )]

Since |e” — 1| > % for x > —1, we have that
2
3w (ads) (exp (nf 7 (s, 1)) Zw O ails) (34 (5,a)

> izwgﬂ(aiw)ff')(s,ai)?

Additionally, as is proved in Lemma 24,

Z = Zm@(aiIS) exp (nf“)(& ai))
< Zn( )(ag|s <1 + (nf(t (s,a; )) + (nf(t)(s,a,»))2>

<1l+n? Zﬂ‘gt ai|s)fi(t)(s7 a;)?.
Thus

37 (ails) AP (5,a:) =

(Z S) [zﬂ ) (exp (176 ai))—1)2—(zjvs—1)2]
[zw A

( 2Zﬂ e ) (411 _’72Zﬂt)(aﬂs)fﬁ”(s,mf) '
@7

From Corollary 25

1 1
- 35 Saf(sa) < 5

= 772Z7r() (s al)f()(s a;)? <

a;

@\'—‘

1 1
> om ail) A s, i) (vf >t ails) 1 s, )) <4‘"2ZW§”(ails)ff”(sa ))
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Thus

2

> Y d e W%%%%izw 9 (ails) 1 (5, 0:)?

=1 s,a; =1 s,a;

which completes the proof. O

Lemma 28.

S e, A () (ails) £ (5, a)?

NE-gap(0'")) < 5

+ Amax |A;| M,

where M = sup, max,

1
de(s)"

Proof. We will now prove the lemma.

2
| = 1 AL
d(t) S ﬂ'(t) (t) s, a; 2 — d(t) (t) a;|s 714(0 S, a; +A - :
(s)mi " fi 7 (s, a4) (s)m;* (ails) [ (s, ai) 10 (5)m D (arfs)  dO(s)

4O Dats) (A, AAL N A2 1~ Al
=Nl (25400005505 )+ oy 2 (Ao 26

1 @ /\|.AZ|
>4 | —A; i) — .
= )\<1 i (s,az) d(t)(s)
1 (t) d(t)(s)” (t)(ai|5)f‘(t)(57 ai)2 >‘|-’ ll|
R ) < ? 2
— 7A (s,a;) 5\ + d(t)( )

ZELmd“() D (als) £ (s, 1)
4\

+ Amax | A;| M.
Thus from Lemma 13,

~ d® ()7 (a;]s) £ s,a;)?
NE-gap, () < T 1 maxA(t)( ,a;) < 2i 2na, )42/\( o) (s, 04)
— Y s.aq

which completes the proof. O

+ Amax |A4;| M,

We are now ready to prove Theorem 7.

Proof of Theorem 7. From Lemma 26 we have that for

1< min 15(+1+>\\.A'|JVI) ’ 4(4)\maX' |A; \M21+ AM 4 _3nM ) ’
(1-v)2 ¢ ¢ a-m2 T (1-9)3

HOUD) — (O > §j§)ﬂ> i ails) AL (5, i),

=1 s,a;
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From Lemma 27,

S(OTH) — B(9M)

| \/

Thus by telescoping we have

ail ) AP (s, ;)

MWL

i=1 s,a;

LSS at

1=1 s,a;

7w (asls) £ (5, ai)?

e S T A0 () ) (5,007 _ 36 (20— 20)
T - nT
From Lemma 28,
_ t t
tT:01 NEc;gap(o(t)) < 41)\ Zz 12 ,a; T( s)m ()( |5)fi( )(S,az‘)2 4 )\mlaX|Ai|M
9 ( B0 (9(0)))
< AT +/\m?X|Ai|M.
Specifically, set A = 54— and () = 0, then for any
8 (B0™) - 3(0)))  36mas |A (e — n) M
- (1 =7)nAe (1 =7)ne
>0 <nmaxi |Ai|(¢max - d)min)MQ) :
()i
we have
o NE-gap(#") _ ¢ L,
T -2 2 ’

which completes the proof.

H Smoothness Proofs

This section mainly focuses on the smoothness of ¢ and ®. We first state the smoothness results in
Lemma 29 and Lemma 30. The auxiliary lemmas used during proof of the above two lemmas are

stated in Lemma 31 and Appendix L.
Lemma 29 (Smoothness of ®(6)).

IVo®(0) —
Proof. From Lemma 31 we have that

IVo®(0) — Vb (0

6n
< — |10 —
Vo®(0)l, < A=) 16" = 6]
2
HQ Z Ve, (0 v0i¢(9)||2
2
— Vo, 20l

2
6 N
—) ||0i0i||2>
(1=7) =

2
36n -
=— 5% Z||9§—9z'||2>
(1—y)° <i—1
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36n?2 —

§7§ 1167 — 6513
— ~)6 @
(1=7)° =

36n>
m”el - 03,

thus

6n
110" —0ll2

[Vo®(0') — Vo@(0)]|, < A=)

Lemma 30 (Smoothness of ®(6)).
o) - vidio)| < ((1?”7) T 2\ max A7;|) 16— 0l

Proof. Since

9 Z?:l Zs,ai log o, (G,Z|S)
005 .q,

=1— | Ay|m, (a;]s)

we have that

H (ZZlogwel (ails) Zzlogm (ails ) ::

i=1 s,a; =1 s,a;

STIAR IS (mor (ails)—mo, (ails)?
=1 s a;
(Corollary 37)

< ZIA 2 Z o, —o, . < 4N AP 116 ~0is]5 < Amax | A;|*10—0]3
=1 s

Thus
Hw&»(e') - v&(e)H2

< [Vo@(6") = Vo@(0)ll, + A

(Zzlogm/ (ails) ZZlogmg (ails) )

=1 s,a; =1 s,a;
6n
< | —- . /o )
< <(1 — )P +2>\m?X|AZ|> 10" — 6|2 0
Lemma 31.
IV6.2(6) Vo 20l < T3 Zne’ 0; )2
Proof.
IV, 2(0) = Vo, 2(6)], = —Z [dor () (as1 ) A7 (5, 5) = da(s)o, (ai]) A% (s, )
—Z do(s Zﬂ'gr (a—i|$)A; (s,a:,a—;)—dg(s)me, (ails Zﬂ'g (a—i|s)A (s a;)

<1 Z\d@ s)mor(als)A7 (5, ) = do(s)mo(als) A (5, a)|

f(Zdel roals)~do(a)o(als) |7 o, )|+ 3 doteymofals) |47 (5, 0) - 9<s,a>\>
S (1_17 > o) (al) — doo) o) +ma 47 (5,0) - A?<s,a>\)
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From Lemma 32 and Corollary 35, we have that

Vo, 2(6") = Vo, 2(0)|, <

max | mo: — o, |1

3
(1=

3
< gy max ) oy, = o,

1

From Corollary 37 we have that
3

[Vo,2(0") — Vo, 2(0)]|, < ngxz 7o, . — 7o, [Ir
6 n
<> 16— il O
(=) &
I Some Useful Lemmas
Lemma 32.
/ 1
‘Qe (s,a) — Qg(s,a)’ < Wm&x\\ﬂgg — 7o, |1
' 1
‘V9 (s) — Ve(s)’ < - max | mo: — o, |1,
and thus 5
‘Ag (s,a) — Ae(s,a)‘ < Wm&x\\m; — 7, |l

Proof. From performance difference lemma we have that

‘Qel (s,a) — Q%(s, a)‘

+oo
= Do D P (s(t) = 5'15(0) = 5,a(0) = ) Y (mor (a|s") = mo(a']s") Q (s, ')
t=1

s’ a’

+oo
< Z'yt ZPrel (s(t) = s's(0) = s,a(0) = a) Z | (a’|s") — ma(d|s")] ’Qe(s’,a’)‘
t=1 s’ a’
+oo 1
< t Aa'ls’) — 1ot
< 2ot mex o (@1) = w15
1
= ——max o (als) — mo(als
(1_7)25/%] (als) (als)]
: || ||
= —— mMax ’ —
el el
Same argument also holds for ‘V‘gl (s) — V?(s)|, and thus
/ / / 2
‘Ae (s,a) —A9(s,a)‘ < ‘Qe (s,a) — QG(S,a)‘Jr‘Ve (5) = VO(s)| < Wmax”ﬂ'e;—ﬂgs 1-
— S
O]
Lemma 33.
" S (o (s)ror(als) — do()mo(als)) r(s.0) < ot ] oo max | ||
S — \S)mTor\alS) — S)TTpla|S)) r(s,a - ||T max ([T, — T
[y 0 0 0(s)mg @) S g2 Irllo max o, = o, |1,

where ||7||oc = max; q |7(s, a)|.
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Proof. For any reward function r(s, a), we can define its value function V?(s) and Q(s, a) corre-
spondingly. Using performance difference lemma we have that
1
Fp— (do(s)me: (als) — do(s)mo(als)) (s, a)

S,a

= Zp —V%s))
— Zde’(s) Z (mo: (als) — mo(als)) Q°(s, a)

< ( 2||T\|oozd9' )Imo, — o, |11

1
< ———||7|| oo max ||y O
(1 7 ,_Y)Q || H P H s
We have the following two corollaries for Lemma 33.
Corollary 34.
1
d9’ - > 7max g — Ty,
Proof.
S o ()~ dols) = max_ —— 3" (dor(s)mor(als) — do(s)mo(als))r(s)
—y & 0 0 C1<r(s)<1 1 — — or\3)mer AN
< ! max || O
< —— max |7y
(=
Corollary 35.
1
dy (8)mer (als) — do(s)mg(als)] < ——— max ||my
Z| ) — do(s)mo(als)| < (g ma o
Proof.
Z|d9/ s)mer (als) — da(s)me(als)|
a ! (dor (s)mer (als) — do(s)mo(als))r(s, a)
max (s)mor (a|s) — dg(s)mg(als))r(s,a
—1<r(s,a)<1 1 — — 0 0 0 0 ’
< 1 ax || O
S o/ Inax ||y
L=y s
Lemma 36.

> (mo;(ails) = 7o, (ails)) f(ai) < 20| fllc)6f,, — 6

a;

Proof. 1t suffices to show that

HW”ZM ails) f(a;)
then by Lagrange mean value theorem,

> (wor (ails) — 7o, (as]s)) £(az)

a;

< 2{|flloc, V8,
2
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< Vo, 7. (a; i 0, —0;slla <2\ fllecll€ . — 0; slla-
S o g | Ve A 15— Ol S 2 Sl 0l
Since
93 ,, mo,(ails) f(a:) _ _
2o, 0o s = o, (ails)(f(a;) — f), where f = ;W&(aﬂs)f(ai),
we have

2
= mo.(ails)*(flai) = /) <Y o, (ails) 2l fll)® < 4l f1%,
2 a; [¢23

v9i,s Z o, (ai|3)f(ai)

which completes the proof. O
Corollary 37. (of Lemma 36)

||7‘(‘9;,S — Ty,

1,8

1< 2”9;,5 - ei,sHZ < 2“9; - 91H2

Proof.

1

> (moy(ails) — 7o, (ails)) f(as) < 2(16] = 6: 5] O

a;

lmgr —mp, .|l1 = max
oe ' Fillflle <1
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