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A SPECIFICATIONS OF EXPERIMENTS

The distributionally robust optimization problem is formulated as follows:

min max Z yifi(x) —r(y),
i=1

zEX yeY

where ¥ = {z e R}, Y ={y e R"|> " yi=1,4, > 0,i=1,---n},r(y) = 103", (v; —
1/n)2, f;(x) = ¢(I(z)) where ¢(0) = 2log (1 + &), (z; s, 2) = log(1 + exp(—zz"s)), and (s, z)
are the feature and label pair of a data sample. It can be seen that the problem is a min-max problem
with d; = d and dy = n. Since the distributionally robust optimization aims at an unbalance dataset,
we pick the samples from the original dataset and set the ratio between the number of negative
labeled samples and the number of positive labeled samples to be 1 : 4. Since the maximization of
1 is a constrained optimization problem, we incorporate a projection step after updates of y for all
algorithms.

The details of the datasets used for the comparison between SREDA and SREDA-Boost are listed in
Table 2.

Table 2: Datasets used for the comparison between SREDA and SREDA-Boost

Datasets # of samples | # of features | # Pos: # Neg
mushrooms | 2000 112 1:4
w8a 5000 300 1:4
a9a 8000 123 1:4

The details of the datasets used for the comparison among zeroth-order algorithms are listed in
Table 3.

Table 3: Datasets used for the comparison among zeroth-order algorithms

Datasets # of samples | # of features | # Pos: # Neg
mushrooms | 200 112 1:4
w8a 100 300 1:4
a9a 150 123 1:4

B CONVERGENCE ANALYSIS OF SREDA-BOOST

B.1 PRELIMINARIES

We first provide useful inequalities in convex optimization Nesterov (2013); Polyak (1963) and
auxiliary lemmas from Fang et al. (2018); Luo et al. (2020).

Lemma 1 (Nesterov (2013),Polyak (1963)). Suppose h(-) is convex and has (-Lipschitz gradient.
Then, we have

1
(Vh(w) = Vh(u'),w = w') = 7 |Vh(w) = Vh(w)];. 3)
Lemma 2 (Nesterov (2013),Polyak (1963)). Suppose h(-) is u-strongly convex and has {-Lipschitz
gradient. Let w* be the minimizer of h. Then for any w and w', we have the following inequalities

hold.

4 1
(Vh(w) = Vhw'),w —u) > L w3 + = [Vh(w) = VA3, @

TptL
IVh(w) = Vh(w')lly = pllw — ||, ®)
2p(h(w) = h(w') < [|Vh(w)]; - (6)
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The following structural lemma developed in Lin et al. (2019) provides further information about ¢
for nonconvex-strongly-concave min-max optimization.

Lemma 3 (Lin et al. (2019), Lemma 4.3). Under Assumption 2 and 3, the function ®(-) =
max, cga, f(+,y) is (k + 1)l-gradient Lipschitz with V&(z) = V. f(z,y*(x)) where y*(-) =
argmax, cga, f(-,y), and y*(-) is k-Lipschitz.

We let L £ (1 + k)¢ denote the Lipschitz constant of V().
Lemma 4 (Fang et al. (2018), Lemma 2). Suppose Assumption 4 hold. For any (x,1) € R4 x R

and sample batch {&y, -+ £}, letv = & Zle VoF(2,y,&) andu = £ Zle VyF(z,y,&). We
have

0_2

Elljo = Vo f (@, 9)[13) + Ellu = Vy f(2,9) ) < 5
Lemma 5 (Fang et al. (2018), Lemma 1). Let V; be an estimator of B(z:) as
Vi = Bs, (2t) — Bs, (2t-1) + Vi-1,
where Bs, = ﬁ > B, cs, Bi satisfies
E[Bi(zt) — Bi(zt—1)|z0, -+ s 2e-1] = E[Vs = Vi—1lz0, -+, 2e-1]-

Forallk =1,--- , K, we have
1

E[|[Ve = Vio1 — (Bs. (21) — Bs, (z1-1))[I3] < 5 EllBi(z) — Bi(z-1)l3 120, -+, 21-1],
and
1
E[[[Vy — B(zt)|20, - - - ,Zt—1||§] < Vi1 — B(zt—1)|\§ + S |E[”Bz(zt) - Bz‘(zt—l)Hg |20, 5 2z¢-1]-
Furthermore, if B; is L-Lipschitz continuous in expectation, we have
2 2 L7 2
E[[[Ve = B(zt)|20, - -+ 5 2e-1llo] < [[Vie1 = B(ze—1)ll5 + WE[H% — zt-1ll3 1205+ 5 2]

B.2 INITIALIZATION BY ISARAH

We present the detailed procedure of iSARAH in Algorithm 3, which is used to initialize yq in
SREDA-Boost (line 3 of Algorithm 1). We consider the following convex optimization problem:

min, p(w) £ Ee[P(w; &) )

where P is average (-gradient Lipschitz and convex, p is p-strongly convex, and £ is a random vector.

Algorithm 3 iISARAH

1: Input: o, learning rate v > 0, inner loop size I, batch size By and B>
2: fort=1,2,...,T do

3: wo = 11~)t71

4:  draw By samples {&1, -+ ,&B, }

50 wo =g D7, VP(wo, &)

6: w1 = wo + Yo

7 fork=1,2,....1 —1do

8 Draw minibatch sample M = {&1,- - ,€B, }

9: Uk = Vk—1 + B S VP (wi, &) — B S22 VP(wi1, &)
10: W41 = W — YUk

11:  end for

12: 0, chosen uniformly at random from {wk}{c:o

13: end for

We have the following convergence result by using iSARAH to solve the problem in eq. (7).
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Lemma 6 (Nguyen et al. (2018), Corollary 4). Consider Algorithm 3. Sety = O(¢~1), By = O(e~1),
By =1,1=06(k)and T = O(log *). We have

N
E[Vp(ar)l3] <,
with the total sample complexity given by O ((H + %) log (%))

Moreover, Algorithm 3 can be slightly modified to solve the minimization problem in eq. (7) in the
finite-sum setting, in which

pw) = = 3" Plw.6). ®)
i=1

By replacing the large batch sample S7 used line 4 in Algorithm 3 with the full set of samples, we
obtain the so-called SARAH algorithm Nguyen et al. (2017a). The following lemma characterizes
the convergence result of SARAH to solve eq. (8).

Lemma 7 (Nguyen et al. (2018), Corollary 2). Consider Algorithm 3. Set v = 9((‘1), By =1,
I=0(k)and T = O(log 1). We have
E[||Vp(ior)|5] < e,

with the total sample complexity given by O ((n +n)log (%))

B.3 PROOF OF THEOREM 1

Throughout the paper, let n; = [t/q] such that (n; — 1)g < ¢t < niq — 1. Without loss of
generality, we assume € < 1 since € is typically very small. Define A; = E[||V, f(zt, yt) — vt||§] +
E[|Vy f (e, ye) = will3)s Ak = BIIVaf Fons Gek) — 00 klls] + BV f (Feks Gok) — i3] and
0 = E[[[Vyf (xe,yo)lI3)-

We start our proof by a few supporting lemmas. The following lemma is a slightly modified version

of Lemma 4 of Luo et al. (2020). The steps in the proof of Lemma 4 of Luo et al. (2020) does not
yield their desired result.

Lemma 8 (Modified version of Lemma 4 of Luo et al. (2020)). Consider Algorithm 2. For all
1<t<m, 8< ianng > 2(k + 1)¢8. We have

[k ll5 | Fen] < allie -1l

— pes
where a =1 — i
Our Lemma 8 has the conditional number a = 1 — Zi—ﬁf’ which is slightly larger than 1 — 2;‘_% given

in Lemma 4 of Luo et al. (2020). The convergence analysis of SREDA in Luo et al. (2020) still holds

: _ ueB
but witha =1 — pEe R

Proof. The update of Algorithm 2 implies that
E(||e x5 1 Fe.x]
= (|t p—1 113 + 2E[(ik-1, VyG(Gek) = VoG (k1)) Fok] + EIIVyGGer) = VyG(@n-1)ll3 | For]

_ 2 _ . . - _
= Nl -1 l3 + ZELGer = Fek-1, Vo9 @) = Vg @er-1)] + E[IVyG(Gek) = VyGGep—1)l3 1 Fri]

B
@ 2 2 pul ~ - 2 1 - ~ 2
< Y [y G i — V. -V, _
< g k—1ll5 E <M+f ek — e k-1l + P 1Vyg(@er) — Vyg(@e,r—1) I3
+E[IVyG(er) — VyG@ri—1)l5 | Fe k]

2/1,66 - 2 2 ~ ~ 2
< (1 228 Nl - (52— 2) 19000 Vialis)

+2E[[|VyG(Gtx) — VyG (k1) — [Vyg(Ger) — Vyg(ﬂt,k—l)]\\g | F ]
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(i) 2 EB B B R B B
< (1= 25 Vel + 28019, 6 010) = ¥, (930000 — Ty 7]

(i) 2ulp N | - 202 T
i (1 _ M) ek l3 + 2 15k — Geisll
2

- w+e S.
QMEB 26252 ~ 2
=(1- 2 _
( ] + S, ek —1l15
) [ )
< (1= —=) |t 9
< (1= 22 sl ©)
where (i) follows from eq. (4) in Lemma 2, (i¢) follows from the fact that m —1 > 0 forall
B < 5, (iii) follows from Lemma 5, and (iv) follows from the fact that Sy > 2(x + 1)£8. O

The following lemma implies the relationship between different estimation error terms, which can be
obtained directly from the proof of (Luo et al., 2020, Lemma 5 in Section C).

Lemma 9. Suppose Assumption 1-4 hold. Let § < % The following hold

A< Brorot — BBl 10l (10)
- ’ Sa(1 — a) 2l
0 < m(ﬂ‘:wvyﬂxt,yt—l) - Vyf(xt—17yt—1)||§] +0¢-1)
+ 2 Ellar ol + Arro (11)
2 (3 oll2 0
. /2 )
Ao <A+ EE[‘|xt+l — $t||2]7 (12)

E[Hﬁtfl,ong] < 3<Zt71,0 + E[Hvyf(xtaytfl) - Vyf(xtflaytfl)”g] + 5t71)~ (13)

Proof. eq. (10) can be obtained from the second inequality of eq. (23) in Luo et al. (2020) together
with Lemma 8 as a correct version of Lemma 4 in Luo et al. (2020). eq. (11) can be obtained from
the second inequality in the derivation of upper bound of " 1" in the page 22 of Luo et al. (2020).
eq. (12) can be obtained from the second equality of eq. (22) in Luo et al. (2020). eq. (13) can be
obtained from the first inequality of eq. (24) in Luo et al. (2020). ]

We then provide the following lemma to characterize the induction relationships for A; and §;.
Lemma 10. Suppose Assumption 1-4 hold. Let 3 < %. The following hold:

36252 04262 66252 9 3£2ﬂ2
A <14+ ——— | A — (1 E[||vs— — 14
o< (1 g ) At 2 (14 520 Bl + g sden, (9

2 3¢5 20202 603 80> o o 9
o < Os l E
= (uﬁ(m+1) - 2—w> Lt (uﬁ(m—i—l) to g e ) (vl
24248
25 (as)
Proof. To prove eq. (14), we proceed as follows:
(1) ~ 0232 )
A < A1+ Sg(lB—a)E[”ut_l’O”g]
(i1) ~ 30232 _
< Airot Sa(1 ? a) (At*LO +E[|Vy f(zt,y1-1) — Vyf(sct,l,yt,l)Hg] + 5#1)
(447) 3g262 - 36262 )
< 1+ ———— ) A ————(P”E[||vs— _
< ( +52(1—a)> t 1,0+S2(1_a)(€0¢ (lve—1]3) + 1)
(iv) 30232 202 9 30232
< 1+ ——) (A + —FE[||vie — L _(PPPE[|Jor1 |)2] + 6
< ( +52(1a)>( t=1+ ——Elllv 1||2]>+S2(1a)(£a ot l|2] + 60-1)
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362[32 Oé2£2 66262 9 3€2B2
< (14 —————< 4L 1 Ell|vs— —
_( +52(1—a>> SRS < " 1—(1) Ufee 1H2]+52 —a) "

where (i) follows from eq. (10), (i¢) follows from eq. (13), (ii7) follows from Assumption 2, (iv)
follows from eq. (12) and the fact that ||z, — 24_1||, = o [[vi—1]5.

To prove eq. (15), we proceed as follows:

(1) 2 08 N
% — 2 (Pa%E[||vr1]|?] + 6, Bl 1214 A
t S 1B(m + 1)( a“Effjve—1||5] + d¢ 1) + 5B Il 170||2] + A1

Q2 363 .

< ——(7a? 2 9P 2 2 2

< B D (Ca®E[flve-1ll5] + 6-1) + 5= (10 + La®E[[vi1 )12 + 61-1) + Ar_10

- 2 303 308\ ~ 2% 30380 )
= (Mﬁ(m+1) + 2—€5> 01+ (1+2_€6> A1+ <Mﬁ(m+1) + 2_£ﬁ>]E[||vt_1H2]

(ii3) 2 303 308 0202 )
S <Mﬁ(m + 1) + 2 — €B> 51:—1 + <1 + 2—%) (At—l + SzlEHUt_ﬂz])

20202 303 Ba?
E 2
QMW+U+2—w>HM”M
(i) 2 38 2022 6036a% 5 , 3
< _ E
- (uﬁ(m+ D 2—%) et (uﬁ(m+1) Tt ) [viale)
24208
— A
+ 9 _ 66 t—1,
where (i) follows from eq. (11) and the fact that
IVyf(@e, ye—1) = Vyf(@i—1,ye-1) |y < Lo flvi—1ly, (16)
(it) follows from eq. (13), (¢ii) follows from eq. (12), and (iv) follows from the fact that So > 1. [

We restate Theorem 1 as follows to include the specifics of the parameters.

Theorem 3 (Restatement of Theorem 1). Let Assumption 1-4 hold and apply SREDA-Boost in
Algorithm 1 to solve the problem in eq. (1) with the following parameter choices:

SRR S S T S S
Tk “Trm+ne PTwe 1T Barr e MO
936602 K2 3345 P — ¢
5, = B0 g T:max{f,ﬁﬁooaH)eW}.
€ € € €

Then, Algorithm I outputs I that satisfies
E[[Vo(@)],] < €

with at most O(k3e~3) stochastic gradient evaluations.

Proof Sketch of Theorem 1. The proof of Theorem 1 consists of the following five steps.

Step 1: We establish the induction relationships for the tracking error and gradient estimation error
upon one outer-loop update for SREDA-Boost. Namely, we develop the relationship between d; and
0;—1 as well as that between A; and A;_;.

Step 2: We provide the bounds on the inter-related accumulative errors Zz:ol A and ZtT:_Ol d¢ over
the entire execution of the algorithm.

Step 3: We decouple the bounds on ZtT;()l Ay and ZtT;()l 0, in Step 2 from each other, and establish
their separate relationships with the accumulative gradient estimators ZiT;()l E[||ve H;]

Step 4: We bound S " E[||v4]|3], and further cancel out the impact of S, " A and 37, 6; by
exploiting Step 3. Step 5: We establish the convergence bound on E[|| V&(Z)||,] based on the bounds

on its estimators Y. " E[||v;||3] and the two error bounds >, ' A;, and 31" ;.
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Proof of Theorem 1/Theorem 3. By Lemma 3, the objective function @ is L-smooth, which implies
that

La2 2
D(2111) < P(w1) — AVa®(2),v0) + 5 llvell5

s La? 2
= O(x1) — (Ve D(x1) — vp,v1) — afogly + - [[vell5

() a 2« 2 2 Q 2
< &(xy) + 5 [Va® (1) — vel5 + 3 vl — afloely + - el

@ a Lao?
<00 + 5 I9(a) — ull -~ (5 - T ) Il

a Lao?
< B(20) + al|Va(xe) = Vol (@, 9o)ll3 + @ |Vaf (@, y0) = vill; - (2 - 2) el

a La?

(@)
< 0w + a1V, Garon) 3 + @IV f o) = ol = (5 = 55 ) Il an)

where (i) follows from the fact that (—1)(V,P(x;) — ve,v;) < 3 [|Va®(2s) — vel|5 + & [[e]|3, and
(it) follows from the fact that

IVa®(1) = Vo f @, y0) |12 = Ve f (2, y* (20)) = Ve f (e, u) 12 < C |y (20) — vl

eq. (5) (2 2 9 2
< e IVyf(@e,y™ (20) = Vi f (e, y0)ll5 = &7 |V f e, ue)ll5 -

Taking expectation on both sides of eq. (17) yields

2 2 2 « Lon 2

E[P(z141)] < E[@(20)] + ar”E[|Vy f (e, y) 5] + @Bl Va f (e, 50) —vella] = | 5 — = | Elllwella]
a La?

< Efo(e)] + an’s, +adi— (5 - 2 VBl (18)

Rearranging eq. (18) and summing over ¢t = {0, -+ ,T — 1} yield

T—1 T—1
(‘;—) Zﬂauvtn < o) ~Eloer)] <o’ oy A 9)
t= t=

Then, we proceed the proof in the following five steps.

Step 1. We establish the induction relationships for the tracking error and gradient estimation error
upon one outer-loop update for SREDA-Boost. Namely, we develop the relationship between 0y and
0¢_1 as well as that between Ay and A;_1, which are captured in Lemma 10.

Step 2. Based on Step 1, we provide the bounds on the inter-related accumulative errors EZ:_OI Ay
and ZtT;()l 0t over the entire execution of the algorithm.

We first consider Zthfol Ay Forany (nr —1)g <t/ < p <T — 1, we apply eq. (14) recursively to
obtain the following inequality

3€2ﬁ2 04262 6€262 9 3£262
A < (14 —/——= ) A 1 E|||ve— ———0¢—
t—( +52(1a)> 1t ( 1 a) lveallo] + =5 %

t—1

3282 \'"" a0 6287\ 3e2gr \PT o,
<(1+——2—) A, 1 143687\ R
_( +Sz(1—a)> A ( +1—a>p§,< +52(1—a)) llvel2)

3028 A 30282 \P"
—_— 1 1)
+82<1—a>p§( +82(1—a>> "
(4) 20202 60282\ «— 66 62 —
<240+ = (1+ )ZE e 3] Z5t7 (20)
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where (7) follows from the fact that

3¢0232 3q¢232

30232 )p_t/ ( 30232 )q (i) S, (1—a) S2(1—a)

1+ 57— <1+ 7——) <14+ ——F7 <1+ —"—

_ = _ = 3(¢—1)e2pZz = 3¢£232

( 51— a) S(1—a) -5 =

282 (i
1—3¢02p2
where (i¢) follows from Bernoulli’s inequality Li & Yeh (2013)
re 1

1+ <1+—"5 _ f {—1,7), 1, 21
(14¢)" < +17(r—1)c or c¢ — ) > 1)

(ii1) follows from the fact that ¢ = (1 — a)S5 and (iv) follows from the fact that 8 = 13;.

Letting ¢ = (np — 1)q and taking summation of eq. (20) overt = {(nr — 1)q,--- ,T — 1} yield

T_1 T-1 t—1
20202 60232
B G I S S (1

t=(nT—1)q t=(nr—1)q p=(nr—1)q

6£2ﬂ2 —
TS, Z Z o

=(nr—1)gp=(nT—1)q

(4) o2 20207 60232 = 9

< 2(T — —1)g)— 1 E

<2AT = (nr = Dg) g+ —¢ ( + 1a>t (E , [llvellz]
=nr—1)q

60282
_— E 1) 22
+ 52(1 — a) ty ( )
t=(np—1)q

where (i) follows from the fact that A(,,, )4 < g—? for all n < np (following Lemma 4),

Y Y Elll<e S Efl?

t=(nr—1)g p=(nr—1)q t=(nr—1)q
and
T-1 t—1 T2
2. 2L hs<a )L
t=(nr—1)gp=(nr—1)q t=(nr—1)q
Applying steps similar to those in eq. (22) for iterations over p = {(np—n¢)q, -+ , (np—ny+1)g—1}

(where n; is an integer that satisfies 2 < n; < nr) yields

(nr—n¢+1)g—1

(nr—n¢+1)g—1
202 2a20%q 60232
P A D S T

t=(nr—n¢)q t=(nr—n¢)q
(nr—n¢+1)g—1
e DV @
Taking summation of eq. (23) over n; = {2, - - - ,nT} and combing with eq. (22) yield
<27 4o QszZ:le vel2] + ;j;?at. (24)
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Then we consider the upper bound on ZtT;(Jl 5. Sincem = -2 —1land 3 = 1%3’ eq. (15) implies

uB
1 7 5
0 < 551571 + 162042[@[”%71”3] + ZAtfla (25)
forall ¢ > 1. Applying eq. (25) recursively yields
. t—1 51
2 2
5, < 2t50+ ~Pa ZZt]E [[oe]|3] +Z§§At. (26)
Taking the summation of eq. (26) over t = {0,1,--- ,T — 1} yields
T—1p— 1 5 T-1p—1 1
Sacay beler S5 Lag XS La
p=0 t=0
T2
< 200 + f2 2D Elllv3] ZAt 27)
t=0

Step 3. We decouple the bounds on EtT:_Ol Ay and ZtT:_Ol 0t in Step 2 from each other, and establish
their separate relationships with the accumulative gradient estimators Z?;OI E[||ve ||§]

Substituting eq. (27) into eq. (24) yields

T-2

20 T
Z At —|— (5[) + 50&262 Z E H’Ut” Z At,
t=0
which implies
T-1 T—2
40°T 4
S A< T 4 Co+ 1002 Y Efuf3). (28)
St 5
t=0 t=0
Substituting eq. (28) into eq. (27) yields
T—1 T—2
1002T
5 < —a— + 46y + 3002 3" ElJu13]- (29)
t=0 51 t=0

Step 4. We bound Y"1 E

g] and further cancel out the impact of 23:01 A; and Zz:ol 0 by
exploiting Step 3.

Substituting eq. (28) and eq. (29) into eq. (19) yields

(;‘ - ) Z E[[los]|?] < ®(x0) — E[@(wr)] + (102 + 4) O‘Z,QT + (452 - g) ady

1

T—-2
+10030 (367 +1) Y Ef||vel3]
t=0

() 14 2 T—2
2 p(ag) — Efo(wr)] + LT L 52060 + 4007 L2 S E[fer2),
51 t=0
(30)
where (4) follows from the fact that L = (1 + k)¢ and « > 1. Rearranging eq. (30), we have
Lo? = 14ak202T
S EY _a0r%a®) S Ellluld] < $lao) — Eld(ar)] + —= = 4 5k%ad,. (1)
2 2 Pt S1
Since v = 57, we obtain
a La? 1
— — —— —40L%a® = : 2
2 2 0 ~ 200L (32)
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Substituting eq. (32) into eq. (31) and applying Assumption 1 yield
T—1

E[J|ue]l3] < 200L(®(xo) — &%) +
t=0

280x20%T
R (33)
S1

Step 5. We establish the convergence bound on E[||V®()||,] based on the bounds on its estimators
st E[Hthg] and the two error bounds ZZ:OI Ay, and ZZ:OI dt.

1=0
Observe that
T-1
Z E[||[V®(x: || Z E[[VP(2i) — Vaf(@e,ye) + Ve f(ze,ye) — ve + Ung]
t=0
-1
<33 (ENVO(@) = Vaf(@e,y0)l3] + EIVaf (@, 90) = vel3] + Ellurll3])
t=0
T-1
<3 (WEIVy S @e,u)l3] + ENVas (o0, ) = vel3) + Elluil])
t=0
T 1 T-1 T—

HM

6t Z (vt 13)- (34)

t= t=0

O

Substituting eq. (28), eq. (29) and eq. (33) into eq. (34), and using the fact that k > 1 yield

T-1 02T T-1
B[V (w:)3] < 4267 —— + 156200 + 11 > E[|Jvy|[3]
S
t=0 t=0
3122x202T
< 2200L(B(x) — *) + % T 1115626, (35)
1
Recall L = (1 + k)¢. Then, eq. (35) implies that
1 T-—1
AN (12 2
E[IVe(@)l;] = 7 ) EllIVe(ze)ll;]
t=0
D(xg) — P*  3122K%02 25
< 2200(1 + )¢ 20 + 22T s (36)
T Sy T

I we let dy = 1. T = max{ 545 6600(1 + n)( S0 5, = g 5, — . ang
q = (1 — a)S,, then we have

E[|Ve(@)],] < E[IVE(@)[l3] < e

We define T} as the sample complexity of iSARAH to achieve the accuracy E[||V,, f(zo, yo) ||§] <L
Lemma 6 implies that Ty = O(klog(k)). Then, the total sample complexity is given by

T Kk K Ko /@2

which completes the proof. O

B.4 PROOF OF COROLLARY 1

In the finite-sum case, recall that we have

i=1
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Here we modify Algorithm 5 by replacing the large batch sample used in line 6 of Algorithm 1 with
the full gradient and using SARAH Nguyen et al. (2017a) as initialization.

Case 1: n > k2

In the finite-sum case, due to the utilization of the full gradient every ¢ steps, we have S; = n and
A(np—nyq = 0 forall n < ny. Then following steps similar to those from eq. (22) to eq. (36), we
obtain

@(1‘0) - I€250
Aggjffggf —_—.

E[|VS()|3] < 2200(1 + )£ + 1115

If we let §o = 1, T = max{ 22305 4400(1 4 )¢ 2@)=21 ) — \/n,and ¢ = [(1 — a)S,], then
we have

E[|Ve(@)],] < E[IVE(@#)[l3] < e

We define T as the sample complexity of SARAH to achieve the accuracy E[||V,, f (20, yo) ||§] <1l
Lemma 7 implies that Ty = O((n + ) log(x)). Then, the total sample complexity is given by

TSy m+ [ﬂ LS+ Ty g@(g.ﬁ.n) +0 (L;’:H n) +O((n + k) log(k))
= O(K*Vne 2 +n) + O((n + x) log(k)).

Case 2: n < K2

In this case, we let ¢ = 1 and Sy = 1. Then, we have A; = O forall 0 < ¢t < T — 1. Since the
analysis of §; does not depend on the value of S, eq. (25) still holds, which implies

1 7
0 < 501+ 7L E o [3):
2 4
Following steps similar to those from eq. (25)-27 yields

T-1 7 T-2
2
D6 <260 + §€2a2 > Elfluell3). (37)

t=0 t=0
Substituting eq. (37) into eq. (18) yields

a La?\ =2 7 =
2 2
(2 - 2) >~ Elflerll3) < @(xo) — Eld(ar)] + 205750 + 302%° _ Ef|v[3]
t=0 t=0

@) T o g
< B(x0) — E[d(xr)] + 206260 + 5L%ﬁ S CE[ul], (38)
t=0
where (i) follows from the fact that L = (1 + )¢. Rearranging eq. (38), we have

2
(0‘ _Lo” ;L2a3> E[||ve]|3] < @(x0) — E[d(2r)] 4 20k25. (39)
t

Let a = 1. We have

ir
a La® 7 5 4 5
- — == =—. 40
2 2 2 128L (40)
Combining eq. (40) and eq. (39) and using Assumption | yield
T—1
> E[[oi]3] < 26L(S(x0) — &) + 14575, (41)
t=0
Recalling eq. (34), we have
T—1 T—1 T—1
E[| V(x| < 36> 3 60 +3 3 Elllue13]. 42)
t=0 t=0 t=0
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Substituting eq. (37) and eq. (41) into eq. (42) yields

T-1 T-1
> E[|[VB(x)|5) < 65700 +4 Y Efl|vell3] < 626250 + 104L(D(wo) — %), (43)
t=0 t=0

Recall that L = (1 4 x)¢. Then eq. (43) implies that

62&250 + 104(:“6 + 1)[(@(1’0) — @*)
T T '

T-1
E[|Ve(2)]5] =7 Z E[|V()|l3] < (44)
t=0

Let 6p < & and T = max {12335, 208(““)(?(10)7@*) }. Then we have

E[|Ve(2)],] < \E[IVE(#)[l3] < ¢

The total sample complexity is given by
T K K
. . Z . < . A
T-Sy-m+ {q—‘ S1+Tp <O (62 1 I{) +6 ({62-‘ n) + O((n + k) log(k))
= O((k* + kn)e?).
C CONVERGENCE ANALYSIS OF ZEROTH-ORDER SREDA-BOOST

C.1 ZO-SREDA-BOOST ALGORITHM

Algorithm 4 ZO-SREDA-Boost

1: Input: xo, initial accuracy ¢, learning rate o = 9(5), 8= 8(%) batch size S1, Sz and periods g, m
2: Imitialization: yo = ZO-iSARAH(— f(zo, -), ¢, pt2) (detailed in Algorithm 6 in Appendix C.4)
3: fort=0,1,....,7 — 1do

4:  ifmod(k,q) = Othen draw S samples {{1, -+ ,&s; }
S dy  F(zit+dej,ye,8i) —F(zt—dej yt,8i
5 'Ut:s%Z'l S (2t ejytf)% (=t egyté)J
. _ 1 S dy  F(xt,yt+0e;,6)—F(at,y 56&)
6: Ut = ?121;1 Z]’il B 25 e
7 where e; denotes the vector with j-th natural unit basis vector.
8. else

9 VUt = Vi—1,my_1> Wt = Ut—1,m;_,

10 end if

11: Ti41 = Tt — QU

12:  yi41 = ZO-ConcaveMaximizer(t, m, S2.¢, S2,y)
13: end for

14: Output: 3 chosen uniformly at random from {z; } 7'

Algorithm 5 ZO-ConcaveMaximizer(t, m, S2 4, S2,y)

1: Initialization: i‘t,71 = T, gt,71 = Y, i‘t,o = Tt+1, ﬂt,() = Y, 7~)t,—1 = V¢, ﬁtyfl = Ut
: Draw minibatch sample M, {&, - ,55“}, Mi. = {vi,---,vs,,} and Ma, =
fwr, - wsy  boand My = {1,885, }, Mue = {vi, -+ vy Fand Moy = {wr, -+ ws, |, }
U0 = Ut,—1 + G(Tt,0, Tr,0, Vi, T@M,) — G(Tt,~1,Tt,~1, VMy 5> EM,
TUt,0 = Ut,—1 + H(Z4,0, §t,0,WMs > Emy ) — H(Zt,—1, Jt,—1, WMy EM,,)
Te,1 = Tt,0
D U1 = U0 + Pleo
cfork=1,2,....m—+ 1do
Draw minibatch sample M, = {&,---,8s,,}, Miaw = {v1,---,vs,,} and Mz, =
fwr, - 7"‘1527} and My = {&1,-+- ,&s, 1;} Mz =A{v1, -, vs, u} andM?U = {wi, - 7w52,y}
9: 17157]@—’(),5]@ 1+G“1(xtk’ytk7l/M1‘L7£MI) G#l(xfk layfk 131/-/\/111.75/\/11)
10: Qe = ekt + Hyo (Fegos Geks WMoy » EMy) = Hyo (Bt k=1, Jeko1, WM, » €M, )
11: Zipt1 = Tk
120 Gepy1 = Yok + Blek
13: end for
Output: y; 1 = §¢,m, With 7, chosen uniformly at random from {0, 1,--- ,m}

[\
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C.2 PRELIMINARIES

Consider a function h(-): R? — R. Let v be a d-dimensional standard Gaussian random vector and
1 > 0 be the smoothing parameter. Then a smooth approximation of h(+) is defined as h,(z) =
E,[h(x + Tv)]. We have the following lemmas.

Lemma 11 (Nesterov & Spokoiny (2017), Section 2). If h(-) is convex, then h,,(-) is also a convex
function.

Lemma 12 (Ghadimi & Lan (2013), Section 3.1). If h(-) has (-Lipschitz gradient, then h,(-) also
has (-Lipschitz gradient.

Lemma 13 (Nesterov & Spokoiny (2017), Theorem 1). If h(-) has ¢-Lipschitz gradient, then for all
x € RY, we have |h(z) — h,(z)] < éﬂd.

Lemma 14 (Nesterov & Spokoiny (2017), Lemma 3). If h(-) has {-Lipschitz gradient, then
Ve (@) = Vah(@)])3 < T 62(d+3)°

Lemma 15. Suppose Assumption 2 and Assumption 4 hold. Suppose mod(t,q) = 0, and let
(51,8) = El[ve — Vi fo, (2, 50)112] + Elllae — V. fs (20, 30) |12} Then, we have

d d 6252 4 2 2 2
e(S1,6) < (1% + Si + %EQ(dl +3)3 4 %52(@ +3)3,
1

Proof. B.56 and B.57 in Fang et al. (2018) imply that
d0?6%  20°
+

Elllve = Vaf(@eye)lo) < =5— + - (45)
and
dal?6? 202
Elllus = Vo f (2 we)l3] £ =5 + = (46)

Then we proceed as follows:

Elllve — Vo fu, (2, yt)||§} + E[flug — Vy frs (24, yt)||§}
< 2E[||ve — Vaf (ze, ye)|I5] + 2E[lus — Vy f (e, 2) ]3]

+ 2BV Ly (20, 90) = Vo f (e 90) 5] + 2B [V fo (1,90) = Vi f (1, 90) 3]
< 9B — Ve ) ) + 2Bl — V)13 4 2+ 3+ B2 3
(? (dy + do)l?52 + 8;2 + %%ﬁz(dl +3)% + %%zz(dg + 3)3,
where (4) follows from Lemma 14, and (i7) follows from eq. (45) and eq. (46). O

We denote

F(J) + Mlyiayvgi) - F(%y,fi)y‘

Gul(xayvyiafi) = L 7

and

Fx7y+ wiagi _vayugi
HILZ (‘r?vaiagi) = ( 12 MQ) ( )Wl

as unbiased estimators of V f,,, (z,y) and V, f,,, (x, y), respectively. Then we have the following
lemma.

Lemma 16. Suppose Assumption 2 holds, and suppose u1 and us are standard Gaussian random
vector, i.e., v; ~ N(0,14,) and w; ~ N(0,1g4,). Then, we have

E [”Gul (‘T,yayiv&) - G,u1 ($/7y7’/i’£i)”§ < 2(d1 + 4)62 ||£ZZ - x/H; + 2:“%(d1 + 6)3527
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and

2 2 .
E {16, (29,4, &) = G (@', v, €13 | < 20d + 4 ly = o' 5 + 203 (d + 6)°2,

E || By (.9, 00,60) = Hyo (0,026 3] < 20da + 08 = 5 + 203(d2 + 6%,

E {11 Hy (9,40, &) = Hyo (2,9, vis €)13] < 202 + 82 lly = /I3 + 2043(d2 + 6)°2

Proof. The proof is similar to that of Lemma 3 in Fang et al. (2018).  Here we
provide the proof for completeness. We only show how to upper bound the term

E {HGH1 (x,y,11,&) — G, (@, y, 11, §)||§} here. Then, the upper bounds on the remaining three

terms can be obtained by following similar steps. We have that

E |:||Gl’«1 (337% Viafi) - Gll«l (.T,y/, Vzafz)”i}

—F "F($+M1Vi,y;§i)—F(may;&') Flz+mv,y, &) — Fla,y &) |
= vy — V1
J251 M1 2
—-F Flo+pmvi,y,&) — Fr,y, &) — (Vo F (2, 9,6), avi) )
H1 '
P+ vy, &) — Fa,y', &) — <VzF(fE7y’afi)»M11/z‘>V
[ '
2

+ <V$F('r’yagl) - VxF(l’,y/,fi), Vi>V1',

2
S IE F(Jf + ull/ivyagi) - F(x7y,§1) - <V£F(x7y7§i)a,u1yi> Vi
M1
2
. F((E + leiay/7£i) B F(xvylvgi) - <VIF($7y/7£i)vﬂ1Vi> ]
H1 ’ )

+2E[ (Vo F(2,y,&) — Vo F (2,9, &), vi)vil3 |

2
< 4E F(x 4 v, y, &) — Fo,y,&) — <VzF($,y7§i),M1Vi>Vi ]
231 )
2
g || Pty &) — Flay' &) = (VaF @,y &) mu) ]
M1
2

+2E[|[(VoF (2, &) — Vo F (2,9, &), vivil 2]

r , N _ R A r , ANk
< 4R ‘ (53+M1Vuy7§z) (xzyvgl) <v$ (x’yafl)’.u1’/2> ||Vz||§]
M1
F(x+,ulyi7y/>€i) — F(xay/agi) - <V$F(x7y/a§i)7/’41yi> 2 2
B - ol

+2E[|[(VoF (2., &) — Vo F (2,9, &), vivil 2]
(4)
< 2020°E[||vil|3) + 2E[ (Vo F (2, y, &) — Vo F(z,y,&), Vi>ViH§}
)
< 2 20CE[|vi|3] + 2(dy + DE[ |V F (2,9, &) — Vo F (2, &)l5 ]

(i)

< 203 (dy + 6)2% + 2(dy + 4)CE[|ly — v'|15],
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where (i) follows from the fact that for any a,a’ € R% and b € R92, we have
l 2
‘F(aﬂ b?é-z) - F(CLI, b7 61) - <VJL’F(G7 ba §i)7a - a’/>| S 5 ||a’ - CL/||2 ’
because F(a, b, £) has ¢-Lipschitz continuous gradient; (i7) follows because
Blll{a. vi)uill3] < (i +4) a3

obtained from (33) in Nesterov & Spokoiny (2017), and (ii4) follows because E[||v;]|3] < (dy + 6)?
in (17) of Nesterov & Spokoiny (2017). O

C.3 USEFUL PROPERTIES FOR ZEROTH-ORDER CONCAVE MAXIMIZER

In this section, we show some properties for the zeroth-order concave maximizer Algorithm 5. For
simplicity, for any given ¢t > 0, we define g;(y) = —f(z¢+1,y) and g¢ ., () = — fuo (Te41,Y)-
Lemma 11 and Lemma 12 imply that g;(-) is u-strongly convex and has ¢-Lipschitz gradient, and
9t.15 () is convex and has (-Lipschitz gradient. We also define §; = argmin, g;(y). We can obtain
the following lemmas by following the same steps in Luo et al. (2020)

Lemma 17 (Lemma 9 of Luo et al. (2020)). Consider Algorithm 5. We have

m ~ 2 R ~ m . ~
ZE[HV%M (Z/t,k)H;} < 2 Elgt,0, (9t,0) = Gtz (Gtm1)] + ZE[HV!J:&,M (Gt.k) — Ut,k\|§]~

k=0 R k=0
Lemma 18 (Lemma 11 of Luo et al. (2020)). Consider Algorithm 5 with any 3 < % and k > 1. We
have
- -2 - -2 B -2
BVt (Ge,r) — Genlly) < E[IVGe s (Fr0) — eoll3) + mE[HUt,OHQ]-

Lemma 19. Consider Algorithm 5. Forany k > 1 and 8 < L e have
8

_ 2 2 N _ _2 _2
E[[V gtz (Ft,m)M15] < WE[||V9t,u2 (G2,0) |15 + E[lIVgt,u5 (Te,0) — @t oll5] + mE[HUmOHg]
;2 (“352(@ +3)% + ,u§£d2> .
B(m+1) \4u

Proof. Taking summation of the result of Lemma 18 over t = {0, - - - m} yields

S S o (Blm+1)

D BVt s (@ek) — G kll) < (m+ DE[[ Ve, (§e.0) — iroll3) + WE[HW@H;}

k=0

47)

Combining eq. (47) with Lemma 17 yields

m _ 2 ~ ~ _ _
ZE[HV%M (yt,k)”;] < SE[Grs (96,0) = Gt,un (Ttmt1)] + (m A+ DE[V gt (Fr,0) — Ut,0||§]

k=0 B B
+ WEHIMHSL (48)
Dividing both sides of eq. (48) yields
01991 )I3) < Bl F0) = 1))+ E 1 G) = ol
+ %E[Hﬂwﬂﬂ (49)

We can bound the term E{g; ,,, (§¢.0) — 9¢. 1, (Tt.m+1)] as follows:

Elgt,u (F2,0) = Gt.u2 (Tt ms1)]
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=E[9:(0,0) — 9t(@t,m+1)] + Elgt, 1 (F2.0) — 9¢(Ge,0)] + Elge (Ge,m+1) — Gt,p0 (Tt,m+1)]
< E[g:(Ft.0) = 9t (Gt.m+1)] + Ellgt.5 (T,0) — e (Fe,0)[] + EllGt,0 (Fe.mr1) — 9¢(Fem1)]]

(7) B B
< Elg¢(§t.0) — 9t (Fem+1)] + p3lds
< E[g:(Fr,0) — 9:(57)] + palds

(1) 1 5

< ZE[HV%(%,O)”;] + pi3tds

1 N 1 _ -
< — B[Vt (G0 l5] + LUV 9 (Fr0) = Vi (§eo)lly) + u3tds

~ =

(iii

< Ly

2
E[[|V g, (iit0)|I2] + fﬁﬁ?(d? +3)3 4 2lds, (50)

where (%) follows from Lemma 13, (i¢) follows from eq. (6) in Lemma 2, and (¢i7) follows from
Lemma 14. Substituting eq. (50) into eq. (49) yields

2 4
B0V 001G 1) < s B 13+ Bl it G10) ol + 52 B ]
2 13 2
(00 ).

which completes the proof. O

Lemma 20. Consider Algorithm 5. Let S, > 16 (da + 4){3 and 3 < ;. For anyt > 0, we have

(da +3)° + Tp3(dz + 6)°¢2

" m+1 [2u3lk
> Elfsld) < ppElleald) + T |2

_ Bul
whereb—l—Q(T’fM).

Proof. The update of Algorithm 5 implies that

. 2
Ell e,k ll5 |Fe,.k]

~ 2 ~ ~ ~ ~ ~
= ||ut,k—1 H2 + 2E[<Ut,k—lv H#z (ﬂft,m Yt ks WMy fM) - Hﬂz (Iﬂt,k—h Yt,k—1, wMg,me}_t,k]

+ B[ Hpuy (41, Tt ko, WMoy EM) — Hpy (Tt 1, Tt k-1, WszfM)Hg | Fi k]
= ||@t,k—1H§ + %(gtk — Ut.e—1s Vyfus @tk Ut.k) — Vi fus (Tt -1, Ut —1))

+ Bl Hyo (Tee, Geer 0t €M) = Hyas Fe -1, Gk, 00, Er0 |5 [ Fet]
= ||at,k:71H§ + %<gtk — Ute—1, Vo f (Tt g, Ue.k) — Vo f (Tt -1, Ut —1))

2, N L. L.
+ B(?Jt,k — Yt,k—1, Vyfuz (xt,kv yt,k:) - vyf(xt,k:a yt,k)>

2 - - - - -
+ B(yt,k — U1, Vo f (Tt -1, Tt k—1) — Vi Sus (Tt -1, Gt k—1))
+ E[”Huz (it,ka gt,k7w/\/lz7€/\/l) - HMQ (i‘t,k—la gt,k—h WM27£M)||§ ‘]:t,k:]

(’L) - 2 2 'LLé - - 2 1 ~ ~ ~ ~ 2
< ||Ut,k—1||2 -2 <M+f ||yt,k - yt,k—ng + m Hvyf(l’t,ka Z/t,k) - Vyf(l"t,k—h yt,k—l)Hg

B
2 ul . - 2, b+l +€ - 2
+ E (40‘"’@) ||ytk - yt,k—1||2 ||V fuz (J?t Iwyt k) vyf(xt,kayt,k)ng
2 pl _ 2 ptl +€ . . 2
+ 3 (4(N+£) ek — Jep—1ll5 + i Vo fus(@ep—1,0t0—-1) — Vo f (Tt k-1, Je.e—1) 5
+ IE[”}IH2 ('it,ka gt,kva27€M) - Huz (i:t,k—la gt,k‘—la wsz&M)”Q “Ft,k]
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(”) ~ 2 /,LE ~ - 2 2 ~ ~ ~ ~ 2
< g g-1ll5 - But0) ek — Tep—1ll3 — ETE) IVyf(Zen, Tek) = Vol (T k-1, Tt—1) I3

50+ 1 I . _
+ %(dQ + 3)3 + ]E[HH,U«2 (l.t,kvyt,kva27€M) - Hll2 (xt,kflvyt,kfhw./\/lz»g./\/l)”g |—Ft,k]

V4 5 2 N _ 5 -
< <1 - iig) ||Ut,k—1||§ - m \Vyf(Ze g, Jeg) — Vyf(zt,k—lvyt,k—l)ng

+ QE[HHUQ ('it,kv gt,’wwj\/lza €M) - Hltz (jt,k—lv gt,k—la meEM)
- (vyfuz (it,lw gt,k) - Vyfuz (jnk—h gt,k—l))H%‘ft,k]

Tt ey 0 i ; S+t
+ QEHlvyfuz (xt,k}) yt,k:) - Vyfy,z (xt,k:fla yt,k?*]-)Hg |]:t,k)} + //[/Zféj/‘u)
2

< (1= ) Ml = 2 190 ) = o G )
+ 2B H oy (Tt ks Ut ko WMo s EM) — Hpuy (Bt k-1, Tt k-1, WAy EM)
— (Vyfus@eser Gek) — Vi Fus @t -1, e o—1)) 131 F.1]
+ 6E[|Vy f (Fe s Gee) = Vo (Fen1, Ge—1)ll5 | Fee]
+ 6E[||Vy f(Ze -1, Tt k—1) — Vi fus (T -1, ﬂt,k—l)H; | Fe k]

(dy + 3)3

= - 3+
+ 6EH|vny2 (mt,k; yt,lc) — Vyf(xt,k,yak)\lg |]:t,19} + Mz(gu)(dz + 3)3
l . 2 o i i
< (1 — uﬁi €> ||Ut,k71||§ - (W - 6) Vo f(Ztk, Ge ) — vyf(xt,kflvyt,lﬁﬂ”;
2 i~ = ~ ~
* gE[HH’“ (Tt,ker Teskr Wi &) — Hoy (T i1, Gt o1, i, &) |5 | Fe ]
Y
2¢ l
+3p30%(d2 + 3)° + M(dz +3)°
Bu
(iv) V4 ~ 9 } } i i
< (1 — 5/1 ) ||Ut,k—1||§ + 7E[||Hu2 ($t,k,yt,k,wi,§i) — HH2 (xt,k,l,yt,kq,wm&)ug |]:t,k}
ptt Soy
14 l
+ 3M2£2(d2 + 3)3 + M(dg + 3)3
Bu
) Bul . 2 2 9 211~ 5 ) 40
< (1- 2= _“
< (1 MM) |t k—1ll5 + 5o [2(d2+4)e B2 [l 1|2 + 2u2(da + 6)°¢
114 ¢
+3u20%(dy + 3)® + M(dg +3)3
B
But 4 _ 5
= (1 R 2B ) |liig, -1l
4 p 26 g
+ g b2+ 6 + 31300 (da + )" + ‘Q(B“;)(dz +3)8
(vi) Bul . o pu3l(1+ k) X ) -
< (1- B HatU + K) . |
< ( 2(u+€)) e, k—1ll5 + 3 (dy + 3)® + Tud(da + 6)3¢ (51)

where (7) follows from eq. (4) in Lemma 2 and Yong’s inequality, (i¢) follows from Lemma 14, (4i7)
follows from Lemma 1 in Fang et al. (2018), (iv) follows from the fact that 5= +£) —6>0,(v)

follows from Lemma 16, and (vi) follows from the fact that <— (d2 +4)232 < LEE Taking

= 2(p+0)"
expectation on both sides of eq. (51) and applying eq. (51) 1terat1vely yield
2 k 2 2/‘%&'@ —
Blllekllo] < 0Bl [awoll) + | —5=(d2 +3)" + Tu3(d2 + 6) 362} v (52)
=0
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Taking summation of eq. (52) over k = {0, - - - m} yields

- _ - = 2020k ; , m k-1
ZE[HUtkH;] < E[Ilutolli] Z b* + [ /l; (do 4 3)% + Tu(dy + 6)382} z Z oY
k=0 k=0 k=0 j=0
1 2y m+1[2u3lk 3 5 30
<—F
< LBl + 7] [ 2 0y 48+ 7080 +6)°).
which completes the proof. O

C.4 INITIALIZATION BY ZEROTH-ORDER ISARAH

We present the detailed procedure of ZO-iSARAH in Algorithm 6, which is used to initialize y, in
Z0O-SREDA-Boost (line 2 of Algorithm 4). We consider the following convex optimization problem:

min p(w) £ E[P(w;€)], (53)

weR

where P is average (-gradient Lipschitz and convex, p is p-strongly convex, and £ is a random vector.
We define

P(w+1;,&) — P(w, &)
T

1
¥ (w,ba €0) = T > Wi, (54)

i€l M]]

where ; ~ N(0, 14) independently across the index i.

Algorithm 6 ZO-iSARAH

1: Input: wo, learning rate v > 0, inner loop size I, batch size B; and Ba
2: fort=1,2,...,T do

3: wo = 1Dt71

4:  draw B; samples {&1,-- ,€B, }

5 vo = %1 f:ll Z?:1 P(w0+éej,§,L)25P(u)0 6ej,§t)ej

6:  where e; denotes the vector with j-th natural unit basis vector.
7: w1 = wo + Yo

8 fork=1,2,...,1—1do

9: Draw minibatch sample M = {&1,- -+ g, }and M1 = {1, ,¥B, }
10: Vk = Vk-1 +WT(wk7wM17'£M)_'p‘f'(wk*hw-/\/lug/\/i)
11: W41 = Wk — YUk
12:  end for

13:  0; chosen uniformly at random from {wy }5_,
14: end for

We have the following convergence result by using ZO-iSARAH to solve problem eq. (53).
Lemma 21. Consider Algorithm 6. Set v = %, B, = 25:2’ By =d I =36k—1,T =

5| Vp- (@o)ll3 2605 : 0.5 2
log, . 2,0 = g and T = mln{m, ﬁ} Then, we have

E[|Vp, (dr)[l3] < e,

with the total sample complexity given by O ((/{ + %) log (%))

Proof. Following steps similar to those in Lemmas 17-19, at ¢-th outer-loop iteration, we can obtain
the following convergence result of inner loop:

E[||Vp, (@)]3]

2 B[V, (wo)|12] + El[Vpr (w0) — volZ] + —2—E[juo2]

P
= At +1) 2ty
2 (TQeQ(d +3)3 4 72&1)
V(I +1) \4u
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< (ot o ) B3]+ (14 525 ) ElIVprwo) — wol]
+ 2z (TQEQ(d +3)% + r%l) ) (55)
(I +1) \4u
Then, following steps similar to those in Lemma 15, we can obtain

202 di25? 72
E[||Vp(wo) — voll3) < Bt 5 (d+3)°. (56)

Letting v = 3 g, I = 36k — 1, substituting eq. (56) into eq. (55), and recalling the fact that w; = wy
and wy = w;—1 yield

502 n 5d€252 1172
2B, 8 16
Applying eq. (57) iteratively from ¢t = T to 0 yields

2
E[Vp ()13 < SEIIVpe ()3 + 2+ + lpd. G57)

) 1 502 = !
Bl pe (3] < g7 199 (00)l+ 523
5406 117 =1
%(d+3)3 E d —
+ ( 8 (d+ 7 ) tz >
502 5d€262 117’ 72
= —_ 2(d+ 3)* + —Lud. 58
_2THVP( )||2+B+ 1 (d+3)° + 5 tn (58)
: _ SHVPT("Z’O)Hz 250 _ 2% _ : 0o 2e
Letting T’ = logy, —————>2, B = ,0= MO =,and 7 = mm{i‘%(dw)l.5 , —Mud}, we have

E[IIVPT(@T)I@] <e

The total sample complexity is given by

s a =0 (a{cs e (1),

Extension to finite-sum case: ZO-iSARAH is also applicable for strongly-convex optimization in
the finite-sum case, which takes the form given by

e
min p(w) £~ P(w;&). (59)
=1

weR4

To solve the problem in eq. (59), we slightly modify Algorithm 6 by replacing line 5 with the full
gradient. Following steps similar to those from eq. (55) to eq. (58), we have

28?1172 2
5T T S Cd+3)*+ 7'2 Cud.

E[||Vp, (@r)ll5] < 2T IVp-(@0) 5 +

Letting T = 10g2 4va'r€(’lbO)H2

0.5 <
0= dO 5, and 7 = mln{m, W}’ we have

E[[|Vp-(ir)|3] < €

The total sample complexity is given by
1
T'(I'BQ+d‘n)O(d(l{+n)10g<6)>. (60)

O

Let P(-;¢) = —F (o, ;&). Then we can conclude that the sample complexity for the initialization
of Algorithm 4 is given by O (dzk log (k)) in the online case, and given by O (da(k + n) log (k)) in
the finite-sum case.
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C.5 PROOF OF THEOREM 2

We define A; = E[|Vofu (@oy) — vl + ElVyfu(@ow) —wly). 4, =

- <2 - -2 2
E[vafm (Z’t,k, yt,k) - Ut,k”Q} + E[Hvyfuz ($t7k, yt,k) - utJCHQ]’ and 62 = E[”Vyfuz (zt, yt)”z]
In this section, we establish the following lemmas to characterize the relationship between A; and
A}, and §; and ¢}, and the recursive relationship of A} and d;, which are crucial for the analysis of
Theorem 2.

Lemma 22. Suppose Assumption 2 hold. Then, for any 0 <t <T — 1, we have
i 13
A <24, + BHC(dy +3)° + 0 (dy +3)°,
and

2
5, <20, + %@(dz +3)3.

Proof. For the first inequality, we have
Ay = B[V f (@i, 9e) = vells] + B[V f (s, y2) — wel|3)
=E[|Vaiu (@6,90) = ve + Vaf (@0,90) = Vafu, (2, 50)[13)
A BIVy fn (20, 9) = s+ Vy f (00, 90) = Vo Fus (2, 30)[13)
< 2E[||Vo fur (w6, 9e) — vill3) + 2E [V fuo (w1, y2) — ]3]
+ 2E[[|Va f(zt,yt) — Vi fou, (4, l/t)”g] + 2E[[|Vy f(ze: ) — Vi fus (mt,yt)H;]

D o B e 5, 13 3
< 2At+7€ (dh +3) +7€ (d2 +3)°,
where (i) follows from Lemma 14. For the second inequality, we have

8¢ = B[V f (e, yo) 2] = ENIVy fus (2, 5e) + Vi f (@6, 9e) — Vi Frua (e, 9) |13)
< QIEJ[HVyfm(xt,yt)H;} + QE[”vyf(xtvyt) - vyfltz(xtvyt)“g]

(@) 2
< 200 + %ﬁ(dg +3)3,
where (i) follows from Lemma 14. O

We provide the following two lemmas to characterize the relationship between ¢} and J;_; as well as
that between A} and A} _;.

Lemma 23. Suppose Assumption 2 hold. Then, we have

6[2[‘32 di+4 do +4 6€2ﬂ2 dy+4 do +4
A< |1 Al ’
t_[+1—b<52,x " S2,y )] =t 1—b(52,x " 52,y) =t
di+4 dy+4 90232
+202? (o + = 1+ & ]E[Hvt—lﬂg]+7TA(d17d27M17M2)7
S2.z S2.y 1-0
whereb =1 — % and

wa(dy, da, p1, pr2)
. 26252 <d1 +4+d2 —|—4> {6@2 l:,u%(dl—l—ﬁ)g N%(d2+6)3 2#%&%

= 1 3
el vk ok - }+(m+ )( T+ 3)

2(m +2)pi(dy +6)° | 2(m +2)p5(d2 + 6)*0
SQ,m SZ,y -

+ Tp5(d2 + 6)352) } +
Moreover, if we let 3 = %3[, m = 104k — 1, Sa , > 5600(dy + 4) and S3,, > 5600(ds + 4), then
we have

ma(dr, da, s po) < KPC[ET(dy + 6)° + p3(da + 6)°).
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Proof. We proceed as follows:

A; - A; 1,mi—q

N . - 2
= E{ |V fun (Bt iy 15 G100, 1) = i 1my s Hz}
(@) - N - 2
< ]E{ Vo fus (Fe—t ey —15 G100 —1) — Ut—l,m,,,l—1||2}

~ ~ ~ ~ 2
+ 7]E[ G Ftt s Ge—tmver> Vir i) = Gy (Fr—1.m0 15 Pt —15 Via&i)‘b}

Sa.z
(i1)
< E|: ||V1flt1 (‘%tflaﬁlt71*17 gtfl,rhtflfl) - @tfl,ﬁn,lfl H;:|
1
+5- [Z(dl + A) 2Bt 1,1 ||2] + 203 (dh + 6)362} : ©61)

where (i) follows from Lemma 5, and (i4) follows from Lemma 16. Applying eq. (61) recursively
yields

E[ [V fys (@t e Gmtmes) = Bt

2(dy + 4)2B° ﬁ“i’l

S
2,x =0

<E[ Ve fus (Bo1,0,G0-1.0) — Fe-10l3 | + o1,/

N 211 (dy + 6)302

SQ,r
N N y 2(dy + D)0PB%
< B[ IV fusG-r0G1-10) = sl ] + ZEEDEE S g o)
* k=0
2 1 2 32
SQ,I
Similarly, we obtain
- . - 2
E|:HvnyZ(xt*Lmt—uytfl,ﬁlt71> _ut*Lmt—lH ]
. _ _ 2(d +4 232 &
gE[||vyfw<xt71,o7yt71,o>—uH,oni} T, Ll
2 1 302
Sgy
Combining eq. (62) and eq. (63) yields
~ 2(dy +4)023%  2(dy + D2 e
e o P ot ) POL LN -
2 1 2 32 1 3 2
| 20m -+ Dyid(ds +6°2  2(m + (s +9 ¢ o
SQ,x S2y

For A~,’5_170, we obtain
Al o = E[||Vafu (@-1,0, Gt-1,0) — Te—1.0ll2] + E[|Vy fus (Ft—1,0, Te-1,0) — Ge—1,0][3]

(i) ) 3 N N . .
< E[IVafur (F-1,-1, Gt—1,-1) — Be—1,-1l13] + BV fru (Fe-1,-1, Gt—1,-1) — T—1,-11[3]

1 - 5 - -
+ 52 E[|G (2,0, 7t,0,vis &) — G(xt,flayt,flvyMiagi)”;]
+ TE[||H(@t,0, Ut,0, Vi, &) — H(T¢,—1, s, -1, VM“&‘)Hg]
2,y
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(i1) 2dy + 1) Pa?  2(dy + 4)0% a2
<A;y+(<1 Jo | 2y +4) )mwpma
Sa.4 Sa2.y

s

243 (di +6)°C2 | 2p3(da + 6)°
+ + s
52 x Sa, Y

where (i) follows from Lemma 5 and (i¢) follows from Lemma 16. Substituting eq. (65) into eq. (64)
yields

(65)

2dy + 422 2dy + 40202
4s44+((1’ L C R )Mmlﬁ
S2,a: SQ,y

2dy +4)0232  2dy + 4)PE2\ o
+< (d+ LB 2(ds + DS )ZE[Hutl,kIIZ]
S2,9c S2y

)

k=0
2(m +2)pd(dy +6)302  2(m + 2)u(de + 6)3¢2
+ +
SZ,:D 52’9
(1) 2(dy + D202 2(dy + 4)0Pa?
< (ABEO0T AR D) gy
52,:,: SZy
2(m +2)pd(dy +6)302  2(m + 2)u(de + 6)3¢2
+ +
SZ,:D 52’9

2028% (dy+4 dy+4 9 2
Ell|a 1
+1—b<52,x * 52,y>{[| 2]+(m+)(

pslk

(da + 3)® + Tud(ds + 6)342” .
(66)

where (4) follows from Lemma 20. We next bound the term E[||;—1 OH | as follows:
E[||e-1.0ll3)
=E[||tt—1,0 — VySus (@, ¥1—1) + Vy fro (@, ye—1) — Vy fruo (@e—1, ye—1) + Vy frus (211, yt—l)”;]
< BE[e-1,0 = Vi fus (21,311 [5) + 3EU Vo Fs (@, 9e-1) = Vi Fo (@1, 30-1) 3]
2
+3E[IVy fuz (21, ye-1)Il5]
(1)

< 3E[[[dit—1,0 — Vy fuz (@e, ye—1) |12 + 3CE[[| 2 — 2o—1]3] + 36, _,
= 3E[||tt—1,0 — Vo (Fe—1,0, Ge—1,0)|l5] + 302CE||ve_1][5] + 36,_,
< 3A;_, o+ 3620°E[||ve_1]|3] + 30;_,

1) 4 4 2 3 2 3
< 3A/ L+ 352 L+ 3+ (dl + ) + (d2 + ) 042€2E[||1}t_1||§] + 6€2 /’Ll(dl + 6) + /’62(d2 + 6)
SQ’I Sg)y 52,:5 SQ,y

(i) 2y +6)°  p3(d2+6)°
< BALy + 36,y + 902 C°E[|[vr_1][3] + 66 [“1(51+ ) +“2(;+ ) ]
2,x 2,y

where (i) follows from Lemma 12, and (i7) follows from eq. (65), and (#i7) follows from the fact
that Sy ; > 2(dy +4) and S5, > 2(d2 + 4). Substituting eq. (67) into eq. (66) yields

—~

(67)

6025% (di+4 dy+4 60252 (di+4 do+4
A< |1 A /
t_{+1—b(52,x i Sa.y )] tl 1—b<52,m i S2,y> o
di+4 dy+4 90232 2
20202 (L= 1 Ef||v;—
2232 (dy+4  dy+4 i +6)° |, pa(da +6)° 2020k s
1 d
1-b ( Soa 527J> { Sy }+(m+ )( 5 (d2+3)
(m—|—2) (d1+6)3£2 | 2m +2)3(dy +6)*°

+ 73(ds + 6)°1°) } S
Y

(1) 60252 (di+4 dy+4 60262 (di+4 dy+4
21 s B 1+ L@ + / B 1+ L@ + -
1-0 52796 Sz7y 1-0 SZ,ac SQ Y

s
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di+4  dy+4 90232
+202a° <; + 22 > <1 7 Bb) E[|[ve-1]l5] + 7a(d1, da, i1, pa)- (68)
2@ Y -

O
Lemma 24. Suppose Assumptions 2-3 hold. Let S ;, > 2dy + 8 and S5, > 2dy + 8. Then, we have
4 3003 24208 40202 903 B0 9
o< 5 — A - 1 20%° E[||vs—
< (G 2127) o+ Togr S+ (G 200+ 0 ) Bl
+ ms(dy, da, pa, p2),

where

242(2 +20B) ( 12(dy +6)3  pd(ds + 6)3> 2 ( R )
dy,d , £=(ds + p3lds ) .
( 1 2 )ul :LLQ) _ EB 52 . + 52’y + /B(m + 1) 4 ( ) lu’2 2

Furthermore, if we let 5 = ﬁ m = 104k — 1, then we have

1
ms(di, d2, pa, p2) = *M152(d1 +6) + 3u50%(dy + 6)° + gugﬂedz

Proof. Using the result in Lemma 19, and recalling in Algorithm 4 that Vgy ., (G¢,m,) = Vy f (2, y¢)
and Vgy 15 (51.0) = Vy fu, (€41, ye), we have

P 8

2 _ _2 _2
t1 < mﬁ”vyﬁu (@1, Y I15) + B[V gty (Ft,0) — e 0ll5] + mE[HUt,OHQ]

2 WP >
+ %(dy + 3)3 + pded
Bm+1) <4M ( ) Hotdz
2 2 X B i o
< mE[Hvyﬁw (l'tJrl»yt)”Q] + A;,O + 5 eﬁE[HUt’O”z]
# H2 2
* 5om 1) <4 2(dy + 3)° +u2€d2>
4 , 4 .
S m]}z[”vyfﬂz (l't—i-lvyt) - Vyf/tz (gjtvyt)HQ] + mE[HVny (l‘t,yt)HQ]
145 - 2 M
+ 80+ 5 gl + 5o (G20 +3)° +Md2>
40202 9 4 ~ 3 o
< —— K R V4 A/ E
>~ 5M(m+ 1) [”UtHQ] + ﬁu(m+ 1)6t + t,0 + 2 —Eﬁ [HU;t,OHQ]
2 M% 2 3 2 )
— | ==l (da+ 3 ld
+5(m+1)<4u (d2 +3)° + paldy
(1) 40202 5 4
< R[]} + ———0
2 3 2 3
_|_A£ +2€2042E[||Ut||3] _|_2€2 (ﬂl(dl +6) + #2(d2 +6) >
S2,z SQ’y
65 / / 2 2 2 2 /u'%(dl + 6)3 /U'%(dQ + 6)3
Ty {Mt + 38, + 92”El||ur 5] + 6¢ 5. tToa

2 13 0

+

4 308 )5, 2+28 ,, ( 40202 +%22+9€3ﬁa2>E[” 2
(ﬁu(m+1)+2—€ﬁ T S T By Y T g ) M
+

202(2 + 2() (u%(d1+6>3+u%<dz+6>3> = 2 (“342(d2+3> +u2€d2)

2-1B 52,0 Sa,y m+1) \ 4u

4 368\, 24208 40202 L . 963802 )
< A 2 E
= ﬁu(m+1)+2€5)6t+ 2= T Gutmrp T2 T 3¢5 ) Elluile]
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+776(d17d2»/117/i2)7 (69)
where (%) follows from eq. (65) and eq. (67), and from the fact that Sy , > 2d; +8 and S5, > 2dy+8.
The proof is complete by shifting the index in eq. (69) from ¢ to ¢ — 1. O

We restate Theorem 2 as follows to include the specifics of the parameters.

Theorem 4 (Restate of Theorem 2 with parameter specifics). Let Assumptions 1,2,4,and 3 hold and
apply ZO-SREDA-Boost in Algorithm 4 to solve the problem in eq. (1) with the following parameters:

1 1 2 2800~k

= “Takane PTBe 9T Bt
dy +4 do+4
101, Sy, = P00 61+ W, 3600 62+ 3
40320025 B(xp) — * 810k

S1 = , T =max{1728(k + 1)¢ = ' I3

€ € €
5 = —-— = == .
Teld +dy’ T T1250(d, + 6)15 12T T1k250(dy + 6)1
Algorithm 4 outputs & such that

E[[Vo(2)],] < e

with at most O((dy + dg)k3e=3) function queries.
Proof. Recalling from eq. (18), we have

E[@(z441)] < E[@(z4)] + ar®6; + ol — <a - La) E[||vt||§]

(%) La?
< E[d(xy)] + 20628, + 204, — (Z = ;) E[]v:13)
. %”1)

where (i) follows from Lemma 22. Rearranging eq. (70) and taking the summation over ¢ =
{0,1,---, T — 1} yield

0 L2\ T T-1 T-1
(5 - %55 ) S Ellull] < #(e0) - BB(er)] + 2062 35+ 20 Y 4
t=0 t=0 t=0

*(dy + 3)3 + %ﬂ(dl +3)3, (70)

+aT7T(d17d27:u’17;u’2)' (71)
Note that in eq. (71) we define
252 41 2
W(dl,dg, M1, ,UQ) = %52@& + 3)3 + %(2(d1 + 3)3. (72)

Then we proceed to prove Theorem 2/Theorem 4 in the following five steps.

Step 1. We establish the induction relationships for the tracking error and gradient estimation
error with respect to the Gaussian smoothed function upon one outer-loop update for SREDA-Boost.
Namely, we develop the relationship between 0; and 6,_, as well as that between A, and A,_,,
which are captured in Lemma 23 and Lemma 24.

Step 2. Based on Step 1, we provide the bounds on the inter-related accumulative errors EtT:_Ol Al
and ZtT;()l d; over the entire execution of the algorithm.

We first consider ZtT;Ol A}, forany (nr — 1)g <t/ < T — 1. Applying the inequality in Lemma 23

recursively, we obtain the following bound
60262 (di+4 do+4 60262 (di+4 do+4
B 1+ " 2+ 4271 B 1+ n o+ 5471
1-9b S22 Say 1-0 8o Sy

Al < [1+
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di+4 dy+4 9¢2 32
+ 20202 <1+ 2 > <1+ P )E[UT—2||§]+7TA(d1,d2,H1,H2,52)

S20 Say 1—b
2 52 t—t’
[y 6682 (it d ot ,
1-b \ Sss Soy
60282 (dy +4 dy+4) =2 60282 (dy+4 dy+4\1"""
1 5
+1—b<52x+52y>2[+1—b(52m+52y)] P
, O : ,
di+4 dot4d 9022\ =4 60282 (di +4 do+4\]"" )
2022 (L2 1 1 E
2% (S + 2t )( 1) ST (5 el
t—1 —t’
60262 (dy+4 do+4\]"
dy.d s 1
+7TA( 1,02, H1, 12, 2);[ 1—b ( 5273: + 527?/ >:|
(i) 60282 [dy +4 do+4) 2
<24/, 8
- t+1—b(52$ + 52y>2t
, N
di+4  do+4 90252\ 2 )
20202 [ ——— 1 E
e () (1435 3 sl
+ 2ma(dy, day pi, pi2, S2), (73)

where () follows from the fact that

[1 602 <d1+4 d2+4)r‘t'

60232 (di+4  dy+4\]7
+ <1 Fo(hitd, dt
1-b So.x Sa y 1-b So.x Say
g 69¢°8% (di+4 | dp+4
(1) —b S22 524 (2it)
<1+ < 2,
1 Sa=De252 (dy+d | dptd
1-b S2. o SQ,y

where (i) follows from the Bernoulli’s inequality Li & Yeh (2013) (eq. (21)), and (i) follows from

—1

which further implies that

69028 (di+4 | dat4 6q0°8% (di+4 | do+4
1=b \S2. T 52, 1=b \S2. © 82, 64232
< = < 1.
1— Sa=DEB (dita | dyta 1— 628> (di44 | dyptd 1 — 60232
1—b S22 Sa.y 1-b \ S2.0 Sa .,

Letting ' = (ny — 1)g and taking summation of eq. (73) over t = {(np — 1)q,--- ,T — 1} yield

T-1 t—1

T—-1
60282 (di+4 do+4
Z Ay < 2T — (nr — 1)q) znT—l)q+1_b(Sgw * Say ) Z Z g

t=(nr—1)q t=(nr—1)qg p=(nT—1)q

di+4  dy+4 90282\ — )
rora (A2 BEN (1L EE) Y T Bl

t=(nr—1)q p=(nT—1)q

+2(T — (nr — 1)g)ma(dy, da, pi1, p12, S2)

" 6q02B% (di+4 dy+4 T—2
< 2T — -1 !
<2 (nr — 1)q)e(S1,6) + 1-0b ( S2.0 Say ) i

t=(nr—1)q

dy+4  dy+4 90282\ =2
ot (AL 2D (L) S sy
» L Y

t=(nT—1)q

+2(T — (nr — 1)g)ma(dy, da, pi1, p12)
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T-2
=2(T — (ng — 1)q)e(S1,0) +6(°8> > 4
t_(TLT—l)
9£2ﬁ2 —
2 2
+20%%(1 - b) <1+1 b) Zl E[[Jve3]
+2(T — (nr — 1)g)ma(dy, da, pi1, j12)
T-2 T—2
< AT — -1 2 02 / 2 2 2 02 2
< AT = (np — 1)q)e(S1,0) + 6287 D 6,420 (1+96°8%) >~ E[l|ve3)
t=(nr—1)q t=(nr—1)q
+2(T — (nr — 1)q)7a(dy, dz, pi1, p2)
(i) = / ) s T2 ,
< 2(T — (np — 1)q)e(S1,9) + - Z 0y + 30« Z E[|Jv[]5]
t=(nr—1)q t=(np—1)q
+2(T — (nr — 1)q)wa(dr, da, 1, p2), (74)

where (i) follows from the fact that A’ —n)g < €(S51,9) for all n < ny (following from Lemma 4)
and the definition of ¢(.S1,0) in Lemma 15,

T-1 t—1 T-2

> X %<a ) 4
t=(nr—1)q p=(nT—1)q t=(n1—1)q
and
T—2
2
Z Z Eflocdlz) <a Y Ellluely),
t=(nr—1)q p=(nT—1)q t=(np—1)q
and in (i) we use the fact that 3 = 1;. Applying steps similar to those in eq. (22) for iterations over
t={(nr —ne)g, -, (nr —ny + i q — 1} yields
(np—ni+1)g—1 1 (nr—ni+1)g—1 (nr—ni+1)g—1
2
Z A} < 2qe(S1,0) + 7 Z 8, + 30%a’ Z E[flve][3]
t=(nr—n¢)q t=(nr—n¢)q t=(nr—n¢)q
+ 2qma(dy, da, pi1, p12). (75)
Taking summation of eq. (75) over n = {2,--- ,ny} and combing with eq. (74) yield
T—1 1 T—1 T—1
> A} < 2T€(S1,6) 25/4'352 2 K| [vell5] + 277 A(dy, da, o, p12). (76)
t=0 t=0 t=0
Then we consider the upper bound on Zt;Ol d;. Since m = % —land g = 13/, Lemma 24 implies
S 52 1+ At |+ 3CQE[|[vea|[3] + 7s(dy, da, pur, p2)- (7
Applying eq. (77) recursively from ¢ to 0 yields
t—1 t—1
5 < 50} Z o 3007 S R0y 2] 4 oy, do i) Y o (78)
p= 0 p=0
Taking the summation of eq. (78) overt = {0,1,--- , T — 1} yields
- 5 T=li-t T—1¢—1
! ! 2 2
Za <4 ZW £ D) DR T B e (TN
t=0 p=0 t=0 p=0
To1t=1
+ 7T5(d1,d2,,d1,,u2 Z Z a
t=0 p= O
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T—2 T—2
5
<20+ DA +6022 Y El|vil3] + 2T s (d, da, pra, pi2). (79)
t=0 t=0

Step 3. We decouple the bounds on EtT:_Ol A} and EtT:_Ol 3} in Step 2 from each other, and establish
their separate relationships with the accumulative gradient estimators ZiT;Ol E[||v ||§]

Substituting eq. (79) into eq. (76) yields

T-1 T-1
A} < 2T€(S1,0) + §’+4a2€2 E[||v Al
; (S1,9) ZO [leel3] 42

2
+ 2T A(dy, do, 11, p2) + ?Tﬁé(dladmﬂlvl@)v

which implies

T—1 T—1
Al < ATe(Sy,6) + 50 +7027 Y T E[ve3)]
t=0 t=0
1
+ §T7TA(d17d27,U1a p2) + 4T s(dy, da, i, p2)- (80)
Substituting eq. (80) into eq. (79) yields
T-1 T-1
> 6 < 10Te(Sy,8) + 46, + 240202 > " E[[lvy 3]
t=0 t=0
+ 10T 7wA(d1, da, pt1, p2) + 4T 75(dy, da, p1, po2)- (81)

Step 4. We bound ZZ o [||vt\|§}, and further cancel out the impact onf:_Ol A} and ZT '8! b
exploiting Step 3.

Substituting eq (80) and eq. (81) into eq. (71) yields
@
(5-° ) Z Efor])
T-1

< D(x0) — E[@(27)] + (2062 + 8)aTe(S1,6) + (8x% + 1)ad), + (48x% + 14)a>(? Z E[||v:]|2]

=0
+ (205 + 1)aTma(dy, do, pur, pi2) + (857 + 8)aTms(dy, da, i, p2) + T (dy, da, pa, o)
2 B(a0) — E[d(wr)] + 2882aTe(S1,6) + InZadh + 620° L2 gﬂ"”t”?]
t=0
+ 21k2aTmA(dy, do, iy, po) + 16620 ws(dy, dg, py, pi2) + oTw(dy, da, i1, o), (82)
where (i) follows from the fact that L = (1 + )¢ and > 1. Rearranging eq. (82), we have
T-1
(; et 62L2a3> S Efue]3
=0

< &(xg) — E[@(27)] + 28k%aTe(S1, ) + Ix*ad)
+ 215% QT A(dr, do, i1, o) + 16K2aTms(d1, do, pa, o) + T (dy, do, pa, pi2).  (83)

Since oo = ﬁ, we obtain
a La? 214 1
— — —— —62L%3 = > 84
2 2 62 © 13824L ~ T2L (84)
Substituting eq. (84) into eq. (83) and applying Assumption 1 yield
T—1
E[||v:]|3] < T2L(B(x0) — D*) + 84k>Te(S1, 8) + 2728
t=0
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+ 6362 T a(dy, da, 1, pi2) + 48K2Trs(dy, da, pin, f12)
+ 3Tw(dv, da, p1, p2). (85)

Step 5. We establish the convergence bound on IE[HV@( &)||,] based on the bounds on its estimators
Zz:ol E[Hth | and the two error bounds Zt 0 ' Al and ZT '

Recall eq. (34) we have

T—-1
E[|[V®(x,)||3] < 35225t+32At+3ZE l[o]|2]
t=0
) T—1 T—1 T—1
< 662> 0 +6> A +3> Ell|vell3] + 3Ta(dy, da, pa, p2)  (86)
t=0 t=0 t=0

where (i) follows from Lemma 22. Substituting eq. (80), eq. (81) and eq. (85) into eq. (86) yields

T—-1
E[|V&(x,)|?]

&

0
< (60K% + 24)Te(S1,6) + (24K + 3)8h + (60K% + 3) T a(dy, da, 11, o)
T-—1
+ (2457 + 24)T'ms(dy, da, ia, p2) + (1446%0°0% + 420707 + 3) E[||v:]|3]
t=0
+ 3T7T(d17 d27 M1, M?)

(1)
< 84K%Te(S1,0) + 27K%6y + 63k* T A(dy, da, i1, po) + 48k*Trs(dy, da, 1, f12)
T-1

+4> E[[|vell5] + 377 (dy, da, 11, pra)
t=0
(i4)
< 288L(P(xg) — D*) + 420k Te(S1, 8) + 135625, + 31562 T a(dy, da, 1, pi2)
+ 240K> T (dy, do, i1, po) + 15T (dy, da, i1, o). (87)

where (i) follows from the fact that k > 1, L = (k+1)¢ and o = 517, and (ii) follows from eq. (85).
Recall L = (1 4 x)¢. Then, eq. (87) implies that

E[[| V()]
£¢(x0) — P 135/{256
T T
+ 315K2WA(d1, da, p1, /AQ) + 24OI€Q7T5(CZ1, do, pi1, th2) + 157T(d1, da, 11, ,UQ). (88)

Recalling Lemma 15, we have

(dy + do)252 402
2 S

< 288(k + 1) + 420K%€(S1,0) +

LM 13
€(Sy,0) < 21 0 (dy +3)% + gmdg + 3)3.

Ifweletd) < 1,7 = max{1728(/€ + 1)6(1) z0)— " 801 Sy = M , and further let § =

oo
71%\;(11%2, ul T de(d oS and po = W’ accordmg to the deﬁmtlon of €(S7,0)
(Lemma 15), ma(d1, d2, pi1, pt2) (Lemma 23), w5(dy, da, pi1, pt2) (Lemma 24) and 7 (dy, da, 1, p12)

(eq. (72)), then we have 420x%¢(S1,0) < &,

and
€2

315k% T A(dy, do, pa, pi2) + 240675 (dv, do, i, pi2) + 157 (dy, da, pa, p2) < 5

which implies
E[|Ve(@)],y) < E[IVE(#)[l3] < e.
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We also let S3, = w, Soy = w and q = 13268(22’_‘1). Then, the total sample
complexity is given by

T
T (Sa + Sa) -t || St i+ ) + T

2

<o (“-W~n> +6 <':-':2-(d1+d2)) + 6 (dar log(k))

which completes the proof. O

C.6 PROOF OF COROLLARY 2

In the finite-sum case, recall that
1 n
i=1

Here we modify Algorithm 5 by replacing the mini-batch update used in line 6 of Algorithm 4 with
the following update using all samples:

ii F($t+5€j,yta§i) _F(xt _6ej7yt7§i>e‘
20 »

1
V¢ —
n

i=1j=1

n ds
1 F(xtayt+6eja§i)_F(mt7yt_6ej7€i)
=522 25

€j,
i=1j=1
where e; denotes the j-th canonical unit basis vector. In this case, if mod(k, g) = 0, then we have

2 2
< (dl-‘rdg)g 1)

i 15
€(81,0) < 5 + ;zQ(dl +3)3 + 7262((12 + 3)3. (89)

Case 1: n > k2

Substituting eq. (89) into eq. (88), it can be checked easily that under the same parameter settings for
84, T, 0, p1 and pio in Theorem 2, we have

E[|Ve(@)],] < E[IVE(#)[l3] < e

Then, let Sz, = 5600(dy + 4)ky/n, S2, = 5600(dy + 4)k/n and ¢ = 2183%":{;7 Recalling

the sample complexity result of ZO-iSARSH in the finite-sum case in Appendix C.4, we have
To = O (da(k + n) log (k)). The total sample complexity is given by

T
T-(S2,0 + S2,y)-m+ [q“ - S1-(dy +d2) +Tp

<o (g (dy + do)v/n - H) ) (U%J n-(da +d2)) + O (da(k + ) log())
=0 ((d1 + d2)(vnr®e > +n)) + O(da (K + kn) log(k)).

Case2: n < k2

In this case, we let Sy ;, = 56(d1 + 4) + 420, Sa,,, = 56(d2 + 4) + 420 and ¢ = 1. Then we have

(dy + do) 0262
2

Given the value of S, and S ,, it can be checked that the proofs of Lemma 20 and Lemma 24 still
hold. Following from the steps similar to those from eq. (71) to eq. (79), we obtain

2 2
Al <ep= +%€2(d1+3)3+%€2(d2+3)3, forall 0<t<T—1. (90)

T-1 T2
5

E 6y < 260 + §T€A + 60%a* E E[[|vel|3] + 2T75(d1, do, p1, o). (2]

t=0 t=0
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Substituting eq. (90) and eq. (91) into eq. (71) yields

a  La?\ =
(5-5) S
t=0

(i) =
< &(z0) — E[@(r)] + 4arS) + Tar’Tea + 1200 > E[||vyf3]
t=0
+ 4ar?Trs(dy, da, pi1, o) + QT (dy, da, pi1, o), (92)

where in (i) we use L = (1 + k){. Rearranging eq. (92) yields
La?

T-1
o 2 3 2
(2 - 12« ) tz:; E[Hthg]

< D(x0) — E[@(x7)] + 4ar?0) + Tar?*Tea + 4ar*Trs(dy, da, pr, po) + oTr(dy, da, p, pi2).

(93)
Letting o = 8%’ we obtain
a La? 1
— - —12I%% = —. 4
2 2 RETY? G
Substituting eq. (93) into eq. (94) and applying Assumption 1 yield
T—1
> Elllvelf3] < 32L(S(x0) — D) + 16575} + 285> Te s + 165> Tms (d, da, ua , 112)
t=0
+ 4T7T(d17d27M17M2)~ (95)
Substituting eq. (95) and eq. (90) into eq. (86) yields
T—1
2
> ElIVe(z)ll5)
t=0
T-1 T-1
<612 6 +6Tea+3 Y Ef|vell3] + 377 (dy, da, pua, ra)
t=0 t=0
T-1
< 12670, + 21K Ten +4 Y E[l|vil[3] + 126> T s (da, da, pir, o) + 3T (dy, da, ua, i)
t=0
< 128L(P(x0) — D*) + T6K25() + 1336 Ten + T6k>*Tms(dr, do, p1, p2) + 1977 (dy, da, i1, pi2).
(96)

Recall that L = (1 4 x)¢. Then, eq. (96) implies

P

@ _ *
E[||Vd(2)|2] < 128(k + 1)4% +133k2en +

76K25!
7 O 4+ 76K%75(dy, da, pn, i)

+ 197 (dy, da, p1, pi2)-

If we let 6 < +, T = max{640(x + I)EW, 38051 and let 11, pi2 and § follow the same
setting in Theorem 2, then we have

E[|V®(2)],] < \/E[|[VE(2)||3] < e

Recall the sample complexity result of ZO-iSARSH in the finite-sum case in Appendix C.4. Then,
we have Ty = O (da2(k + n) log (k)). The total sample complexity is given by

T-(Soq+ S2y) -m+ {ﬂ -S1 - (dy +do) +To
<0(5 (d+d)r)+6([5] n (@ +d))+6 @l +n)logn)

= O ((d1 + do)(K* + kn)e?) .
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