A Experimental Details

For the experiment in Figure 3, the input data consists of 1000 data points sampled from a multivariate
Gaussian distribution: x ~ A(0, I5). The target is generated by a linear transformation y = v - ,
where the norm of v is rescaled to obtain different values of ||E[xy]]|| as the control parameter of the
simulation. The models are with D = 2 neural networks with bias terms and with hidden width 32 for
both hidden layers. The training proceeds with gradient descent with a learning rate of 0.1 for 10*
iterations when the training loss has stopped decreasing for all the experiments.

For the CIFAR10 experiments, we train a standard ResNet18 with roughly 10" parameters under
the standard procedure, with a batch size of 256 for 100 epochs.m For the linear models, we use a
hidden width of 32 without any bias term. The training proceeds with SGD with batch size 256 for
100 epochs with a momentum of 0.9. The learning rate is 0.002, chosen as the best learning rate from
a grid search over [0.001,0.002, ...,0.01].

B Proofs

B.1 Proof of Lemma 1

Proof. Note that the first term in the loss function is invariant to the following rescaling for any a > 0:

{Ui - aUs; @1

Wij = Wij/a;
meanwhile, the L, regularization term changes as a changes. Therefore, the global minimum must
have a minimized a with respect to any U and W.

One can easily find the solution:

W2\ (e W2\
% : 2772 ij w Zaj Vi
a” =argmin | v,a"U; +’sz ):(2) . (22)
a ( b a2 ’yuUi

.. w2
Therefore, at the global minimum, we must have ~,a>U? = 7, ¥.; —3*, so that

(UF)? = (@ U)* = 22 ) (23)
u g

which completes the proof. O

B.2 Proof of Lemma 2

Proof. By Lemma 1, we can write U; as b; and W;. as b;w; where w; is a unit vector, and finding the
global minimizer of Eq. (2) is equivalent to finding the minimizer of the following objective,

2
Eoe l(Z b} eiwij; ~ y) ] + (v + 7003, (24)
i,

2 2
=E, l(Zb?wijxj—y) ]+022b? (Zwikmk) +(’yu+'yw)||b\|§, (25)
iy 7 &

The lemma statement is equivalent to b; = b; for all ¢ and j.

We prove this by contradiction. Suppose there exist ¢ and j such that b; # b;, we can choose 7 to
be the index of b; with maximum bf, and let j be the index of b; with minimum b?. Now, we can
construct a different solution by the following replacement of b;w;. and b;w;.:

{b?wi; - cv;

b?wjg - v,

(26)

Specifically, we use the implementation and training procedure of https://github.com/
kuangliu/pytorch-cifar, with standard augmentations such as random crop, etc.
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where ¢ is a positive scalar and v is a unit vector such that 2¢*v = b7w;. + b3w;.. Note that, by the

triangular inequality, 2¢% < b? + b?. Meanwhile, all the other terms, by, for k + ¢ and k # j, are left

unchanged. This transformation leaves the first term in the loss function (25) unchanged, and we now
show that it decreases the other terms.

The change in the second term is

2 2 2 2
1

(bl2 %wikxk) + (bf zk:wjkxk) -2 (02 ijvka?k) = 5 (sz Zk:wika:k + b]2» %wjkajk) . @27

By the inequality a® + b2 > (a + b)?/2, we see that the left-hand side the larger than the right-hand

side.

We now consider the L, regularization term. The change is

(Yu + 'Vw)(bz2 + b?) = 2(yu + ’Yw)c27 (28)

and the left-hand side is again larger than the right-hand side by the inequality mentioned above:
2¢% < b? + b2. Therefore, we have constructed a solution whose loss is strictly smaller than that of the
global minimum: a contradiction. Thus, the global minimum must satisfy

Ul =U; (29)
for all ¢ and j.

Likewise, we can show that U;W;. = U;W;. for all 4 and j. This is because the triangular inequality
2¢* < b7 + b7 is only an equality if U;W;. = U;W.. If U;W;. # U; W, following the same argument
above, we arrive at another contradiction. O

B.3 Proof of Theorem 1
Proof. By Lemma 2, at any global minimum, we can write U, = br for some b € R. We can also write

W, =rov” for a general vector v € R%. Without loss of generality, we assume that b > 0 (because the
sign of b can be absorbed into r).

The original problem in Eq. (2) is now equivalently reduced following problem because r’'r = d;:
2 2
nlrjlinEI l(bdl Zvjxj —y) +b%d o (kaaﬁk) ]+7ud1b2 +7wd1||v||§. (30)
U j k

For any fixed b, the global minimum of v is well known:'!

v =bE[zy]" [0* (0% +d1) Ao + 7w l] . 31)
By Lemma 1, at a global minimum, b also satisfies the following condition:
b = 22l (32)
Yu

One solution to this equation is b = 0, and we are interested in whether solutions with b # 0 exist. If
there is no other solution, then b = 0 must be the unique global minimum; otherwise, we need to
identify which of the solutions are actual global minima. When b # 0,

2
- u

: (33)
Yw

H [V (0% +dy) Ag +ywI] " Efay]

Note that the left-hand side is monotonically decreasing in b2, and is equal to +;,%||E[xy]||* when
b =0. When b - oo, the left-hand side tends to 0. Because the left-hand side is a continuous
and monotonic function of b, a unique solution b, > 0 that satisfies Eq. (33) exists if and only if
Yo IELzy]lI* > Yu/ Y00, o,

IELzy]I > yu - 34

""Namely, it is the solution of a ridgeless linear regression problem.

15



Therefore, at most, three candidates for global minima of the loss function exist:
b=0,v=0 ) if |E[2y]]|? < Yayw;
b= zb., U:b[b2 (02+d1)A0+7wI]_ E[zy], ifHE[xy]||2>'7u7wa

where b* > 0.

(35)

In the second case, one needs to discern the saddle points from the global minima. Using the
expression of v, one finds the expression of the loss function as a function of b

E[z'y]%a; E[z'y]?
dy(dy + 02)b g2 : E[y’
1( 1+0 ) Zi:[b2(0'2+d1)ai+’yw:|2 1Zijb2(o-2+d1)ai+ryw + [y :|

E[z'y]?b?
+ vudi b + vd d ,
Tutr? 1;[b2(02+d1)ai+%,]z

where 2’ = Rz such that RAgR™! is a diagonal matrix. We now show that condition (34) is sufficient
to guarantee that 0 is not the global minimum.

(36)

At b = 0, the first nonvanishing derivative of b is the second-order derivative. The second order
derivative at b = 0 is

=20 |[E[2y]|I* /v + 2y, (37)
which is negative if and only if ||[E[zy]||*> > Yuyw. If the second derivative at b = 0 is neg-
ative, b = 0 cannot be a minimum. It then follows that for |[E[zy]|]* > YuYw, b = %b,

v=>b[b* (0% +d1) Ao + 'wa]_l E[zy],if [|[E[2y]||* > Yu Ve are the two global minimum (because

the loss is invariant to the sign flip of b). For the same reason, when ||E[zy]||?> < V47w, b = 0 gives
the unique global minimum. This finishes the proof. O

B.4 Proof of Proposition 1

Proof. We first show that there exists a constant r such that the global minimum must be confined
within a (closed) r-Ball around the origin. The objective (9) can be upper-bounded by

D B B
B, ©) > 1ullU1P+ 33l WOI > v (||U||2 . ||W<Z>||2), (38)
=1 7

where Yiin = Mile(y,1,2,...,p} > 0. Now, let w denote be the union of all the parameters (U, W)
and viewed as a vector. We see that the above inequality is equivalent to

Eq. 9) 2 Yol (39)
Now, note that the loss value at the origin is E[¢?], which means that for any w, whose norm
|lw||* > E[4%]/Ymin» the loss value must be larger than the loss value of the origin. Therefore, let

r = E[y*]/¥min, We have proved that the global minimum must lie in a closed r-Ball around the
origin.

As the last step, because the objective is a continuous function of w and the r-Ball is a compact set,
the minimum of the objective in this r-Ball is achievable. This completes the proof. O

B.5 Proof of Theorem 2

We divide the proof into the proof of a proposition and a lemma, and combining the following
proposition and lemma obtains the theorem statement.

B.5.1 Proposition 4

Proposition 4. Any global minimum of Eq. (9) is of the form

U= buI'D;

WO =birix] (40)
WO =11 Elay]T (bu 1125 bi ) p [ (ba T11250:)%52 (0% + dy ) Ao + wa]_l ,

where i = ng d;, s* = HiD=2 di(0? +d;), by > 0and b; > 0, and v; = (£1,...,+1) is an arbitrary
vertex of a d;-dimensional hypercube for all i.
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Proof. Note that the trivial solution is also a special case of this solution with b = 0. We thus focus on
deriving the form of the nontrivial solution.

We prove by induction on D. The base case with depth 1 is proved in Theorem 1. We now assume
that the same holds for depth D — 1 and prove that it also holds for depth D.

For any fixed W), the loss function can be equivalently written as

1D “ip 1211

11,82,..,D =2

2
dy,dz,...dp D 4
EzEe) o) ( U E(D)...GES)W-(Z-) Ty — y) + 7 [U]7 + > il [W D12 + const.,
(4D

where = 61(1) > Wi(lli)a:,». Namely, we have reduced the problem to a problem involving only a

depth D -1 linear net with a transformed input Z.

By the induction assumption, the global minimum of this problem takes the form of Eq. (10), which
means that the loss function can be written in the following form:

di,ds,...dp D) (2 2
EiEE(Q)"__,e(D) b,bp...bs Z € -€iy vil‘%il -yl + Lo reg., 42)
91,82,..,2D

for an arbitrary optimizable vector v;,. The term ij Czlfj’ ez(.g)...eg) :

single random variable such that E[n] = HE d; == pand E[n?] = I—[Z d; (02 +d;) := s%. Computin
g n i=2 w n i=2 i puting

=1 can now be regarded as a

the expectation over all the noises except for e(1), one finds
2
Ez (bubD...ng Zvilcﬁil - Hy) + Lo reg. + const. 43)
i1 &
2
=E, .o (bubp...bgs Z vilegll)Wi(lli)xi - My) + Lo reg. + const., 44)
. L s
1,01

where we have ignored the constant term because it does not affect the minimizer of the loss. Namely,
we have reduced the original problem to a two-layer linear net problem where the label becomes
effectively rescaled for a deep network.

For any fixed b,, ..., b3, we can define 7 := b, bp...bssx, and obtain the following problem, whose
global minimum we have already derived:

2

EiBe o Dvnwlz -2 45)
i1 S

By Theorem 1, the global minimum is identically 0 if |[E[uzy/s]|]* < d2y271, or, E[zy] <

b (11D, ) When E[zy] > 0 (10, 4) the solution can be non-trivial:

vy = byry;
{W* = iﬂlE[xy]Tub;bg...bu [(b5)2d3...d25 0282 (02 + dy ) Ag + 1] (46)
for some b5. This proves the theorem. O
B.6 Lemma3
Lemma 3. Af any global minimum of Eq. (9), let by := \/W and bpyq = by,
Yier1 i1 Uiy = V-1 b3 (47)
Proof. 1t is sufficient to show that for all k£ and ¢,
et (W) = (W) (48)
ij ij
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We prove by contradiction. Let U*, W* be the global minimum of the loss function. Assuming that
for an arbitrary k,

e L (W2 2 (W2, (49)
1] (%]

Introduce W such that W5*** = aW " ** and W* = W;* /a. The loss without regularization is
invariant under the transformation of W* — W%, namely

Lo(W*) = Lo(W*). (50)

In the regularization, all the terms remain invariant except two terms:

{’Yk-+1 Zij(W?kH)Q > VYk+1 Zij(WﬁkH)z = a2’7k+1 Zij(W;i’kHF 51)

e i (W7 )% =W Zij(W;-‘;k)Q =a %y Zij(W;{k)Q

It could be shown that, the sum of a®y1 ¥ (V[/j*i’kJ'l)2 and a7y, ¥y (V[/j"i’k)2 reaches its mini-
Tk Xij (W;k)z
Yierr Ty (W2
minimize the regularization terms in the loss function such that L(W®) < L(W™*), indicating W* is
not the global minimum. Thus, yx41 Zij(WJZ’k+1)2 7 Zij(Wé’k)Q cannot be true. O

2:

mum when a If Vis1 Zij(W;i’k*l)2 £ Vi Zij(Wi*j’k)Q, one can choose a to

B.7 Proof of Proposition 2

Proof. Let

'D%ip 111

dr da,..dp b 2
Lo=E:Ee | Y Upe? eéPwiha—y]| . (52)

91,82,..,2D

Ly is a polynomial containing 2D + 2th order, D + 1th order, and Oth order terms in terms of
parameters U and W. The second order derivative of L is thus a polynomial containing 2D-th order
and (D - 1)-th order terms; however, other orders are not possible. For D > 2, there are no constant
terms in the Hessian of L, and there is at least a parameter in each of the terms.

The Hessian of the full loss function with regularization is

O*L 9%Lo
aQUin = 32(],in + (1 - 6%])2'7u(U7, + Uj) + 52]271“ (53)
0*L 0%Lg ,
~ - : 2(Y W WU 54
W0 - ooy oWkt (54
9?L 9%Lo

s~ s T = 610 jmOkn ) 2Ye0 (Wi, + W) + 6306 jm0kn 2V (55)
jk'" mn jk’'mn

For U = 0, W = 0, the Hessian of L is 0, since each term in L contains at least a U or a W. The
Hessian of L becomes

9%’L
PUUj g weo ! o
2
e 67
Wi UW=0
O*L
Motiri tirl = 6zl6 ’mékn27w- (58)
2 7 l J
PW i Whnlywoo

The Hessian of L is a positive-definite matrix. Thus, U = 0, W = 0 is always a local minimum of the
loss function L. O
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B.8 Proof of Proposition 3

We first apply Lemma 3 to determine the condition for the nontrivial solution to exist. In particular,
the Lemma must hold for W) and W) , which leads to the following condition:

b2l [v2Pdl (6% + do)P Ag + 4] ' E[xy]|* = 1. (59)

Note that the left-hand side is a continuous function that tends to 0 as b — oo. Therefore, it is
sufficient to find the condition that guarantees that there exists b such that the L.h.s. is larger than
1. For any b, the Lh.s. is a monotonically decreasing function of any eigenvalue of Ag, and so the
following two inequalities hold:

{IlbD'ld(’?‘l(bwdoD(U2 +do)P o2 + ) Elay]l| < b1 dg " (0°Pdg (0 + do) P amin +7) T E[ay]|
[bP=1dg = (b P (0% +do) Do + ) " E [yl 2 P71 dg T (5P dg (0% + do) P amax + ) T E[2y]|l.
The second inequality implies that if (©0
6P~ ad 0P dE (02 + do) P amax +¥]) " Elzy]l| > 1, (61)
a nontrivial solution must exist. This condition is equivalent to the existence of a b such that
dg’ (0% + do)” amaxb®” — [[E[zy] |7 dg ™" < =, (62)

which is a polynomial inequality that does not admit an explicit condition for b for a general D. Since
the Lh.s is a continuous function that increases to infinity as b — oo, one sufficient condition for (62)
to hold is that the minimizer of the Lh.s. is smaller than ~.

Note that the left-hand side of Eq. (62) diverges to oo as b — +oco and tends to zero as b — 0.
Moreover, Eq. (62) is lower-bounded and must have a nontrivial minimizer for some b > 0 because
the coefficient of the b”~! term is strictly negative. One can thus find its minimizer by taking
derivative. In particular, the left-hand side is minimized when

2Ddo (02 + do)Pamayx

and we can obtain the following sufficient condition for (62) to be satisfiable, which, in turn, implies
that (59) is satisfiable:

D-1
D+1 _ (D -1)||E[zy]|] b+t
E dd! 64
o eyl (2Dd0(02+d0)DamaX - (©4)

which is identical to the proposition statement in (15).

Now, we come back to condition (60) to derive a sufficient condition for the trivial solution to be the
only solution. The first inequality in Condition (60) implies that if

P14 [P dE (02 + do)Pamin + 7] Efzy]l| < 1, (65)

the only possible solution is the trivial one, and the condition for this to hold can be found using the
same procedure as above to be

D-1
D+1 - (D-D|E[zy]]] |7
E db-1 < 66
2D || [Z’y]” 0 (2Dd0(02+d0)Darnin S, ( )

which is identical to (14).

We now prove the upper bound for the solution in ((16)). Because for any b, the first condition in 60
gives an upper bound, and so any b that makes the upper bound less than 1 cannot be a solution. This
means that any b for which

167 g~ [0*P dg (0% + do )P ammin + ] Efay]l < 1 (67)
cannot be a solution. This condition holds if and only if

dP (0% + do) P aminb®? — ||E[zy]||pP1dE~ > —. (68)
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Because ~ > 0, one sufficient condition to ensure this is that there exists b such that

do(0% + do) P aminb®? - ||E[zy]|[pP " > 0, (69)
which is equivalent to
1
IE[zy]l o
b . 70
g |:d0(02+d0)Damin ( )

Namely, any solution b* satisfies

. S[ [ELzy]| ] | o

d0(0'2 + do)Damin

We can also find a lower bound for all possible solutions. When D > 1, another sufficient condition
for Eq. (68) to hold is that there exists b such that

IELzy]lldg 6P~ <. (72)
because the b2P term is always positive. This condition then implies that any solution must satisfy:
o
1 =
. [7] . (73)
do | [IE[zy]]

For D =1, we have by Theorem 1 that
b* >0 (74)

if and only if E[xy] > «. This means that

1
. ) 1] v+n [P oo ifE[xy] >7;
b* > lim lim — = . . 75

n—0* D1+ dj [||E[xy]||] 0 ifE[zy] <. (75)

This finishes the proof. O

B.9 Proof of Theorem 3

Proof. When nontrivial solutions exist, we are interested in identifying when b = 0 is not the global
minimum. To achieve this, we compare the loss of b = 0 with the other solutions. Plug the trivial
solution into the loss function in Eq. (9), the loss is easily identified to be Lyyivial = F [yQ]

For the nontrivial minimum, defining f to be the model,

d,dy,dz,...dp

f@y= Y U)W e Pwa (76)
2,21,22,...42D
= ndy B PE[zy]" [b°Pdf (0 + do) P Ag +7I] 'z, 77)

where, similar to the previous proof, we have defined Z’Ldll,’-‘-.-.(fg 61(]13))”.61(11) := 1 such that E[n] =

[1° d; = dY and E[?] = [17 d;(0? + d;) := d¥ (o + do)P. With this notation, The loss function
becomes

E.E,(f(z) -y)* + Ly reg. (78)

=Eon[f(2)?] - 2Ba [y f (2)] + Eo[y°] + L2 reg. (79)
_ Z d%D(J2 + dO)Db‘lDaiE[x’y]? ~ Z d%DbQDE[x’y]?

= [dD (02 + do)Pa;b?P + ]2 dP (02 +do)Pa;b?P +~

i %

+E.[y?] + Ly reg.  (80)

The last equation is obtained by rotating z using a orthogonal matrix such that R~* AR = diag(a;)
and denoting the rotated x as 2’ = Rz. With 2/, The Lo reg term takes the form of

dg"v*P|[E[z"y]i|?
(dD (02 + dg)Pb?Pa; + )2

Ly reg. = fdeng +y Z

%

81)
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Combining the expressions of (81) and (80), we obtain that the difference between the loss at the
non-trivial solution and the loss at 0 is

5
[d (02 + do)Pa;b?P + ]

i

+~yDd2b%. (82)

Satisfaction of the following relation thus guarantees that the global minimum is nontrivial:
5 EPEPELN:
[dP (02 + do)Pa;b?P + ]

%

> yDd2b>. (83)

This relation is satisfied if
dgPv*P |E[zy]|)?

b2D—2 ,YD

> yDd2b? (84)

> . 85
[P (77 + d0) PP 47~ BB Ley]lP )
(86)
The derivative or 1.h.s. with respect to b is
v?*P3[(2D - 2)y - 2dE (0% + do) P amaxd®P ] &)

[dB (02 + do) P amasb?P +~]?

For b,~ € (0, 00), the derivative dives below 0, indicating the Lh.s. of (86) has a global maximum at
a strictly positive b. The value of b is found when setting the derivative to 0, namely

b2D73[(2D _ 2)»)/ _ 2d0D(0'2 + dO)Damamd2D]

=0 88
[dE (02 + do) P amasb?P +7]? (88)
(2D - 2)y - 2d5 (0% + do) P tmaed®” = 0 (89)
D-1)y
v?P = ( : 90
d¥ (02 + do)Pamas ©0)
The maximum value then takes the form
D-1)7%"
- ( ) ot 1)
Do dP=1(0? +do) P anis
The following condition thus guarantees that the global minimum is non-trivial
(D-1)'F > D (92)
DybdDY (02 +do)P-laph, 9o IE[zy]l?
D+1 D1
—D2 2 d D-1 mDaz
Efay]|f > LD+ o) ©3)
dy " (D-1)"D
This finishes the proof. O
B.10 Proof of Theorem 4
Proof. The model prediction is:
et ) @@ Oy
flx):= N Z . Uip€i, €, Wig € Wi ix (94)
1,21,22,..,2D
= ndP *PE[zy]" [0*PdE (02 + do)P o1 + yI] 'a. (95)
One can find the expectation value and variance of a model prediction:
d2Db2DE T
B, /()] = e ULl (96)

b2DdP (02 +dy)Po2 +
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For the trivial solution, the theorem is trivially true. We thus focus on the case when the global
minimum is nontrivial.

The variance of the model is

Var[f(2)] = E[f(2)*] - E[f(2)]? ©O7)
@ d) ROV B dPEP )T
[(b2PdE (02 + dy)P o2 +~]? [(b2PdB (02 + dy)P 202 +~]?

_ d3P[(0? +do)® — d o™ (E[wy]" x)?
B [62PdP (02 + dg)Po2 + ]2
;P [(0? +do)” — dF 1P+ (E[xy] " 2)?
- ; 7 (100)
[E[zy]l

where the last equation follows from Eq. (13). The variance can be upper-bounded by applying (16),
dy' [(0® +do)® - df J(E[zy]"2)? _ dg[(0® +do)” - df’]
o< .

99)

Vv < 101
ar[f(x)] (0’2+d0)2D0'% (0.2+d0)2D ( )
We first consider the limit dy — oo with fixed o2:
Dd2D—10_2 1
|4 —0 - - (—) . 102
ar[f(z)] o< (do + 02)2D do (102)
For the limit 02 — oo with d; fixed, we have
1
Additionally, we can consider the limit when D — oo as we fix both o2 and do:
Var[f(z)]=0 (e_DQIOg[(”2+d°)/d°]) , (104)

which is an exponential decay. O

C Exact Formof b* for D =1

Note that our main result does not specify the exact value of b*. This is because b* must satisfy
the condition in Eq. (6), which is equivalent to a high-order polynomial in b with coefficients being
general functions of the eigenvalues of Ay, whose solutions are generally not analytical by Galois
theory. One special case where an analytical formula exists for b is when Aq = 021. Practically, this
can be achieved for any (full-rank) dataset if we disentangle and rescale the data by the whitening

transformation: = — o, Aalaz. In this case, we have

Y (02+dy)e2 (105)
and

(106)

oi(0?+dr)  |[E[zy]ll

where v = W;..

D Effect of Bias

This section studies a deep linear network with biases for every layer and compares it with the no-bias
networks. We first study a general case when the data does not receive any preprocessing. We then
show that the problem reduces to the setting we considered in the main text under the common data
preprocessing schemes that centers the input and output data: E[z] = 0, and E[y] = 0.
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D.1 Two-layer network

The two-layer linear network with bias is defined as

Fola; U W, 7, 8%) = 3T eiUy(Wi -+ V) + 87, (107)
where 3" € R% is the bias in the hidden layer, and 5Y € R is the bias at the output layer. The loss
function is

Ly(U,W. 89, 8") =Eeay [ Ui Wi+ 8) + 87 = )] + Lo (108)

=B, [(UWz+UBY +8Y —=y)? + 0> S U (Wi -z + B))? (109)
+ 7 (IU17 + (BY)?) + 2 (W + 8™ 11%). (110)

It is helpful to concatenate = and 1 into a single vector z’ := (z,1)T and concatenate W and 8" into
a single matrix W’ such that W, %, x, and W, 2’ are related via the following equation

Wz + Y =W (111)
Using W' and z’, the model can be written as

fola U W' BY) = Y U W o' + . (112)

The loss function simplifies to

Ly(U, W', ) = Ee.ay [ &UWi 2" + 87 = )] + (U1 + (B9)%) + 7 W' (113)

Note that (113) contains similar rescaling invariance between U and W' and the invariance of aligning
W/ and WJ’ One can thus obtain the following two propositions that mirror Lemma 1 and 2.

Proposition 5. At the global minimum of (108), U7 = 1= (W7 +(8))?).

Proposition 6. At the global minimum, for all i and j, we have
U?=U j2;
UiWi; = Ujo;; (114)
Uzﬂzw =U; BJW .

The proofs are omitted because they are the same as those of Lemma 1 and 2, substituting W by W,
By following a procedure similar to finding the solution for a no-bias network, one finds that

Theorem 5. The global minimum of Eq. (108) is of the form

U =br;
U - dlb[(d1+02)%b—l]vE[r]—(dl 252 1)E[y]

(dr+o?)ds b (ru-2)ds 2262 1y 4] (115)
v T
W =rb{E[z] [b2 (d + bo®) = 1] B¥ + Elay]} [b*(dh +0?)Ag + 3 l]7;

BY = -r2eba",

where b satisfies

v (CLSS ] - Efay)) (M) 2(CS S o] - Efay))T + 2 (SE[y] - b2 E[e] M Elay])

7ub2 = b 2 )
(b2 E[2]M1E[2]T - 1)

(116)

where M, S1, 52,53, Sy are functions of the model parameters and b, defined in Eq. (122).

23



Proof. First of all, we derive a handy relation satisfied by 3Y and 3" at all the stationary points. The
zero-gradient condition of the stationary points gives

E,y[2(UWz +UBY +8Y —y)|U + 27,8 = 0;
) W, AU U 117)
E, ,[20UWz+UBY + % —y)] +2v.,8" =0
leading to
UruBY + 708" =0 (118)
BYW = TegypY. (119)

w

Proposition 5 and proposition 6 implies that we can define b := |U;| and bv := U;W;.. Consequently,
U; ﬂiW = —%bQ BY, and the loss function can be written as

2 2
E, [(bdl D og; = (di 2 Tu - 1) - ) + b2dy o (kaxk - %bﬂU) ]+7ud1b2
J k Yw

w

b2d1 7,
+7wd1||v||§+%( 717 +1)(ﬂU)2. (120)

The respective zero-gradient condition for v and Y implies that for all stationary points,

v=[b*(d1 +0%)Ag + fyu,I]‘lb{E[a:] [b;’; (di +bo?) - 1] BY + E[xy]},
B = dlb[(d1+a )Wb 1]@@[ o] (1 226-1)E[y] (121)

(d1+a2)d1 b4+(vu—2)d1 T p2 4y +1

To shorten the expressions, we introduce
M = b2(d1 + 02)A0 + ’wa;
Sy=b2=(dy + bo?) - 1;
Sy =dib [(d1 + 02)%’:6— 1] ; (122)
S3 = d1 b2
Sy = (dl + 02)d1 r b0+ (yu = 2)d 2407 + v + 1.
With M, Sy, S5, 53,54, we have

M1b(E[2]S, 8V + E[zy]):
{;U SW +Efay]) (123)

The inner product of v and E[z] can be solved as

$5E[2]M~"E[«] S, E[y] - E[¢]M~E[zy]

vE[z]=b 124
L] bEE[z]M'E[x]S) -1 (129
Inserting the expression of vE[] into the expression of 3Y one obtains
E[y] - bSE[z]M'E
gY = S3E[y] - bS,E[x] [zy] (125)
bE[l‘]M_lE[l‘]Slsg - 54
The global minimum must thus satisfy
b2dyv.
b = el + (B2 (126)

e CUE B le] - Blay ) ()P (L2 Ela] - Elay])T + 2 ($Ely] - b2 E[]ME[zy])

2
(b2 E[2]ME[2]7 - 1)
127
This completes the proof. O
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Remark. As in the no-bias case, we have reduced the original problem to a one-dimensional problem.
However, the condition for b becomes so complicated that it is almost impossible to understand. That
being said, the numerical simulations we have done all carry the bias terms, suggesting that even
with the bias term, the mechanisms are qualitatively similar, and so the approach in the main text is
Jjustified.

When E[z] = 0, the solution can be simplified a little:
U =rb;
g -

Gaav E[y):

2
(di+02)d1 75 b+ (yu=2)d1 2 b2+, +1

> T 128
W =rbE[xy]T [b%(dy + 02) Ag + Y I]7Y; (12
Ju 2
BW:rWJb le'mb ! ]E[yL
Yw (d1+02)d13—§‘b4+(7u—2)d1 ;’—Zb2+’yu+1
where the value of b is either O or determined by
dy 252 ’
2 1*“ -1
T = Vol Elay] [ (d1 +0%) Ag+y I] P+ B[y YIS
Yew (dy +02)d17—;b4+ (fyu—2)d13—“b2 +Yu+1
(129)

In this case, the expression of W is identical to the no-bias model. The bias of both layers is
proportional to E[y]. The equation determining the value of b is also similar to the no-bias case. The
only difference is the term proportional to E[y]%.

We also note that the solution becomes significantly simplified when E[z] = 0 and E[y] = 0. This

could be seen by finding the partial derivative of L with respect to 3" and 3V and then setting them
to 0. When E[z] = 0, E[y] = 0, one obtains:

gt = UUBY + UiV + 781 = 0;
oL W, U U (130)
657[] = Uﬁ + /6 + ’Yu/g =0.
These equations lead to
U~uBY + 78" =0, (131)
implying
U
= 07
{gw _ 0. (132)

In practice, it is common and usually recommended practice to subtract the average of x and y from
the data and achieve precisely E[x] = 0 and E[y] = 0. We generalize this result to deeper networks in
the next section.

D.2 Deep linear network

Let B be a (X7 d; + 1)-dimensional vector concatenating all 5, 3, ..., 87, 3V, and denoting the

collection of all the weights U, wPh, .. wlt by w, the model of a deep linear network with bias is
defined as

fo(ze, WP, Wt U gP,...5"8Y) (133)
=7 o U)((” o WD) (.((2 o WY (Wa + 51) + 87)...) + B7) + 87 (134)
=(Y o U) (P o WP)...(E o WHW 'z + (Y o U) (P o WP)...(2 o W?) 3! (135)
+ (Yo U o W) (o W2+ ..+ (Yo )BP + Y (136)
=(Y o U) (P o WP)...(2 e W)W + bias(w, B), (137)
where
bias(w, B) = (GUOU)(EDOWD)...(E2OW2)ﬂ1+(EUOU)(GDOWD)...(630W3)ﬁ2+...+(6UOU)(51§8+)5U,
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and o denotes Hadamard product. The loss function is

Lb(x7yaw7ﬂ) = Eew,y[(fb(xawﬂﬁ) - y)Q] + LQ(w7ﬁ) (139)

Proposition 5 and Proposition 6 can be generated to deep linear network. Similar to the no-bias case,
we can reduce the landscape to a 1-dimensional problem by performing induction on D and using the
2-dimensional case as the base step. However, we do not solve this case explicitly here because the
involved expressions now become too long and complicated even to write down, nor can they directly
offer too much insight. We thus only focus on the case when the data has been properly preprocessed.
Namely, E[z] = 0 and E[y] = 0.

For simplicity, we assume that the regularization strength for all the layers employs the value . The
following theorem shows that When E[z] = 0 and E[y] = 0, the biases vanish for an arbitrarily deep
linear network:

Theorem 6. Let E[x] = 0 and E[y] = 0. The global minima of Eq. (139) have ' = 0,% =
0,...02=0,8Y =0.

Proof. At the global minimum, the gradient of the loss function vanishes. In particular, the derivatives
with respect to S vanish:

aLb(x7yaw7ﬂ) _

95, 0; (140)

B | 222D 0, ) - ) -0 (141
Eeay [amczg(ﬁmﬂ)(fb(m7wyﬂ)_y) +7B; = 0; (142)

B [ 220 (B 0, ) - B |+ 261 0. (143

where $3; is the ith element of 3. The last equation is obtained since f,(x,w, ) is a linear function
of x. Using the condition E[x] = 0 and E[y] = 0, Equation (143) becomes

Obias(w, B)
E[ 95,

bias(w, B) is a linear combination of 3;. Consequently, dbias(w, 3)/05; does not depend on f3,
and bias(w, §)bias(w, 3)/dP; is a linear combination of ;. The Y.° d; + 1 equation derived from
vanishing gradient yield a set of Y7 d; + 1 linear equations of the form M (w) = 0, where M (w)
isa (Z? d; + 1) X (ZZD d; + 1) matrix with dependence on w. These linear equations are linearly
independent, since the term 0 Lo (w, 8)/08; = 2v8; and is different in each of the equations. Thus,

the linear system M (w)g = 0 has (ZiD d; + 1) independent equations and (Z? d; + 1) variables.
The only possible solution to this linear system is

B=0. (145)

bias(w, 8) | +Bi = 0. (144)

This finishes the proof. O

Thus, for a deep linear network, a model without bias is good enough to describe data satisfying
E[z] = 0 and E[y] = 0, which could be achieved by subtracting the mean of the data.
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