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A PROOF OF PROPOSITION 1
Proof 1 Since the (w*, p*) is the e-stationary point of min,, maxpeam L(w, p), then we have
1V fo(w*) + BZpﬂmax{fg( ), 0}V f (w") |3 < € M
Let o = 2f8p; max{f;(w"),0} and € < €1, we have
1V w fo (w +Za Vo fi(w*)|3 < e )

j=1
the first condition in Definition 2 is satisfied.

Using ||VpL(w*, p*)||3 < e and 0 < p? < 1, we have
Z Boj(w*) = Ap;)* < € 3)
Using the inequality ||la + b||§ < 2HaH2 + 2[|b||3, we have

Z max{ f;(w*),0})?

<B®Y (max{f;(w*),0} — Ap}) +A22 p;)?

j=1 j=1
<e? + mA\? 4)
2€% + 2m\?
Rearrange the above inequality and let H_Tm < €3, we can obtain
Z max{ f;(w*),0})* < €3 (5)

Therefore, the second condition in Deﬁmtlon 2 is satisfied.

Based on the inequality ||(a, b)||% < ||a||3||bl3
inequality ] such that we have

(Za max{ f;(w ) <> (e Zmax{ fij(w*),0}% < egz (6)
j=1 j=1

5, we can multiply Z 1(a)? on both sides of the

Jj=1

Since o > 0 and max{ f;(w*),0} >0

Z (af max{ f;(w" (Z > max{ f; (w ,0}) < €2 Z(a;)2 @)
j=1

— j=1
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Using lnequallty@ we have (o)? = 43%(p})? (max{ f;(w*),0})* < 453%€3, Let 4%€5 < €3, we
have

> (o max{f;(w"),0})* < & ®)
j=1
If fj(w*) <0, we have o = 28p; max{f;(w*),0} = 0. Therefore, we have

m

D (i fi(w)? < €, ©)

=1
which means that the third condition in Definition 2 is satisfied.

That completes the proof.

B PROOF OF PROPOSITION 2

Proof 2 Assume that a point W satisfies that ||ng( )||2 < ¢ the optimization problem
maxpeam L(W,y) is strongly concave w.r.t p and p* (W) is uniquely defined. Solving this this
strongly concave problem maxpeam L(W,y), we can obtain a point p’ satisfying that

IVpL(w,p')l|2 < € and ||p" — p*(w)]|2 < e. (10)

If [Vwg()|2 < € we have

[V £(2, p) |2
<V l(w,p') = Vag()]l2 + [ Vwg(w)]]2
=V L(w, p') — Vo L(w, p*(w))]|2 + €
<L|p’ = p*(w)l2 + €
=0(e) (11)

C CONVERGENCE ANALYSIS OF DSZ0OG

Here, we give several lemmas used in our analysis and then give the proof of theorem 1.

Lemma 1 (Nesterov & Spokoiny|(2017) Lemma 3) Under Assumption 1, it holds that

p2L2(d + 3)3

va‘cu(wap) - vm‘c(va)”g § 4

12)

Lemma 2 (Wang et al.|(2020) Lemma 12) Under Assumption 1, for any w € R?, py,py € A™, it
holds that

||Vw£;t(w7p1) - vwﬁu(wap2)||2 < L2||p1 _p2||% (13)

Lemma 3 (Nesterov & Spokoiny|(2017) Lemma 4) Under Assumption 1, it holds that

u2L2(d+ 3)3

VL (w, p)8 < 2 VL, p)]3 + L5

(14
Lemma 4 (Lin et al.|(2020) Lemma 3.3)The function ¢(-) := maxpeam L(-,p) is Ly = (L + kL)-
gradient Lipschitz, and V g(w) = V., L(w, p*(w)). Moreover, p*(w) = arg maxpeam L(w, p) is
k-Lipschitz.

Lemma 5 Under Assumption 1, if |Mi| = |Ms| = M, it holds that
Eu[q],ZMl,fM2[HGﬁ(wt,pt,fMl,sz,U[q])”%] < SHv’w‘C(va)H% + p(e,u), where
WPL2(d+6)2%  p2LP(d+3)7 €

p(€7/’[’): 8 + 2 +§'

[\
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Proof 3 Since B[G% (wy, pe, Ly, faty ug)] = VwLy(w, p) and |My| = [Mz| = M, we have

Eugytany o fons 1G3 (We, ey Oty s Fara s uig) 3]
1
ZWEH|G;€(wt’pt’€“ fja u)“%]

1
=WEHIG,§(wt,pt,€i,fj,u) = VL (we, py)|I3] + Ve Ly (w, )13

1
S HlGﬁ(wt,pt,ﬁ“ Fiy 3] + 20V L(we, P13 + 2 Ve Ly(w, p) = VwLl(w, p)l3

1 212(d+6)3 272(d + 3)3

< 2+ 0 (19wt + 03] + I | o v s g+ G
d+4 2(d+4)o?  p?L2(d+6)®  p?L?(d+ 3)3
2V wn, po + 2V, po) [ + XD RO D)
(15)

The first inequality is due to ||a + b||3 < 2||a|3 + ||b]|3. The second inequality is due to the Lemma
14 in|Nesterov & Spokoiny|(2017) and Lemma Let gM = 4(d + 6)(0? + 1)e2,then we have

Eu[q]szl yfmo [||Gu(w>£/\/11 y szvu[q])Hg} < 3\|Vw£(va)||§ + p(e, M) (16)
2L2 d 6 2.2 2L2 d 3 3 2
where p(€, 1) = L 8+ Je + £ (2 +3) + %

That completes the proof.

1

Lemma 6 Assume {(wy, p;)} is the sequence generated by our Algorithm 1. By setting n, = o
o . X 1 . o?

the following inequality holds: E[||p*(w;_1) — p¢||3] < (1 — E)E[Hp (wy_1) — pe1]|3] + 1

L
where Kk = —.
T

Proof 4 According to the update rules, we have
lp* (wi—1) — pell3
=[Projam (pe—1 + npH (wi—1, pr—1) — P (wi—1))II3
<[|pe—1 — p*(wi—1) |13 + np 1 H (wi—1,pe—1) |15 + 20p(H (w1, pr—1), pr—1 — P*(wi—1)) (17)

For a given t, denote by E taking expectation with respect to random random samples conditioned on
all previous iterations. By taking expectation to both sides of this inequality, we obtain

Elllp* (we—1) — pelf3]

<E[[|pr—1 — p* (we—1) 3] + npEl[| H (w1, pi1)1I5] — 2np(L(wi—1,p-1), p*(wi—1) — pr—1)
<E[lpi—1 — p*(w;—1)|3] + ﬂi(”v L(wi—1,pe—1)ll5 + 03) — 2np (L(wi—1,p* (wi—1)) — L(wi—1,pe—1))
<E[|pt—1 — p* (wi—1)[13] + m5 (2L(L(wi—1, p* (wi-1)) — L(wi—1,Pr-1)) + 03)

_27717( (wi—1,p *('wt 1)) = L(wi—1,Pi-1))
2

1
:E[Hptq —P*(wt71)||§] - ﬁ (»C(wtflvp*(wtfl)) - ['(wtflaptfl)) + ZTQQ

<E[lp* (wi—1) — pea |20 - =) + 22 (8)
SEPp (Wi—1) — Pi—1ll2 1L 112

The second inequality is due to the cancavity of L w.r.t p. The third inequality is due to the gradient-

1
Lipschitz of L w.r.t p and the strongly concave w.r.t p. The equality is due to 1, = 3L The last is

due to strongly concave of L w.r.t p.
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1 1
=1- =
A% 162:2(k + 1)2(L+ 1) ) In
ke, L? < 1— % < 1. It holds that E[6;] = ~'E[8] + 3x%12 S 1o v ' E[[| Vg (w,)|3] +

2

_ . o
91 Zf:é 'Yt_l_Z where 91 = [Q27712up(€7 /j/) + 4752

Lemma 7 Denote 6; = ||p; — p* (w;)||3 and set 1, =

Proof 5 We have

E[6;] =E[[[p*(w:) — Pt”g]
<E[[|p*(wi-1) — 3] + E[|p* (w:) — p*(we-1)][3]

1 * 02 * *
<(1 = E[[p*(wi1) = pial3] + 75 +ElllP" (we) — p*(wi—1)]3]
4Kk 4L
<(1- i)If‘f[llp*(wt—l) —pe-1ll3] + % K2E[|[w — wi—1[3]
- 4k 412
1 o3
=k Bl|GR (w1, Pr1, €y s Fatys ugg)lI3] + (1 — o Eldea] + rig (19)
The third inequality is due to Lemma[d] From Lemmal[3} we have
Eu[q],[/vtl Jmy [HGM(wt—l’ EMl’ sz ) u[q])”%]
<3E[|VwL(wi-1,pe-1)[13] + ple, 1)
<BE[||Vg(we—1)[3] + 3PE[[[p* (wi—1) = pe—r ]3] + ple, 1) (20)
Then, combining the above inequalities, we have
t—1 4 t—1 .
E[6:]) =7"E[6o] + 3675, > 7' [ Vg(wi) 3] + 61 Y A 2
i=0 1=0

1 o2
where y = 1=+ 3%, L* and 01 = r*n,p(e, ) + 175

Then, we give the proof of Theorem 1.
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Proof 6

g(wes1)

Lgn'%v
2

=g(wt) — N (Vaw L(we, p*(w1)) — Voo Ly (wy, p*(wy))
+ Vwly(we, p* (W) — V£ (we, pr)
+ vwﬁp(wtapt)a Gu(wh €M17 f./\/l27 u[q])>

Lg7712u
2

<g(wy) — N (Vg(wy), Gu(wye, Cag, s fas, ug)) + |G (Wi, Lady s Frta s uig) I3

+

HGH(whg/\/{l,sz’u[q})H%

Lgm%; 2
:g(wt)+ D) ||Gu(wt;€M1;fM2;u[q])||2

+ Nw <vw£;¢(wtap*(wt)) - vwﬁ(whp* (wt))v Gu(wtag/\/ll ) f./\/lzau[q]»
+ nw<vwﬁu(wta pt) - vwﬁu(wta p*(wt))a Gu('wta Cptys s u[q])>
- nw<vwﬁp(wta Pt)» Gu(wh ZMl ) f./\/l27 u[q])>

Lg7712u 2
<g(we) + =5 [1Gru(we, Caty, Faa, g2

1 « *
+ L—vaﬁﬂ(wt,p (wy)) = Ve L(we, p (wt))”%
g

Lgn%v
4

1
+ f”vwﬁu(wtapt) - vwﬁu(wtap*(wt))“%
g

+ HG;L(whEMl?wau[q})H%

Lg?ﬁu 2
+ 4 HGu(wtaéMlvszvu[q})‘b
- 77w<vw£u(wt7 pt)7 Gu(wta €M1 ’ f/\/lz’ u[q])>
212 3 2
pwL(d+3 L=
<qlw) + Lon |Gl baa,. Fags )3+ P03 B ) 3
g g
- 77w<vw£u (wt; Pt)a Gu(wta ZM1 s fM27 u[q])> (22)

where the first inequality is due to Lemmald] Then second inequality is due to the Young's inequality.
The last inequality is due to Lemmas |Z|and Then, take expectation w.r.t w[g], ;s G, on both
sides of the above inquality and rearrange it, we obtain

| Vo £ (w1, p0) 3]
L2 p2L%(d + 3)3
<Elg(w)] ~ Elg(wii)] + L Ellp (wr) — o3 + LynB Bl G we fag,. Facy,uig) 3]+ 020
g9 g

(23)
From Lemmal[Z} we have
N B[[|Vao £ (w, p* (W) |[3] <00 E[[|Vao L1 (we, p) 3] + 0w L?|lpe — P (wi) |3 24)

From Lemma[3] we have

77w/1«2L2 (d + 3)3

5 (25)

Nl Vg(wi)l[3 < 20|V Ly (wy, p* (wr) )13 +
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Combining the above inequalities yields
1w E[|Vg(w)|3]

<20 E[| Ve Lyu(we, pe) 3] + 200 L[ pe — 2" (wi)II5 +

212 )
<2E[g(w;)] — 2E[g(wy41)] + flEHlp (we) — pill3)]

anQLz(d -+ 3)3
2

p?L%(d + 3)3

+ 2L BIIG (w0, vty e wig) )+

nw,U/QLQ(d + 3)3
2

g

+ 20 L2 || pe — ™ (wy) |3 +

<9E[g(wy)] — 2Elg(wisn)] + (o + 210, L2)E]p" (wy) — pill2]

Ly
L L4 3 meptL?(d 4 3)°
2L, 2
+2Lgng, (3E[|Va(w:)l|3] + 3L?E[|[p" (we) — pell3] + ple, 1))
=2E[g(wy)] — 2E[g(wes1)] + 6Ly, El[|Vg(we)|[3] + 02E[5] + 05 (26)
where
2L” 2 3
0y = L—g + 20 L? + 6Lgnz, L? < 2L + 21y L + 61y L (5 + 1) (27)
and
03
2L2d+33 w2L2d+33
AT ot ( L 2L (e, )
2L,
2L(d +3)3 wit? L2 (d + 3
<t (2 Lyttt 2( ki +2L(k + 1)mg,p(e, 1)
2L(d+3)*  mwpL?(d+3 2 (d + 6)%€?
<H (2 L 2( r + L*(k + 1), (7( 1 Je % (d + 3)*) + L(k + 1)ng,e?
(28)
Taking sum overt = 0,--- T, we get
T T T t—1 T t—1 _
> E[] =) +'E[s Mo > > AT E[[Vgw) 3] +0D> > AT (29)
t=0 t=0 t=0 i=0 t=0 i=0
Moreover, we have
T
> <6k (30)
t=0
T t—1 _
SO>S T <6R(T + 1) (31)
t=0 i=0
T t—1 4 T
DD EIVg(wi)[3] < 65 ) E[[Vg(w)]3] (32)
t=0 i=0 t=0
Thus, we have
T T
> E[6,] =6kE[0o] + 18502, Y " E[[[Vg(wy)|3] + 016x(T + 1) (33)
t=0 t=0
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Then, summing@over t=1,---,T, yields

T
N Y E[l[Vg(w)|3]

t=0
S T
=2Eg(wo)] — 2Elg(wr1)] + 6Lgn, S E[Vg(w) 3] + 02 S B8] + 65(T + 1)
t=0 t=0
S
<2E[g(wo)] — 2Elg(wr1)] +6Lyn2, S E[|Vg(w:)[3]
t=0

T
0, <GHE[5O] + 18552, S BV g(wo)|3] + 6164(T + 1))

t=0
+03(T +1)
(34)
In addition, we have
36 36 18 x 6
18x3n2.05 < < 0.061
Swimle < (g + 16t T 2 x 10 e = 000160 (33)
and
6Lym2, = 6(k + 1) L2, < 0.00597,, (36)

Thus, we have

T
0.9325n, > E[|Vg(wy)|[3] < 2E[g(wo)] — 2E[g(wr1)] + 02 (65E[So] + 0165(T + 1)) + 05(T + 1)
t=0
(37)
Dividing both side of the above inequality by 0.9325(T + 1)1, and let py = p*(wy), we have

T
2 — 0,0 [7) 0 2
Z [|Vg(wy)||2] (g(wo) — g(wry1)) | 60201k 3 602K07

0.9325(T + 1)1 0.93257m,  0.93251,, * 0.9325(T + 1)1
(38)

t=0

2(g(wo) — g(wr+1)) }
0.9325€21)q, "16km2e2”

Then, we o bound the right side by €2. Then, we have T > max{
In additinon We have

2 3 212 3
oM L(d+3) 4 Tkt L2(d+3)

12(d + 6)2€
03 < 5 _

4

+ L3k 4+ )12 ( + 12(d +3)%) + Lk + D2, <

(39)
Let j1 := O(ed=3/2L=2) and the above inequality holds.

D CONVERGENCE ANALYSIS OF ADSGZO

Here, we give several lemmas used in our analysis and then give the proof of theorem 2.

Lemma 8 Under Assumptions 1 and 3, if n, L < ——, we have

1,u
9(wii1)
<) — " g3 - Tt 4 s P 12 ()
+ nwcl,zllvwﬁ(wt,pt) —2ull3 (40)
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Proof 7
g(wit1)
T L 2
<g(wt) + Vg(wy)” (wip1 — wy) + §||wt+1 — w3
P L z
:g('wt) _ nwvg(wt)T w ” w||2

NEAREINVEANE

<(wi) ~ nuer Talwn) T4, + 2 31
=g(wy) + P Vg(w,) — 24 13 — PR Vg(we) 3 - T <L I %nzfﬂnz
=g(we) — P2 [ Vg(wy) 3 - ””;"’lnz;\\%%nzm%
an l [Vg(w:) — Vgu(wy) + Vgu(wy) — Ve Ly(we, pr) + V Ly(wy, pr) — Ve L(wy, pr) + Ve L(wy, py) — 2.
<g(wy) — P2 Vg(we) [ - T = @H Wl

+ 77w¢1,l||vw£(wt7p*(wt)) - Vwﬁu(wbp*(wt))“% + nwcl,lnvvwﬁu(wt’p*(wt)) - Vwﬁu(wt,pt)ug
+ nwcl,l”v'wﬁu(whpt) - Vwﬁ(wt,pt)H% (we, py) — ZZ,H%

<glwy) — [ Vg(wy)|3 - M %Hzivu% +nwc1,lw + e L o (we) — py3
+ nwcuw + Nwe1,]| VwL(wy, pr) — zfn“%

<g(wy) — nw LW (w,)|3 — % z5, 13 + %HZZ’H% + Uwcl,lw + nwer L2 || p* (wy) — pell3
+ nwer, l||vw£('wtvpt) — 2513

() — P g (aw) [§ — P 21 3 4 e I ey 22 ()

4 2
+ ThwCi,l ||V’w£(wt7pt) - zf.v ||§

(41)

The last inequality is due to 1, L < 012’1

201,u

1
Lemma 9 Under Assumptions 1 and 3, ifa < 1, 7 < L and n, < 3es 1L we have ||pi41 —

. 8anpca,i Tan Co N
p*(wi1)3 < —prt —per1ll3 + — I VpL(wi,pe) — 25|13 + (1 = ——)[Ip*(wy) —
) 4a T 4
2 g _ 2
pells + P |we — w1l

Proof 8 We have
[pes1 — p*(w)|3
<[|(1 — a)pt + aprs1 — P (wy)][3

=|p: — p*(wy) |5 + a®|pr — Pes1ll3 + 2a(pt — P* (wi), Pt — Prs1) (42)
Thus, we have
* . 1 * 2 * 2 2 . 2
(Pt — P (wi), Pt — Pry1) > % (||Pt+1 —p (wy)||5 — ||[pe — " (wy)||5 — a®||pe —Pt+1H2)
43)
Due to the Assumption, we have
R . L, .
L(wy, Pri1) > L(wy, pr) + VpL(we,pr) (Prs1 — pr) — §Hpt+1 —pill3 (44)

w||2
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In addition, we have

L wt7p)
.
<L(we,py) + VpLlwe, )" (p—pi) = 5P — pil3

(
(

L(w;,py) + VpL(we,p) " (p = Prsr +Prot — ) = 2P — pil3

L(wy, pr) + Vpﬁ(wt,pt)T(p —Piy1) + Vp[,(wt,pt)T(ﬁtH —pt) — %Hp - i3
(

R R N T
=L(w, pt) + (VpL(we, pi) — 2z5) (P — Pra1) + (2, P — Prs1) + VpL(wy, pr)” (P — Pt) — §||P —pill3

(45)
Then, we have
‘C(wtvp)
. . . T L, .
<L(wt, pry1) + (VpL(we, pr) — ZL)T(P —Pri1) + (2p P — Pry1) — §||P —pill5 + §Hpt+1 —pil3
(46)
Due to the update rule of p, we have
t
(Pt+1 — Pt — p———=,P — Pr11) > 0, Vpe A" 47)
[E34P
Then, we have
MpC2,1(Zh, P — Prs1)
St
<(p——="—=,P — Pr+1)
252
<(Pt+1 — Pt;P — Pi+1)
=(Pt11 — P, P — Pt + Pt — Piy1)
=~ [|Pt1 — Pell3 + (P41 — P, P — D)
(48)

In addition, we have

vp/:'(wtapt) - Ziﬂp* (wt> - ﬁt+1>
VpL(we, pt) = 2, P*(wi) = Pe) + (VpL(we,Pr) — 2, Pt — Pri1)

(
=

1 T . 1 T .
S;vaﬁ(wtapt) - z;”% + ZHP (wy) — pell3 + ;HV,,E(wt,pt) - zfa”% + ZHPt — Per1l3
2 T o« T .
S;vaﬁ(wupt) - Z;H% + ZHP (wy) — pell3 + ZHpt —Peill3 (49)

Then, we have

E(Wt,p)
1

R R 1
<L(wi, Pry1) — [Pes1 — pell3 +
TpC2,1 MpC2,1

R T L .
(Pt+1 — PP — Pt) — 5”1’ —pull3 + §||Pt+1 —pill3

2 T T R
+ ;||Vp£(wt,Pt) —zp|5 + ZHP (wy) — pell3 + ZHPt — P13 (50
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Let p = p*(wy), we have

L(wy, Pry1)
<L(w¢,p*(wy))

. 1 . T o« L, .
<L(wg, Pry1) — c l||Pt+1 —pell3 — §||p (wy) — pe||3 + §Hpt+1 —pell3

pC2

2 T . T R
+ ;vaﬁ(’wtapt) - z1t,||§ + ZHP (wy) — pell + ZHpt — Pry1ll3
1

= same (P =" @3 = llpe = p (o)} — @?llpe — P ) (51)

Rearrange the inequality, we have

|Pts1 — P*('wt)H%

1 L T 1 R 4an c2
< —9amcor | — — 2 _ o 2 TpTast v C , t112
< —2uen (= 5 = 5 g ) I = Bl + Y, L) — 21
Tan, Cg’l %
+ (1 - +)||P (wy) _PtHg
1 3L 4a77 c21
<2 - P2 VL t|2
< anpC2,l <277p02,l 1 ) P Pt+1||2 | (wy, pr) — p||2
TAanNpC2 | *
+(1- %)Ilp (wi) — pe3 (52)
1

where weuse a <1, 7 < L andn, < .
=hT= =30,

Then, we have
Pt 1 — p*(wt-&-l)”g
=|pis1 — p*(wy) + p*(wy) — p*(wes1) |3

§Q+TMT%”MMJ—p7w0@+Wl+(ﬁ;ﬂﬂ@“wﬂ—waHﬂ@

< —2ampea (14 TGUXQ’Z) (277:0271 3L> Pt — Perall3 + 4a1771302,l (1+ TQUXCQ’Z)HVpﬁ(wupt) Al
- TCL’/];)CQJ )1+ TCLUZCQ,Z )p* (wy) — pel2 + (1 + ﬁ)L?]Hwt — w3

< = 2anpca (1 + TGUZQJ) (277:02,1 3L> It — Prsalls + %HV L(wy, pr) — zp||2
0 Tt ) i+~
_ 2771;0271 (1+ TGUZC2’Z) (277:02,1 3L> Pt — Prs1l3 + %II%E(%PO - z;||§
+u_“ﬁﬁhmmm—m@+ﬂ%iﬂw—wmﬁ

<- illpt —pe3 + %| pL(wy, pt) — Z;H%
+a—3%%mwww—mﬁ+4%QWm—mH% (53)

Tanyca,

Lemma 10 Under Assumptions 1, 2 and 3, if b € (0, 1), we have
E[|VpL(wer1,Per1) — 25 3]

<(1 = DE[IVpL(we, pe) — 23] + %L2[Ilwt+1 — w3 + [lper — pel3] +0%03 (54

10
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E[|VawL(wei1, Per1) — 25 13]

1
<(1 = DE[[VwLl(we, pr) — 2, [13] + ng[Hle — w3 + s — pel3] +0P07 (55)

Proof 9
zZpt — 2zl = —bzl, + bH' (56)
Then, we have

E[|VpL(wis1, Prt1) —
=E[[|VpL(wes1,Pe1) — 25 — (257 = 2p)3)]
E[IVpL(wis1, pet1) — 2, + bzl — bH' T3]
E[[|(1 —b) (vpc(wtvpt) - Z;) + (1 —10) (vp‘c(wt-i-lvpt-i-l) - Vp‘c(wtapt)) +b (Vpﬁ(wt+1apt+1) - HHl) ||§}
(1 =0)°E[|VpL(wi, pr) — 23] + (1 = 0)’E[[[VpL (w1, Pry1) — VpL(ws, po)l[3]
+ OB VpL(wii1, pryr) — HTHE] 4 (1= 0)*(VpL(wy, pr) — 2, VpL(wit1, Pry1) — VpL(wy, pr))
=(1 = b)’E[|VpL(we, pr) — 2p|3] + (1 = 0)°E[||VpL(wis1, Prv1) — VpL(we, pr) 3]

+ VE[|VpL(wiy1, pe1) — H T3]+ (1 = 0)’E[(VpL(wy, pr) — Z;» VpL(wit1,Prv1) — VpL(wy, pr))]

1
<(1—0)*(1 + b)E[|VpL(wy, pr) — zp[13] + (1 — b)*(1 + g)vaE(wt—i-lvpt—i-l) — VpL(wy, py)ll3
+ b’E[||VpL(wis1, per1) — H3]

2z |13

1
<(1 = b)E[|VpL(we, pr) — 2|13 + ELQIE[Hth —will3 + [pe1 — pell3] + 0703 (57)

Similarly, we have

E[|
<(1 = D)E[|VewL(wy, py) — 2 ||2]

2 |13]

Vwl(Wip1,prsr1) —

1
+ ELQJE[Hth — w3 + [[pe41 — pell3] + bP0F  (58)

Then, we give the proof of theorem 2.

Proof 10 Suming up the above inequality, we have

T
> B[ VewLl(wiir,pei1) — 24 3]

t=1

T T
1
<1 =b) > E[|VwLl(ws,pr) — 24|13 + 5L2Z]E[\|wt+1 — w5 + [pey1 — pell3] + 0707 T
t=1 t=1
(59

Then, we have

T
ZEHWwC(ththrl) — 25 |13]
=1

T
1 1
<3 EllVwLl(w,p1) - L||§]+67LQZE[||wt+1—wt\|§+||pt+1—PtHS]HMfT (60)
t=1

Similarly, we have

T
Z E[|VpL(wit1, Pre1) — ZLH ||§]
t=1

E[||VwL(w1,p1) = 24 3] + LQZE”thrl w3 + [Per1 — pell3] + boi T (61)

t=1

1
b

11
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Z |Pe+1 — wt+1)||2

T
4 8anpca
< * — 2 OPpT2,l \vAs 2
_Ta77pC2,l(Hp (’wl) p1||2 ZHpt pt+1||2 - ;H P ('wt,pt) zp||2 Tanpcz’ ;H'wt wt+1||)
4 32 32L nw 1u 2
< p*(w1) —p1l3 — Dt — D Vo Ll(wg,p) — 2L|3 + —22 %
mamen P (w) =Pl m% - ;n Pl + ggn pLlwepe) ~ 23+ s ;n Wl3
(62)
Thus, we have
Z||Pt+1 wt+1)|| ]
4 32L 7711; 11
<——E[|[p*(w1) - pi|3] + E[5 555 > pi—p
p—— [[lp* (w1) — p1[3] i, ;” wll2 — Ta277p Z”t t1|3)
T
32 32 L2(|lwer — w3 + [Pe+1 — pell3)
+ Bl VpL(wr,p1) - 2bl3) + E Zﬂ(bag—&- 2 :
t=1
4 3202023, 2023, | —
<— * _ 2 g'lw-1,u w“1l,u 12
T Tanpca, llp™(w1) = pufa] + <72a2np02l T ;sz”z
T
32 32
+ I L)~ 2BE+E |2 TQba%]
t=1
3212 d
2 |(B - ) b prall -
T Ta*NpC2, )
In addition, we have
1
17903
glwy) — glwepr) 1 w?L2(d +3)3 ;
<o) —otwes) dyn e SEEDT L g () - ol + VLl p) — 2
NwCl,1 4 2
(64)
Summing up fromt = 1,--- ,T and taking expectation, we have

1 T
Bl V() 3]

T
g(wi) —glwr4r) 1 ¢ oy HETL*(d+3)3
- zE[Z Izwll2) + —————

<
TwCi,1
4L2 L2n? cf 32L2L2772 c% 32L4n?2 cf T
E * _ 2 E w-1l,u w*1l,u w=1l,u t 12
+mnch,z [[lp" (w1) — p1l3] + < o+ P2d + ;sznz
32L2 T 32L2
E[|VpL(wr,p1) — zpl3] + E Z = bos
t=1
L? 3214 L2
+E (b2+ T2 Ta2n, CZl) ZHPt petlz }]
t=1
TE[[VwL(wi, p1) = 24 [13] + boiT (65)

12
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Let p*(wl) = Pu Zgl) = H(wtvptvf./\/lg)! quu = Gﬁ(wtvptv‘g./\/llaf/\/lgvu[q])) Tp <

2 2 2 9 -
b? Tb? b? TEan,c3 7202

. 2 < .
i 3 LPatey, ) e S mm{4ciuL2’ 1281212¢,, 128L%¢2,

}, we have

T 2 2 2
;]E[; [Vg(wy)f5] < 2(9(w1%77—10i1(:u:p+1)) f;‘bLTag + Qb% + L2 (d +3)° + Gg bo3 + 2bo?
(66)
€ N
Bound the left term by €%, we have u < W’ b < min{ﬁ, W} and T >

2(g(w1) — g(wr)) 207 6403L°
€21wC1 1 T e2b’ €272h

ax{ }
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