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Abstract

We study Stochastic Gradient Descent with Ada-
Grad stepsizes: a popular adaptive (self-tuning)
method for first-order stochastic optimization. De-
spite being well studied, existing analyses of this
method suffer from various shortcomings: they
either assume some knowledge of the problem
parameters, impose strong global Lipschitz con-
ditions, or fail to give bounds that hold with high
probability. We provide a comprehensive anal-
ysis of this basic method without any of these
limitations, in both the convex and non-convex
(smooth) cases, that additionally supports a gen-
eral “affine variance” noise model and provides
sharp rates of convergence in both the low-noise
and high-noise regimes.

1. Introduction

Stochastic Gradient Descent (SGD) (Robbins & Monro,
1951) is the de facto standard optimization method in mod-
ern machine learning. SGD updates take the following form;

Weel = Wr — Nt 8t

starting from an arbitrary point w;, where 7, is the step-
size at time ¢ and g, is a stochastic gradient at w,. The
sequence of stepsizes 171,12, . . . is notoriously hard to tune
in machine learning applications (e.g., Bottou, 2012; Schaul
et al., 2013), especially when the problem parameters (e.g.,
smoothness or Lipschitz constant of the objective) or es-
timates thereof are unknown. This has popularized the
study of adaptive gradient methods (e.g., Duchi et al., 2011;
Kingma & Ba, 2015; Reddi et al., 2018; Tran et al., 2019;
Alacaoglu et al., 2020) where stepsizes are computed adap-
tively based on magnitudes of previous stochastic gradients.
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Although their non-adaptive counterparts are well studied,
optimization theory of adaptive methods is still lacking and
attract much interest, particularly in the smooth and non-
convex setting. The different types of analyses performed
by previous works in this setting revolve around the assump-
tions taken in order to establish convergence which includes
the type of noise (bounded variance, sub-Gaussian, bounded
support, affine variance, etc.), whether the true gradients or
the stochastic gradients are uniformly bounded (Ward et al.,
2019; Kavis et al., 2022), and also whether to use a step-size
that does not depends on the current stochastic gradient (Li
& Orabona, 2019; 2020) or to handle the bias introduced by
such a dependency (Ward et al., 2019; Faw et al., 2022).

We focus on perhaps the simplest and most well-studied
adaptive optimization method: SGD with AdaGrad-type
stepsizes, which we refer to as AdaSGD (also known in
the literature as AdaGrad-Norm; e.g., Ward et al. 2019; Faw
et al. 2022). For parameters 17,y > 0, AdaSGD performs
SGD updates with stepsizes

_ n
ne = s

2
y2+ 2o llgsll

where g; is a stochastic gradient at wy;.

Although numerous convergence results for smooth
AdaSGD exist in the literature (mostly in the non-convex
case, except for Li & Orabona (2019) discussed below),
they all fall short of at least one important aspect. First,
many of the existing analyses require a strong global Lips-
chitz assumption on the objective (Ward et al., 2019; Zhou
et al., 2018; Kavis et al., 2022) which does not hold even for
simple quadratic functions in one dimension, and one that
is not required for the analysis of analogous non-adaptive
methods. Second, several results assume partial knowledge
of the problem parameters, such as the smoothness param-
eter (e.g., Li & Orabona, 2019; 2020), and thus in a sense
do not fully establish the desired adaptivity of AdaSGD.
A summary of the various results for SGD with AdaGrad
stepsizes is presented in Table 1.

To our knowledge, only Faw et al. (2022) do not impose
neither of the above limiting assumptions, but their bounds
do not hold with high probability: namely, they give conver-
gence bounds with a polynomial dependence on the prob-
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ability margin (granted, under a somewhat weaker tail as-
sumption on the gradient noise). On the other hand, their
results apply in a significantly more challenging setting with
an “affine variance” noise model, where the variance of the
gradient noise is not uniformly bounded and may scale with
the squared norm of the true gradient.

1.1. Our contributions

We provide a comprehensive analysis of AdaSGD that does
not suffer from any of the former issues: for a S-smooth ob-
jective and under a general affine variance noise model, we
establish high probability convergence guarantees in both
the non-convex and convex regimes, without any knowledge
of the problem parameters and without imposing a global
Lipschitz condition on the objective nor a bound on the
distance to a minimizer. Further, our analysis is consider-
ably simpler than previous analyses of AdaSGD in similar
generality (e.g., Faw et al., 2022).

In more detail, we consider a stochastic first-order model
with affine variance noise, similar to the one of Faw et al.
(2022); given a point w € R¢ we assume that the gradient
oracle returns a random vector g(w) such that E[g(w) |
w] = Vf(w) and, with probability one, satisfies'

lg(w) = VEWII* < 0f + aEIVFW)II%,

where 0,07 > 0 are noise parameters, unknown to the
algorithm. Our main results in this setup are as follows:

* Our first main result establishes a high probability conver-
gence guarantee in the general 8-smooth (not necessarily
convex) setting. Given a B-smooth objective f, we show
that for T-steps AdaSGD, with probability at least 1 — 4,

poly(log L) o poly(log L)
+C2 >
T N

where C| and C, are quantities that depend polynomi-
ally on the problem parameters (83, 0y, 01,7, ¥; the depen-
dence on 1/y is in fact logarithmic). The formal statement
is given in Theorem 1.

T

1

T IVFeIP < €y
t=1

* QOur second main result is a convergence guarantee for
AdaSGD in the same unconstrained optimization setup
but with an additional convexity assumption. Given a -
smooth and convex objective f, we show that for T-steps
AdaSGD, with probability at least 1 — §, it holds that

f(%i

t=1

T
poly(log 5

oo poly(log £
> COPY(g5

4 s
T

'While our analysis assumes for simplicity affine noise
bounded with probability one, we provide a general reduction
to allow for sub-Gaussian noise with bounded affine variance; see
Appendix C for details.

Wt)—f*ﬁ G

where f* = min,,.ga f(w) and C3 and C4 are again
quantities that depend polynomially on the problem pa-
rameters (83, 0y, 01, 17, y; here the dependence on 1/y is
polynomial). The formal statement is provided in Theo-
rem 2.

These convergence bounds match the rates of the form
O(1/T + o/NT) for non-adaptive, properly tuned SGD
in the convex (Lan, 2012) and non-convex cases (Ghadimi
& Lan, 2013) cases, up to problem dependent constants
and logarithmic factors. However, we emphasize again that
our results hold true, with high probability, without assum-
ing uniformly bounded gradients and without requiring any
knowledge of the problem parameters (8, 09, 01). To our
knowledge, in the non-convex case our result is the first
convergence guarantee to hold with high probability (with
a proper poly-log dependence on the probability margin)
without requiring a global Lipschitz assumption—and in
fact, it holds even in a more general affine variance noise
model. Similarly, as far as we are aware, our result in the
convex case constitutes the first (high probability) analysis
of adaptive SGD updates that applies in an unconstrained
optimization setup, i.e., without restricting the updates to
a domain of bounded (and a-priori known) diameter using
projections.

Further, our bounds maintain a remarkable property of the
non-adaptive bounds for smooth SGD (Lan, 2012; Ghadimi
& Lan, 2013): as can be seen from the bounds above, they
exhibit optimal rates (in the context of non-accelerated
gradient methods) in both the high-noise and low-noise
regimes, in the sense that they improve from the traditional
stochastic 1/VT rate to a fast 1/T rate, up to logarithmic
factors and problem-dependent constants, when the addi-
tive noise parameter oy is sufficiently small: namely, when
oo = O(1/VT). In contrast to the non-adaptive bounds,
however, this interpolation between different rates occurs
automatically, without knowledge of the underlying param-
eters and their relevant regime. Unlike prior work on the
affine noise model, our rate-interpolation takes place even
when the affine term is large, i.e., when o > 0; for com-
parison, Faw et al. (2022) required that oy = O(1/VT) for
drawing a similar conclusion. For completeness, we also
provide a high probability analysis of non-adaptive, smooth
SGD (with known parameters) under the affine noise model,
complementing the result in expectation of Bottou et al.
(2018, Theorem 4.8); see details in Appendix E.

Finally, it is worth highlighting another remarkable adap-
tivity property of AdaSGD, demonstrated by our results:
the algorithm is able to automatically adapt to the opti-
mization problem at hand and the same step-size schedule
simultaneously achieves the optimal rates of convergence of
(non-accelerated) SGD in both the convex and non-convex
smooth (even unconstrained) optimization settings.



SGD with AdaGrad Stepsizes: Full Adaptivity with High Probability

Table 1:

Convergence results for non-convex SGD with AdaGrad stepsizes under different assumptions. For simplicity,

the rate column consider the dependence in T (number of steps) and o (noise variance), ignoring other parameters and

logarithmic factors.

The “high probability” column indicates results with poly-logarithmic (rather than polynomial)

dependence in the probability margin. The “convex guarantee” column indicates an additional analysis for the convex case.

ADAPTIVE UNKNOWN HIGH UNBOUNDED  AFFINE CONVEX
NON-CONVEX RATE
STEPSIZE SMOOTHNESS PROBABILITY GRADIENTS  NOISE GUARANTEE
Ghadimi & Lan (2013)? v v 1+th2 + \;_TT
Bottou et al. (2018) v v % + %
This paper (Thm. 5) v v v s 1+;TZ +Z
Li & Orabona (2019) v v N % + %
Ward et al. (2019) v v % + ‘T(}%")
Kavis et al. (2022) v v v 1+Ta4 " 0(17?62)
Faw et al. (2022) v v V4 / % . o’(\l%o’)
Liu et al. (2023)° v v v v Lot ”<1+Tff3>
i 1, o(l+o)
This paper (Thms. 1 & 2) v v v v v v T

4 The high probability result is obtained by amplifying the success probability using multiple runs of SGD.
b Though not formalized in this paper, a result for fixed-stepsize SGD in the convex case can be extracted from our analysis in the adaptive case.
¢ This manuscript has appeared on arXiv after the publication of the present work.

1.2. Analysis overview

Let us highlight some of the key challenges in analyzing
SGD with adaptive stepsizes and outline our approach for
overcoming them. We begin with the non-convex smooth
case, which has been the focus of prior work.

Non-convex regret analysis. The starting point of our
analysis is a “non-convex regret bound” for AdaSGD, simi-
lar to Kavis et al. (2022); for a S-smooth objective f it can
be shown (see Lemma 1 for details and a proof) that

o A (27
ZVf<w,>-g,_%+(—T+nﬁ) an, :
t=1

= f(w1) = f* and Ap = max, <7 f(w;) = f*.

The challenging term to handle in this analysis turns out to
be the one that involves Az. Indeed, assume for example a
deterministic bound Ay < F (e.g., this is the case whenever
f is upper bounded uniformly); taking expectations of both
sides, we obtain

T T

vA 2F
DEINVFwI? < =+ (— | nﬁ) D Ellg ™
t=1 n n t=1

Then, using |g;[I* < 2[|Vf (w,) — &|I> + 2]V (w,)||* and
our assumption on the noise yields the bound

1 2| _ 2yAs
[E[; ;an(wt)u ] ST

21 (2F B
+(1+o-1)( +nﬁ)—+(7+n,8)o-0

where A4

il

which concludes an in-expectation analysis.

Bounding Ar w.h.p. The issue, however, is that Arisa
random variable which is not bounded a-priori. Due to the
probabilistic dependence between the different factors in
the regret bound, our approach proceeds by establishing a
bound over A7 that holds with high probability (rather than
in expectation). Due to smoothness, we can bound A7 via

t

B 20, (12
5 2 sl

s=1

FOia) < Fow) = D nVF(wy) - g+
s=1

The second summation in the bound is straightforward to
handle and can be bounded (deterministically) by a logarith-
mic term (see Lemma 6 for details). The first summation is
more problematic, again due to (conditional) probabilistic
dependencies involving the stepsize 1, which is crucially a
random variable that depends on stochastic gradient g.

Decorrelated stepsizes. To break the correlation between
ns and g, in the second term above, Kavis et al. (2022)
replace i, with n75_1. Then, for bounding the difference
between 71, and ns_; they assumed a global Lipschitz as-
sumption which limits the effect of each individual gradient
on the stepsize ;. To avoid this limiting assumption, we
use a different “decorrelated” proxy for the stepsize, defined
by replacing ||g.||* with (1+02)[|V f (w,)||* + o this was
introduced first by Ward et al. (2019) and then modified by
Faw et al. (2022) to allow for affine-variance noise. We can
then decompose using the proxy,

-nsVf(ws) - gs = _ﬁs”Vf(Ws)”2

+ 7V (ws) - (Vf(ws) —gs) + (s —ns) VI (wy) - g5,
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and bound the cumulative sum of each of the terms.

Concentration with affine variance.
term to bound is the martingale

The challenging

DAV F(ws) - (VF(wy) = go).
s=1

Bounding the martingale is challenging because the mag-
nitude ||V f(wy) — g5|| depends on the previous steps with
affine-variance noise. The key observation is that since we
wish to establish a bound for f(w;4) — f* for all ¢, and
thanks to the well-known property of smooth functions that
IVSW)II? < 2B8(F(w) — £*), it is suffice to perform an
inductive argument and use the bound for the previous steps
to bound the affine noise terms. As the noise bound in a
given step is in itself a random variable that depends on
previous stochastic gradients, we appeal to a Bernstein-type
martingale concentration inequality (specifically, we use
one due to Li & Orabona 2020) and a careful analysis yields
abound on — YL _ 7,V f(wy) - g5 and establishes a bound
on A7 without the need for a global Lipschitz assumption.

Additional challenges in the convex case. We follow
a similar approach using a regret bound and a bound of
lw, — w*||> which holds for all # < T with high probability.
In the convex case we need to perform a similar decom-
position to bound — Y/ _, 17585 + (ws — w*) where w* is a
minimizer of f. Using the proxy stepsize sequence 7j, does
not work. Instead, we employ a slightly different decorre-
lated stepsize sequence (7js)s that (A) suffices for bounding
X (s —ns)gs - (wg —w*) and (B) keeps the norm of the
zero-mean vector i (V f(wy) — g5) bounded with probabil-
ity one, which is crucial for the martingale analysis. The
martingale lemma of Li & Orabona (2020) is too loose for
bounding }.!_, A5 (Vf(ws) — gs) + (wg —w*) and we rely
instead on the martingale analysis technique of Carmon &
Hinder (2022) which uses an empirical Bernstein inequality
introduced by Howard et al. (2021). The empirical Bern-
stein is necessary in order to tightly bound the martingale
and establish the bound on ||w; — w*|*.

1.3. Additional related work

SGD for non-convex smooth optimization. The first to
analyze SGD in the smooth non-convex setting and ob-
tain tight convergence bounds were Ghadimi & Lan (2013).
They established that a properly tuned T-steps SGD obtain a
rate of O(1/T + o /VT) assuming uniformly bounded vari-
ance of o>, A tight lower bound is given by Arjevani et al.
(2022). Bottou et al. (2018, Theorem 4.8) extended the
convergence result for the affine variance noise model.

Adaptive methods for non-convex smooth optimization.
An extensive line of work tackles convergence guarantees in

expectation.” Ward et al. (2019) gave a rate of 0 (1/NT) for
T-steps Adaptive SGD, assuming uniformly bounded gra-
dients. In parallel, Li & Orabona (2019) obtained a rate of
O (1/NT) without assuming uniformly bounded gradients,
assuming instead knowledge of the smoothness parameter
and using a step-size that does not depend on the current
stochastic gradient. Li & Orabona (2019) also obtain a con-
vergence guarantee for the smooth and convex case, again
assuming knowledge of the smoothness. A recent work by
Faw et al. (2022) assumed affine variance noise and achieved
the desired O (1/VT) in the noisy regime without assuming
uniformly bounded gradients.

High probability convergence bounds. Given knowl-
edge of the smoothness and sub-Gaussian noise bounds,
Ghadimi & Lan (2013) established convergence with high
probability for non-adaptive SGD with properly tuned step-
size. Few high probability results of adaptive methods ex-
ist. Zhou et al. (2018) and Li & Orabona (2020) estab-
lished a high probability convergence result for AdaGrad
and delayed AdaGrad respectively, assuming sub-Gaussian
noise and knowledge of the smoothness to tune the step-size.
Kavis et al. (2022) obtained a high probability convergence
for Adaptive SGD, assuming uniformly bounded gradients
and either sub-Gaussian noise or uniformly bounded stochas-
tic gradients. Assuming heavy-tailed noise, Cutkosky &
Mehta (2021) obtained convergence with high probability
for normalized SGD with clipping and momentum with a
tuned step-size according to a moment bound of the noise.

Unconstrained stochastic convex optimization. Also re-
lated to our work are Harvey et al. (2019) and Carmon &
Hinder (2022) who focused on the (non-smooth) uncon-
strained and convex setting. Harvey et al. (2019) established
convergence with high probability of SGD using a gen-
eralized freedman’s inequality. Carmon & Hinder (2022)
devised a stochastic parameter-free method which obtain
high probability convergence guarantee and their method
also obtain optimal rate for noiseless convex and smooth
objective. Both papers used a careful martingale analysis in
order to bound the distance of the iterates from a minimizer,
a desired property for unconstrained stochastic optimization
which we also establish for AdaSGD.

Parameter-free methods for online optimization. The
closely related literature on online optimization includes a
plethora of adaptive methods. Recent work focuses on adap-
tivity to the norm of the comparator (e.g., Orabona & Pal,
2016; Cutkosky & Orabona, 2018; Mhammedi & Koolen,
2020) and to the scale of the objective (e.g., Orabona & Pail,
2018; Mhammedi & Koolen, 2020).

2We include results with polynomial dependence in the proba-
bility margin as they can be derived using Markov’s inequality.
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2. Preliminaries

We consider unconstrained smooth optimization in d-
dimensional Euclidean space R4 with the £; norm, denoted
[I-l. A function f is said to be S-smooth if for all x, y € R¢
it holds that ||V f(x) — Vf(y)|| < Bllx — y||. This implies,
in particular, that for all x,y € R4, the following bound
is true: f(y) < f(x) + VS0« (v =x) + 3Blly = x[I°. We
additionally assume that f is lower bounded over R4, and
admits a minimum f* = min,, g« f(w). We assume a stan-
dard stochastic first-order model, in which we are provided
with an oracle g(w) where, given a point w € R returns a
random vector g(w) € R? such that E[g(w) | w] = V.f(w).

Affine noise model. We assume a general noise model,
referred to in the literature as the “affine variance noise”
(e.g., Faw et al. (2022) and references therein). In this
model, the gradient oracle g satisfies

lg(w) = VFWI? < o + T IV f (W)

(deterministically), where 0,07 > 0 are noise parame-
ters. For simplicity, we will assume throughout a deter-
ministic bound on the noise magnitude, as stated above; in
Appendix C, through a generic reduction, we extend our
arguments to apply in a more general sub-Gaussian noise
model with affine variance.

VweR?:

The affine noise model permits the noise magnitude to grow
as the norm of the true gradient increases (without the affine
term, i.e., assuming o = 0, the gradients are effectively
“noiseless” for gradients of large magnitude). We refer to
Faw et al. (2022) for an additional discussion of this model.

Adaptive stepsize Stochastic Gradient Descent. Starting
from an arbitrary point w; € R4, for parameters 1,y > 0,
the update rule of AdaSGD is

Wiel = Wr — 118t

where g; = g(w;) is a stochastic gradient at w, and the
step-size 7, is given by

Vi<i<T: 1 i

— D
Y+ 20l
Additional notation. Throughout, we use E,_[-] 2
E[-| g1,...,8:-1] to denote the conditional expectation
with respect to the stochastic gradients queried up to (not
including) step ¢. We use log to denote the base 2 logarithm.

3. Analysis in the general non-convex case

First, we focus on the general smooth case without convexity
assumptions. Our main result of this section is the following
convergence bound for AdaSGD.

Theorem 1. Assume that f is B-smooth. Then for AdaSGD,
for any § € (0, 1/3), it holds with probability at least 1 — §
that

(i) _Z”Vf(wt)” <0( ﬁ)%
+0(2A1 +(1+ 07 log $) (2 +p)’ +‘T§1°g%)%;

(ii) and f(w;) — f* < Fforall1 <t <T+1,

= f(w1) — f* and
F =2A; + (3log £ +4C1)noy )

where A

+(91og> L + 16CT)n*Bot + n*BC1,
20T + 8(1 4+ 02) (2 B2T3 + BAT
C1=10g1 0 ( 1)277,3 ﬁ 1 ) 3)
y

As stated, the bound in the theorem holds for bounded
affine noise; for the precise bound in the more general sub-
Gaussian case, see Theorem 3 in Appendix C.

In addition to the features of this convergence result already
highlighted in the introduction, we also note the high proba-
bility guarantee it provides that the maximal optimality gap
f(wy) — f* remains O(1) along the trajectory of AdaSGD.
Comparing the result to the high probability analysis when
the parameters are known (Appendix E), the main differ-
ence is the bound of f(w;) — f* which is O(A;) when the
parameters are known (for large enough 7'), while the bound
of Theorem 1 has additional terms that depend on oy and
1. We remark that the prior results of Faw et al. (2022)
in this setting include a somewhat worse high-order noise
term, of order o (o-g + 0'11 2) /T in the noisy regime (for

o1 = w(l)).

3.1. Proof of Theorem 1

Henceforth we use the following notations: let A, =
f(w,) = f*and A, £ max;<, f(wg) — f*, for all . We
also denote G; = (y2 +Z§=1||gs||2)l/2, thus, n; = n/G;.
As 71, and g, are correlated random variables (indeed, 7,
depends on the norm of g;), we define the following “decor-
related stepsizes,”

n
VG2 + (1 + oDV wo)llP + 07

We begin by stating several lemmas that we use to prove
Theorem 1 (proofs are given later in the section). The first
lemma states a “non-convex regret bound.”

Lemma 1. If f is B-smooth then for AdaSGD we have

L Ar (2A
D IVIOw) g < % + (—T +77,8) an,n
t=1

V1<t<T:fj =
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Note that the A7 term in the right hand-side of the bound is
a random variable. In the noiseless setting with known
smoothness and properly tuned stepsize, we know that
Ar = A; since A,y < A, for all ¢ and proving conver-
gence would be much simplified. The next lemma bounds
Ar = maxy<, f(wg) — f* with high probability in the noisy
case.

Lemma 2. With probability at least 1 — 6, it holds that
Aty < F (with F defined in Equation (2)).

In order to translate the regret analysis of Lemma 1 to a
high probability bound we need a bound on the sum of
differences between ||V £ (w;)||* and g; - V£ (w,) which we
obtain in the following lemma (see Appendix A for a proof).

Lemma 3. with probability at least 1 — 26, it holds that

T T
1
DIV - (VEw) =) < 7 D IVFw)I
=1 45
2 2 1
+3(oy +2BoF)log %,
with F given in Equation (2).

Using the lemmas above we can now prove our main result.

Proof of Theorem 1. All arguments below follow given the
high probability events of Lemmas 2 and 3. Hence, using
a union bound, they follow with probability at least 1 — 34.
We denote C; = 2F/n + nB to simplify notation. From
Lemmas 1 and 2,

T ’}’A T

1
D VI g < S Co Yl
t=1 t=1

Observe that

ligell* < 21V £ (woll* +2llgr = V£ (wo)ll?
<2(1+a)IVF W) +208.

Hence, using Va + b < va+ Vb fora,b > 0,

T T
Janth < Jzzu + DV F(w)l* + o V2T,
t=1 t=1

By the elementary fact ab < a?/2 + b*/2 with a =

VST VA GwoIP and b = 2031 + 2,
T 1 T

Coy[2(1+07) Y VS (wa)lP < 5 Zan(wt)nz
t=1 t=1

+2(1+0)C3.

Hence,

yA|
ZVf(w,) g < = +2(1+0)C} + CropV2T
n

1
+3 ;uw(wt)nz.

Summing the above with Lemma 3 and rearranging,

Z||Vf< II” <

+4(1 +0})C3

+ 6(0'0 + 2,6’0'12F) log % + Crop V8T

Substituting C, and dividing through by T gives the theorem
(due to the O notation in the theorem we state a 1 — §
probability guarantee instead of 1 — 39). O

3.2. Proof of Lemma 1

Before proving Lemma 1 we state a standard lemma (for
completeness, we give a proof in Appendix A).

Lemmad. Let g, ...,gr € R? be an arbitrary sequence
of vectors, and let Go > 0. For all t > 1, define

t
G2+ gl
s=1

Then

i |gt”2 <2 ZT:Hg,Hz and iw < 210gﬂ
P = = G~ Go
Proof of Lemma 1. Using B-smoothness, we have for all

t > 1 that
Fwea) < fwe) =V f(we) - g +
JFwe) = )

387 lg?
which implies (with A; =

1
Viwe) g < U_(At - At+1) + %ﬁ’h||gt||2~
t

Summing the above over t = 1,...,T, we obtain

T
ZVﬂw,) gts—+z( o 2anllgtll

Now, since 1; < 1,1, we have for all 7 that

1 1 < (1 1 )
- <= -—
M -1 ' n? ntz_l

3 t—1
n 1
= —;(yz + ) llgsll? = * - ansuz) = Ll
n s=1 s=1 n




SGD with AdaGrad Stepsizes: Full Adaptivity with High Probability

thus

T T

A A B
DIV e < = +Znt||gt||2(—; . —).
P oo o2

Bounding A; < Az and applying Lemma 4 on the second
sum yields

A T
vam gzsn—l+(—+nﬂ) Dl

Plugging in the expressions for 779 yields the lemma. O

3.3. Proof of Lemma 2

For our high probability analysis we use the following
martingale concentration inequality (Li & Orabona, 2020,
Lemma 1).

Lemma 5. Assume that Z\,Z,...,Zt is a martingale
difference sequence with respect to &i1,&,....ér and
E, [exp(Zf/o-,z)] < exp(l) forall t, where oy, ...,0r is a
sequence of random variables such that o is measurable
with respect to £1,&2, ..., &—1. Then, for any fixed 1 > 0
and 6 € (0, 1), with probability at least 1 — 6, it holds that

4 3 1.1
Zy <=2 2+ —log .
; 1=y ;‘T’ 185

Note that it suffices to pick o; > |Z,;| with probability 1
for the sub-Gaussian condition to hold. We also need the
following technical lemmas (see Appendix A for proofs).

Lemma 6. For AdaSGD we have:

T 2
>t Il _ ¢

with Cy given in Equation (3).

Lemma 7. Forallt > 1,

Sy =1l (TF (00 - 8) < 24 2 SISO
s=1 s=1

t
4 2
Z llgs I|
+2 (o))

Zlg il?

+ 8P

Finally, we require a standard property of smooth functions.

Lemma 8. Let f : RY — R be B-smooth with minimum
f*. Then ||Vf(W)|* < 28(f(w) = f*) forall w € R<.

Proof of Lemma 2. First we handle the randomness of
(g,)tT:]. Consider the sequence of RVs (Z,)tT:l defined by

Z, =7 Vf(w) - (Vf(w;) — g). Then (Z,)_ is a martin-
gale difference sequence, as

Ei1[Z] =5V f(we) - (Vf(we) —E1[g]) =0

From Cauchy-Schwarz inequality and the noise model,

1Zi] < FlIVFOv0llyJog + 02V F(we) 2. Thus, we ob-
tain from Lemma 5 (together with a union bound over f)

that for any fixed A > 0, with probability at least 1 — ¢, for
all1 <t <T,
t
DUV W)+ (Vf(wy) = g5)
s=1
I
6

< fZ 19 £ ()22 + 2T S ) )+

We will proceed by induction. The claim is immediate for
t = 1 and we move to prove it for 7 + 1. Using smoothness,

FOvsn) < FOrs) =) - g5+ Sl P

Summing the above over s = 1,...,1,
fwirr) = f(wy)
t ﬁ t
- 21 nVF(ws) g5 +5 Z‘ MeslP. @

We move to bound the first term of the right hand side.

= > s VFwy) - gs == Y ANVFwy) I
s=1 s=1

# AV wy) + (Vf(wy) = g5) (*)
s=1

+ 3 e =)V (ws) - gs. ()
s=1

We will bound (%) and (%*). From Lemma 8 and our
induction, ||V (w)l? < 2B8(f(w:) — f*) < 2BF. Re-
turning to our martingale bound, with the fact that 7ij; <

n/\/ag + 02|V (wy)I%, we have

M-

sV f(ws) - (Vf(ws) = gs)

=1

< 3flTnSZ::‘ﬁsllVf(ws)llz\/cr + 2|V (w)ll? +

3an [ N 2
R +2B01F;77SIIVJ’(WS)II +

[
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Setting A = 2/37], la'g + 2[30'12F,

DAV W)+ (Vf(ws) = 85)

s=1
<IN 2, 3 [ s Floe I
_zZnsn FO) P+ S \og +2p07F log &
s=1
IRQ 3n 3n
< EZ AslIVf(we)lI* + - 90 IOg% + > 2,80'12F10g %_
s=1

Using the elementary fact that ab < a?/2 + b?/2 with

a=+/F/2and b =3nvBo log L,

t 1
. 1
§ AsVf(ws) - (Vf(ws) —gs) < 5 § SIVF o)l
s=1 2 s=1
3 1 T
2770'010g 5 +4F+ 277 ,80'1 log 5-

In order to bound (#*), using Lemma 7 with A, < F by
induction,

=E S

Z Igs2|I

=1 A

t 2
gl
VOl + 2000 3 =5
s=1

S

+8n° o}

1
2

J>I“1~J

t
Z IV £ (wy)IP + 2700Cy + 872 BoiCE,

where that last inequality follows from Lemma 6. Hence,

applying the bounds (x) and (),

=Y eV f(ws) - gs < LF+ (3log L +2C1)non
s=1

+(3 10g2 L+ 8Cn*Bot.
Thus, returning to Equation (4) and applying Lemma 6,
Fwe1) = fwy) < 1F + (3 log % +2Cy)noy

+ (2102 L +8CY)p02 + B anlgsIIQ

< %F+ (Elog = +2C1)noy
+(3log® L +8CT)n*Bot + in*BC,
=F—(f(w1) - ).

We conclude the induction by adding f(w;) — f * to both
sides, obtaining A7y = maXj<;<7+1 Ay < F. m]

4. Convergence analysis in the convex case

In this section we give a convergence analysis for AdaSGD
provided that the objective f is a convex and S-smooth
function over R?. We prove the following:

Theorem 2. Assume that f is convex and B-smooth. Then
for AdaSGD, for any 6 € (0, 1/4), it holds with probability
at least 1 — ¢ that

T
(i) f(%zwz)_f* SO((%Z +77)+D log%)

t=1

3ls

+O(—+B(l+0' )(D—] ) +Bo2D?log -

N —
NI —

(ii) and ||w; —w*|| < D foralll <t <T+1,

where dy = ||lw; — w*||, and

D? = 5(d% +n2(1 +0'12 +y_2(a'§ +,80'12F)
Lyt o+ Bt ),

F= 0~(f(w1) — f* +noo+ oy + nzﬁ)-

Similarly to the previous section, the bound applies to the
case of bounded affine noise, and we defer the extension to
sub-Gaussian noise to Theorem 4 in Appendix C.

Few additional remarks are in order. First, note that when
09 — 0 we obtain a rate of order 1/7, matching the optimal
rate for non-stochastic smooth optimization (note that this
holds even when o; > 0). Second, unlike the result in
the non-convex case, the bound here contains a polynomial
dependence on 1/y (in the D term). This is not an artifact
of our analysis: setting a overly small y can in fact lead
AdaSGD to gain a distance of Q(T) to a minimizer; see
Appendix D for more details. That said, the algorithm is
fairly robust to the choice of y; for example, consider the
noisy regime with no affine noise (i.e., oy > 0, o; = 0):
setting 7 = O(||lw; — w*||) and any y within the wide range
y € [0, 00 VT] leads to the optimal rate (up to logarithmic
factors).

4.1. Proof of Theorem 2

In the following, we will require some additional nota-
tion. First, for all r we let d; 2 ||lw, —w*||andd, %
maxs<¢|[ws — w*||. In the proof below, we use a slightly
different “decorrelated step size,” given by

PN n
fis & =
VG IV F(w)l

The proof of the main result is based on a regret bound
(Lemma 10) and a bound d; < D (Lemma 11) which holds
with high probability, analogous to Lemmas 1 and 2 of the
previous section. See Appendix B for their statements and
proofs. We now prove our main result in this section.
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Proof of Theorem 2. With probability at least 1 — 36 we
have from Lemma 11 that d; < D forallt < T + 1. Using
Lemma 10 we have

t=1

Under the noise assumption, smoothness and convexity,

el < 20V £ (woll* +2llg: = V£ (wo)lI?
<21+ o)V (woll? + 205
<AB(1+0])Vf(w,) - (wp —w*) +207.

‘We obtain

D? d?
g (w,—w*) < (— +r])a'0V2T+ %
n n

i~

D? a
+ 2(7 + n) BU+aD) D VW) - (wy = w*).

t=1

Using the inequality 2ab < a® + b, we then have

T 2 2
Zg,-(w,—w*)s D—+n o-@/ﬁ+y—dl 5)
P n 2n
1 T D2 2
+ZZVf(w,)-(w, —w*) +48(1 +0'12)(7+7]) :
=1

By Lemma 5 with Z; = (Vf(w;) — &) « (wr — W), |Z;] <
o2 + T2V S w)lPlwy = w*, and

1
09D|T [log % +6B0D?

with probability at least 1 — 46 (union bound with the event
of Lemma 11),

A=

T
DUVFOw) = g1) - (v = w*)
t=1
30w 1
<7 Z;(vé + 200 P lwe =P + S Tog &
t=

d_2
1 T
< O'Ow’TIOg 3(3 +D) +

+6B0D? log 1

A3Vl
88D?2

Using the bound d7 < D, with probability at least 1 — 44,

T
DUV = g0) - (v, = w*)
t=1
T
< ZO'OD‘[Tlog% + L,B ;HVf(W,)HZ + 6,80'12D2 log %

< 200D+/T log % +

+ 6,30'12D2 log %,

oo

T
D IVF(we) - (v = w)

t=1

I

where the last inequality follows from Lemma 8 and con-
vexity. Summing with Equation (5) and rearranging, with
probability at least 1 — 46,

t DZ 2
NVF(ws) - (ws = w) < 88(1 +cr%>(7 +n)
s=1

D? d
+((—+n)\/§+4D log %)0'0\/?+Q

n n
+ 12[30'12D210g]3.

A standard application of Jensen’s inequality concludes the
proof (up to a constant factor in the failure probability, which
we subsumed in the big-O notation). O
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A. Proofs of Section 3
A.1. Proof of Lemma 4

Proof. Define G; = /G? — G2. Observe that for any ¢ > 1,

le: 11> = Zugsn2 Zugsn2 Gi -Gl = (Gi+Gi)(Gi =G,

Since G; > G,_1, this implies

lg:l> _ (Gi+Gim . .
%[z = G,t (G —Gi-1) £2(Gr - Gi1)
Summing this over r = 1, ..., T and telescoping terms, we obtain

2
l

M“’
Qx -
o
IA
o
Qe
H
I
)
e
o
2
‘_I\)

¢ ||gt

where the first inequality follows by G; > G;. On the other hand, using the inequality 1 — x < log(1/x),

ZT:”g’ —ZT:( ) Zlo —210g &1
Gr %G,

t=1

A.2. Proof of Lemma 8
Proof. Letwt =w — —V f(w). Then from smoothness,
FOrt) = FO0) S VF08) - 007 =)+ S =l = =519/ )P
Hence,
IVSOI7 < 2B(f (w) = fF(wh)) < 2B(f (w) = f*).

A.3. Proof of Lemma 6

Proof. Using Lemma 4,

Since llg: 1> < 2[IVf (wo)lI* +2llg: = VS wa)ll* < 2(1 + o))V f (wo)* + 20,

T 2 r
Z_”gf” < log| G} +203T +2(1 + 7 )Z:IIVf(Wr)H2 +2log(1/Go).
p— Gt2 =1

From smoothness,

VAWl < IVF WD+ IV (we) =V we )l < IVF Wi+ Bllwe = wi—il
= IV weDIl + Brellgell < IVfwe-D)Il +nB.

Thus,

IVl < IVF DIl +nB( = 1) < IVf(wi)ll +npt.

11
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summing from¢ =1,...,7T,
ZIIVf(Wz)II2 < ZZ(U B2+ IV f(wi)]*) (lx + 11> < 2[1x1* + 2[ly[1*)
t=1 t=1
< 2B + 2|V f (w)I’T L2 <13
<27 BT +4B(f (w1) — )T (from smoothness, Lemma 8)

Hence, with G} =

i'gt”2<log( 20'0T+4(1+a'2)772ﬂ2T3+8(1+a'1),8(f(w]) T cc. .
=1

G; e
A.4. Proof of Lemma 7

In order to prove the bound we also need the following technical lemma (proof follows).

Lemma9. Foralll <s<T,

2o + 2V w2

[7s —nsl < G,

Proof of Lemma 7. By Lemma 9,

2iisJog + 2V v
G '

s — 1] <

a’ b?

Hence, by applying Cauchy-Schwarz inequality and using ab < % + % with a = Vi |[Vf(wy)|| and b =
2\Jiis(a7 + Vv I Lo

7y =1V £ 00 - 80 < 2019 F ()l + a2V £ (w12

IA

)Ilgsll

S

1
SO0 +215 (03 + 2V S O

< SV Ou)I + 2nor? +<72||Vf(ws)||2”g5“ O <R el

A

Using the smoothness of f, IVF(w)I? < 2B8(f(ws) = f*) < 2BA, (Lemma 8). Thus, summing for s =1, .. .,1,
||2

D =TS 000 -85 < 5 D RIS 00N + 20y + 260 ZAIZ l:I
s=1 s=1

2
Il

Again, using ab < 5 gy z 2 witha = VA;/2and b = dnoVB Y, IIzgz )

t P ) 2
1
;'ﬁs — sV (ws) 85 < 5 ; A IV £ (w2 + 2500 Z ||gs|| \/MZ llgs
Ly s o S P e ||2
< zz; sV (w)ll +27]0'02; o —+8 ﬁo—l Z . .
= 4G

12
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ine L -1 —___ _b-a
Proof of Lemma 9. Usin V@ VB~ Navb(Jarvh)’
n

s =
VG2 + 02+ (1+ D)V (w1 \/G + gl
1Sl = o3 = L+ DIV o)1)

GoyJG2, + 02+ (1+ DIV F () PG+ G2, + 03 + (14 DIV S (wy) )

lgsll? =g = (L + DIV F(wo)I?

_ s
SN 24 (1 + oDV F )P

Thus,
~ 2 1 2 \v,
i i lgsl> = o2 = L+ a))VF(wy)lP
|779 - 77S| = G_ :
Y Gyt G2 + 0+ (L4 DIV (w)
_ i Ta oIV + llgs = VA v llgs + T (ws)l
<d ,
‘ Go+ G2, + a2+ (1+ oD V7 (wo)IP
Since llgs + VS (wo)ll < llgsll + V£ (wo)ll < Gy + /G2, + 02 + (14 0DV (wy) |
ayop + 0 NGl
O
S

(Ve + 19 700 1P + e Vf(ws)ll)

|ﬁs _Tlsl <4
_ isa

A.5. Proof of Lemma 3
Proof of Lemma 3. Consider the sequence of R.V.s (Z;)” | defined by Z, = Vf(w;) - (Vf(w;) — g). Then (Z;)

martingale difference sequence, as
Viwe) - (Vf(we) —Eimi[g:]) =

E1 [Zt] =

By Cauchy-Schwarz inequality and the noise assumption
1Z:] < IV WOV (we) = gl < IIVf(Wt)II\/U + IV f(wo)ll?.

Thus, we obtain from Lemma 5 with
1Z:] < IV w2 + a2V £ (w) I

and 1 =1/3(cf + 2ﬁo-12F ) that with probability at least 1 — ¢
3(og +2B07F)log(1/6).

(0 + VL) DIV fwoll? .
4(0'5 +2,Bo'12F)

ZVf(wt) (VF(wi) = g0) <

From Lemmas 2 and 8, with probability at least 1 — &, |V f(w;) I < 2B F. Hence, under a union bound with Lemma 2, with

probability at least 1 — 26
T
V) - (VFwe) =g < 5 ZHVf(w,)n +3(08 + 2807 F) log(1/6).

13
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B. Proofs of Section 4

Below are the statements of the two main lemmas used to prove Theorem 2 (their proofs follow). The first is a regret analysis
which depends on d;.

Lemma 10. Let f be a convex and B-smooth function. Then

T 72 T 2
d vd
g (w—w*) < (FT +n) 2l

Similarly to the non-convex case, we need a high probability bound of ||w, — w*|| in order to use the regret analysis of
Lemma 10; this is given in our next lemma.

Lemma 11. With probability at least 1 — 306, it holds that forallt <T + 1,
1 Yy z
? <D*224° +n2(§ +2C1 +8C% + ArC + BT(—O + 0'1) )
Y

where C = 2log(1 + 02T /2y?) + T0*log(T/8)/y?, C\ is defined at Lemma 6, Ar = 51210g(%;(6n) and By =
2 ( 601og? (6T)
512 1og?(LL£ (1)),

B.1. Proof of Lemma 10

Proof. From the standard analysis of SGD, we have for all 7 that

1 n
8- (wr = w*) = p (”Wt - W*”2 = |wesr — W*”z) + _t||gz||2~
un 2

Summing over ¢t = 1,...,T, we have

ynwl 1< S
th (w, —wh) < B2 EZ(W ml) - W+ Z [P

t=1 t=

2
w||

Now, since 1; < 1,1, we have for all # that

-1
1 1 1 1 M| 2 3 2 2 ! 2 M 2
—- S|l -5 | =S+ ) lesllF =y =) llgsll ) = S lledl,

nt T]t_l

thus

T 2 T * 2
)/IIW1 wH|” 1 2y, lwe —w*]|
E: o (W —w*) < +3 E: nellgell 1+T .
Finally, bounding ||w, — w*|| < dr and applying Lemma 4 we obtain

T

o <[4 S, Yiwr = wr?
28 (e =wh) < | =Ly D llarll + === o

=1 =1

B.2. Proof of Lemma 11

In order to obtain the high probability bound of d7 we use of the following empirical Bernstein concentration bound.

Lemma 12 (Corollary 1 of Carmon & Hinder (2022)). Let X; be adapted to F; such that |X;| < 1 with probability 1 for all
t. Then, for every & € (0, 1) and any X; € F;_y such that |X;| < 1 with probability 1,

Pr|3r < oo :

DX — E[X|F1])

s<t

> \/A,w) S -2+ B | <6,

s<t

where 4,(6) = 161og( 5L ) and B, (5) = 16 log? (L&),

14
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We use the concentration bound to prove the following technical martingale bound.

Lemma 13. Let d’; = max{d,,n}. Then with probability at least 1 — 6, it holds that for allt < T,

Zﬁx(vf(ws) - gs) * (Ws - W*)
s=1

2
< ZJ’ZJ A (6/10g(4T)) Z IV f(ws) = gsll” + nz(% + m) B, (6/10g(4T)),

s<t
where A(-) and B(-) are defined at Lemma 12.

The next lemma bounds the ), )75_1 IVf(ws) — gslI* term which appear in Lemma 13.

Lemma 14. With probability at least 1 — 20, forall 1 <t < T,

t
DIV Owy) = gl> < 27 log(1 + 02T /2y%) + T log(T /).

s=1

Now we move to prove the lemma.

Proof of Lemma 11. Rolling a single step of SGD,

2 2
“| I°.

IWss1 — W*Hz =[lws—w = 21585+ (Wy — W*) + 7]?”85

Summing for s = 1...¢ and applying Lemma 6,

t 3
2 2 2 2
Iweer = w* 1> = i = w2 =2 > negs - (v =w*) + > nillgs|
s=1

s=1

t
< flwi = w* |2 =2 )" 785 - (wy = w*) +7’C. ©)
s=1

()

Focusing on (x), due to convexity,

=2 nsgs - (wy =w*) = =2 3"V f(wg) - (ws = w*) +2 ) 1, (VF(ws) = g5) - (wy = w*)
s=1 s=1 s=1

<2 ns(Vf(ws) = g5) - (wy = w*).
s=1

In order to create a martingale we replace n, = n/ G?_l + lgs||? with A = 77/\/G3_l + VLWl

(1) <23 A (VF(wg) = gs) - (ws =w*) +2 > (s = ) (VF(ws) = g4) + (wy = w*).
s=1 s=1

15
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We observe that

)\/c; IV P = G2, +llg P

\/G +lgslPG2_, + 197 (w1
. £ 001 = llgolP]
n
VG2 + g5 PyG2_ + IV F o) P (G2, +llgl? + G2, + IV £ (w) )
19 (ws) = gl IV Owo) ]+ D)
=n
VG2 +gs PG + IV F ) IP(JG2 +llgsll? + G2, + IV £ wo) )
1908 - &l
<n .
VG2 +1gs PGP + 19 f (wy)IP

| i |

Thus

D1 =) (VF(w) = go) - (ws =w*) < 3 lng = A lIVF (w) = g5l
s=1

s=1
t

<di Y Ins = slIVS (ws) - gl
S

< Tld_ - ”Vf(ws) B gs||2
=1 G2, + 185>y G?, + IV F(wo)I?
sfl 8s s—1 S

&u

—Z LIV FOws) = g5l

=

Combining the inequality with Lemma 13, with probability at least 1 — &,

2d; ~ 2 2
() < S0 D 90w = gl
s=1

2
+ 43’14 A (6/10g(4T)) Z n?_ IV (ws) — gsll* + nz(? + m) B,(6/log(4T)),

s<t
and using ab < a?/2 +b?/2,

72

2 —2
OF Tt (Zny IV £owg) - gsn)

2
+ 16(At(6/log<4T)> YT =l (2 Bt(é/logm)))

s<t

&P 4L ? 772 - -
<T+ ;(Z‘ IV F ) - gsuz) + T (@1 = max{d;, )
s=

2
+ 16(A,(6/10g(4T)) DI IV E(ws) - gl + nz(? + 01) Bt(é/log(m)).

S<t

Applying Lemma 14, with probability at least 1 — 36 (via a union bound),

d? n?
(%) < 7’ +4n°C* + Tt 16n°

2
A, (6/10g(4T))C + (? + 0'1) B,((S/log(4T))),
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where C = 2log(1 + 02T /2y?) + 710 /y*10g(T /§). Hence, returning to Equation (6) and applying Lemma 6,

& 1 2
d2,, < Tt +d? o+ TIZ(Z +C1 +4C% + 16| A, (6/10g(4T))C + (@ + 0'1) B,(6/10g(4T))))
Y
& D
< > + > (def of D, 32A,(6/10g(4T)) < Ar and 32B,(6/10g(4T)) < Br)
Hence, rolling to ¢ = 1, with probability at least 1 —30,d, < D forall 1 <t <T +1. O

Proof of Lemma 13. In order to invoke Lemma 12 we will replace w, — w* with a version which is scaled and projected to
the unit ball. We denote a; = 2¥"'d@’| and k; = [log(d’;/d’1)] + 1. Thus, d; < d’; < ag, < 2d’;. Since |[wg — w*|| <
lws —w*||+nforalls,d; <djy+n(t—1)and 1 <k, < [log(t)]+ 1 < log(4T). Defining the projection to the unit ball,
I (x) = x/max{1, [|x]|},

* *
Ws — W :H](WS_W )

ak, ak,

To simplify notation, let C = n(0/y + o) and note that

o2 + a2V f (w2
195 (Vf (ws) — gs)| < ‘/ <190 oo =C.

NN\ AAUBIE 4

Zt: Ns(Vf(ws) —gs) » (wg —w *)
Cak,

Thus,

s=1

:2 (Vf(ws gs>,Hl(ws—w*)
s=1 t

2 Vf(ws) gs) ,Hl(ws —w*)
ag,

2 (T 00) 28y, (ws - w*) ‘

-1 Ak

IA

)

IA

1<k< |_log(4T)J

Let Xs(k) — 775(Vf(gs)_g.v) . Hl (Wsa—w*) for some k.
k
Eoile] =Vitw) = E[xV] =0

Also note that Xs(k) < 1 with probability 1. Using Lemma 12 with the Xs(k) we defined and X, = 0, for any k and &’ € (0, 1),
with probability at least 1 — ¢’, forall t < T,

>

< \/At(cs') S x4 B,(@).

S<t s<t
We can upper bound (X{*)2,
\ —w*\|?
(Xs(k))2 < IV Ovs) ol I, i (Cauchy-Schwarz inequality)
C2 ay
2 2
AV S (ws) = gsll
<t (M )l < 1
2
s N
< = gs||2~ Ms-1 = 1)

17



SGD with AdaGrad Stepsizes: Full Adaptivity with High Probability

Thus, returning to Equation (7) multiplied by Cay,, with probability at least 1 — ¢” log(4T') (union bound for all 1 < k <
Llog(4T)]),

D AT (wy) - go) - (wy—w*)<0ak,JA(6')Z LIV 0s) - g6l + By (8).
s=1

S<t

As ay, < 2d';, picking ¢’ = §/log(4T), with probability at least 1 — &,

s=1 s<t

D et (VF(wg) = g3) - (ws = w*) < 2, \/A,(é/log(m) DRIV F(wy) - glI? + C2B,(6/log(4T)). O

Proof of Lemma 14. Let Z; = Vf(ws) - (Vf(ws) — gs) and note that E_;[Z,] = 0. Hence, (Z,)._, is a martingale

difference sequence. By Lemma 5 (with |Z| < \/O'g + 02V f(wy) I’V 7 (ws)|| and A = 2/30-2) and a union bound (over
1 <t < T), with probability at least 1 — ¢,

DTS00 (VF () ) < Z(ao + 0TIV Fr) DIV S Om,) I + % log(T/0)
s=1

0'0 + 2ﬁ0’1

ZHW( DI+ o > log(T/9) (Lemma 8)

for all ¢ € [T], and under a union bound with Lemma 2, with probability at least 1 — 26, since 0'3 + 2,80'12& < o2,

gmws) (VSO0 =8 < 5 gnwws)n2 + 30 log(T/6). ®
Let
k= min{t <T: Zt:qu(wS) - gs|I* > 602 1og(T/5)}.
For t < k, .
Zns IV £ Ows) = gl < g Zt;nwws) — &l < 6750 1og(T/5).
Fort > k, )
=7+ Zlnwws)n2 +ZI|Vf(ws) gl - 2§;w<wn (V£ (ws) - &)
s 7+ Y91 0) - gl - 302 og(T/o (Equation (3))
=
S y2+§2nw<ws> -l (2h
Hence, i

t 3 3
DI IVFw) = gl = D R2IVF(w) = gl + D G2 = IV (ws) = gl
s=k s=k s=k

3
< Zninv;‘(ws) - &P +mge?

4o

2 IV£(ws) - g5l
Zoy2 4 35 IV F(wi) — gl

18
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Using Lemma 4 with Go = v/2y2 and g, = V.f(w;) — gs.

3
D i lIVF(wy) = gl < 20 log

s=k

(2y2 + IV F(wy) —gsnz) S
3 + 50
2y

2 2 it 2
o T+o NIVf(w
<’ log(l + ! Z;‘];” Fwol ) +17(2)0'2 (noise bound)
Y
< 2 log(1 + T /2y?) + njo?. (Lemmas 2 and 8)
Hence, combining with the case of # < k, with probability at least 1 — 26, forall t < T,
t
D IV Owy) = gl? < 27 log(1 + 02T /2y%) + T log(T /). o

s=1

C. A General Reduction from sub-Gaussian to Bounded Noise

Given an unbiased gradient oracle one can consider different noise assumptions. For establishing high probability conver-
gence either sub-Gaussian noise or bounded noise are most commonly used. Sub-Gaussian noise is less restrictive but can
make the analysis cumbersome. In this section we explain how obtaining guarantees with a bounded oracle can yield the
same guarantees with a sub-Gaussian oracle (up to logarithmic factors) with high probability.

Let X be a zero-mean random vector such that for some o > 0, for all ¢ > 0,

Pr(||X|| > 1) < 2exp(—t%/c?). 9)

This definition is equivalent to the sub-Gaussian definition used by Li & Orabona (2020) and is similar to the one used by
Kavis et al. (2022).

The following lemma is a reduction from X to a new bounded random vector with zero-mean which is equal to X with high
probability.

Lemma 15. For any 6 € (0, 1) there exist a random variable X such that:

(i) X is zero-mean: E[X] = 0;
(i) X is equal to X wh.p.: Pr(X = X) > 1-¢;
(iii) X is bounded with probability 1: Pr(||X|| < 30+/In(4/6)) = 1.

The lemma implies that given a sequence of oracle queries (wt)tT:1 to a o--sub-Gaussian unbiased oracle g(w) (where

w, might depend on the previous queries) there exist a O (o +/log(7T'/6’))-bounded unbiased oracle g(w) such that with
probability at least 1 — §” return the same observations. This happens by the following procedure (Given a query w):

1. Let X = g(w) —E[g(w)].
2. Let X be the truncated random vector of Lemma 15 for § = ¢’ /T.

3. Return E[g(w)] + X.

Hence, up to logarithmic factors, one can assume a bounded unbiased oracle and obtain the same guarantee with high
probability. Note that this reduction holds even for an affine noise oracle g where

Pr(llg(w) — E[gw)]ll = 1) < 2exp(=1*/ (o + oL IE[g(w)][1%)) (10)
by creating a new gradient oracle g(w) such that
I8(w) — E[gW)]II* < 907 In(4T /&) + 90} In(4T /8" )| E[Z (w)]I*.

More formally, under a sub-Gaussian affine noise assumption, we derive the following two results using Theorems 1 and 2:
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Theorem 3. Assume that f is -smooth and a sub-Gaussian gradient oracle (Equation (10)). Then for AdaSGD, for any
6 € (0, 1/3), it holds with probability at least 1 — 26 that

oo/log % ) 2100 Llog T (2F 24 2100 L10e T)
i ) 0(—A 1 Liog L log L1 —)—;
\/T + 7 1+ ( + 0, Og,sogg(n"'nﬂ) + 0y log 5 1log 5 T

(ii) and f(w;) — f* < Fforall1 <t <T+1,

T
(i) 7 YIVFoe)I? < 02 +p)
t=1

where Ay = f(wy) — f* and

F =2A; + (9log L +12C))nog+/In 4L + (8110g> L + 144C2) B2 In 4L + 72 BC, (11)
1802T In 4L + (8 + 7202 In 4L) (2 B2T3 + BAIT
Clzlog(l+ o7In 5+ - s T BT +BAT) (12)
Y

Theorem 4. Assume that f is convex and B-smooth and a sub-Gaussian gradient oracle (Equation (10)). Then for AdaSGD,
for any § € (0, 1/4), it holds with probability at least 1 — 25 that

T
(i) f(%iwt) ~ < 0((%2 +n) +D 1og%)00— “\/l;g‘s

t=1

d? 2 2 1
+0(y]—7l + B(1 +a'12 log %)([3—7 +n) +,80'12D210g%10g%)f;

(ii) and ||w; —=w*|| < D forall1 <t <T+1,
where dy = ||wi — w*||, and
D? = 5(d% + 772(1 + 0'12 +y_2(0'§ +,80'12F) +y_4(0'61 +ﬁ20'fF2))),
F= 5(f(wl) - [*+noo+n’Bo} +n2[3)-

The theorems share the same bounds with Theorems 1 and 2 up to logarithmic factors. Note that a careful modification of
the analyses can yield slightly tighter bounds as Lemma 5 already holds for a sub-Gaussian martingale difference sequence.

Proof of Theorems 3 and 4. Let g(w) be the gradient oracle defined above by applying Lemma 15 to the noise of the
sub-Gaussian oracle. Due to Lemma 15 this oracle returns unbiased gradients with bounded affine noise for parameters
00 = 300+/In(4T/6") and 7| = 301+/In(4T/§’). Furthermore, with probability 1 — §’, AdaSGD performs the exact steps
with both oracles as the noisy gradients are equal. Hence we can use the guarantees of Theorems 1 and 2. We conclude by
plugging o and o7 to the bounds and performing a union-bound with the probability the two oracles output the same noisy
gradients. O

C.1. Proof of Lemma 15

Proof. Denote r = 07+/In(4/6); note that Pr(|| X|| > r) < §/2 (due to Equation (9)). Define a random vector Z by rejection
sampling X on the r-unit ball: if || X|| < r, let Z = X; otherwise, continue resampling from the distribution of X and reject
samples as long as their norm is larger than r; let Z be the first accepted sample. To correct the bias of Z, let

|z with prob. 1 — §/2;
" |-%8E[Z] with prob. §/2.

By construction, E[X] = 0. Also, Pr(X = X) > 1 — § due to a union bound of Pr(X = Z) and Pr(X = Z), each happens
with probability at least 1 — &/2. We are left with bounding X. As ||Z|| < r it remains to bound the correction term. For this,
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we first bound E[Z] = E[X | || X]|| < r]. By the law of total expectation,

E[XI{||X][ < r}] = Pr(IX]| < NE[XT{|X]| < 7} [IIX]] < 7]+ Pr(IX]| > AE[XT{IX| < 7} [IX]] > 7]
=Pr(|X|| < NE[XI{||X][ < r} | [ X]| < 7]
=Pr(|IX|| < NE[X [ [|X]| < r].

Hence, as E[X] =0,

E[X1{IX][ < r}] _ E[XI{|IX][ > r}]

E[X | IX] <r]= =-
Pr(||X]l <r) Pr(|[X]| <)
Thus, using the tail bound (Equation (9)),
NELZ]Il < 2E[IIXII{IX| > r}] Pr(IX]l <r) > 1/2)
< 2/ Pr(|| X||1{||X]|| > r} = x)dx (tail formula for expectations)
0
<2rPr(|X]|| > r) + 2/ Pr(|| X||1{||X]| > r} = x)dx (split integral at r)
< 6r+2/ Pr(|| X|| = x)dx Pr()|X|| >r) <6/2)
<or+4 / e~ gy (Equation (9))
r
202 %2
< or+ L‘/ —);e_xz/"2dx (x/r > 1forx >r)
r J, o
2 2
=0r— Zie_xz/o'zﬁo =or+ 2ie_r2/0'2
r r
oo
<or+ —.
S or+ =

We conclude that X is bounded in absolute value (with probability one) by
max{r, (r +o/2)(2-46)} < 30+In(4/6). O

D. Lower Bound for the Effective Diameter in the Convex Case

In Section 4 we establish a bound of max, <74 ||w; — w*||> which has polynomial dependence in 1/y. In this section we
construct a one-dimensional example which shows that such polynomial dependence is necessary in order to obtain a bound
of max; <741 ||w; — w*||? which is o(T) with high probability.

Let f(w) = ng for some 0 < B < & (B is extremely small with respect to o). Let g(w) be a stochastic oracle such that

(w) = Viw)+o Ww.p. %;
§ Viw) - 75 w.p.l—%,

where T > 1. Hence, E[g(w) — Vf(w)] =0and ||g(w) — Vf(w)ll2 < o? with probability 1. Let w; = w* =0 and 5 = 1.

With constant probability (~ e~!), g; = Vf(w;) — o /(T — 1) forall t € [T]. As max, <71 ||w; — w*||* = o(T) with high
probability, we assume that for large enough 7', |w, — w*| < ‘/TT for all + < T + 1 (still with constant probability under a
union bound). Hence, with constant probability,

T T T

o o
W41 :_erhg’ Z—Z:‘Ut(ﬁwt— T—l) 2 2T-1) Elﬂt,
= =

t=
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where the last inequality is the assumption of small 8. Thus, as ||g;|| = ||Bw: — o /(T = || < /(T — 1) (as w; > 0 for all
t since the stochastic gradients are always negative),

L L 1 L 1 - 1
Dm=) T ) = ,—le
t=1 =1 [y? + Z§=1 ||gS||2 =1 /Y% + ﬁ = 1 ( )

Returning to wr41, bounding sum by integration,

RO _\/@ +1=Q(c/y).

>
Wyl 2 2 Z '—2(T 02 = \/ 0.2

Thus, [[wrs — w*[I* = Q(a2 /).

E. Non-convex SGD with known parameters

In this section we provide a high probability convergence analysis of Stochastic Gradient Descent (SGD) for a S-smooth
objective function f under an affine noise model with known parameters (83, 0, 01). The tuned step-size we use is the
following,

1 a
7 = min ) ) (13)
{4ﬁ(1 +ollog L) 0'0\/7}
for some parameter @ > 0. Following is the convergence guarantee.

Theorem 5. Assume that f is S-smooth. Then for SGD with step-size (Equation (13)), for any 6 € (0, %), it holds with
probability at least 1 — 29 that

T

1 A\ 20 I

(i) 52 IVF )| < (Ba +—)—\/T°+(SﬁA1(1+4af)1og§+24a$/32a210gg+15031og§)f;
t=1

(ii) and f(w;) — f* < Fforall1 <t <T+1,

where A; = f(wy) — f* and

2

. 0 oo T

F=2A+2B% +3min{ —% "9 5o T (14)
{4ﬁ(1+o—1210g§) NT °

Similarly to Theorem 1, Theorem 5 establishes a high probability bound of f(w,) — f* for all #. Also note that tuning of
a = O(4/A1/p) yields a rate of O (o-ovﬁAl/ﬁ +(1+ 0'12),8A1 /T), matching the results in expectation of Ghadimi & Lan
(2013) and Bottou et al. (2018, Theorem 4.8) up to few additional logarithmic factors being a result of the high probability
analysis.

E.1. Proof of Theorem 5

In order to prove Theorem 5 the next lemma establish a bound of f(w;) — f* for all ¢+ < T that holds with high probability,
similarly to Lemma 2 (proof given later in the section).

Lemma 16. With probability at least 1 — 6, it holds that for allt < T + 1, f(w,) — f* < F (with F defined in Theorem 5 ).

‘We continue to prove the main result using similar lines to the proof of Theorem 1.
Proof of Theorem 5. We start with a regret analysis. Using S-smoothness, we have for all # > 1 that
fwea) < f(we) =nVf(we) - g + %.3772”&”2,
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which implies

1
VS (ve) - e < S(FOwe) = S (wee)) + 3B llgel.
Summing the above over ¢ = 1,...,T, we obtain (with A; = f(w1) — f*)
T T
A1 Bn
D) g < =+ SR .
n 2
t=1 t=1
Observe that

lgell® < 20V f (o)l +2llg: = V.f (wa)ll> < 21+ aD)IVf (w)|I* + 2075

Hence,

T T
Dl <2 (14 o)V Fwn)l? +203T.
t=1 t=1

By the definition of  (Equation (13)),
T Al T
2 VSO0 g < S B ) (1 DIV (w0l + g T
t=1 t=1
(R Ay
<4pAi(1+olog )+ 3 DIV ()l + ooV (B + =), (15)
t=1 @

We continue with a martingale analysis to replace Zthl Vf(w;) - g with Zthl IV f(wy) ||I?. Consider the sequence of R.V.s
(Z,)IT:1 defined by Z; = Vf(w;) - (Vf(w;) — g;). Then (Z,)tT:1 is a martingale difference sequence, as

Ei1[Zi] =Vf(we) - (Vf(we) - Ei-1]g:]) = 0.

By Cauchy-Schwarz inequality and the noise assumption,

1Z:] < IVF W)V (we) = gl < IIVf(Wz)II\/0§ + IV F(wo) I

Thus, we obtain from Lemma 5 with

1Z] < IIVf(wt)II\/cr&+012IIVf(wt)I|2
and A = 1/3(07 + 2B F) that with probability at least 1 — 5,

r T (02 + VLIV
. _ =11% "9
;Vf(wt) (Vf(we) - ) < W07 +2507F)

+3(0g +2B07F)log(1/5).

From Lemmas 8 and 16, with probability at least 1 — 6, ||V.f(w;) |I> < 2B8F. Hence, under a union bound with Lemma 16,
with probability at least 1 — 24,

T
DIVFwe) (Y (we) = g0) <

t=1

T
DUIVLwl? +3(cp +2B07F) log 5. (16)
t=1

FNp-

Summing Equations (15) and (16) and rearranging,

T
A
IVl < 8BA1(1+07 log L) +6(c +2B07F) log L + 2crow/f(,3a + ?‘)

t=1
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From Lemma 16 and Equation (13),

2 3‘73
F <2A; +2B0% + —%.
4 o
Thus,
4 A
ZHVf(w,)llz < 8BA1(1+ 02 log L) +24B02 (A1 + Ba?) log L + 1507 log L + 200\/7(@ + ;‘)
A
< 8BA (1 +402) log L + 2402 8% log L + 1502 log L + 200\/T(ﬁa + —‘). o
a
E.2. Proof of Lemma 16

Proof. Consider the sequence of RVs (Z,)tT=l defined by Z; = Vf(w;) « (Vf(w;) — g¢). Then (Z,)tT=l is a martingale
difference sequence, as

Eii[Z] =Vf(we) - (Vi(w) —E-ilg]) =0

From Cauchy—Schwarz inequality and the noise model, |Z;| < ||Vf(wt)||\/0'§ + 0'12||Vf(wt)||2. Thus, we obtain from
Lemma 5 (together with a union bound over ¢) that for any fixed A > 0, with probability at least 1 — ¢, forall 1 <7 < T,

T

STV - (V£ 000) = 8) = 28 DT L0 + TRV FOv)IP) + ol
s=1

s=1

We will proceed by induction. The claim is immediate for = 1 and we move to prove it for # + 1. Using smoothness,

2
FOve) € FOvs) =1V 003) - 85+ P gy 1P

Summing the above over s = 1,...,1,
Fwis) = f(w) < —UZVf(ws) g+ 2L Zn N (17)
The second term of the right hand side can be bounded by the definitions of 7 and the noise model,
2t t
P S gl < B> (llgs = V£ Gen) I+ 19 0w IP) (lla+ I < 2llal’” +2[161P)
s=1 s=1
t
< ﬁn ) A+ aDIVS () + o) (VS (ws) = gslI* < o5 + a7V f (W) I?)
=1
7] t
< Ba?+ 1 Z||Vf(ws)||2. (Equation (13))
s=1

We move to bound the first term of the right hand side. We split the sum to obtain a martingale term,

=0 Y Vf(w) e ge == Y IV +7 ) VF(ws) - (VS (ws) = g5)-

s=1 s=1 s=1

From Lemma 8 and our induction, ||V f(w;) I? < 2B(f(wy) — f*) < 2BF. Returning to our martingale bound, we have

3 1 1
D VFws) - (Vf(wy) = g) < f DUVFwOIP(0g + oIV fwo)lIP) + i
s=1 s=1

T
< —(ao + 2807 F) ZIIVf(ws)IIZ 5.
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Setting A = 1 / (02 +2B02F),

DV (Vf00) =20 < 3 Y IVF 0| + (07 + 2507 ) log L.
s=1 s=1

Returning to Equation (17) and combining the inequalities,

Fwear) = f(w) < Ba? +n(og +2B01F) log L

1
< pa’ +qoglog 5+ S F =F = (f(wi) = f*),

where the last equality follows from the definition of 7. Adding f(w;) — f™* to both sides concludes the proof.
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