Our appendix is organized as follows. Appendix A lays out all the preliminaries for the proof details of
the paper; Appendix B shows the analysis of the algorithm; Appendix C shows the initialization, and
Appendix D contains details about submodular function minimization as it pertains to our problem.

A Preliminaries

A.1 Facts from convex analysis

In this section, we present some definitions and properties from convex analysis that are useful in our
paper. These results are standard and may be found in, for example, [45, 8].

Definition A.1. Let f : R” — R. Then the function f* : R™ — R defined as
ffy)= suwp [(xy) - f(x)]

x€dom( f)

is called the Fenchel conjugate of the function f. An immediate consequence of the definition (and
by applying the appropriate convexity-preserving property) is that f* is convex, regardless of the
convexity of f. We use the superscript * on functions to denote their conjugates.

Lemma A.2 (Biconjugacy). For a closed, convex function f, we have f = f**.

Lemma A.3 ([45]). For a closed, convex differentiable function f, we havey = V f(x) <— x =
Vi (y).

(LeIQnI?a)z)&.é% ([45]). For a strictly convex, twice-differentiable function f, we have V2 f*(V f(x)) =
Vaf(x))~ .

Definition 2.1 (Polar of a Set). Given a set S C R", its polar is defined as
S§°:={yeR": (y,x) <1, Vx € S}.

Lemma 2.2 ([45]). Let S C R"™ be a closed, compact, convex set, and let y be a point. Then
(conv {S,y})° C 8° NH, where H is the halfspace defined by H = {z € R" : (z,y) < 1}.

A.2  Background on interior-point methods

Our work draws heavily upon geometric properties of self-concordant functions, which underpin
the rich theory of interior-point methods. We list below the formal results needed for our analysis,
and refer the reader to [38, 43] for a detailed exposition of this function class. We begin with the
definitions of self-concordant functions and self-concordant barriers:

Definition 2.4 (Self-concordance). We call F' : ) — R a self-concordant function on a convex set )
if for any x € @ and any h,

|D*F(x)[h, h, h]| < 2(D*F(x)[h, h])*/?,

where D¥F(x)[hy, ..., hy] is the k-th derivative of I at x along the directions hy, ..., hy. Addi-
tionally, if for any x € @, we have VF(z) " (V2F(z)) "'V F(x) < v, then F is a v-self-concordant
barrier.

Theorem A.5 (Theorem 2.3.3 from [43]). If f is a self-concordant barrier, then for all x and
y € dom(f), we have (V f(x),y — x) < v, where v is the self-concordance of f.

Theorem A.6 (Theorem 2.3.4 from [43]). If f is a v-self-concordant barrier such that x,y € dom(f)
satisfy (Vf(x),y —x) > 0, theny € Bx(x,4v + 1).

We now state the following result from self-concordance calculus.

Theorem A.7 (Theorem 3.3.1 of [43]). If f is a (strongly nondegenerate) self-concordant function,

then so is its Fenchel conjugate f*.

The following result gives a bound on the quadratic approximation of a function, with the distance
between two points measured in the local norm. The convergence of Newton’s method can be
essentially explained by this result.
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Theorem A.8 (Theorem 2.2.2 of [43]). If f is a self-concordant function, x € dom(f), and'y €
Bx(x,1), then

1 _ +I3
F(y) < 6+ (VF(x),y = x) + S lly = xI% + 3(1”—y||y)i|:<||)

where |ly — x5 = (y —x, V2f(x) - (y — x)).

Finally, we need the following definitions of entropic barrier and universal barrier.

Definition 2.5 ([10, 14]). Given a convex body K C R"™ and some fixed 6 € R", define the function
f(6) =1log [ [, . exp(x, #)dx]. Then the Fenchel conjugate f* : int(K) — R is a self-concordant
barrier termed the entropic barrier. The entropic barrier is n-self-concordant.

Definition 2.6 ([41, 32]). Given a convex body L C R", the universal barrier of K is defined as
¥ :int(K) — R by
P(x) = log vol((K — x)°).

The universal barrier is n-self-concordant.

A.3 Facts from convex geometry

Since our analysis is contingent on the change in the volume of convex bodies when points are added
to them or when they are intersected with halfspaces, we invoke the classical result by Griinbaum
several times. We therefore state its relevant variants next: Theorem 2.3 applies to log-concave
distributions, and Corollary A.10 is its specific case, since the indicator function of a convex set is a
log-concave function [8].

Theorem 2.3 ([20, 11]). Let f be a log-concave distribution on R® with centroid c - Let H =
{ueR?: (u,v) > q} be a halfspace defined by a normal vector v € R®. Then, J3y f(2)dz >

L4+ wheret = — 97V s the distance of the centroid to the halfspace scaled by the
¢ V By~ (Vay_cf>2

standard deviation along the normal vector v and t* := max{0, t}.

Remark 9. A crucial special case of Theorem 2.3 is that cutting a convex set through its centroid
yields two parts, the smaller of which has volume at least 1/e times the original volume and the larger
of which is at most 1 — 1/e times the original total volume.

Corollary A.10 ([20]). Let K be a convex set with centroid u. and covariance matrix X.. Then, for
any point x satisfying |x — p||s—1 < n and a halfspace H such that x € H, we have vol(L N H) >

vol(K) - (1/e — n).
Finally, we need the following facts.

Fact A.11 (Volumes of standard objects). The volume of a q-dimensional Euclidean ball is given
by vol(B,(0, R)) = F(%/qz/mf_iq, and the volume of a q-dimensional cone = —— - volume of base -

q+1
height.

B Our analysis

To analyze Algorithm 1, we define the following potential function that captures the changes in Kiy ;,
Kout,i» t, and x in each iteration:

Q= t<C7X> + IOg |:/A exp(ft<c, u>)du:| =+ Z ¢in,i(xi)7 (Bl)
Kou i€[n

]
—_———

universal terms

entropic terms

where log { /; [ exp(—t{c, u>)du} is related to the entropic barrier on I%Om (see Appendix B.1) and

1in; 1s the universal barrier on /C;. In the subsequent sections, we study the changes in each of these
potential functions along with obtaining bounds on the initial and final potentials and combine them
to bound the algorithm’s separation oracle complexity.
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B.1 Potential change for the entropic terms

In this SeCti(El, we study the changes in the entropic terms of Equation (B.1) upon updating the outer
convex set oy as well as ¢t. These two changes are lumped together in this section because both
updates affect the term log [ /; g exp(—t - (c, x)) dx} , albeit in different ways: the update in Kou
affects it via Griinbaum’s Theorem; the update in ¢ affects it via the fact that, by duality with respect
to the entropic barrier (Definition 2.5), log [ I R exp((x, 9))dx} is also self-concordant. We detail
these two potential changes below.

Lemma B.1 (Potential analysis for outer set). Let I%m,, ={x:%x; € Kows,; N {y : Ay =b}}, and
let ® = log [f,%“m exp(—t{c, u))du] (e, X) + D e ) Yini(Xi)- Let H; be the halfspace generated

*
out,1

potential ") = log [f,e e, exp(—t(c, u>)du} + (e, X) + D) Yini(Xs) is bounded from
above as follows.

by the separation oracle O; queried at xX*, .. as shown in Line 17 of Algorithm 1. Then the new

O < & 4 log(1 — 1/e).

Proof. The change in potential is given by

09 _ @ — log [fy exp(—t - (e,x)) dx}

Je. exp(~t-(c,x)) dx
We now apply Theorem 2.3 to the right hand side, with the function f(x) = exp(—t- (¢, x) — A(tc)),
where A(0) = log [ Je exp(—(, x>)dx} . Noting that each halfspace #, passes directly through

}Coul
Xuut.i» Where x5, is the centroid of I/C\ou[ with respect to f (by the definition of x},, in Equation (3.5)),
Remark 9 applies and gives the claimed volume change. O

To capture the change in potential due to the update in ¢, we recall the alternative perspective to the
function log [ J ., exp(—t(c, x>)dx} given by Definition 2.5 and derive properties of self-concordant
barriers.
Lemma B.2. Consider a v-self-concordant barrier 1 : int(K) — R over the interior of a convex set
K C R4, Define

&= min [t - (¢, x) +4(x)] and x; := argmin [t - (¢, %) + ¢ (x)] . (B.2)
Then for 0 < h < %, we have

f;p +th- (x¢,c) > ftdzprh) > fzp + ht - {c,x4) — 2y,

Proof. Note that here the first inequality is fairly generic and holds for any function . By definition
of 5% +h) and 521’ in Equation (B.2) and using the fact that the value on the right hand side of
Equation (B.3) is smaller than the expression evaluated at a fixed x = x;,we have
Ehian = min [t(1+h) - (x, ) + 9 (x)] (B.3)
St 4h) - (%, €) +(x)
=&/ +th- (x4, ).
We now prove the second inequality of the lemma. This one specifically uses the self-concordance of
1. Observe first, by definition,
& =~y (~te). (B.4)
Since ¥ is a self-concordant barrier (and hence, a self-concordant function), Theorem A.7 implies that

1" is a self-concordant function as well. Then, by applying Theorem A.8 to ¢* under the assumption
|| = thel|—te < 1yields

| = thel? e
(1=l = the| —te)
(B.5)

Y* (to — the) < * (~te) + (V" (~te), ~the) + |3 — thell2,c + 5
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By applying the first-order optimality condition to the definition of x; in Equation (B.2), we see that
Vi(x:) = —te. (B.6)
Next, evaluating a := || — the||_¢c to check the assumption || — the||—e < 1, we get

a® = h*(—tc, V2*(~te) - (—te)) = h*(Vih(xs), VU™ (Vi (xy)) - Vip(xe))
= 1*(V(xe), (VZ(x)) " - Vib(xe))
< h?v

where we used Equation (B.6) and Lemma A.4, in the first two equations and Definition 2.4 and the
complexity value of ¢ in the last step. Our range of & proves that ¢ < 1, which is what we need for
Inequality (B.5) to hold. We continue our computation to get

1 | — thel?, 1 1. 1 1

= || — thel? o < SR+ ShPVY? < ShPv 4 ShPv < BPu. (BT

ol —thelie + 3 e oy | S2h vt s vk ghivsiv (B
Applying Lemma A.3 to Equation (B.6) gives

V™ (—tc) = x;. (B.8)
Plugging Equation (B.8) and Inequality (B.7) into the first and second-order terms, respectively, of
Inequality (B.5) gives
Y*(—tc — the) < Y*(—tc) + (x;, —thc) + h?v.
Plugging in Equation (B.4) gives the desired inequality and completes the proof. O

To finally compute the potential change due to ¢, we need the following result about the self-
concordance parameter of the entropic barrier. While [10] prove that this barrier on a set in R is
(1 4 €4)d-self-concordant, the recent work of [14] remarkably improves this complexity to exactly d.

Theorem B.3 ([14]). The entropic barrier on any convex body K C R% is a d-self-concordant
barrier.

We may now compute the potential change due to change in ¢ in Line 9.
Lemma B.4. When t is updated to t- [1 + &} in Line 9 of Algorithm I, the potential ® Equation (B.1)

increases to ") qgs follows:
(I)(new) <D+ n +7]2

Proof. Recall that the barrier function we use for the set l%out is the entropic barrier 1,,. By Equa-
tion (B.2) and the definition of conjugate, we have

_gym" = max [(—te, v) — You(V)] = ou(—tc).

Applying Definition 2.5, taking the conjugate on both sides of the preceding equation, and using
Lemma A.2 then gives

~r g | [ exp(-t- (o) du] (B.9)
Kout

From Equation (B.1), the change in potential by changing ¢ to ¢ - (1 + h) for some h > 0 may be
expressed as

PV _ § = Jog [/A exp(—t(1+ h)c,v>dv] — log [/A exp(—tc,v>dv] + (th - c,x).
Kout Kou
By applying h = zL- and v = m (via a direct application of Theorem B.3), we have h = jL <
ﬁ = %, and so we may now apply Equation (B.9) and Lemma B.2 in the preceding equation to
obtain the following bound.

P _ & < th(c,x) — thic,x;) + h*v.
From Equation (3.2) and Equation (B.2), we see that x; for the entropic barrier satisfies the equation

Xt = Xy and applying the guarantee (c, x) < (c,x%,) + 47’" to this inequality, we obtain
n

4 2
¢(“ew)—¢§th-7m+h2vz77+(ﬁ) VS"?"'T]Q.
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B.2 Potential change for the universal terms

In this section, we study the change in volume on growing the inner convex set i, ; in Line 15. As
mentioned in Section 3, our barrier of choice on this set is the universal barrier introduced in [38]
(see also [21]). This barrier was constructed to demonstrate that any convex body in R™ admits an
O(n)-self-concordant barrier, and its complexity parameter was improved to exactly n in [32].

Conceptually, we choose the universal barrier for the inner set because the operation we perform
on the inner set (i.e., generating its convex hull with an external point x,,) is dual to the operation
of intersecting the outer set with the separating halfspace containing x5, (see Lemma 2.2), which
suggests the use of a barrier dual to the entropic barrier used on the outer set. As explained in [10],
for the special case of convex cones, the universal barrier is precisely one such barrier.

We now state a technical property of the universal barrier, which we use in the potential argument for
this section.

Lemma B.5 ([32, Lemma 1], [38, 21]). Given a convex set K € R% and x € K, let i (x) :=
log vol(K — x)° be the universal barrier defined on K with respect to x. Let y € R? be the center of
gravity and %> € R4 be the covariance matrix of the body (K — x)°, where (K —x)° = {y € R" :
y ' (z — x) < 1,Yz € K} is the polar set of KC with respect to x. Then, we have that

Vi (x) = (d+ 1)p, V2x(x) = (d+ 1)(d+2)E + (d+ 1)pp "

Lemma B.6. Given a convex set K C RY and a point x € K. Let ¢ := log vol(K — x)° be the
universal barrier defined on KC with respect to x. Let 1 < 1/4 and y € K be a point satisfying the
following condition

(Vi (x),y — %) +nlly — x[|x = 4d, (B.10)
and construct the new set conv {K,y } . Then, the value of the universal barrier defined on this new
set with respect to x satisfies the following inequality.

w)C,new(X) = wconv{Ki,y}(X) = log VOI(CODV(ICv Y) - X)O < %C(X) + 1Og(1 - 1/6 + 77)

Proof. By Lemma 2.2, we have that

(conv(K,y) —x)° C (K —x)°NH,
where H = {z € R" : (z,y — x) < 1}. Our strategy to computing the deviation of ¥ pew(X) :=
Yeonv(k,y)(X) = logvol(conv(K,y) — x)° from 1x(x) is to compute the change in

vol(conv(K,y) — x)° < vol [(K — x)° NH] from vol(K — x)°, for which it is immediate that
one may apply an appropriate form of Griinbaum’s Theorem.

Let 4 be the center of gravity of the body (K — x)°. If u ¢ H, then Corollary A.10 (with n = 0)
gives

vol [(K —x)° NH] < vol(K —x)°- (1 —1/e),
and taking the logarithm on both sides gives the claimed bound. We now consider the case in which
1 € H, and the variance matrix of the body (K — x)° is . Define v = y — x, and consider the point

1 —
<V£ DS
IvI%
This point satisfies (v, z) = 1, which implies z € #. Specifically, z lies on the separating hyperplane.
We show that z is sufficiently close to u, so that even though p € H, the subset of (K — x)° cut

out by the halfspace H is not too large. By applying Lemma B.5 to compute ||v||2 = (d + 1)(d +
2)[IvlI% + (d + 1){v, u)?, we may compute the following quantity.

zZ = [t+

1—
M Sl /1. E—
\/m”"\\x — a3 (V)
1— (v,
= Vd+1)(d+2) — 1 v, ) . (B.11)
\/§IIVII?< +alvlE = ([d+1){v, )2
Applying the expression for gradient from Lemma B.5 in Equation (B.10), we have
Nlvix = 4d — (d +1)(v, ) > 2d(v, ),
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where we used the fact that 4 € H implies (v,u) < 1. Since n < 1/4, we have %||v|2 >
(d + 1)(v, u)?. Plugging this in Equation (B.11) gives

- v, i 1- Vv, [
|z = plla— < V(d+1)(d+2)- 1<|| |2> < 4d |‘§” )
2Vilx x

1- <V, /u‘>
<4d ——7F——
Ad(1 = (v, m))/n
which implies Corollary A.10 applies, giving us the desired volume reduction. O

<n,

B.3 Potential change for the update of x

In this section, we quantify the amount of progress made in Line 22 of Algorithm 1 by computing the
change in the potential ® as defined in Equation (B.1).

Lemma B.7. Consider the potential ® Equation (B.1) and the update step 6y = 3 - fo:’ﬁ asin

Line 22. Assume the guarantees in Inequality (3.3) and Inequality (3.4). Then the potential ® incurs

the following minimum decrease.

2
cI)(new) < P — i
4

Proof. Taking the gradient of ® with respect to x and rearranging the terms gives

te=Vid = > Viins(x;). (B.12)
i=1
By applying the expression for tc from the preceding equation, we get

(I)(new)_q)—t<c X—|—5 +Z¢1nz X7,+6X7, - Z'(/)mz Xz
=1
V ‘I) (S + Z %nz X; + 5x 2) 1bin,i(xi) - <vwin,i(xi)7 5xsi>] : (Bl3)
i=1
i ; (xi)

The term gy, , (x;) measures the error due to first-order approximation of v, around x;. Since
in,i (%) is self-concordant functions and [|0x ;||x; < ||0x|/x,1 < 1 < 1/4, Theorem A.8 shows that

WYin,i (Xi 4 0x,5) — Vini (Xi) — (Vini (X:), 0x.5) < H5x1||3” (B.14)
Plugging in Inequality (B.14) into Equation (B.13), we get
PO P < (V, D, 5y) (B.15)

We now bound the two terms on the right hand side one at a time. Using the definition of dx (as given
in the statement of the lemma) and of V«® from Equation (B.12) gives

1
<VXCI); 5x> = ﬂ

2 ||X;ut - X”x,l

(Vx®, x5, — %)

_n 1

B 5 ||Xz)(ut - X||x71 i=1

<tC, X:ut - X> Z<V1/Jm Z(XZ) Xoul i Xl>]

n

n 1 . x

L S— —x)+ Y (4 — i,

2 ||Xgut _ X”x,l [< CaXout X> + gt ( T 77||Xout,z X1||Xz)‘|
0t [(te, x5, — X) +4m — n||x5, — X]|x.1]

2 sz;m — X”x,l » Bout out x,1

1 1 x

L (—pllxr. —
=9 ”Xgm — XHx,l ( 77” out , )
= —n?/2. (B.16)
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where the third step follows from Inequality (3.3), the fourth step follows from ) ;" | d; = m, and
the fifth step follows from Inequality (3.4). To bound the second term, we note from Line 22 that

*

2
XX — X%
||5x||i,1=(”-”w“) - BT

2 |Ixgu — XHX,l

Hence, we may plug in Inequality (B.16) and Equation (B.17) into Inequality (B.15) to get the desired
result. O

B.4 Total oracle complexity

Before we bound the total oracle complexity of the algorithm, we first bound the total potential
change throughout the algorithm.

Lemma B.8. Consider the potential function ® = t(c,x) + log [fk ’exp(ft<c,u>)du} +

Zie[n] Yini(X;) as defined in Equation (B.1) associated with Algorithm 1. Let ®,,;, be the potential at

t = iniy Of this algorithm, and let ®,,q be the potential att = t,,q. Suppose att = t;,;; in Algorithm 1,
we have By, (x,7) C Ky, with 7 = 1/ poly(m) and Ko C B, (0, R) with R = O(y/nR). Then we
have, under the assumptions of Theorem B.10, that

(I)im't - (pend S 0 (mlog <M>) .
er

Proof. For this proof, we introduce the following notation: let vola () denote the volume restricted
to the subspace {x : Ax = b}. We also invoke Fact A.11. We now bound the change in the potential
term by term, starting with the entropic terms

t{c,x) + log [/’6 exp(—t(c, u))du (B.18)

out

att = tip;; and a lower bound on it at t = t.,g. We start with bounding Equation (B.18) evaluated at

— — _8m _
t = tend = T, B

Letx = argmin, g (c,x) and a = (¢, X). By optimality of X, we know that X € 9K gut. Denote

Ba(z,7) to be B(z,7) restricted to the subspace {x : Ax = b}. Note that Koy D Ba(z,7).
Consider the cone C and halfspace H defined by

1
C=x+{\y:A>0,y€Ba(z—%x,7)} and H := {x:(c,x>§a+ }

tend

Then, by a similarity argument, we note that C N H contains a cone with height m and base

radius m, which means
1 1 P m—rank(A)—1
Ian(CNH) > . | = -vol(B,,_ran _1(0,1)).
Vo A( ) = = rank(A) tendHC||2 <Rtend||c||2> Vo ( 'm—rank(A) 1( ))
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Then, we have

log {/A exp(—tenda{c, w))du| + tena{c, x) > log /A exp(tend<c,u>)du] + tena min (c, x)
Kout Kout

xELout

> log / exp(—tend(c,u))du} + tend
L/SCNH

> log / exp(—tena¥ — l)du] + tendQ
LJCNH
1

= log o vola (CNH) exp(— tenda)] + tend

1
= log |vola(CNH) - J

> —(m — rank(A) — 1) - log(Rtenallc||2/7))
+ 1Og(V01(Bm7rank(A)fl(O7 1)))
— log(m — rank(A)) — log(tend|lcl]2) — 1.
(B.19)

Next, to bound Equation (B.18) at t = t,;;, we may express these terms as follows.

log [/A exp(—tinic - (¢, w))du| + ti - {c,x) < log [VOIA(E(,M)] + tinie - Max (c,x — u)
Kout ue oyt

< log(vol(Byn—rank(a) (0, R))) + tinic - 2R||c||2
< log(VOI(Bm—rank(A) (07 1)))
+ (m — rank(A)) log R + O(mlogm),

(B.20)
where the second step is by Ia,m C Koue C Bzie[n] d; (O,R) (here, the second inclusion is by
assumption), and the third step is by vol(B,(0, R)) = N%%Rq and our choice of tip; := \;nmlﬁ:gHTR

We now compute the change in the entropic barrier Z 1/Jin i(xi), where

Wini(xi) = log Vol(K&Z( i)
Define B,4(0,r) to be the d-dimensional Euclidean ball centred at the origin and with radius r.
We note by the radius assumption of Theorem B.10 that Ki,; C K; C By, (0, R) throughout the
algorithm. By the assumption made in this lemma’s statement, we have that at the start of Algorithm 1,

Kini 2 Ba, (x, 7). These give us the following bounds.
s (xi) = log(vol(Bg, (0 R)) and 93} (x;) < log(vol(Bg, (x;,7)))-

1,2 1,2

Applying the fact that vol(B4(0,7)) o r¢ and summing over all i € [n] gives
1(Bg, (x4, 1/7))
init i e i < lo VO d; )
ez[:] ) ) Z <vol B.,(0.1/R))
= Z d;log(R/7) = mlog(R/7). (B.21)
i1€[n]
Combining Inequality (B.20), Inequality (B.19), and Inequality (B.21), we have
Dinit — Peng <M IOg(mR/T)
+ [108(vOL By —rank(a) (0, 1))) + (m — rank(A)) log R + O(m1log m)]
+ (m — rank(A) — 1) - log(Rtenal|cl|2/7) — 1og(vol(B, —rank(a)—1(0,1)))
+ log(m — rank(A)) + log(end||cl]2) + 1
< mlog(mR/er)
+ O(mlogm)
+ O((m — rank(A)) log(mR/er)) < O(mlog(mR/er)).
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Lemma B.9. [Total oracle complexity] Suppose the inputs KC;,, and K,y to Algorithm 1 satisfy
Ko € B (0,R) with R = O(y/nR) and Ky 2 B(z,7) with T = r/poly(m). Then, when
Algorithm I terminates at t > tonq, it outputs a solution x that satisfies

c'x< min c¢'x+e|c|2R
xEK,Ax=Db

mR
€r

using at most Ny, = O (m log ( )) separation oracle calls.

Proof. Let N be the number of times ¢ is updated; AVi, the number of times C;, is updated; Ny the
number of times Koy is updated; Ny the number of times x is updated, and No the total number
of iterations of the while loop before termination of Algorithm 1. Then, combining Lemma B.1,
Lemma B.4, Lemma B.6, and Lemma B.7 gives

2

e < P+ N 108(1 = 1/0)-+ A 0+1) + M- log(1 = 1)+ - (= ) B2
The initialization step of Algorithm 1 chooses 77 = 1/100, tepg = euiﬁ’ and tin; = %, and

we always update ¢ by a multiplicative factor of 1 4 7 (see Line 9); therefore, we have
N = O(mlog(mR/(er)).

From Algorithm 1, the only times the separation oracle is invoked is when updating i, or Ky
in Line 15 and Line 17, respectively. Therefore, the total separation oracle complexity is Nyep =
Nin + Nout. Therefore, we have

Neep = Nin + Now < O(1) - [Pinit — Pena + M| = O(mlog(mR/(er))
This gives the claimed separation oracle complexity.

We now prove the guarantee on approximation. Let Xoupu be the output of Algorithm 1 and x be
the point which entered Line 5 right before termination. Note that the termination of Algorithm 1
implies, by Line 5, that

v 4(n+m .
CTXoutpul < CTX + 7‘1 < CTX:m + 7( fora ) < XGIén:lI)lc*b CTX +e€- ||C||2 ‘R
en en yAX=

where the first step is by the second inequality in Lemma C.8 (using the universal barrier) and the last
step follows by our choice of t.pq and the definition of x%, and oy 2 K. O

Theorem B.10 (Main theorem of Problem 3.1). Given the convex program
minimize  {c,X),
subjectto  x; € K; C R4+ € [n],
Ax =b.
Denote K = K1 x Ko X ... X KCp,. Assuming we have
* outer radius R: For any x; € K;, we have ||x;||2 < R, and
s inner radius r: There exists a z € R? such that Az = b and B(z,r) C K,
then, for any 0 < e < % we can find a point x € K satisfying Ax = b and

(e,x) < min (e,x)+€-|c|2- R,
x;€K; CRYFvign],
Ax=b
in O(poly(mlog(mR/er))) time and using
O(mlog(mR/(er))

gradient oracle calls, where m = Z;L:l d;.
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Proof. We apply Theorem C.1 for each K; separately to find a solution z;. Then z = (z1,...,2,) €
R™+" satisfies By, 4n(2,7) C K with 7 = IL%. Then, we modified convex problem as in

Definition C.5 with s = 216$ and obtaining the following:
minimize (C,X)

subjectto  Ax = b, (B.23)
x € K=K x RIS x RL™

with
lellzs 4 llcllzs

C’ )
vm+n vm+n
We solve the linear system Ay = b — Az for y. Then, we construct the initial X by set X(!) = z,

<@ _ Jyi ifyi=0,
g 0  otherwise.

A=[A[A|-A]lb=b,c= )7

=3 _ =y ify; <0,
d ) =
e % {O otherwise.

Then, we run Algorithm 1 on the Problem B.23, with initial X set above, m = 3(m + n),n =
n+2e= g K = {x") € B(z,7), (x®,x®)) € RZ}} and Kow = Bin (0, v/ R).
By our choice of t.,q, we have
tend = _ém— < A8m .
élell2iz ~ ellc|2R

. .. T R?
First, we check the condition that s > 487feng/m + n--||c|2, we note that

2.5R 2.5
m*°R

S 216 = 3.

er re

- R? m
48Ut engv/m + 'I’LTHCHQ < 27648

) (2) (3

Let Xoutput = (Xoutput> Xoutputs Xoutput) D€ the output of Algorithm 1. Then, let Xoutput =

xgt)tput + x,(i)tput - xf,i’tput as defined in Theorem C.6. By Lemma B.9, we have
min ¢ ' X < min c'x+ o
XEPin xeP

where v = € - [[¢||2 - R.

Applying (3) of Theorem C.6, we have

T v+1 . T . T
C Xy <——+9+ min ¢ x< min c x+e€-|c|2-R.
output = T T T R Axeb ~ zeK,Ax=b el

The last inequality follows by our choice of € and cnq, we have v < $|/c|2R and ?‘dl < Sllel2R.
Plug this € in Lemma B.9, it gives the claimed oracle complexity.

O

Theorem 1.2 (Main Result). Given Problem I and 8'°) such that ||6* —6©) ||y < R. Assuming all the
fi’s are L-Lipschitz, then there is an algorithm that in time poly(m log(1/€)), using O(mlog(m/e))
gradient oracle calls, outputs a vector 6 € R? such that

n

ST h0) <Y £i(0%) + - LR.

i=1 i=1

Proof. First, we reformulate (1.1) using a change of variables and the epigraph trick. Suppose
each f; depends on d; coordinates of 6 given by {iy,...,iq,} C [d]. Then, symbolically define

X; = [gcl(.?;gcg); . ,xEZ)] € R% for each i € [n]. Since each f; is convex and supported on d;

variables, its epigraph is convex and d; + 1 dimensional. So we may define the convex set

]C;mbounded _ {(Xia Zz) c R4+1. fi(xi) < LZZ} .
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Finally, we add linear constraints of the form xg) = x,(cj ) for all i, 7,k where f; and f; both depend

on 6. We denote these by the matrix constraint Ax = b. Then, Problem 1 is equivalent to

minimize Y., Lz
subjectto Ax=Db (B.24)
(xi, ;) € Kynbounded for each i € [n].

Since we are given 0(*) satisfying ||0(®) — 6|y < R, we define x\” = [60”);. .., 92(3)] and 2 =

11 1;
f:(0(9)) /L. Then, we can restrict the search space ACy"Pounded to
K = IC;‘“b"“"dEd N{(xi,2) € R%+1 . Ix; — xz(-o)||2 < Rand ZZ(O) —2R< % < zi(o) + 2R}.

©

(0) .
;.2 ), and contains

It’s easy to check that IC; is contained in a ball of radius 5R centered at (x

(0) ,(0)

a ball of radius R centered at (x; ’,z; ). The subgradient oracle for f; translates to a separation

oracle for /C;. Then, we apply Theorem B.10 to (B.24) with KCunbounded replaced by KC; to get the error
guarantee and oracle complexity directly. O

Finally, we have the matching lower bound.

Theorem 1.3. There exist functions fi, ..., fn : R = R for which a total of Q(mlog(1/e))
gradient queries are required to solve Problem 1.

Proof. [40] shows that for any d;, there exists f; : R% + R for which Q(d; log(1/¢)) total gradient
queries are required. We define f1, ..., f, to be such functions on disjoint coordinates of 6. It follows
that Q(3""_, d;log(1/€)) = Q(mlog(1/e)) gradient queries are required in total. O

C Initialization

C.1 Constructing an initial /C;p ;

In this section, we discuss how to construct an initial set [Cj, ; to serve as an input to Algorithm 1. In
particular, we will prove the following theorem.

Theorem C.1. Suppose we are given separation oracle access to a convex set K that satisfies
B(z,7) C K C B(0, R) for some z € R Then, Algorithm 2, in O(dlog(R/r)) separation oracle
calls to IC, outputs a point x such that B (x, dﬁ) CcK.

Algorithm 2 Inner Ball Finding

1: /Com — B(O,R)
2: while true do

3: Let v be the center of gravity of oy

4: Sample u from B(v,r/(6d)) uniformly

5: if u € K then

6: Let S = {v+ glze; : i € [d]}

7: if S C K then

8: return the inscribed ball of conv(.S)
9: end if
10: end if

11: Let Koy < Kou N H where H = O(u)
12: end while

Before we prove the preceding theorem, we need the following facts about the self-concordant barrier
and convex sets.

Theorem C.2 ([40, Theorem 4.2.6]). Let ¢ : int(K) — R be a v-self-concordant barrier with the
minimizer x;,. Then, for any x € int(K) we have:
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I — xlbes, < v+ 27
On the other hand, for any x € R® such that ||x — X3 |[xz;, < 1, we have x € int(K).

Theorem C.3 ([26, Theorem 4.1]). Let KX C R? be a convex set with center of gravity j and
covariance matrix Y. Then,

(x:[x—pllyr < V@d+2)/dy CKC{x:|x—pllgr < Vd(d+2)}.

Theorem C.4 ([9, Section 1.4.2]). Let K be a convex set with K C B(u, R) for some R. Let
K_s = {x: B(x,6) C K}. Then, we have

volK_5 > volK — (1 — (1 — %)d) -volB(u, R)

Proof of Theorem C.1. We note that by the description of the Algorithm 2, the returned ball is the
inscribed ball of conv(.S) and we have v € K for each v € S. Then, we must have conv(S) C K.
We note that conv(S) is a £; ball with /; radius 555, then the inscribed ball has £5 radius 575 .

First, we prove the sample complexity of the algorithm above. We use KC; to denote the Koy at
the ¢-th iteration. We first observe that throughout the algorithm, /C; is obtained by intersection of
halfspaces and B(0, R). This implies

B(z,7) CK C K, Vt.

Since /C; contains a ball of radius r, let A; be the covariance matrix of /C;. By Theorem C.3, we have

’1"2

Ay = ——1.
"= d(d+2)
Let H; be the halfspace returned by the oracle at iteration . We note that u is sampled uniform from
B(v,r/(6d)), so we have
dd+2) r
r 6d
Apply the inequality above to Corollary A.10, we have

vol(K;) < (1 — 1/e +1/3)tvol(Ko) < (1 — 1/30)tvol(B(0, R)).

Then, since B(z,r) C K, for all the ¢, this implies the algorithm at most takes O(d log(R/r)) many
iterations.

<

Wl =

v —ufar <

Now, we consider the number of oracle calls within each iterations. There are three possible cases to
consider:

1. u € K_s5 with § = 575 (see the definition of K_s in Theorem C.4). In this case, we have
S C K and this is the last iteration. We can pay this O(d) oracle calls for the last iteration.

2. ue K\K,(s.

Since u is uniformly sampled from B(v,r/(6d)), Theorem C.4 shows that u € K\K_;
with probability at most
) 1
1—(1- d< -
( r/ (6d)) —d
Hence, this case only happens with probability only at most 1/d. Since the cost of checking
S C K takes O(d) oracle calls. The expected calls for this case is only O(1).

3. u ¢ K. The cost is just 1 call.

Combining all the cases, the expected calls is O(1) per iteration.

26



C.2 Initial point reduction

In this section, we will show how to obtain an initial feasible point for the algorithm.

Definition C.5. Given a convex program minayx—_p xeccRd ¢ x and some s > 0, we define c; =
c,Co =cC3 = % 1and P = {xM € K, (x?,x3) ¢ ]Rzzdo A 4+ x@) - xB)) = b}. We
then define the modified convex program by

min clTx(l) + CQTX(Q) + chx(?’).
(x() x® x(®)eP

We denote (¢, co,c3) by €.

Theorem C.6. Given a convex program minx_, xcicCRre c " x with outer radius R and some convex
set ICip, with KCiyy C KC and inner radius r. For any modified convex program as in Definition C.5 with
s > 48ut\V/d - & - ||c||sR. For an arbitrary t € R, we define the function

FED,x@ x®) = (eTx® 4+ e x® + e x®) + v, (xD, x@, x®)

where Yp. is some v self-concordant barrier for the set

in

P = {x e Ky, (x? x3)) e RZZdO AW +x® —xB)y = b},

Given X; = (xi”,x?),xf’)) = argminm xe x®)ep, ft(x(l),x@),x(‘g)), we denote Xj, =

xgl) + X,EQ) — xgg). Suppose mingep, €' X < mingep €' X + 7, we have the following

1. AX,',, = b,
2. Xin € ICinx

3. ¢"x; < mingex, ax=b ¢ x+ L 4.

First, we show that X,El) is not too close to the boundary. Before we proceed, we need the following
lemmas.

Lemma C.7 (Theorem 4.2.5 [40]). Let ¢ be a v-self-concordant barrier. Then, for any x € dom(1))
and'y € dom(v) such that

(V' (x),y —x) >0,
we have

ly — x|lx <v+2yv.

Lemma C.8 (Theorem 2 of [57]). Given a convex set> Q with a v-self-concordant barrier 1q and
inner radius r. Let X; = arg miny t - ¢ x + o (x). Then, for any t > 0,

. 1 7|lcll2 T T v
i || O - < -
r1111r1{2t,4y_‘_4\/17 <c x;—c¢ Xoo_t

Consider the optimization problem restricted in the subspace {(x(!), x(® x®)) : A(x(M) 4 x(?) —
x(3)) = b}, as a direct corollary of theorem above we have the following:
Corollary C.9. Let X; be as the same as defined in Theorem C.6. For t > v e have

1 (1) rlellr
dist(x; 7, X5 ) > 2t”1c‘|2.

Now, we are ready to show dist(xgl), OKiy) is not too small.
Theorem C.10. Let xX; be the same as defined in Theorem C.6. For t > e have
dist(x\") | 0KC;,) >

—r
12vt|[c||2R"

3The original theorem is stated only for polytopes, but their proof works for general convex sets.
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Proof. We consider the domain restricted in the subspace {(x("), x(), x(3)) : A (x(V4x(?) —x()) =
b}. By the optimality of X; and Lemma C.7, we have

Ky C{x:|x— Xgl)HXil) <v+2yv},

where H = {x: CT(Xgl) —x) > 0} and K3y := H N Kip.

Recall that K, contains a ball of radius r, we denote it by B. We note that conv(x Oo), B) is a union
of a ball and a convex cone C with diameter at most 2R. We observe that the set Conv(xg,o), B)NH

contains a ball of radius at least TR ” 7 since dlst(xOO ,OH) > 2t|\ R

We note that .
conv(x), B)NH C Kin C {x: ||x — XE )|| m <v+ 2V/v},

this implies {x : ||x — x; )|| W < v+ 24/v} contains a ball of radius at least
Theorem C.2, we have B(x E )

.
el R and then by

Traversr) S K =

Lemma C.11. Ler (x; (1 ), ( ) XE3)) € R3? be the same as defined in Theorem C.6. If t > 7|\c\l|/21%’

then we have th X,@Hz < L{gR-

Proof. Let xj = argmingek,, Ax=b c¢'x and X X5 = arg mingep, ¢'x. Since x* € B(0, R), we
have
T *x
xj;, < [lc[2R.

Note that (xj;,0,0) € P, this means we have

n’
c'x5 <c'xi <|cl2R.

Combining this with the second inequality in Lemma C.8, we get

v v
éTit S ETii’; + ? S ||C||2R+ ? S 2||C||2R
‘We further note that
c, x§ J<eTx, < 2||c||R.

2f\|c\|2R 2vdR

llell2s s

This shows

2 3
max{[[x{”||2, |7 |2} <

Hence, we have

4Vd
I =%Vl < == R.

Now, we are ready to prove Theorem C.6.

Proof of Theorem C.6. We note that x;, satisfies (1), directly follows by definition of P. By assump-
tion, we have s > 48ut\/d - § - ||¢]|2 R; using this in Lemma C.11, we have

(2) _ 3
™ =7l < 12ut||c||2R

@) _ 4

This means xj, = (1) + x; ) ¢ KCin since dlst( 81Cm)

= 12ut\|c|\gR
Now, we show ¢ x;, is close to ¢ x*.

Let x* = arg minxex, Ax=b ¢ xandX* = arg minycp c'x. By Lemma C.8, we have

14
c'x, — T < cix <e'® +y<cx 4.
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This implies
chgl) <c'x, <c'x*+ % + .
‘We have

, v 4 , v+1
chinch(x§1)+x§2)—x§3>) <c'x +?+g”C”2R§CTX +T+7

D Decomposable submodular function minimization

D.1 Preliminaries

Throughout, V denotes the ground set of elements. A set function f : 2V — R is submodular if it
satisfies the following diminishing marginal differences property:

Definition D.1 (Submodularity). A function f : 2 — R is submodular if f(7'U {i}) — f(T) <
f(SU{i}) — f(S), for any subsets S C T C Vandi € V\T.

We may assume without loss of generality that f(()) = 0 by replacing f(S) by f(S) — f(0). We
assume that f is accessed by an evaluation oracle and use EO to denote the time to compute f(S) for
a subset S. Our algorithm for decomposable SFM is based on the Lovasz extension [19], a standard
convex extension of a submodular function.

Definition D.2 (Lovasz extension [19]). The Lovasz extension f : [0, 1]V — R of a submodular
function f is defined as

fz) = Eicpoylf({i €V ix > t})],

where ¢ ~ [0, 1] is drawn uniformly at random from [0, 1].

The Lovész extension f of a submodular function f has many desirable properties. In particular, f is
a convex relaxation of f and it can be evaluated efficiently.

Theorem D.3 (Properties of Lovasz extension [19]). Let f : 2V = R be a submodular function and
f be its Lovdsz extension. Then,
(a) f is convex and mingepo v f(x) = mingcy f(9);

(b) f(5)= f(]s)for any subset S C V., where g is the indicator vector for S;
(c) Suppose x € [0,1]" satisfies x1 > - -+ > x|y, then flz) = Z'V‘ (f([]) = f([i = 1])) ;.

Property (c) in Theorem D.3 allows us to implement a sub-gradient oracle for f by evaluating f.

Theorem D.4 (Sub-gradient oracle 1mplementat10n for Lovasz extension, Theorem 61 of [33]). Let

f 2V = R be a submodular function and f be its Lovdsz extension. Then a sub-gradient for f can
be implemented in time O(|V| - EO + |V]?).

D.2 Decomposable submodular function minimization proofs

In this subsection, we prove the following more general version of Theorem 1.4.

Theorem D.5 (Decomposable SEM). Let F : V — [—1,1] be given by F(S) = .| F;(SNV;),
where each F; : 2V — R is a submodular Sunction on V; C V with |V;| = d;. Let m =
Sor di and dyayx = maX;c,] d;. Then we can find an e-approximate minimizer of f using at most
O(dmaxm log(m/e)) evaluation oracle calls.

Proof. Let fz be the Lovdasz extension of each f;, then f =y, fl is the Lovasz extension of
f. Note that f is 2-Lipschitz since the range of f is [—1,1]. Also, the diameter of the range
[0,1]V+ for each Lovisz extension f; is at most \/|V;| < /dmax. Thus using Theorem 1.2, we
can find a vector z € [0,1]" such that f(z) < Min, - [o,1]v f(x*) + € in poly(mlog(1/e)) time
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and O(mlog(mv/dmax/€)) = O(mlog(m/e)) subgradients of the f;’s. By Theorem D.4, each

sub-gradient of f; can be computed by making at most d; < d,;,.x queries to the evaluation oracle for
fi- Thus the total number of evaluation oracle calls we make in finding an e-additive approximate

minimizer z € [0,1]V of f is at most O(dyaxm log(m/€)).

Next we turn the e-additive approximate minimizer x of f into an e-additive approximate minimizer
S C V for f. Without loss of generality, assume that z; > --- > x}y|. Then by property (c) in
Theorem D.3, we have

V] Vi-1

F@) =Y (F([) = fli = 1))z = f(V) -2y + Z JCE) - (i = @ig).

i=1

Since z; — ;1 > 0, the above implies that min;ey . vy f([i]) < f(x). Thus we can find a

subset S C V among f([i]) foralli € {1,---,|V|} such that f(S) < f(x). Then by property (a) in
Theorem D.3, the set S is an e-additive approximate minimizer of f. This proves the theorem. [
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