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A PROOF OF PROPOSITION 1

Proof 1 Since the (w∗,p∗) is the ε-stationary point of minw maxp∈∆m L(w,p), then we have

‖∇wf0(w∗) + β

m∑
j=1

p∗j2 max{fj(w∗), 0}∇wfj(w
∗)‖22 ≤ ε2 (1)

Let α∗j = 2βp∗j max{fj(w∗), 0} and ε ≤ ε1, we have

‖∇wf0(w∗) +

m∑
j=1

α∗j∇wfj(w
∗)‖22 ≤ ε21 (2)

the first condition in Definition 2 is satisfied.

Using ‖∇pL(w∗,p∗)‖22 ≤ ε and 0 ≤ p2
j ≤ 1, we have

m∑
j=1

(βφj(w
∗)− λp∗j )2 ≤ ε2 (3)

Using the inequality ‖a+ b‖22 ≤ 2‖a‖22 + 2‖b‖22, we have

1

2
β2

m∑
j=1

(max{fj(w∗), 0})2

≤β2
m∑
j=1

(max{fj(w∗), 0} − λp∗j )2 + λ2
m∑
j=1

(p∗j )
2

≤ε2 +mλ2 (4)

Rearrange the above inequality and let
2ε2 + 2mλ2

β2
≤ ε22, we can obtain

m∑
j=1

(max{fj(w∗), 0})2 ≤ ε22 (5)

Therefore, the second condition in Definition 2 is satisfied.

Based on the inequality ‖〈a, b〉‖22 ≤ ‖a‖22‖b‖22, we can multiply
∑m
j=1(α∗j )

2 on both sides of the
inequality 5, such that we have m∑

j=1

α∗j max{fj(w∗), 0}

2

≤
m∑
j=1

(α∗j )
2
m∑
j=1

max{fj(w∗), 0}2 ≤ ε22
m∑
j=1

(α∗j )
2 (6)

Since α∗j ≥ 0 and max{fj(w∗), 0} ≥ 0

m∑
j=1

(α∗j max{fj(w∗), 0})2 ≤

 m∑
j=1

α∗j max{fj(w∗), 0}

2

≤ ε22
m∑
j=1

(α∗j )
2 (7)
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Using inequality 5, we have (α∗j )
2 = 4β2(p∗j )

2(max{fj(w∗), 0})2 ≤ 4β2ε22, Let 4β2ε22 ≤ ε23, we
have

m∑
j=1

(α∗j max{fj(w∗), 0})2 ≤ ε23 (8)

If fj(w∗) ≤ 0, we have α∗j = 2βp∗j max{fj(w∗), 0} = 0. Therefore, we have

m∑
j=1

(α∗jfj(w
∗))2 ≤ ε23, (9)

which means that the third condition in Definition 2 is satisfied.

That completes the proof.

B PROOF OF PROPOSITION 2

Proof 2 Assume that a point ŵ satisfies that ‖∇wg(ŵ)‖2 ≤ ε, the optimization problem
maxp∈∆m L(ŵ,y) is strongly concave w.r.t p and p∗(ŵ) is uniquely defined. Solving this this
strongly concave problem maxp∈∆m L(ŵ,y), we can obtain a point p′ satisfying that

‖∇pL(ŵ,p′)‖2 ≤ ε and ‖p′ − p∗(ŵ)‖2 ≤ ε. (10)

If ‖∇wg(ŵ)‖2 ≤ ε, we have

‖∇wL(ŵ,p′)‖2
≤‖∇wL(ŵ,p′)−∇wg(ŵ)‖2 + ‖∇wg(ŵ)‖2
=‖∇wL(ŵ,p′)−∇wL(ŵ,p∗(ŵ))‖2 + ε

≤L‖p′ − p∗(ŵ)‖2 + ε

=O(ε) (11)

C CONVERGENCE ANALYSIS OF DSZOG

Here, we give several lemmas used in our analysis and then give the proof of theorem 1.

Lemma 1 (Nesterov & Spokoiny (2017) Lemma 3) Under Assumption 1, it holds that

‖∇wLµ(w,p)−∇wL(w,p)‖22 ≤
µ2L2(d+ 3)3

4
(12)

Lemma 2 (Wang et al. (2020) Lemma 12) Under Assumption 1, for any w ∈ Rd, p1,p2 ∈ ∆m, it
holds that

‖∇wLµ(w,p1)−∇wLµ(w,p2)‖2 ≤ L2‖p1 − p2‖22 (13)

Lemma 3 (Nesterov & Spokoiny (2017) Lemma 4) Under Assumption 1, it holds that

‖∇wL(w,p)‖22 ≤ 2‖∇wLµ(w,p)‖22 +
µ2L2(d+ 3)3

2
(14)

Lemma 4 (Lin et al. (2020) Lemma 3.3)The function g(·) := maxp∈∆m L(·,p) is Lg = (L+ κL)-
gradient Lipschitz, and ∇g(w) = ∇wL(w,p∗(w)). Moreover, p∗(w) = arg maxp∈∆m L(w,p) is
κ-Lipschitz.

Lemma 5 Under Assumption 1, if |M1| = |M2| = M , it holds that
Eu[q],`M1

,fM2
[‖GLµ (wt,pt, `M1

, fM2
,u[q])‖22] ≤ 3‖∇wL(w,p)‖22 + ρ(ε, µ), where

ρ(ε, µ) =
µ2L2(d+ 6)2ε2

8
+
µ2L2(d+ 3)3

2
+
ε2

2
.
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Proof 3 Since E[GLµ (wt,pt, `M1
, fM2

,u[q])] = ∇wLµ(w,p) and |M1| = |M2| = M , we have

Eu[q],`M1
,fM2

[‖GLµ (wt,pt, `M1 , fM2 ,u[q])‖22]

=
1

qM
E[‖GLµ (wt,pt, `i, fj ,u)‖22]

=
1

qM
E[‖GLµ (wt,pt, `i, fj ,u)−∇wLµ(wt,pt)‖22] + ‖∇wLµ(w,p)‖22

≤ 1

qM
E[‖GLµ (wt,pt, `i, fj ,u)‖22] + 2‖∇wL(wt,pt)‖22 + 2‖∇wLµ(w,p)−∇wL(w,p)‖22

≤ 1

qM

[
2(d+ 4)

[
‖∇wL(w,p)‖22 + σ2

1

]
+
µ2L2(d+ 6)3

2

]
+ 2‖∇wL(w,p)‖22 +

µ2L2(d+ 3)3

2

=
2(d+ 4)

qM
‖∇wL(wt,pt)‖22 + 2‖∇wL(wt,pt)‖22 +

2(d+ 4)σ2
1

qM
+
µ2L2(d+ 6)3

2qM
+
µ2L2(d+ 3)3

2
(15)

The first inequality is due to ‖a+ b‖22 ≤ 2‖a|22 + ‖b‖22. The second inequality is due to the Lemma
14 in Nesterov & Spokoiny (2017) and Lemma 1. Let qM = 4(d+ 6)(σ2

1 + 1)ε−2,then we have

Eu[q],`M1
,fM2

[‖Gµ(w, `M1
, fM2

,u[q])‖22] ≤ 3‖∇wL(w,p)‖22 + ρ(ε, µ) (16)

where ρ(ε, µ) =
µ2L2(d+ 6)2ε2

8
+
µ2L2(d+ 3)3

2
+
ε2

2
.

That completes the proof.

Lemma 6 Assume {(wt,pt)} is the sequence generated by our Algorithm 1. By setting ηp =
1

2L
,

the following inequality holds: E[‖p∗(wt−1)− pt‖22] ≤ (1− 1

4κ
)E[‖p∗(wt−1)− pt−1‖22] +

σ2

4L2
,

where κ =
L

τ
.

Proof 4 According to the update rules, we have

‖p∗(wt−1)− pt‖22
=‖Proj∆m(pt−1 + ηpH(wt−1,pt−1)− p∗(wt−1))‖22
≤‖pt−1 − p∗(wt−1)‖22 + η2

p‖H(wt−1,pt−1)‖22 + 2ηp〈H(wt−1,pt−1),pt−1 − p∗(wt−1)〉 (17)

For a given t, denote by E taking expectation with respect to random random samples conditioned on
all previous iterations. By taking expectation to both sides of this inequality, we obtain

E[‖p∗(wt−1)− pt‖22]

≤E[‖pt−1 − p∗(wt−1)‖22] + η2
pE[‖H(wt−1,pt−1)‖22]− 2ηp〈L(wt−1,pt−1),p∗(wt−1)− pt−1〉

≤E[‖pt−1 − p∗(wt−1)‖22] + η2
p(‖∇pL(wt−1,pt−1)‖22 + σ2

2)− 2ηp (L(wt−1,p
∗(wt−1))− L(wt−1,pt−1))

≤E[‖pt−1 − p∗(wt−1)‖22] + η2
p

(
2L(L(wt−1,p

∗(wt−1))− L(wt−1,pt−1)) + σ2
2

)
− 2ηp (L(wt−1,p

∗(wt−1))− L(wt−1,pt−1))

=E[‖pt−1 − p∗(wt−1)‖22]− 1

2L
(L(wt−1,p

∗(wt−1))− L(wt−1,pt−1)) +
σ2

2

4l2

≤E[‖p∗(wt−1)− pt−1‖22](1− τ

4L
) +

σ2
2

4L2
(18)

The second inequality is due to the cancavity of L w.r.t p. The third inequality is due to the gradient-

Lipschitz of L w.r.t p and the strongly concave w.r.t p. The equality is due to ηp =
1

2L
. The last is

due to strongly concave of L w.r.t p.

3
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Lemma 7 Denote δt = ‖pt − p∗(wt)‖22 and set ηw =
1

4× 162κ2(κ+ 1)2(L+ 1)
, γ = 1− 1

4κ
+

3κ2η2
wL

2 ≤ 1 − 3

16κ
< 1. It holds that E[δt] = γtE[δ0] + 3κ2η2

w

∑t−1
i=0 γ

t−1−iE[‖∇g(wi)‖22] +

θ1

∑t−1
i=0 γ

t−1−i where θ1 = κ2η2
wρ(ε, µ) +

σ2
2

4L2
.

Proof 5 We have

E[δt] =E[‖p∗(wt)− pt‖22]

≤E[‖p∗(wt−1)− pt‖22] + E[‖p∗(wt)− p∗(wt−1)‖22]

≤(1− 1

4κ
)E[‖p∗(wt−1)− pt−1‖22] +

σ2
2

4L2
+ E[‖p∗(wt)− p∗(wt−1)‖22]

≤(1− 1

4κ
)E[‖p∗(wt−1)− pt−1‖22] +

σ2
2

4L2
+ κ2E[‖wt −wt−1‖22]

=κ2η2
wE[‖GLµ (wt−1,pt−1, `M1

, fM2
,u[q])‖22] + (1− 1

4κ
)E[δt−1] +

σ2
2

4L2
(19)

The third inequality is due to Lemma 4. From Lemma 5, we have

Eu[q],`M1
,fM2

[‖Gµ(wt−1, `M1
, fM2

,u[q])‖22]

≤3E[‖∇wL(wt−1,pt−1)‖22] + ρ(ε, µ)

≤3E[‖∇g(wt−1)‖22] + 3l2E[‖p∗(wt−1)− pt−1‖22] + ρ(ε, µ) (20)

Then, combining the above inequalities, we have

E[δt] =γtE[δ0] + 3κ2η2
w

t−1∑
i=0

γt−1−iE[‖∇g(wi)‖22] + θ1

t−1∑
i=0

γt−1−i (21)

where γ = 1− 1

4κ
+ 3κ2η2

wL
2 and θ1 = κ2η2

wρ(ε, µ) +
σ2

2

4L2
.

Then, we give the proof of Theorem 1.

4
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Proof 6

g(wt+1)

≤g(wt)− ηw〈∇g(wt), Gµ(wt, `M1 , fM2 ,u[q])〉+
Lgη

2
w

2
‖Gµ(wt, `M1 , fM2 ,u[q])‖22

=g(wt)− ηw〈∇wL(wt,p
∗(wt))−∇wLµ(wt,p

∗(wt))

+∇wLµ(wt,p
∗(wt))−∇wLµ(wt,pt)

+∇wLµ(wt,pt), Gµ(wt, `M1
, fM2

,u[q])〉

+
Lgη

2
w

2
‖Gµ(wt, `M1

, fM2
,u[q])‖22

=g(wt) +
Lgη

2
w

2
‖Gµ(wt, `M1

, fM2
,u[q])‖22

+ ηw〈∇wLµ(wt,p
∗(wt))−∇wL(wt,p

∗(wt)), Gµ(wt, `M1 , fM2 ,u[q])〉
+ ηw〈∇wLµ(wt,pt)−∇wLµ(wt,p

∗(wt)), Gµ(wt, `M1
, fM2

,u[q])〉
− ηw〈∇wLµ(wt,pt), Gµ(wt, `M1 , fM2 ,u[q])〉

≤g(wt) +
Lgη

2
w

2
‖Gµ(wt, `M1

, fM2
,u[q])‖22

+
1

Lg
‖∇wLµ(wt,p

∗(wt))−∇wL(wt,p
∗(wt))‖22

+
Lgη

2
w

4
‖Gµ(wt, `M1

, fM2
,u[q])‖22

+
1

Lg
‖∇wLµ(wt,pt)−∇wLµ(wt,p

∗(wt))‖22

+
Lgη

2
w

4
‖Gµ(wt, `M1

, fM2
,u[q])‖22

− ηw〈∇wLµ(wt,pt), Gµ(wt, `M1
, fM2

,u[q])〉

≤g(wt) + Lgη
2
w‖Gµ(wt, `M1

, fM2
,u[q])‖22 +

µ2L2(d+ 3)3

4Lg
+
L2

Lg
‖p∗(wt)− pt‖22

− ηw〈∇wLµ(wt,pt), Gµ(wt, `M1 , fM2 ,u[q])〉 (22)

where the first inequality is due to Lemma 4. Then second inequality is due to the Young’s inequality.
The last inequality is due to Lemmas 2 and 1. Then, take expectation w.r.t u[q], ξM1 , ζM2 on both
sides of the above inquality and rearrange it, we obtain

ηwE[‖∇wLµ(wt,pt)‖22]

≤E[g(wt)]− E[g(wt+1)] +
L2

Lg
E[‖p∗(wt)− pt‖22] + Lgη

2
wE[‖Gµ(wt, `M1

, fM2
,u[q])‖22] +

µ2L2(d+ 3)3

4Lg
(23)

From Lemma 2, we have

ηwE[‖∇wLµ(w,p∗(w))‖22] ≤ηwE[‖∇wLµ(wt,pt)‖22] + ηwL
2‖pt − p∗(wt)‖22 (24)

From Lemma 3, we have

ηw‖∇g(wt)‖22 ≤ 2ηw‖∇wLµ(wt,p
∗(wt))‖22 +

ηwµ
2L2(d+ 3)3

2
(25)

5
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Combining the above inequalities yields

ηwE[‖∇g(wt)‖22]

≤2ηwE[‖∇wLµ(wt,pt)‖22] + 2ηwL
2‖pt − p∗(wt)‖22 +

ηwµ
2L2(d+ 3)3

2

≤2E[g(wt)]− 2E[g(wt+1)] +
2L2

Lg
E[‖p∗(wt)− pt‖22]

+ 2Lgη
2
wE[‖Gµ(wt, `M1

, fM2
,u[q])‖22] +

µ2L2(d+ 3)3

2Lg

+ 2ηwL
2‖pt − p∗(wt)‖22 +

ηwµ
2L2(d+ 3)3

2

≤2E[g(wt)]− 2E[g(wt+1)] + (
2L2

Lg
+ 2ηwL

2)E[‖p∗(wt)− pt‖22]

+
µ2L2(d+ 3)3

2Lg
+
ηwµ

2L2(d+ 3)3

2

+ 2Lgη
2
w

(
3E[‖∇g(wt)‖22] + 3L2E[‖p∗(wt)− pt‖22] + ρ(ε, µ)

)
=2E[g(wt)]− 2E[g(wt+1)] + 6Lgη

2
wE[‖∇g(wt)‖22] + θ2E[δt] + θ3 (26)

where

θ2 =
2L2

Lg
+ 2ηwL

2 + 6Lgη
2
wL

2 ≤ 2L+ 2ηwL
2 + 6ηwL

3(κ+ 1) (27)

and

θ3

=
µ2L2(d+ 3)3

2Lg
+
ηwµ

2L2(d+ 3)3

2
+ 2Lgη

2
wρ(ε, µ)

≤µ
2L(d+ 3)3

2
+
ηwµ

2L2(d+ 3)3

2
+ 2L(κ+ 1)η2

wρ(ε, µ)

≤µ
2L(d+ 3)3

2
+
ηwµ

2L2(d+ 3)3

2
+ L3(κ+ 1)η2

w(
µ2(d+ 6)2ε2

4
+ µ2(d+ 3)3) + L(κ+ 1)η2

wε
2

(28)

Taking sum over t = 0, · · · , T , we get

T∑
t=0

E[δt] =

T∑
t=0

γtE[δ0] + 3κ2η2
w

T∑
t=0

t−1∑
i=0

γt−1−iE[‖∇g(wi)‖22] + θ

T∑
t=0

t−1∑
i=0

γt−1−i (29)

Moreover, we have

T∑
t=0

γt ≤ 6κ (30)

T∑
t=0

t−1∑
i=0

γs−1−i ≤ 6κ(T + 1) (31)

T∑
t=0

t−1∑
i=0

γs−1−iE[‖∇g(wi)‖22] ≤ 6κ

T∑
t=0

E[‖∇g(wt)‖22] (32)

Thus, we have

T∑
t=0

E[δt] =6κE[δ0] + 18κ3η2
w

T∑
t=0

E[‖∇g(wt)‖22] + θ16κ(T + 1) (33)

6
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Then, summing 26 over t = 1, · · · , T , yields

ηw

T∑
t=0

E[‖∇g(wt)‖22]

=2E[g(w0)]− 2E[g(wT+1)] + 6Lgη
2
w

S∑
t=0

E[‖∇g(wt)‖22] + θ2

T∑
t=0

E[δt] + θ3(T + 1)

≤2E[g(w0)]− 2E[g(wT+1)] + 6Lgη
2
w

S∑
t=0

E[‖∇g(wt)‖22]

+ θ2

(
6κE[δ0] + 18κ3η2

w

T∑
t=0

E[‖∇g(wt)‖22] + θ16κ(T + 1)

)
+ θ3(T + 1)

(34)

In addition, we have

18κ3η2
wθ2 ≤ (

36

4× 162
+

36

42 × 164
+

18× 6

42 × 164
)ηw ≤ 0.0616ηw (35)

and

6Lgη
2
w = 6(κ+ 1)Lη2

w ≤ 0.0059ηw (36)

Thus, we have

0.9325ηw

T∑
t=0

E[‖∇g(wt)‖22] ≤ 2E[g(w0)]− 2E[g(wT+1)] + θ2 (6κE[δ0] + θ16κ(T + 1)) + θ3(T + 1)

(37)

Dividing both side of the above inequality by 0.9325(T + 1)ηw and let p0 = p∗(w0), we have

1

T + 1

T∑
t=0

E[‖∇g(wt)‖22] ≤ 2(g(w0)− g(wT+1))

0.9325(T + 1)ηw
+

6θ2θ1κ

0.9325ηw
+

θ3

0.9325ηw
+

6θ2κσ
2
1

0.9325(T + 1)ηw

(38)

Then, we o bound the right side by ε2. Then, we have T > max{2(g(w0)− g(wT+1))

0.9325ε2ηw
,

σ2
1

16κη2
wε

2
}.

In additinon We have

θ3 ≤
µ2L(d+ 3)3

2
+
ηwµ

2L2(d+ 3)3

2
+ L3(κ+ 1)η2

w(
µ2(d+ 6)2ε2

4
+ µ2(d+ 3)3) + L(κ+ 1)η2

wε
2 ≤ ε2ηw

(39)

Let µ := O(εd−3/2L−2) and the above inequality holds.

D CONVERGENCE ANALYSIS OF ADSGZO

Here, we give several lemmas used in our analysis and then give the proof of theorem 2.

Lemma 8 Under Assumptions 1 and 3, if ηwL ≤
c1,l

2c21,u
, we have

g(wt+1)

≤g(wt)−
ηwc1,l

2
‖∇g(wt)‖22 −

ηwc1,l
4
‖ztw‖22 + ηwc1,l

µ2L2(d+ 3)3

2
+ ηwc1,lL

2‖p∗(wt)− pt‖22
+ ηwc1,l‖∇wL(wt,pt)− ztw‖22 (40)

7
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Proof 7
g(wt+1)

≤g(wt) +∇g(wt)
T (wt+1 −wt) +

L

2
‖wt+1 −wt‖22

=g(wt)− ηw∇g(wt)
T ztw√
‖ztw‖2

+
L

2

‖ztw‖22
‖
√
‖ztw‖2‖22

≤g(wt)− ηwc1,l∇g(wt)
Tztw +

Lη2
wc

2
1,u

2
‖ztw‖22

=g(wt) +
ηwc1,l

2
‖∇g(wt)− ztw‖22 −

ηwc1,l
2
‖∇g(wt)‖22 −

ηwc1,l
2
‖ztw‖22 +

Lη2
wc

2
1,u

2
‖ztw‖22

=g(wt)−
ηwc1,l

2
‖∇g(wt)‖22 −

ηwc1,l
2
‖ztw‖22 +

Lη2
wc

2
1,u

2
‖ztw‖22

+
ηwc1,l

2
‖∇g(wt)−∇gµ(wt) +∇gµ(wt)−∇wLµ(wt,pt) +∇wLµ(wt,pt)−∇wL(wt,pt) +∇wL(wt,pt)− ztw‖22

≤g(wt)−
ηwc1,l

2
‖∇g(wt)‖22 −

ηwc1,l
2
‖ztw‖22 +

Lη2
wc

2
1,u

2
‖ztw‖22

+ ηwc1,l‖∇wL(wt,p
∗(wt))−∇wLµ(wt,p

∗(wt))‖22 + ηwc1,l‖∇∇wLµ(wt,p
∗(wt))−∇wLµ(wt,pt)‖22

+ ηwc1,l‖∇wLµ(wt,pt)−∇wL(wt,pt)‖22 + ηwc1,l‖∇wL(wt,pt)− ztw‖22

≤g(wt)−
ηwc1,l

2
‖∇g(wt)‖22 −

ηwc1,l
2
‖ztw‖22 +

Lη2
wc

2
1,u

2
‖ztw‖22 + ηwc1,l

µ2L2(d+ 3)3

4
+ ηwc1,lL

2‖p∗(wt)− pt‖22

+ ηwc1,l
µ2L2(d+ 3)3

4
+ ηwc1,l‖∇wL(wt,pt)− ztw‖22

≤g(wt)−
ηwc1,l

2
‖∇g(wt)‖22 −

ηwc1,l
2
‖ztw‖22 +

Lη2
wc

2
1,u

2
‖ztw‖22 + ηwc1,l

µ2L2(d+ 3)3

2
+ ηwc1,lL

2‖p∗(wt)− pt‖22
+ ηwc1,l‖∇wL(wt,pt)− ztw‖22

≤g(wt)−
ηwc1,l

2
‖∇g(wt)‖22 −

ηwc1,l
4
‖ztw‖22 + ηwc1,l

µ2L2(d+ 3)3

2
+ ηwc1,lL

2‖p∗(wt)− pt‖22
+ ηwc1,l‖∇wL(wt,pt)− ztw‖22

(41)

The last inequality is due to ηwL ≤
c1,l

2c21,u

Lemma 9 Under Assumptions 1 and 3, if a ≤ 1, τ ≤ L and ηp ≤
1

3c2.lL
, we have ‖pt+1 −

p∗(wt+1)‖22 ≤ −
1

4a
‖pt − pt+1‖22 +

8aηpc2,l
τ

‖∇pL(wt,pt)− ztp‖22 + (1− τaηpc2,l
4

)‖p∗(wt)−

pt‖22 +
8L2

g

τaηpc2,l
‖wt −wt+1‖22

Proof 8 We have
‖pt+1 − p∗(wt)‖22
≤‖(1− a)pt + ap̂t+1 − p∗(wt)‖22
=‖pt − p∗(wt)‖22 + a2‖pt − p̂t+1‖22 + 2a〈pt − p∗(wt),pt − p̂t+1〉 (42)

Thus, we have

〈pt − p∗(wt),pt − p̂t+1〉 ≥
1

2a

(
‖pt+1 − p∗(wt)‖22 − ‖pt − p∗(wt)‖22 − a2‖pt − p̂t+1‖22

)
(43)

Due to the Assumption, we have

L(wt, p̂t+1) ≥ L(wt,pt) +∇pL(wt,pt)
T (p̂t+1 − pt)−

L

2
‖p̂t+1 − pt‖22 (44)

8
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In addition, we have

L(wt,p)

≤L(wt,pt) +∇pL(wt,pt)
T (p− pt)−

τ

2
‖p− pt‖22

=L(wt,pt) +∇pL(wt,pt)
T (p− p̂t+1 + p̂t+1 − pt)−

τ

2
‖p− pt‖22

=L(wt,pt) +∇pL(wt,pt)
T (p− p̂t+1) +∇pL(wt,pt)

T (p̂t+1 − pt)−
τ

2
‖p− pt‖22

=L(wt,pt) + (∇pL(wt,pt)− ztp)T (p− p̂t+1) + 〈ztp,p− p̂t+1〉+∇pL(wt,pt)
T (p̂t+1 − pt)−

τ

2
‖p− pt‖22

(45)

Then, we have

L(wt,p)

≤L(wt, p̂t+1) + (∇pL(wt,pt)− ztp)T (p− p̂t+1) + 〈ztp,p− p̂t+1〉 −
τ

2
‖p− pt‖22 +

L

2
‖p̂t+1 − pt‖22

(46)

Due to the update rule of p̂, we have

〈p̂t+1 − pt − ηp
ztp√
‖ztp‖2

,p− p̂t+1〉 ≥ 0, ∀p ∈ ∆m (47)

Then, we have

ηpc2,l〈ztp,p− p̂t+1〉

≤〈ηp
ztp√
‖ztp‖2

,p− p̂t+1〉

≤〈p̂t+1 − pt,p− p̂t+1〉
=〈p̂t+1 − pt,p− pt + pt − p̂t+1〉
=− ‖p̂t+1 − pt‖22 + 〈p̂t+1 − pt,p− pt〉

(48)

In addition, we have

〈∇pL(wt,pt)− ztp,p
∗(wt)− p̂t+1〉

=〈∇pL(wt,pt)− ztp,p
∗(wt)− pt〉+ 〈∇pL(wt,pt)− ztp,pt − p̂t+1〉

≤1

τ
‖∇pL(wt,pt)− ztp‖22 +

τ

4
‖p∗(wt)− pt‖22 +

1

τ
‖∇pL(wt,pt)− ztp‖22 +

τ

4
‖pt − p̂t+1‖22

≤2

τ
‖∇pL(wt,pt)− ztp‖22 +

τ

4
‖p∗(wt)− pt‖22 +

τ

4
‖pt − p̂t+1‖22 (49)

Then, we have

L(wt,p)

≤L(wt, p̂t+1)− 1

ηpc2,l
‖p̂t+1 − pt‖22 +

1

ηpc2,l
〈p̂t+1 − pt,p− pt〉 −

τ

2
‖p− pt‖22 +

L

2
‖p̂t+1 − pt‖22

+
2

τ
‖∇pL(wt,pt)− ztp‖22 +

τ

4
‖p∗(wt)− pt‖22 +

τ

4
‖pt − p̂t+1‖22 (50)

9
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Let p = p∗(wt), we have

L(wt, p̂t+1)

≤L(wt,p
∗(wt))

≤L(wt, p̂t+1)− 1

ηpc2,l
‖p̂t+1 − pt‖22 −

τ

2
‖p∗(wt)− pt‖22 +

L

2
‖p̂t+1 − pt‖22

+
2

τ
‖∇pL(wt,pt)− ztp‖22 +

τ

4
‖p∗(wt)− pt‖22 +

τ

4
‖pt − p̂t+1‖22

− 1

2aηpc2,l

(
‖pt+1 − p∗(wt)‖22 − ‖pt − p∗(wt)‖22 − a2‖pt − p̂t+1‖22

)
(51)

Rearrange the inequality, we have

‖pt+1 − p∗(wt)‖22

≤− 2aηpc2,l

(
1

ηpc2,l
− L

2
− τ

4
− 1

2bηpc2,l

)
‖pt − p̂t+1‖22 +

4aηpc2,l
τ

‖∇pL(wt,pt)− ztp‖22

+ (1− τaηpc2,l
2

)‖p∗(wt)− pt‖22

≤− 2aηpc2,l

(
1

2ηpc2,l
− 3L

4

)
‖pt − p̂t+1‖22 +

4aηpc2,l
τ

‖∇pL(wt,pt)− ztp‖22

+ (1− τaηpc2,l
2

)‖p∗(wt)− pt‖22 (52)

where we use a ≤ 1, τ ≤ L and ηp ≤
1

3c2.lL
.

Then, we have

‖pt+1 − p∗(wt+1)‖22
=‖pt+1 − p∗(wt) + p∗(wt)− p∗(wt+1)‖22

≤(1 +
τaηpc2,l

4
)‖pt+1 − p∗(wt)‖22 + (1 +

4

τaηpc2,l
)‖p∗(wt)− p∗(wt+1)‖22

≤− 2aηpc2,l(1 +
τaηpc2,l

4
)

(
1

2ηpc2,l
− 3L

4

)
‖pt − p̂t+1‖22 +

4aηpc2,l
τ

(1 +
τaηpc2,l

4
)‖∇pL(wt,pt)− ztp‖22

+ (1− τaηpc2,l
2

)(1 +
τaηpc2,l

4
)‖p∗(wt)− pt‖22 + (1 +

4

τaηpc2,l
)L2

g‖wt −wt+1‖22

≤− 2aηpc2,l(1 +
τaηpc2,l

4
)

(
1

2ηpc2,l
− 3L

4

)
‖pt − p̂t+1‖22 +

8aηpc2,l
τ

‖∇pL(wt,pt)− ztp‖22

+ (1− τaηpc2,l
4

)‖p∗(wt)− pt‖22 +
8L2

g

τaηpc2,l
‖wt −wt+1‖22

≤− 2ηpc2,l
a

(1 +
τaηpc2,l

4
)

(
1

2ηpc2,l
− 3L

4

)
‖pt − pt+1‖22 +

8aηpc2,l
τ

‖∇pL(wt,pt)− ztp‖22

+ (1− τaηpc2,l
4

)‖p∗(wt)− pt‖22 +
8L2

g

τaηpc2,l
‖wt −wt+1‖22

≤− 1

4a
‖pt − pt+1‖22 +

8aηpc2,l
τ

‖∇pL(wt,pt)− ztp‖22

+ (1− τaηpc2,l
4

)‖p∗(wt)− pt‖22 +
8L2

g

τaηpc2,l
‖wt −wt+1‖22 (53)

Lemma 10 Under Assumptions 1, 2 and 3, if b ∈ (0, 1), we have

E[‖∇pL(wt+1,pt+1)− zt+1
p ‖22]

≤(1− b)E[‖∇pL(wt,pt)− ztp‖22] +
1

b
L2[‖wt+1 −wt‖22 + ‖pt+1 − pt‖22] + b2σ2

2 (54)
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E[‖∇wL(wt+1,pt+1)− zt+1
w ‖22]

≤(1− b)E[‖∇wL(wt,pt)− ztw‖22] +
1

b
L2[‖wt+1 −wt‖22 + ‖pt+1 − pt‖22] + b2σ2

1 (55)

Proof 9

zt+1
p − ztp = −bztp + bHt+1 (56)

Then, we have

E[‖∇pL(wt+1,pt+1)− zt+1
p ‖22]

=E[‖∇pL(wt+1,pt+1)− ztp − (zt+1
p − ztp)‖22]

=E[‖∇pL(wt+1,pt+1)− ztp + bztp − bHt+1‖22]

=E[‖(1− b)
(
∇pL(wt,pt)− ztp

)
+ (1− b) (∇pL(wt+1,pt+1)−∇pL(wt,pt)) + b

(
∇pL(wt+1,pt+1)−Ht+1

)
‖22]

=(1− b)2E[‖∇pL(wt,pt)− ztp‖22] + (1− b)2E[‖∇pL(wt+1,pt+1)−∇pL(wt,pt)‖22]

+ b2E[‖∇pL(wt+1,pt+1)−Ht+1‖22] + (1− b)2〈∇pL(wt,pt)− ztp,∇pL(wt+1,pt+1)−∇pL(wt,pt)〉
=(1− b)2E[‖∇pL(wt,pt)− ztp‖22] + (1− b)2E[‖∇pL(wt+1,pt+1)−∇pL(wt,pt)‖22]

+ b2E[‖∇pL(wt+1,pt+1)−Ht+1‖22] + (1− b)2E[〈∇pL(wt,pt)− ztp,∇pL(wt+1,pt+1)−∇pL(wt,pt)〉]

≤(1− b)2(1 + b)E[‖∇pL(wt,pt)− ztp‖22] + (1− b)2(1 +
1

b
)‖∇pL(wt+1,pt+1)−∇pL(wt,pt)‖22

+ b2E[‖∇pL(wt+1,pt+1)−Ht+1‖22]

≤(1− b)E[‖∇pL(wt,pt)− ztp‖22] +
1

b
L2E[‖wt+1 −wt‖22 + ‖pt+1 − pt‖22] + b2σ2

2 (57)

Similarly, we have

E[‖∇wL(wt+1,pt+1)− zt+1
w ‖22]

≤(1− b)E[‖∇wL(wt,pt)− ztw‖22] +
1

b
L2E[‖wt+1 −wt‖22 + ‖pt+1 − pt‖22] + b2σ2

1 (58)

Then, we give the proof of theorem 2.

Proof 10 Suming up the above inequality, we have
T∑
t=1

E[‖∇wL(wt+1,pt+1)− zt+1
w ‖22]

≤(1− b)
T∑
t=1

E[‖∇wL(wt,pt)− ztw‖22] +
1

b
L2

T∑
t=1

E[‖wt+1 −wt‖22 + ‖pt+1 − pt‖22] + b2σ2
1T

(59)

Then, we have
T∑
t=1

E[‖∇wL(wt+1,pt+1)− zt+1
w ‖22]

≤1

b
E[‖∇wL(w1,p1)− z1

w‖22] +
1

b2
L2

T∑
t=1

E[‖wt+1 −wt‖22 + ‖pt+1 − pt‖22] + bσ2
1T (60)

Similarly, we have
T∑
t=1

E[‖∇pL(wt+1,pt+1)− zt+1
p ‖22]

≤1

b
E[‖∇wL(w1,p1)− z1

w‖22] +
1

b2
L2

T∑
t=1

E[‖wt+1 −wt‖22 + ‖pt+1 − pt‖22] + bσ2
1T (61)

11
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T∑
t=1

‖pt+1 − p∗(wt+1)‖22

≤ 4

τaηpc2,l
(‖p∗(w1)− p1‖22 −

1

4a

T∑
t=1

‖pt − pt+1‖22 +
8aηpc2,l

τ

T∑
t=1

‖∇pL(wt,pt)− ztp‖22 +
8L2

g

τaηpc2,l

T∑
t=1

‖wt −wt+1‖22)

≤ 4

τaηpc2,l
‖p∗(w1)− p1‖22 −

1

τa2ηpc2,l

T∑
t=1

‖pt − pt+1‖22 +
32

τ2

T∑
t=1

‖∇pL(wt,pt)− ztp‖22 +
32L2

gη
2
wc

2
1,u

τ2a2η2
pc

2
2,l

T∑
t=1

‖ztw‖22

(62)
Thus, we have

E[

T∑
t=1

‖pt+1 − p∗(wt+1)‖22]

≤ 4

τaηpc2,l
E[‖p∗(w1)− p1‖22] + E[

32L2
gη

2
wc

2
1,u

τ2a2η2
pc

2
2,l

T∑
t=1

‖ztw‖22 −
1

τa2ηpc2,l

T∑
t=1

‖pt − pt+1‖22]

+
32

τ2b
E[‖∇pL(w1,p1)− z1

p‖22] + E

[
T∑
t=1

32

τ2

(
bσ2

2 +
L2(‖wt+1 −wt‖22 + ‖pt+1 − pt‖22)

b2

)]

≤ 4

τaηpc2,l
E[‖p∗(w1)− p1‖22] + E

[(
32L2

gη
2
wc

2
1,u

τ2a2η2
pc

2
2,l

+
32L2η2

wc
2
1,u

τ2b2

)
T∑
t=1

‖ztw‖22

]

+
32

τ2b
E[‖∇pL(w1,p1)− z1

p‖22] + E

[
T∑
t=1

32

τ2
bσ2

2

]

+ E

[(
32L2

τ2b2
− 1

τa2ηpc2,l

) T∑
t=1

‖pt − pt+1‖22]

]
(63)

In addition, we have
1

2
‖∇g(wt)‖22

≤g(wt)− g(wt+1)

ηwc1,l
− 1

4
‖ztw‖22 +

µ2L2(d+ 3)3

2
+ L2‖p∗(wt)− pt‖22 + ‖∇wL(wt,pt)− ztw‖22

(64)

Summing up from t = 1, · · · , T and taking expectation, we have

E[
1

2

T∑
t=1

‖∇g(wt)‖22]

≤g(w1)− g(wT+1)

ηwc1,l
− 1

4
E[

T∑
t=1

‖ztw‖22] +
µ2TL2(d+ 3)3

2

+
4L2

τaηpc2,l
E[‖p∗(w1)− p1‖22] + E

[(
L2η2

wc
2
1,u

b2
+

32L2
gL

2η2
wc

2
1,u

τ2a2η2
pc

2
2,l

+
32L4η2

wc
2
1,u

τ2b2

)
T∑
t=1

‖ztw‖22

]

+
32L2

τ2b
E[‖∇pL(w1,p1)− z1

p‖22] + E

[
T∑
t=1

32L2

τ2
bσ2

2

]

+ E

[(
L2

b2
+

32L4

τ2b2
− L2

τa2ηpc2,l

) T∑
t=1

‖pt − pt+1‖22]

]

+
1

b
E[‖∇wL(w1,p1)− z1

w‖22] + bσ2
1T (65)
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Let p∗(w1) = p1, z1
p = H(wt,pt, fM3

), z1
w = GLµ (wt,pt, `M1

, fM2
,u[q]), ηp ≤

min{ b2

τa2c2,l
,

τb2

32L2a2c2,l
}, η2

w ≤ min{ b2

4c21,uL
2
,
τ2a2η2

pc
2
2,l

128L2
gL

2c1,u
,

τ2b2

128L4c21,u
}, we have

1

T
E[

T∑
t=1

‖∇g(wt)‖22] ≤ 2(g(w1)− g(wT+1))

Tηwc1,l
+

64L2

τ2bT
σ2

2 +
2σ2

1

bT
+ µ2L2(d+ 3)3 +

64L2

τ2
bσ2

2 + 2bσ2
1

(66)

Bound the left term by ε2, we have µ ≤ ε

L(d+ 3)3/2
, b ≤ min{ ε

2

2σ2
1

,
τ2ε2

64σ2
2L

2
} and T ≥

max{2(g(w1)− g(wT ))

ε2ηwc1,l
,

2σ2
1

ε2b
,

64σ2
2L

2

ε2τ2b
}
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