A Macaulay2 code
This appendix contains the Macaulay2 code used for computations in the paper, as well as its output. The Macaulay2 code is

also separately provided as .m2-files, with further calculations. We change notation from A, u, v to [, m,n in the computations, for
compatibility of character encodings between Macaulay2 and ETEX.

A.1 Proposition 4.5

il : --the case when c is given as a formula in terms of R: +
clearAll

i2 : A = QQ[r_(1,1)..r_(3,3),c_3]

02 = A

02 : PolynomialRing
i3 : R = matrix apply(3, i -> apply(3, j -> r_(i+1,j+1)))
i1 T2 T3
IL3 = 2,1 T22 T23
T3,1 T3,2 733
03 : Matrix A% <— A3
i4 : c_1 = r_(3,1)%c_3/(r_(3,3)+1)

_ T3,1C3
o4 = r3,3+1
04 : frac A
i5 : c_2 = r_(3,2)*c_3/(xr_(3,3)+1)
_  T3,2C3
05 = r3,3+1
o5 : frac A
i6 : C = matrix{{c_1},{c_2},{c_3}}
73,1C3
i
— 3,2€C3
06 = ( r3,3+1 )
C3
06 : Matrix (frac A)® +— (frac A)!
i7 : t = -Rx*C
—T1,173,1€3—T1,273,2€3—7T1,373,3C3—T1,3C3
r3,3+1
_ —T2,173,1C3—72,273,2€3 —72,373,3C3 —72,3C3
Iﬂ - ( r3,3+1 )
77’;10377”312637’[‘3,36377‘3,363
r3,3+1

o7 : Matrix (frac A)® «+— (frac A)!
i8 : T = matrix{{0,-t_(2,0),t_(1,00},{t_(2,0),0,-t_(0,00},{-t_(1,0),t_(0,0),0}}

0 rg,lC3+T§,203+T§,363+T31303 —72,173,1€3—"2,273,2€3—12,373,3C3—72,3C3
r3,3+1 r3,3+1
I 08 = *’“32',103*7"3,253*7’5,363*7"31363 0 T1,173,1€3+71,273,2€3+71,373,3¢3+71,3C3
T r3,3+1 r3,3+1
T2,173,1C3+7T2 273 2€3+7T2 373,3C3+7T2 3C3 —71,173,1C3—71,273,2€3—"1,373,3C3—11,3C3 0
r3,3+1 r3,3+1

&

: Matrix (frac A)3 «— (frac A)3
i9 : F = transpose(R)*T

09 = [very long output]

09 : Matrix (frac A)3 +— (frac A)3

--scale F so that its entries become polynomials
Fscaled = sub((r_(3,3)+1)*F, A)

010 = [very long output]

010 : Matrix A% «+— A3

--now use that R is a rotation matrix
Id = matrix apply(3, i -> apply(3, j -> if i==j then 1 else 0))

1 0 0
olt = (0 1 0)
0 0 1

: Matrix Z3 «— Z3
: S03 = ideal flatten entries(transpose(R)*R-Id) + ideal((det R)-1)

= ideal(r%)l + 7“%,1 + 7“%71 =1, rari2+721722+ 731732, T1,171,3 +T2,172,3 +73,173,3, T'1,171,2 + 72,172,2 +73,173,2, 7“%72 + 7“%72 +
39— 1, "1 3 + To0To 3 + 130733, T1AT13 + 721723 + 731783, 12718 + 22723 + 730783, 113+ 153+ 155 — 1, —r13ra0rs +
T1,272,373,1 + 71,372,132 — T1,172,373,2 — 71,272,133 + 71,172,233 — 1)
012 : Ideal of A
i13 : sub(Fscaled, A/S03)

{=1}  rigpcs—ra1cs  riics+raacs  T32C3
013 = {—1} ( —riic3 —7raec3 T1203 —T21C3 —T31C3 )
{1} —T'2,3C3 T1,3C3 0

o
-
w

[very long output]

—
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--the case when c is given as a formula in terms of R: -

clearAll
i15 : A = QQlr_(1,1)..r_(3,3),c_3]
015 = A
015 : PolynomialRing

H
N
o]

: R = matrix apply(3, i -> apply(3, j -> r_(i+1,j+1)))
T, T2 T3

= (7121 722 T23)
73,1 T32 T33

[e]

—
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| | | | | | |
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= (=
N =



016 : Matrix A3 «— A3
i17 : c_1 = r_(3,1)*c_3/(r_(3,3)-1)
_ T3,1C3
017 = P
017 : frac A
i18 : c_2 = r_(3,2)*c_3/(r_(3,3)-1)
_ T3,2C3
@ - 7.313_1
018 : frac A
i19 : C = matrix{{c_1},{c_2},{c_3}}
73,1C3
7‘3‘3—1
T C,
Joto - (2 )
C3
019 : Matrix (frac A)% <— (frac A)!
i20 : t = -RxC
—T1,173,1€3—T1,273,2€3—"1,373,3¢3+71,3C3
r3,3—1 n
—T2,173,1C3—72,273,2C3—"2,373,3C3+T2 3C
I020= 2,173,1C3 22:3?3i123333 2,3C3
—T§,1CS—T%,zcs—T;sCs-ﬁ-Ts,sCs
’r31371

020 : Matrix (frac A)® +— (frac A)!
i21 : T = matrix{{0,-t_(2,0),t_(1,0)},{t_(2,0),0,-t_(0,0)},{-t_(1,0),t_(0,0),0}}

0 Tg,1C3+T§,2C3+7’§,3C3*T3,3C3 —T2,173,1C3—72,273,2C3 —7T2,373,3C3+72,3C3
r3,3—1 r3,3—1
I 021 = _T§,1C3_T§,203_T§,303+T3,303 0 71,173,1C3+71,273,2€3+71,373,3C3—71,3C3
- 7“31371 7"3,371
T2,173,1€3+72,273,2€3+72,373,3C3—T2,3C3 —7"1,173,1€3—71,27'3,2€3—71,373,3C3+71,3C3 0
r3,3—1 r3,3—1

021 : Matrix (frac A)® +— (frac A)>
i22 : F = transpose(R)*T

022 = [very long output]

022 : Matrix (frac A)® «+— (frac A)3

--scale F so that its entries become polynomials
Fscaled = sub((r_(3,3)-1)*F, A)

023 = [very long output)

023 : Matrix A3 +— A3

i24 :
--now use that R is a rotation matrix
Id = matrix apply(3, i -> apply(3, j -> if i==j then 1 else 0))
1 0 0
024 = 01 0
0 0 1

024 : Matrix Z3 +— 73

i25 : S03 = ideal flatten entries(transpose(R)*R-Id) + ideal((det R)-1)

025 = ideal(T%J + 7‘5,1 + 7"%71 =1, riar12+ro1re 2 +13,173,2, T1,171,3 +T2,172,3 +73,173,3, T1,171,2 + 72,1722 + 73,1732, 7’%,2 + 7”%,2 +
r%,g — 1, r19r13+raoras + 732733, T1,171,3 + 21723 +r3,173,3, 12713 + T22T23 + 73,273 3, 7“%,3 + T%,g + 7"%,3 =1, —ri3ror31 +
T1,272.3731 + T1,372.173,2 — T'1,172,373,2 — T'1,272,173,3 + I'1,172,273,3 — 1)

025 : Ideal of A

i26 : sub(Fscaled, A/S03)

{-1} —T1,2€3 —T2,1C3 T1,1C3 —T22C3 —T32C3
026 = {*1} T1,1C3 — T2,2C3 71,2€3 +T2,1C3 73,1C3
{-1} —172,3C3 T1,3C3 0
026 : [very long output]
ﬁ .
--now we assume that the top left 2x2 block of F is a scaling of an orthogonal matrix
clearAll
i28 : A =QQ[r_(1,1)..r_(3,3),c_1..c_3]
028 = A

028 : PolynomialRing

i29 : R = matrix apply(3, i -> apply(3, j -> r_(i+1,j+1)))
T, T2 T3

029 = | re1 T2 T23
3,1 T32 T33

029 : Matrix A3 «— A3

i30 : C = matrix{{c_1},{c_2},{c_3}}

030 : Matrix A3 +— A!
i31 : t = -RxC
—T1,1€1 —T12C2 — T1,3C3
031 = —721C1 — T'22C2 — 1T'2.3C3
—73,1C1 — T3,2C2 — T'3,3C3
031 : Matrix A% +— A!
Ii32 : T = matrix{{0,-t_(2,0),t_(1,00},{t_(2,0),0,-t_(0,00},{-t_(1,0),t_(0,0),0}}

0 r3,1C1 +132C2 +1733C3 —T21C1 — T22C2 — 1'23C3
f o032 = —rsic0 — 73200 — 13303 0 T1,1C1 + T1,2C2 + T1,3C3
72,1C1 +T22C2 +T23C3  —T1,1C1 —T12C2 —T13C3 0

I@ : Matrix A3 «— A3



i33 : F = transpose(R)*T

033 = [very long output]

033 : Matrix A3 «— A3

i34 : F22 = F_{0,1}7{0,1} —-the top left 2x2 block of F

034 = {-1} ( T2,273,1C2 — T2,173,2C2 + T'2.373,1C3 — T'2,173,3C3 ~ —T1,273,1C2 + '1,173,2C2 — 71,37'3,1C3 + T'1,17'3,3C3 >
7 {-1} —T2,273,1C1 + T'2,173,2C1 + T2,37'32€3 — 1'2,273,3C3  T1,273,1C1 — T'1,173,2C1 — T'1,37'3,2€3 + 7'1,273,3C3
034 : Matrix A% +— A?

i35 :
--the following conditions encode that F22 is scaling of an orthogonal matrix of determina +1 resp. -1
02plus = ideal(F22_(0,0)-F22_(1,1), F22_(0,1)+F22_(1,0))

035 = ideal(—ry273,1C1+71,173,2C1 +172,273,1C2 —T'2,17'3,2C2 + 12 37'3,1C3 + 11,373 2C3 — 1 273,33 —T2,173,3C3, —T2.273,1C1 +72,173,2C1 —

T1,273,1C2 + I'1,17'3,2C2 — T1,373,1C3 + T'2 37'3 2C3 + T1,173,3C3 — T'2,27'3,3C3)

035 : Ideal of A

i36 : 02minus = ideal(F22_(0,0)+F22_(1,1), F22_(0,1)-F22_(1,0))

036 = ideal(riers €1 —71,173,2C1 +72,273,1C2 — I'2.17'3,2C2 + T2 373,1C3 — T'1,37'3 2C3 + I'1 27’3 3C3 — T'2,17°3,3C3, T'2,273,1C1 — I'2.17'3,2C1 —
T1,273,1C2 + T1,173,2C2 — 7'1,37'3,1C3 — T'2,37'3,2C3 + I'117'3,3C3 + T'2,27'3,3C3)

036 : Ideal of A

i37 :
—--now we constrain R to be a rotation matrix
Id = matrix apply(3, i -> apply(3, j -> if i==j then 1 else 0))
1 0 0
037 = (0 1 0)
0 0 1

037 : Matrix Z°® «+— Z3
i38 : S03 = ideal flatten entries(transpose(R)*R-Id) + ideal((det R)-1)
038 = ideal(T%J + 7”%,1 +T§71 =1, rari2+reare 2+ 131732, T1,171,3 + 72,1723 + 73,1733, T1,171,2 + 12,1722 +73,173,2, 7"%2 +7"§72 +
r%,g — 1, r271,3 + 722723 + 132733, T1,171,3 + T2,172,3 + '3,173,3, T1,271,3 + 72,2723 + I'3,273 3, 7"%3 + 7”%,3 + 7’%,3 —1, —r13ro2r31 +
71,272,373,1 + 7'1,372,173,2 — 71,172,332 — T1,272,173,3 + 71,172,233 — 1)
038 : Ideal of A
i39 :
--this function eats a polynomial or a rational function and returns the numerator
num = eq -> if (class class eq === FractionField) then numerator eq else eq
039 = num
039 : FunctionClosure

i40 :
--we start by analyzing S0(2)
decPlus = decompose(02plus+S03)
040 = {ideal(rss—1, r32, r3;1, T2,3, 71,3, T1,272.1, T1,1— 72,2, T3 1+T§,2*1), ideal(rsz—1, r2,3¢1+71,3¢2—"1,2€3—"T2,1C3, T1,3C1 —

T2,3C2 —T1,1€3 +122€3, T2.373,2+ 71,1 =722, T'1,373,2 —T1,2 — 72,1, '3 1 +7"§,2, 72,3731 —T1,2 —T2,1, 72,2731 — 721732 + 71,3, 72,173,1 +
roor32 + 123, r1,373,1 — 1,1 + 72,2, T1,273,1 — T1,173,2 — 72,3, T1,173,1 + T1,273,2 + 71,3, '1,372,2 — I1,272,3 + 73,1, 7“5’1 + 7“3,2 + 7”3,3 -
1, ri3m2,1 — 11,1723 —T3,2, T1,2T2,1 —T1,1T2,2 + 1, 71,1721 + 71,2722 + 71,372 3, 7“%3 + 7“%,37 r1,271,3 + 72,2723+ 73,2, r'1,171,3 +72,172,3 +
31, "1 o+ T30+ T30 — 1, T11T12+ o1 22 + T8 1T8,2, TT — 759 — 75 3 — 15, T31C1C3 +T32C2¢3 — €] — ¢3), ideal(rsscy — r3acs +
C2, T33C1 —73,1C3+C1, 7'32C1—73,1C2, T31C1+73,2C2+73 3C3—C3, T2,3C1 +71,3C2—7"12C3—"21C3, 71, 3C1 —T23C2—11,1C3+722C3, 1 2C1 —
72,1C1 — T'1,1C2 — I'2,2C2 — T'2.3C3, T'1,1C1 + T'22C1 + T'12C2 — T'21C2 + 1'1,3C3, T2,3732 — T22733 + r1,1, 1,373,2 — 7'1,273,3 — T'2,1, T:’%,l +
r§,2 + 7”33 — 1, 723731 — Tr2,173,3 — T1,2, T2,273,1 — T2,173,2 + T1,3, T2,173,1 + 72,2732 + 72,3733, T1,373,1 — T1,173,3 + 2,2, T1,273,1 —
r1,173,2 — 12,3, T1,173,1 +71,273,2 +71,373,3, '1,372,2 —r1,272,3 + 73,1, 7“5,1 + 7“%,2 + 7”3,3 —1, 71,3721 — 71,1723 — 73,2, T1,2T2,1 —T1,1T2,2 +
73,3, T1,172,1 T+ T1,272,2 + 71,3723, 7‘%,3 + 7“%3 + T§,3 —1, 712713 + 722723 + 1732733, T1,171,3 + T2,172,3 + '3,173,3, 7‘%,2 + 7‘5,2 + r%,g —
1, riario +1r217m22 + 13,1732, 7"%,1 - T%,z - 7"%,3 - 7'%,2 - T§,3 +1)}

040 : List

i41 : --this ideal has 3 components:
#decPlus

041 = 3

i42 : --the first 2 have the last entry of R equal to 1:
decPlus#0

042 = ideal(rss — 1, 32, 73,1, 2,3, 1,3, T1,2 + 72,1, '1,1 — T2,2, T3, + 7"572 -1)
042 : Ideal of A
143 : decPlus#1
043 = ideal(rss—1, rogc1+71,3¢2 — 71,203 —T2,1C3, T1,3C1 —T2,3C2 —T1,1C3+T2,2C3, T2 373 2+711—"T22, F1,3732—T1,2—T21, 7":%,1 +
7“%,2, ro3T31 — 71,2 —7T2,1, 22731 — 72,1732 + 71,3, T2,173,1 + T2,273,2 + 72,3, '1,373,1 — 71,1 + 72,2, r1,273,1 — 71,1732 — 72,3, I'1,173,1 +
r1,273,2 + 71,3, 71,3722 — T1,2723 + 3.1, 7”371 + 7’%2 + 7'%3 — 1, 713721 — r1,1723 — 73,2, T1272,1 — T1,1722 + 1, 1121 + 112722 +
71,37°2,3, 7"%,3 + T%,Sa 71,2713+ 722723+ 732, 71,1713 + 72,1723 + 73 1, 7"%,2 + 7"%,2 + 7";%,2 —1,r1r1 2+ 19122 + 731732, T%,l - 7‘%2 -
r§,3 — r§’2, 73.1C1C3 + 7320203 — 3 — C3)
043 : Ideal of A
i44 : --we investigate the last component:

I = decPlus#2
044 = ideal(rssco—732C3+Ca, 1'3,3C1 —T31C3+C1, 73201 —T3,1C2, 7'3,1C1+73,2C2+73,3C3—C3, T2,.3C1 +71,3C2 —T1,2C3—T2,1C3, I'1,3C1 —
72,3C2—7T1,1C3+722C3, "1 2C1 —7T2,1C1 —7T1,1C2 —T22C2—723C3, T1,1C1 +722C1+71 202 —T21C2+713C3, 2373272273 3+711, 71,3732 —
71,2733 —T2,1, r§,1 + 7‘%2 + 7"3%73 —1, ro3731 —T2,173,3 — 71,2, T2,273,1 —T2,173,2 + 71,3, I'2,173,1 +72,273,2 + 72,3733, 71,3731 —T1,173,3 +
ro2, 11,2731 —71,173,2—72,3, I'1,173,1+71,273,2+71,373,3, 7'1,372,2—7"1,272,3+73,1, ?“3,1 +T%,2 +T%,3—1, 71,3721 —71,172,3— 73,2, I'1,272,1 —
r1,172,2 73,3, T1,172,1 +71,272,2 + 71,3723, 7”%,3 + 7“%)3 + 7"?,,3 —1, 7 271,3+ 722723 +73273,3, T1,171,3 +72,172,3 +73,173,3, 7“%,2 + 7“%,2 +
39— 1, riari o FToaTo 0 FT3AT32, TT — oo — 53— T390 —T33+ 1)
044 : Ideal of A
i45 : L = flatten entries gens I
045 = {rzzcy —r32c3+Ca, 3,3C1 —73,1C3 +C1, 3,2C1 —13,1C2, 73,1C1 +173,2C2 +173,3C3 — €3, I2,3C1 +711,3C2 —T'12C3 —T'2,1C3, T1,3C1 —
r9,3Co —11,1C3+722C3,T1,2C1 —721C1 —11,1C2 —7122C2 —7123C3, T'1,1C1 +722C1 +71,2C2—"21C2+713C3, 23732 —"T22733+71,1,71,373,2—
r1,2733— 721, 7“?,,1 + r§,2 + T§,3 —1,ro 3731 — 72,1733 —T1,2, T2,273,1 —T2,173,2 + 71,3, T2,173,1 + 72,2732 + 723733, T1,373,1 — T1,173,3 +
ro.2,T1,273,1 —71,173,2— 72,3, T1,173,1 +71,273,2+71,373,3, '1,372,2 —T1,272,3 + 73,1, 7‘%,1 +7“§72+7“g73 -1, 1,321 —7T1,172,3 —73,2, '1,2T2,1 —
71,1722+ 73,3, T1,172,1 + 71,2722 + 71,372 3, 7"%3 + 7";3 + 7"§73 —1, 712713+ 722r23+ 732733, 11,1713 +72,172.3 + 73,173 3, 7‘%,2 + 7"572 +



30— 1, riar12 + roare 2 + 133, 1T — T —T53 — T3, — T35+ 1}
045 : List
i46 : --by investigating the first 2 equations, we see that t_1 and t_2 can be expressed in terms of R and t_3
--(if the last entry of R is not equal to -1)
--we substitute these expressions into all equations:
Lsub = apply(L, eq —> sub(eq, {c_2 => (r_(3,2)*c_3)/(r_(3,3)+1), c_1 => (r_(3,1)*c_3)/(r_(3,3)+1)}))
046 = {0,

T§1163+T§12C3+’I”§)363763
r3,3+1 ’
7"2,3"”3,1C3‘F7‘1,3"‘3,2037""1,2"’3,30377"2,1"”3,3037"‘1,2537"’2,103
r3,3+1 ’
7’1,37‘3,1C3—7‘273T3,2C3—7’1,17‘3,303-‘1—7’2,27‘3,303—7‘17103+T2y203
r3,3+1 ’
71,273,1€C3—72,173,1C3 —71,173,2C€3 —72,273,2€3 —72,373,3C3 —72,3C3
r3,3+1 ’
T1,173,1C3+7T2 273,1C3+71 273, 2€3—T2,173,2€3+71,373,3C3+71,3C3
r3,3+1 ’

723732 — T22733 + 711,
r1,373,2 — 71,2733 — 2.1,

2 2 2
351+ T50+ 755 — 1,
23731 — 721733 —T1,2,
rooT31 — T2173,2 + 11,3,
72,1731 + 722732 + 72,373 3,
71,373,1 —T1,173,3 + 2,2,
r1,273,1 — 71,1732 — 2.3,
71,173,101 + 71,2732 + 71,3733,
71,3722 —T1,2723 + 731,

2 2 2
T3 T30+ 133— 1,
T1,372,1 —T1,172,3 — 13,2,
r1,272,1 —T1,172,2 + 73,3,
r1,172,1 + 71,2722 + 71,3723,

2 2 2
ri3+rys+r3z—1,
r1,271,3 + 72,2723 + 73,2733,
71,171,3 + 72,1723 + 73,173,3,

2 2 2
rio+730+7350—1,
r1,171,2 + 72,1722 + 73,1732,

2 2 2 2 2
T{1 = T30 —T33—T30—T33+1}

046 : List

i47 : --now we see that we obtained again the ideal of S0(3), meaning that there are no further constraints on R
S03 == ideal apply(Lsub, eq -> num eq)

047 = true

i48 : --hence, for every R with last entry not equal -1, we find exactly one solution in t (up to scaling)

--finally, we analyze the negative component of 0(2)

decMinus = decompose (02minus+S03)
048 = {ideal(rss+1, 32, r3.1, 72,3, 1,3, T1,2—T2,1, '1,1+72,2, I3 1 +75 9 —1), ideal(rs s+1, rasc1—r1 3ca+r1 2c3—7T2,1¢3, T1,3¢1+
T2,3C2 —171,1C3 —12,2€3, 72,3732 + 71,1 + 12,2, 71,3732 + 71,2 = 72,1, T3 1 +7“§,2, 72,3731 —T1,2+ 72,1, I2,273,1 — 72,1732+ 71,3, 12,173,1 +
roor32 — 123, r1,373,1 + 71,1 + 72,2, T1,273,1 — 71,173,2 — 72,3, T1,173,1 + T1,273,2 — 71,3, 7'1,372,2 — I'1,272,3 + 73,1, T%,l + T%,g + 7”3,3 -

1,7r13r01 — 711723 — 13,2, T12T21 — 71,1722 — 1, 71,1721 + 712722 + 71,3723, 7"%,3 +7“§,3, T1,271,3 + 722723 — 732, T1,1T1,3 +72,172,3 —
73,1, 7‘%,2 + 7’%,2 + 7’32,,2 —1,r1ri 2+ 721722 +173,173,2, 7"%,1 - 7’%,2 - 7'%,3 - 7‘3,2, T3,1C1C3 + 300203 + 7 + c3), ideal(rs 3co — 13003 —
C2, 1'3,3C1 —7T3,1C3—C1, T3,2C1 —T3,1C2, 1'3,1C1+73,2C2+73 3C3+C3, r23C1 —7T1 3C2+712C3—7"2,1C3, T1,3C1+7T23C2—7"1,1C3—7T22C3, I'1 2C1+
r2,1C1 — 1r1,1C2 + r22C2 + 1'2.3C3, 1'1,1C1 — T'22C1 + r1,2C2 + r21C2 + 11,3C3, 23732 — T2,273,3 + 11,1, '1,373,2 — T1,273,3 — 2,1, 7‘:?,1 +
7“%,2 + T§,3 —1,7237r31 — 7r2,173,3 — T1,2, T2,27T3,1 — T2,173,2 + T1,3, 72,173,1 + 72,2732 + 72,3733, T1,373,1 — T'1,173,3 + 72,2, T1,273,1 —
71,173,2 — 72,3, T1,173,1 + 71,2732+ 71,3733, 71,3722 —T1,2723+ 73 1, 7‘3,1 +7“§72 —|—T§73 -1, 71,3721 — 71,1723 — 73,2, "1,272,1 — 71,1722 +
r3,3, T1,172,1 + T1,272,2 + 71,3723, 7"%3 + 7’%3 + 7’%73 —1, 712713+ 122723 + 732733, 11,1713 + T2,172,3 + 73,173 3, 7”%,2 + 7'5,2 + T%,z -
1, r11m1,2 + 12,1722 + 731732, 7“%,1 - T%,Q - 7"3,3 - 7"?2,,2 - 7":%,3 +1)}

048 : List

i49 : --this ideal has 3 components:
#decMinus

049 = 3

ib0 : --the first 2 have the last entry of R equal to -1:
decMinus#0

050 = ideal(rss+ 1, 732, r31, 72,3, 1,3, 71,2 — T2,1, T1,1 + 72,2, 731 + 759 — 1)
050 : Ideal of A
ib1 : decMinus#1l
051 = ideal(rss+1, ro3c1 —r1,3C2+71,203 —T2,1C3, T1,3C1 +72,3C2 —T1,1C3 —T2,2C3, T2373 2+ 711+ 7T22, F1,3732+T1,2—"T21, 7“%71 +
r§,2, T2,3731 —T1,2 + 721, 722731 — 721732 + 71,3, 72,1731 + 722732 — 723, 71,3731 + 71,1 + 722, "12731 — 71,1732 — 723, "1,1731 +
71,2732 —T1,3, T1,3T2,2 — 712723 + 731, 7'%,1 + 7'%,2 + 7"%,3 —1,713r21 — r1,1723 — 73,2, T1,272,1 — T1,1722 — 1, 11721 + r12T22 +
71,37'2,3, 7”%,3 + 7"%,3, 71,271,3 + 72,2723 — 13,2, 1,171,3 +72,172,3 — 73,1, 7"%,2 + 7”%,2 + 7”%,2 —1,r1r1 2+ 191722 + 731732, 7‘%,1 - 7‘3,2 -
r§,3 — 7’%’2, T3.1C1C3 + T3.20203 + €3 + C3)
051 : Ideal of A
ib2 : --we investigate the last component:

I = decMinus#2
052 = ideal(rsgcy—73,2C3—Ca, 13,3C1 —T3,1C3—C1, T'3,2C1 —7T3,1C2, I'3,1C1 +73 2C2+733C3+C3, 231 —T1,3C2+71,263—T2,1C3, T1,3C1+
7'2,3C2 —11,1€3—722C3, 1", 2C1+72,1C1 —7T1,1C2+7T22C2+7T23C3, 71,1C1 —T22C1+71 2C2+7T21C2+71 3C3, 12373272273 3+711, 71,3732
71,2733 — 12,1, T§,1 + r§,2 + 7“:%,3 —1, ro3r31 — 791733 —"1,2, T2,273,1 —T2,173,2 + 71,3, T2,173,1 + 722732 + 723733, 71,3731 — T1,173,3 +
ro2, I1,273,1—71,173,2— 72,3, T'1,173,1+71,273,2+71,373,3, 7'1,372,2—"1,272,3+731, 7“5,1 +7“%,2 +7“§,3 —1, 13721 —"1,172,3—"3,2, T1,272,1 —
r1,17T2,2 + 13,3, T1,172,1 +7T1,272,2 + 71,3723, 7“%,3 + 7‘%,3 + 7“?,73 —1, r1,0m1,3+T2,2m2,3+ 732733, "1,171,3 +T2,172,3 + 73,1733, 7”%,2 + 7‘5,2 +
30— 1, a2 +roar22 F 781782, 11 —Tho — T3 — T35, — T35+ 1)



: Ideal of A
3 : L = flatten entries gens I
063 = {rggcy —r32c3 —Ca, '3,3C1 —73,1C3 — C1, 3,21 — T'3,1C2, T'3,1C1 +73.2C2 +1733C3 + €3, 72,31 —T'1,3C2 +71,2€3 — r2,1C3, T1,3C1 +
72,3C2 —11,1C3 —T22C3, 71, 2C1 +72,1C1 —71,1C2+T2,2C2+ 72 3C3, T1,1C1 —T22C1 +71,2C2+72,1C2+71,3C3, 72,3732 —"2,2733+71,1,71,373,2—
r1,2733— 721, 7“31 + 7“5,2 + T§,3 —1,ro 3731 — 72,1733 —"T1,2, T2,273,1 —T2,173,2 + 71,3, T2,173,1 + 72,2732 + 723733, T1,373,1 — T1,173,3 +
r2.2,T1,273,1—71,173,2— 72,3, T1,173,1 +71,273,2+71,373,3, '1,372,2 —T1,272,3 + 73,1, 7‘5,1 +7“§,2 +7“§,3 —1,7r13r21—"T1,172,3 13,2, T1,272,1 —
r1,172,2 + 73,3, 11,172,1 +7T1,272,2 + 71,3723, 7"%3 + 7"%3 + 7"373 —1, r1,0m1,3+"T2,2m23+ 732733, "1,171,3 +72,172,3 + 13,1733, 7‘%,2 + 7"%2 +
7"%72 — ]., 7"1,17"172 + 7’2717"2,2 + 73,173,2, Til — 7‘%72 — 7"%73 — 7‘%72 — 7’373 + ].}
053 : List
ib4 : --by investigating the first 2 equations, we see that t_1 and t_2 can be expressed in terms of R and t_3
--(if the last entry of R is not equal to 1)
--we substitute these expressions into all equations:
Lsub = apply(L, eq —> sub(eq, {c_2 => (r_(3,2)*c_3)/(r_(3,3)-1), c_1 => (r_(3,1)*c_3)/(r_(3,3)-1)1}))
054 = {0,

)

O |- |0
w N

o O

T§1163+T§’2C3+7‘§7303—03
r3,3—1 )
T2,373,1C3—7"1,373,2C3+71 273,3C3—T2,173,3C3—7"1,2C3+72 1C3
7“1,3?”3,163+T2,3?”3,263—T1,1771“33’,33631—7“2,2?”3,363+T1,163+1“2,263
r3,3—1 ’
T1,273,1C3+72,173,1C3—"1,173,2€3+7T2,273,2C3+7T2,373,3C3—T2,3C3 ,
T1,1T3,103—7‘2,27“3,1C3+7‘1,27“37?2?3-1‘17‘2,1T3,203+T1,3T3,363—T1,363
r3,3—1 ’
r2,373,2 — T22733 + 711,
71,373,2 — 71,2733 — 121,
7’%,1 + 7"%,2 + 7’%,3 -1,
72,3731 — 12,173,;3 — 1,2,
72,273,1 — T2,173,2 + 713,
r2,173,1 + 72,2732 + 72,3733,
71,373,101 — 71,1733 + 72,2,
r1,2731 — 71,1732 — 723,
71,173,1 + 71,2732 + 71,3733,
71,3722 — T1,272.3 + 731,
3+ ria+ris—1,
71,372,1 — Tr1,172,3 — 13,2,
71,2721 — 71,172,2 + 73,3,
r1,172,1 + Tr1,272,2 + 71,3723,
7”%,3 + 7"3,3 + 7"%,3 -1,
71,271,3 + T2,272,3 + 7’32733,
T1,171,3 +72,172,3 + 73,1733,
o+ 13y +130— 1,
r1,171,2 + 72,1722 + 731732,
T%,l - 7"%,2 - 7'%,3 - 7"%,2 - 7”?%,3 + 1}
054 : List
ib5 : --now we see that we obtained again the ideal of S0(3), meaning that there are no further constraints on R
S03 == ideal apply(Lsub, eq -> num eq)
055 = true

)

i66 : --hence, for every R with last entry not equal 1, we find exactly one solution in t (up to scaling)
il : --the case when t is given as a formula in terms of R: +
clearAll

i2 : A =QQ[r_(1,1)..r_(3,3),t_3]
02 =A
02 : PolynomialRing
i3 : R = matrix apply(3, i -> apply(3, j -> r_(i+1,j+1)))

11 T2 T13
03 = (r21 T22 T23)

3,1 732 T33
03 : Matrix A3 «+— A3
i4 : t_1 = r_(1,3)*t_3/(r_(3,3)+1)
o4 : frac A
i5 @ t_2 = r_(2,3)*t_3/(r_(3,3)+1)
o5 : frac A
i6 : T = matrix{{0,-t_3,t_2},{t_3,0,-t_1},{-t_2,t_1,0}}

0 —ty  L2sls
r3,3+1

6=( B 0 &P

—r2.3ts3  T13t3 0

r3,3+1 r3,3+1

06 : Matrix (frac A)% «+— (frac A)3
i7 : F = transpose(R)*T
{_1} —r2,373,1t3+72,173,3¢3+r2,1t3  7r1,373,1t3—7T1,173,3¢t3—"r1,1t3  —T1,372,1t3+7r1,172,33
r3,3+1 r3,3+1 r3,3+1
o7 = {_1} ( —72,373,213+72,273 313472283  T1,373,203 71,273,303 —"r1,2¢t3  —71,372,213471,272,313 )
-— T3,31-1 7‘3,3+t1 r3,3+1
r2,3t3 —T1,3t3
{ 1} r3,3+1 r3,3+1 0
o7 : Matrix (frac A)3 «— (frac A)3
i8 :

--scale F so that its entries become polynomials



Fscaled = sub((r_(3,3)+1)*F, A)
{=1}  —rasrsats + 12173 3ts + oty riaTaats —r1arsats — Tty —T13r21t3 + 711723t
{=1} ( —rasr3ats +1o2r33t3 + roots 71373 oty — 12733ty — T12t3  —T13720ts + 71 272,3t3 )
{~1} r2,3l3 —71,3%3 0

08 : Matrix A3 «— A3

o
]

--now use that R is a rotation matrix
Id = matrix apply(3, i -> apply(3, j -> if i==j then 1 else 0))
1 00
09=(0 1 0)
0 0 1
09 : Matrix Z3 «— 73
i10 : S03 = ideal flatten entries(transpose(R)*R-Id) + ideal((det R)-1)
010 = ideal(ril + T%,l —|—’I“§71 =1, rari2+1r21722 +173,173,2, T1,171,3 T 72,172,3 +T3,173,3, T1,171,2 +T2,172,2 + 73,1732, T%’z +T%’2 +
r%,g — 1, r271,3 + 12223 + 132733, T1,171,3 + T2,172,3 + 1'3,173,3, T1,271,3 + 22723 + 1’3273 3, 7"%3 + 7“573 + 7"§73 —1, —ry3ro2r31 +
T1,272,373,1 +T1,372,1732 — T1,172,373,2 — T1,272,173,3 + 71,172,233 — 1)
010 : Ideal of A
i1l : sub(Fscaled, A/S03)
{=1} —riats+roats —T11ts —Taats —rsoats
o1l = {—=1} ( mats+7raats  —Ti2ts +721t3 T3tz )
{-1} r9,3t3 —71,3t3 0
o1l : [very long output]

i12 : --the case when t is given as a formula in terms of R: -
clearAll

i13 : A = QQr_(1,1)..r_(3,3),t_3]

013 = A

013 : PolynomialRing

i14 : R = matrix apply(3, i -> apply(3, j -> r_(i+1,j+1)))
1,1 Ti2 T1,3

014 = (ra1 722 T23)
3,1 73,2 T3;3

014 : Matrix A +— A3

i16 : t_1 =r_(1,3)*t_3/(r_(3,3)-1)

015 = ~Lsls
015 : frac A
i16 @ t_2 = r_(2,3)*t_3/(r_(3,3)-1)
ot6 = ity
0l6 : frac A
i17 : T = matrix{{0,-t_3,t_2},{t_3,0,-t_1},{-t_2,t_1,0}}
0 —t T2 3t3
3 7‘3,3—t1
-Tr
o7 =ty 0 Ib
—T2,3l3 r1,3t3 0

r3,3—1 r3,3—1
017 : Matrix (frac A)3 <— (frac A)3
i18 : F = transpose(R)*T

{_1} —r2,373,1t3+72,173,3t3—r2,1t3  1r1,373,1t3—"1,173,3¢3+7r1,1t3  —7ri1,372,1t3+71,172,313
T’3’371 ’1"3,371 1”3.371
_ —7T2,373,2t3+7r2,273,3t3—"2 2l3 r1,373,2t3—"1,273,3t3+71,2t3 —71,372,2t3+71 272 3t3
018 = { 1} ( rgyg—tl 7"313;1 r3,3—1 )
—T2,3t3 r1,3t3
{ 1} r3,3—1 r3,3—1 0
018 : Matrix (frac A)3 <— (frac A)3

--scale F so that its entries become polynomials
Fscaled = sub((r_(3,3)-1)*F, A)
{=1} —rasrsats +ro1rssts —roqts r13rsits — 111733t +r11ts  —r1sreits +7r1,172,3ts
019 = {—1} ( —roasrsats + roarssts — roots 7T13732t3 — 1273 3t3 + 19ty —71 372 2t3 + 71272 3t3 )
{-1} — T2 383 T1,3t3 0
: Matrix A3 «— A3

o
-
©

H
N
o

--now use that R is a rotation matrix
Id = matrix apply(3, i -> apply(3, j -> if i==j then 1 else 0))
1 0 0
020 = (0 1 0)
0 0 1
020 : Matrix Z3 +— Z3
i21 : S03 = ideal flatten entries(transpose(R)*R-Id) + ideal((det R)-1)
021 = ideal(ril + 7‘%1 +T§71 =1, r1r1 2+ 712122 +73173,2, T1,171,3 + 72,1723 +73,173,3, T1,171,2 + 72,1722 +73,173,2, 7"%2 -H“%,z +
T30 — 1, m1271,3 + r2or2 3+ r32rs s, r11r1,3 + r2172,3 + 3,173,3, T1,271,3 + T2,272,3 + 1’32733, 7’%,3 + 7’5,3 + 7“;3 —1, —ry3roar3 1 +
T1,272,373,1 + T1,372,173,2 — I'1,172,373,2 — I'1,272,173,3 + '1,172,273,3 — 1)
021 : Ideal of A
i22 : sub(Fscaled, A/S03)

I I ’I“3,3—1

{=1} —riots —roats 11tz —roaots —r3ats
022 = {—1} ( riats —roats  ristz+roats  r3at3 )
{-1} —1r23t3 r1,3t3 0

f 022 : [very long output]

I i23 : --now we assume that the top left 2x2 block of F is a scaling of an orthogonal matrix



clearAll
i24 : A = QQ[r_(1,1)..r_(3,3),t_1..t_3]
024 = A

024 : PolynomialRing

i25 : R = matrix apply(3, i -> apply(3, j —-> r_(i+1,j+1)))
1 T2 T3

025 = (ro1 T22 T23)
31 732 T33

025 : Matrix A3 «— A3

i26 : T = matrix{{0,-t_3,t_2},{t_3,0,-t_1},{-t_2,t_1,0}}

0 —t3 1o
026 = ( t3 0 —t1 )
—to 1 0

026 : Matrix A3 +— A3
i27 : F = transpose(R)*T

{1} —r3ata+roats rsaty —riats —roats +r1ate
027 = {1} ( —r3ata + 7122tz 732t —r12ts  —Tooty + 71 2t2 )
{=1}  —r3sty +rosts r33ti —rists —rosty 4713t

027 : Matrix A% +— A3
i28 : F22 = F_{0,1}7{0,1} —-the top left 2x2 block of F
028 = {-1} ( —r3ate +r21ts r3aty —7“1,1153)
- {=1} v —r3ata +1roots T30ty — 71 0ts
028 : Matrix A% «— A2
i29
--the following conditions encode that F22 is scaling of an orthogonal matrix of determina +1 resp. -1
02plus = ideal(F22_(0,0)-F22_(1,1), F22_(0,1)+F22_(1,0))
029 = ideal(—rg3 ot — 73,1t2 + 71 2t3 + 1r2,1t3, 3,1t — r3.9te — 71 1t3 + 72 2t3)
029 : Ideal of A
i30 : 02minus = ideal (F22_(0,0)+F22_(1,1), F22_(0,1)-F22_(1,0))
030 = ideal(rgaty — r3 it — ri2ts + 721t3, r31t1 + r32ts — 111ty — r2.2l3)
030 : Idealof A
i31
--now we constrain R to be a rotation matrix
Id = matrix apply(3, i -> apply(3, j —-> if i==j then 1 else 0))

1 0 0
031 = (0 1 0)
0 0 1

031 : Matrix Z3 «— Z3
i32 : S03 = ideal flatten entries(transpose(R)*R-Id) + ideal((det R)-1)
032 = ideal(T%J + T%,1 + 7"%,1 =1, rar2+1r21722 +173,173,2, T1,171,3 T T2,172,3 +T3,173,3, T1,171,2 + 72,1722 + 73,1732, 7“%,2 + 7“5,2 +
r%,g — 1, r211,3 + 722723 + 132733, T1,171,3 +T2,172,3 + 1'3,173,3, T1,271,3 + 72,2723 + 1’3273 3, 7“%3 + 7“373 + 7“%73 —1, —ry3ro2r3,1 +
T1,272,373,1 + 71,372,132 — T1,172,373,2 — 71,272,133 + 7'1,172,273.3 — 1)
032 : Idealof A
i33

--this function eats a polynomial or a rational function and returns the numerator

num = eq -> if (class class eq === FractionField) then numerator eq else eq
033 = num
033 : FunctionClosure
i34

--we start by analyzing S0(2)

decPlus = decompose(02plus+S03)
034 = {ideal(rss —1, r3a, 73,1, r2,3, 71,3, "1,2 + 72,1, "1,1 — 72,2, "5 1 + 759 — 1),
ideal(rss—1, raati+raito—ri2ts—r21ts, r31t1—r32ta—711t3+12 2ts, 7237324711 —"T2,2, T1,373,2—T1,2—7T2,1, T§,1+7”?2,,2, 72,373,1—
T1,2—72,1, 72,2731~ 72,173,2+71,3, 72,1731+ 72,273 2+72,3, '1,373,1—"1,1+72,2, T1,273,1—7T1,173,2— 72,3, 71,173,1+71,273,2+71,3, T1,372,2—
71,2723+ 731, ?"3,1 + 7‘5,2 + 7“%3 —1,r3m21 —T1,172,3 — 3,2, T1,2T2,1 —T1,1T2,2 + 1, r1,172,1 + 71,2722 + 71,372 3, 7"%3 + 7‘5,3, r1,271,3 +
ro.9T2 3+73,2, T1,171,3+72,172,3+73,1, 7“%24-7“%,24-7“%,2—17 71,171,2+72,172,2+73,173,2, 7"%1—7“%,2—7"%,3—7“3,2, r1,3t1ts+ra stats—13—13),
ideal(rssto — r23ts +to, 3.3ty — 71 3t3 + 11, 732t1 +731t2 — 119ty — T 1t3, T30t — r3ate — 71 1t3 + 1o ts, o3ty — 71 3te, 713t +
ro,3t2 +133t3 — 13, r12t1 —To1t1 +1r11t2 + 1o 2lo + 13 2t3, T1181 + 122t — 712l 12 1t2 + 173183, T2,3732 —r22733+ 71,1, 71,373,2 —
71,273,3 — 72,1, 7“%71 + 7‘%,2 + 7"3%,3 —1, 793731 —T2,173,3 —T1,2, I'2,273,1 —T'2,173,2 + 71,3, T2,173,1 + 72,2732 + 723733, I'1,373,1 —'1,173,3 +
292, T1,273,1—71,173,2—72,3, 71,173,1 +71,273,2+71,373,3, 7'1,372,2—71,272,3+73,1, T%,1 +7”%,2+7“§,3—17 71,3721 —71,172,3—73,2, I'1,272,1 —
r1,172,2 + 73,3, T1,172,1 +71,272,2 + 71,3723, 7”%,3 + 7“%,3 + 7":%’3 —1, r 2713+ 722723 +73273,3, T1,171,3 +72,172,3 + 73,1733, 7“%,2 + 7“3,2 +
T§,2 —1, r1,171,2 +72,172,2 + 73,173,2, T%,l — 7“572 — ’I“g,3 — 7“%72 — 7“%’3 + 1)}

034 : List

i35 : --this ideal has 3 components:
#decPlus

035 = 3

i36 : --the first 2 have the last entry of R equal to 1:
decPlus#0

036 = ideal(rss — 1, 732, r3,1, 72,3, 1,3, 71,2 + 72,1, 71,1 — 72,2, 751 + 759 — 1)

036 : Ideal of A

i37 : decPlus#1l

037 = ideal(rzz—1, 73281 + 73,1t — 712t — 72113, r31t1 — 139ty —1r11t3+1root3, T2 3732+ 111 — 22, T13732 —T1,2 —T2.1, 7"%71 +
r§,2, T23T31 —T12 — 721, T22731 — 721732+ 713, 72,1731 + 722732+ 723, T1,3731 — 71,1 + 722, T"1,273,1 — 71,1732 — 72,3, 71,1731 +
r1,2732 + 71,3, 1,372,2 — T1,272,3 + 73,1, T%,l + T%,z + T%)?, —1,r3m21 —T1,1m2,3 — 13,2, T1,2T2,1 — 71,1722 + 1, ri17m21 + 712722 +
71,3723, 7‘%,3 + 7‘%,3, 71,271,3 + 722723+ 732, 71,1713 + 72,1723 + 73 1, 7“%,2 + 7‘3,2 + 7‘%2 —1,r11r12 121722 + 73,173 2, 7“%71 - 7"372 -
T3 3 — T3, T1,3t1ts 4 123tats — 17 — 13)

037 : Idealof A

i38 : --we investigate the last component:



I = decPlus#2
038 = ideal(rssto—r23t3+ta, 133ty —r1 3ts+t1, ra3ati+r31ta—112t3—ro1ts, 731t —T32la—711t3+722t3, T2 381 — 71 3t2, 71 3t1+
ro.3lo +73,3t3 — 13, 11,201 — 72,181 + 71,182 +1r22la + 73 2t3, 71,181 +1ro2t1 —r12la + 72 1t0 + 73,183, T2,3732 —T22T33+ 11,1, T1,373,2 —
71,273,3 — 12,1, 7’;%,1 + 7‘5,2 + 7“32,,3 —1, ro3r3,1 — 721733 —"T1,2, T2273,1 —T2,173,2 + 71,3, T2,173,1 + 722732+ 723733, 71,3731 —T1,173,3 +
ro2, I1,273,1—71,173,2— 72,3, I'1,173,1+71,273,2+71,373,3, 7'1,372,2—"1,272,3+731, 7“%,1 -H“%,g +T%,3 —1, r1,3r01—"1,172,3—"3,2, T1,272,1 —
r1,172,2 73,3, T1,172,1 +7T1,272,2 + 71,3723, 7“%,3 + 7’5,3 + 7“?,73 —1, r1,0m1,3+T22T23+ 732733, "1,171,3 +72,172,3 + 73,1733, 7“%,2 + 7‘%)2 +
T'g,Q — 1, T1,171,2 + 72,1722 + T3,173,2, 7'%71 — 1"%72 — 7'373 — 1"%72 — 7'%,3 + 1)
038 : Ideal of A
i39 : L = flatten entries gens I
039 = {r3 3ty —ro3t3 +t2,
r3,3ti —71,3t3 + t1,
r3,ot1 +13,1t2 — r1,2t3 — 1o 1t3,
r3,1t1 — Tr3,2t2 — 71,113 + 12 213,
r.3t1 — 11 3t2,
r1,3t1 + 12 3t2 + 13.3t3 — t3,
r1,2t1 — 12,181 + 11,182 + 1o 2f2 + 73 2t3,
r1,1t1 + 1o 2ty — r12t2 + 1o 1t +731t3,
T2,373,2 — 722733 + 711,
T1,373,2 — T1,273,3 — 2,1,
31+ 3. +ris—1,
72,3731 — T2,173,3 — 1,2,
r2,273,1 — 72,1732 + 71,3,
72,173,1 + 72,2732 + 72,373 3,
71,373,101 — 71,1733 + 72,2,
T1,273,1 — 71,1732 — 123,
71,173,1 + 71,2732 + 71,373,3,
r1,372,2 —T1,272,3 + 73,1,
T3+ r3a+ 135 — 1,
1,321 —T1,172,3 — 73,2,
71,2721 — 711722 + 733,
71,172,1 + 71,2722 + 71,3723,
ris+ T3+ ris—1,
T1,271,3 + 72,2723 + 73273 3,
71,171,3 + 72,1723 + 73,1733,
7'%,2 + 7"%,2 + 7':%,2 -1,
71,171,2 + 72,1722 + 73,173,2,

2 2 2 2 2
Ti1 = T4y — T35 — Ty — T35+ 1}
039 : List

i40 : --by investigating the first 2 equations, we see that t_1 and t_2 can be expressed in terms of R and t_3
--(if the last entry of R is not equal to -1)
--we substitute these expressions into all equations:
Lsub = apply(L, eq —-> sub(eq, {t_2 => (r_(2,3)*t_3)/(r_(3,3)+1), t_1 => (r_(1,3)*t_3)/(r_(3,3)+1)}))
040 = {0,
0

b
r2,373,1t3+71,373,283—"1,273,3t3—r2,173,3t3—"r1,2t3—1r2,1t3
r3,3+1 )
r1,373,1t3—"2, 373,203 —"1,173,3t3+r2 273,3l3—"1,1t3+r2 2l3
r3,3+1 ’
0,
77 sta+T3 gta+rs gta—ts
r3,3+1 ’
T1,271,3t3—"1,372,1t3+71,172,3t3+72 272 3t3+7T3, 273, 3t3+73 213
r3,3+1 ’
71,171,3t3+71,372,283—"1,272,3t3+7r2,172,3t3+r3,173,3t3+7r3,1t3
r3,3+1 ’
r2,373,2 — 722733 + 711,
11,3732 — 71,2733 —T21,
2 2 2
r31+r39+755— 1,
72,3731 — 72,173,3 — 1,2,
T2,2731 — 12,1732 + 71,3,
r2,173,1 + 72,2732 + 72,3733,
r1,373,1 — T1,173,3 + 2,2,
T1,2731 —T1,173,2 — 12,3,
71,173,1 + T1,273,2 + 11,373 3,
71,3722 — 71,2723 + 731,
2 2 2
51 T30+ T35 — 1,
71,372,1 —T1,172,3 — T'3,2,
r1,2T2,1 —T1,172,2 + 73,3,
r1,172,1 + Tr1,272,2 + 71,3723,
2 2 2
3+ ris+rys—1,
r1,271,3 + 72,2723 + 13,2733,
r1,171,3 + 72,172,3 + 73,1733,
2 2 2
Tig+r30+135—1,
r1,171,2 + 72,1722 +73,173,2,
2 2 2 2 2
{1~ T30 T3 T30~ T33+ 1}
040 : List
i41 : --now we see that we obtained again the ideal of S0(3), meaning that there are no further constraints on R
S03 == ideal apply(Lsub, eq -> num eq)
041 = true
i42 : --hence, for every R with last entry not equal -1, we find exactly one solution in t (up to scaling)

--finally, we analyze the negative component of 0(2)



decMinus = decompose(02minus+S03)
I 042 = {ideal(rs3 + 1,732, 731, 2,3, 71,3, '1,2 — T2,1, T1,1 + 72,2, 7’%,1 + T%,z - 1),

ideal(rss+1, r3ot1—r31ta—r1 otz +rats, r31t1+732ta—71,1t3— T2 0l3, T332+ 11+ 22, 71,373,241 ,2—T2,1, T3, 75 0, T2,373,1—
Tr1,2+72,1, 22731~ "2,173,2+71,3, '2,173,1+72,2732—"2.3, 1'1,373,1+71,1+72,2, 7'1,273,1—71,173,2— 72,3, 7"1,17'3,1+71,273,2— 71,3, 7'1,372,2—
r1,272,3+ 731, T§,1 + T%,z + 7"5,3 —1,r13m21 —T1,172,3 — 3,2, T1,2T2,1 —T1,172,2 — 1, r1,172,1 + 71,2722 + 71,372 3, 7“%3 + 7“3,37 r1,271,3 +
T9,2T2,3— 13,2, T1171,3FT2,172,3— 73,1, 15 o+75 973 0—1, 1171204721722+ 731732, 711~ T3 0—75 3—75 o, T1,3t1t3+72 3tats+17+13),
ideal(rssto — r2,3t3 — to, 3.3ty —71,3t3 — L1, T32t1 — r3,1ta — r1 oty + 72 1t3, T30t + 130ty — 71 1t3 — roots, ro 3ty — 71 3t2, 713t +
ro,3to +13,3t3 + 13, r1,2t1 + 1211 — 71,182 + 1o 2to +1r32l3, 11,101 — T2 oty + 11 2t +1ro1lo + 73,183, T2,373,2 —T2273,3 + 11,1, 11,3732 —
71,273,3 — 72,1, 7’3,1 + 7‘5,2 + 7”;%,3 —1, ro3r31 — 721733 —"1,2, T22731 —T21732 + 71,3, 72,1731 + 722732+ 723733, 71,3731 —T1,173,3 +
ro2, I1,273,1—71,173,2— 72,3, I'1,173,1+71,273,2+71,373,3, 71,3722 —7"1,272,3+73,1, 7“3,1 -H“%,z +T§,3—1, 71,3721 —71,172,3— 73,2, T'1,272,1 —
r1,172,2 + 73,3, T1,172,1 +7T1,272,2 + 71,3723, 7“%,3 + 7”%)3 + 7“?,73 —1, 7 271,3+ 722723 +73273,3, 71,171,3 +72,172,3 +73,173,3, 7“%,2 + 7“%)2 +
30— 1, riarie Fr2are 0 F 13130, 11 — 150 — 155 =73, — 135+ 1)}

042 : List

i43 : --this ideal has 3 components:
#decMinus

043 = 3

i44 : --the first 2 have the last entry of R equal to -1:
decMinus#0

044 = ideal(rsz+1, rso, 731, r23, '3, F1,2 — 2.1, 1,1 + 72,2, 7’%,1 + 7"572 -1)
044 : Ideal of A
i45 : decMinus#1l
045 = ideal(rss—+1, r3 oty —r31ta —7T1,2t3 +72,1ts, T31t1 +732te —r11ts —roots, resrsa+ri1+7T22, T332+ 1,2 — 21, 7‘§,1 +
7“92,,2, 23”31 — 71,2+ 72,1, 22731 — 72,1732 + 71,3, 72,173,1 +72,273,2 — 72,3, '1,373,1 + 71,1 + 72,2, r1,273,1 — 71,1732 — 2,3, I'1,173,1 +
T1,273,2 — 71,3, 71,3722 — T1,272,3 + 3.1, 7“%71 + Tg,g + 7“%3 — 1, 713721 — Tr1,1723 — 73,2, T1,272,1 — T1,1722 — 1, 71,1721 + r12722 +
T1,372,3, 7'%,3 + T%,g, T1,271,3 + 1722723 —T32, T1,171,3 + 72,1723 — '3,1, 7'%,2 + 7'%,2 + T%,g =1, rare+treare s + 731732, 7’%,1 - 7’572 -
33 — T34, 13t1l3 + rastats + 13 +13)
045 : Ideal of A
i46 : --we investigate the last component:
I = decMinus#2
046 = ideal(rssto—ra3t3—ta, 133ty —r13ts—t1, r3oti—r31ta—712t3+1e1ls, T31t1+7T30ta— 11 1t3— T2 ot3, T2 301 —T1 3t2, 71 3t1+
ro,3t2 + 133t + 13, r1 2t + 12,101 —r11t2 + 12 2lo + 13283, T1181 — ro 2ty + 112l 1o 1t2 + 173183, T2,3732 —r22733+ 71,1, 71,373,2 —
71,2733 — 121, 7“371 + 7‘%,2 + 7";%,3 —1, 793731 —T2,173,3 —T1,2, I'2,273,1 —T'2,173,2 + 71,3, T2,173,1 + 72,2732 + 723733, I'1,373,1 —'1,173,3 +
2,92, T1,273,1—71,173,2—72,3, 71,173,1 +71,273,2+71,373,3, 7'1,372,2—71,272,3+73,1, 7‘%,1 +7”§,2+7“§,3—17 71,3721 —71,172,3— 73,2, I'1,272,1 —
r1,172,2 73,3, T1,172,1 +71,272,2 + 71,3723, 7”%,3 + 7“%,3 + 7":%’3 —1, 7 271,3+ 722723 +732733, T1,171,3 +72,172,3 + 73,1733, 7“%,2 + 7“%2 +
T§,2 —1, r1,171,2 +72,172,2 + 73,173,2, T%,l — T%’z — ’I“g’3 — 7“§72 — T§’3 + 1)
046 : Ideal of A
i47 : L = flatten entries gens I
047 = {r3 3ty — 12 3t3 — t2,
r3 st —r13ts — t1,
r3,.2t1 — T3,1t2 — 11,23 + 12 1¢3,
r3,1t1 + 13,2t0 — 11,13 — 1o 2t3,
r2,3t1 — 71,3t2,
r1,3t1 + 12 3t2 + r33t3 + L3,
71,201 + 191t — T1,1t2 + 12 2la + 13 283,
r1,1t1 — T2 2ty + 71,2t + 121t2 + 13,113,
r2,373,2 — 722733 + 711,
11,3732 — 71,2733 —T21,
31+ 13+ 35— 1,
T2,373,1 —12,173,3 — T'1,2,
T2,2731 — 12,1732 + 71,3,
r2,173,1 + 72,2732 + 72,3733,
71,373,101 — 71,1733 + 72,2,
r1,2731 — 71,1732 — 723,
71,1731 + T1,273,2 + 71,3733,
71,3722 — T1,272,3 + 731,
r3+ 13+ 35— 1,
71,3721 — 71,1723 — 73,2,
r1,272,1 — 71,1722 + 73,3,
71,1721 + T1 2722 + 71,3723,
ris+ T§,3 +7r33—1,
71,271,3 + 72,2723 + 13,273 3,
r1,171,3 + 72,172,3 + 73,173,3,
o+ r3a+130— 1,
r1,171,2 + 72,1722 + 731732,
T%,l - 7"3,2 - 7"%,3 - 7":%,2 - 7”?2),3 + 1}
047 : List
i48 : --by investigating the first 2 equations, we see that t_1 and t_2 can be expressed in terms of R and t_3
--(if the last entry of R is not equal to 1)
--we substitute these expressions into all equations:
Lsub = apply(L, eq -> sub(eq, {t_2 => (r_(2,3)*t_3)/(r_(3,3)-1), t_1 => (r_(1,3)*t_3)/(r_(3,3)-1)}))

048 = {0,

0,

—72,373,1t3+71,373 2t3—71,273,3t3+7r2 173 3t3+71 2t3—72 113
7’3’371 ?

r1,373,113+72,373,2t3— 11,173,313 —72,273,3t3+71,1t3+72,213
T‘3,3—1 ?

0,

3 ats+r3 gta+r3 sts—ts

r3,3—1 ’
r1,271,3t3+71,372,1t3—"1,172,3t3+7r2 272 3t3+7r3,273,3t3—"3,2t3
r3,3—1 ?



T1,171,3t3—"r1,372,2t3+71,272,3t3+1r2,172,3l3+73,173,3l3—"3,1t3

7’373—1

T2,373,2 — 72,2733 + 711,
T1,373,2 —7T1,273,3 — 721,
T3 ria s — 1,
72,3731 — 72,1733 — T1,2,
rooT31 — 12,1732 + 71,3,
72,1731 + 722732 + 2373 3,
71,373,1 — T1,173,3 + 72,2,
T1,2T31 —T1,173,2 — 12,3,
71,173,1 + 71,2732 + 71,3733,
r1,372,2 —T1,272,3 + 73,1,
T3+ 15+ 155 — 1,
T1,372,1 —T1,172,3 — 3,2,
T1,272,1 — r1,172,2 + 733,
71,172,1 + 71,2722 + 71,3723,
ris+rsg+ris—1,
r1,271,3 + 72,2723 + 73,2733,
71,171,3 + 721723 + 73,1733,
7'%,2 + 7”%,2 + 7"%,2 -1
1,171,2 + 72,1722 + 13173 2,

2 2 2 2 9
T{1 = T30 T3 — T30 —T33+ 1}

048 : List

i49 : --now we see that we obtained again the ideal of S0(3), meaning that there are no further constraints on R
S03 == ideal apply(Lsub, eq -> num eq)

049 = true

i50 : --hence, for every R with last entry not equal 1, we find exactly one solution in t (up to scaling)
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A.2 14(s) from Theorem 4.1

il : clearAll
i2 : R =QQ[a_l..a_2,1_1..1_4,y_1..y_4][s]
02 = R
02 : PolynomialRing
i3 : g.1 =a_1
03 = a1
03 : Qlay ..az2, 1 .. 1y, y1 .. y4]
i4 : q 2 =-a_1
od = —ay
074 : @[a1 .. a9, ll ..147 U ..y4]
ib : g3 = a_2
05 = ag
075 : Q[a1 .. a9, ll ..147 Y1 y4]
i6 : q_4 = -a_2
06 = —ay
06 : Qlay ..az, Iy .. 14, Y1 .. Y4l
i7 : scan(4, i -> e_(i+1) = s*q_(i+D)*y_(i+1)/( 1_(i+1)-s*q_(i+1) ))
i8 : Rfunction = sum apply(4, i -> q_(i+1)*(y_(i+1) + e_(i+1))"2)
08 = [very long expression]
08 : frac R
i9 : r6 = numerator Rfunction
09 = (aja3liy? — ala 12y2 + a1a§l3y3 — 01%1494)
+(2a3a33lay? — 2 a3a3l3lszyi +2 ada3l3luys + 2 aajlil3y3 +2 ada3l3lsys — 2 aa3l3layi — 2 ada3li 3y3 + 2 ala3lal3yi +2 ata3l3lys +
2afa3h 3y — 2a1a§l2l4y4 +2aja3lsliyg)s
+ (a1a5213y? — 4 a2a3215l3y? + a3adl?13y? + 4 a2adl3laly? — 4 adal3l3l,9? + a3a3l?12y? — aya3l33y3 — 4 a2adl  313y3 — a3a3l3i3y3 +
da2adlyl3l,y3 +4a1a2121314y2 ala3li3i3y3 +a1a312l3y3 4a1a2l 12l§y3 +a1a%lzl3y3 4a1a21 Blyy? +4a3a3lal3lyy3 +afagldl3y? —
ata3li?3y? + 4a2adlilxl3y? — a?adl3i3y? — 4a1a2l I313y3 + 4 a3a3lalsl3y? — atasl3ldy?)s?
+(— 2a1a2l2l213y1—|—2 a%a%l21213y1+2 ara3l3i3ly3— 8a1a2l2121314y1+2 alagl2l2l4y%+2 a%a%l2lgl4y1 2a1a2l21314y1 +2a1a3121313y3+
2a1a2111213y2 —2aya31313l4y3 — 8a1a§l1l§l3l4y§ 2 afasl3l31,y3 + 2 a2a3l11313y3 + 2 afasl3l313y3 + 2 ara3l3lal3y3 — 2 aradly313y3 +
2a2a33131,4y3 — 8a1a2l1l2l2l4y3 + 2a%a§lzl3l4y3 2alasly1313y3 + 2a1a2l2l§liy§ —2a1a313203y3 + 2 a1a3l11313y3 + 2 a3a3l3l3l3y3 —
8a2ailylalsl3y? + 2a1a312l3l ys + 2a1aglll 13y3 — 2a3aslal313y3)s3

(a1a2121213y1 4aya3l33lslyy? +4a1agl 1212l4y1 +aya3l31313y? — 4 a2asl3lyl303y3 +a1121212y1 fa1a2121213y2 +4ara3l?3l31,y3 +
dalasly131314y3 — a1a2121214y2 — 4alasly 131313y3 — 1212I4y2 + a§l2l213y3 + 4ayadlilal3ly? — 4a1a21 121314y3 + a3ax31313y3 —
da2aslilxl313y3 + ataxl3l3i3y3 — a3l31313y2 + 4 a1a3131a1313y3 — 4 ara3li131315y7 — a2axl31313y3 + 4 a2aql11313y3 — a2asl3i3isys)s?
+(2a1a2213131,y3—2 ayazl313 lgl4y%+2a%l%l2l§liy%—2 arazl?13131,y3+2 alagl%lglgliyg—i& a3l 131315y3+2 a31313131 49342 a1 azl3 11313 y3 —
2&1&2111213l4y3 + 2a 121213l4y4 — 2a10,21 l2l3l4y4 + 2&1&2111%@[3]42)3
+ allZIQZQZﬁyl - a1l2121214y2 + a212121214y3 — axl3121213y?

Bos : R
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A.3 74(s) from Theorem 4.1

i10 : clearAll

i1l : R = QQla_1..2_2,1.2,1_4,y_1..y_4,m] [s]

oll = R

o0l1 : PolynomialRing

i12 : g_1 = a_1

012 = oy

012 : Qlay .. az, la, la, Y1 .. ya, m]

i1l3 : q.2 = -a_1

013 = —ay

013 : Qlay .. a2, lo, la, y1 .. ya, M|

il4 : 9.3 = a_2

0l4d = ay

014 : Qlay ..ag, lz, ly, Y1 .. ya, m]

i15 : g4 = -a_2

015 = —ap

015 : Qlay .. a, Iz, ly, Y1 .. ya, m]

i16 : 1_1 = m*a_1

0l6 = aim

016 : Qlay .. az, la, la, Y1 .. ya, m]

i17 : 1_3 = m*a_2

0ol7 = asm

0l7 : @[al - a2, l2a l47 Y1 --Ya, m}

i18 : scan(4, i -> e_(i+1) = sxq_(i+1)*y_(i+1)/( 1_(i+1)-s*q_(i+1) ))
i19 : Rfunction = sum apply(4, i -> q_(i+1)*(y_(i+1) + e_(i+1))~2)
019 = [very long expression]

019 : frac R

i20 : r4 = numerator Rfunction

020 = (atadyim® + ajafysm® — aasliy; — aiasliyy)s”

+ (2a2a3lay?m? + 2 adazlyyim? + 2a1a212y3m + 2a1a214y3m + 2a1a212y2m + 2a1agl4y4m —2ajasl3 l4y2 - 2a1a2l2l4y4)

+(a1a313y3m? +4 a?aslalyyim?® +a? l4y1m —a1a3l3y3m? +a3i3yim® +4 arailalayim? +aasliyim? —alasl3yim? +4 ajaql3lyydm+
dayaslal2y3m — all§l4y2 a21214y4)
(2a1a21214y1m +2a? lgl4y1m f2a1aglzl4y2m2+2a Zzl4y3m +2a1a2l2l4y3m 72a1aglgl y4m +2a1121 y2m+2a21214y4m)
+ a11313y?m? —a1l2l4y2m2+agl2l4y3m — al3l3y3m?
I@ : R
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A4

r9(s) from Theorem 4.1

i21
i22

022
022

i23 :

023
023

i24

024

024 :
i25 :

025
025

i26 :

026

026 :
i27

027
027

i28 :

028
028

i29 :

029

029 :
i30 :

030

clearAll
R = QQla_l..2_2,y_1..y_4,m,n] [s]
R

: PolynomialRing
q_1 = a_1
ai

: Qlay .. a2, Y1 ..y4, m..nJ
q.2 = -a_1
—ay
Qlay .. a2, y1 .- Ya, m..n]
q.3 = a_2
as

: Qlay .. a2, Y1 ..Y4, m..nJ
q-4 = -a_2
—as
Qlay .. a2, y1 .- Ya, m..n]
1.1 = m*xa_1
aim

: Qlay .. a2, Y1 ..Y4, m..nJ
1_2 = n*xa_1
ain

: Qlag ..az, Y1 .. Yya, m..n|
1.3 = mxa_2
asm
Qlay .. ag, y1 .. ya, m..n]
1_4 = n*xa_2
asn

030 :
i3l :
i32 :

032
032

033

Qlay .. ag, y1 .. ya, m..n|

scan(4, i -> e_(i+1) = s*q_(i+D)*y_(i+1)/(C 1_(i+1)-s*xq_(i+1) ))
Rfunction = sum apply(4, i -> q_(@+D)*(y_(i+1) + e_(i+1))"2)
[very long expression]

: frac R
i33 :

r2 = numerator Rfunction -- coeff’s A, B, C in the paper
2,2 2,2 2,2 2,2 o2
(a1ytm® + azyzm® — a1y3n® — asyin)s

+ (2a1y3m?n + 2 agyim?n + 2 arysmn? + 2 agyimn?)s

2,2
+ aryym n

f o33 :

2 2 2

— alyngnQ + a2y§m2n — agyian

R

13



Theorem 4.3

i60 : clearAll
i61 : R = QQ[a_1..a_2,y_1..y_4,n] [s]
061 = R
061 : PolynomialRing
i62 : g1 =a_1
062 = a3
062 : Qlai..az2, y1..y4, n
i63 : 9.2 = -a_1
063 = —ay
063 : Qlai..az2, Y1 ..y4, N
i64 : 9.3 = a_2
064 = ag
064 : Qa1 ..a2, y1 ..y4, N
i65 : q_4 = -a_2
065 = —a2
065 : Qa1 ..az, y1..ya, nJ
i66 : 1.1 = a_1 -—- m has been put to 1
066 = a;
066 : Qlai..az2, y1..y4, n
i67 : 1_2 = n*xa_1
067 = ain
067 : Qlai ..az2, y1..y4, n
i68 : 1.3 = a_2
068 = ag
068 : Qlai .. a2, Y1 ..y4, N
i69 : 1_4 = n*a_2
069 = aan
069 : Qlai..az2, y1..y4, n
i70 : scan(4, i -> e_(i+1) = s*q_(i+1)*y_(i+1)/( 1_(i+1)-s*q_(i+1) ))
i71 : Rfunction = sum apply(4, i -> q_(i+1)*(y_(i+1) + e_(i+1))"2)
I071 _ (*alyg’n?*azyi’ﬂ2+a1y%+a2y§)sj+<2a1’y§’n2+2a2yi’n2+2aly%n+2agygn)eraly%nZ7a1y§n2+a2y§n2fa2yin2
— sT+(2n—2)s3+(nZ2—4n+1)s2+(—2n2+2n)s+n?
o71 : frac R
I& : r2 = numerator Rfunction
o072 = (—alygn2 — agyZnZ + aly% + azyg)s2 +(2 a1y§n2 + 2a2yZn2 + 2a1y%n + 2a2y§n)s + alyfnZ — a1y§n2 + a2y§n2 — agyan
o072 : R
i73 : coeffs = coefficients r2
{2, 0} — a1y3n? — agyin® + a1y} + azy?
Bo3=((s> s 1), {1,0} (2a1y2n®+2a2yin? +2a1y?n + 2azyin ))
{0, 0} a1yin? — a1y3n® + az2yin® — asyin
073 : Sequence
i74 :
S = QQla_1l..a_2,y_1..y_4,n] [sqdelta] -- We introduce the squareroot of delta as a variable.
o74 = S
074 : PolynomialRing
i75
coeffs = sub( coeffs#1l, S )
{2, 0} —aryzn® — azyin® + a1yf + azy3
I@ = {1,0} ( 2a1y§n2 +2a2yzn2 +2a1y%n+2a2y§n )
{0, 0} aryin® — a1y2n? + agyin? — azyin?
075 : Matrix S3 <— S?!
Iﬂ : A = coeffs_(0,0)
076 = —a1y2n? — azyin? + a1y? + azy?
o076 : S
i77 : B = coeffs_(1,0)
o77 = 2a1y§n2 + 2a2yin2 + 2a1y%n + 2a2y§n
o77 : S
i78 : C = coeffs_(2,0)
o78 = a1yin® — a1yzn® + azyin’® — azyin’
o78 : S
i79 : Delta = B"2 - 4xAxC
B 079 = 4a?yfy3n® +4arazydyin® + 4arazyfyin® + 4 adydyin® +8 afyiyin® +8 ara2y3y3n® + 8 arazyyin® + 8 adydyin® + 4 adyiy}
4a1a2y%y£n2 +4a%y§y§n2
079 : S
Im : delta = numerator ( ( Delta ) / ( 4*n"2%(n+1)"2 ) ) -- We factor out 4#n”2x(n+1)"2 from Delta to get delta.
080 = a?y?y3 + a1a2y3y? + arazy?y? + aZyiy?
080 : S
is1 :
splus = ( - B + 2*nx( n + 1 )*sqdelta ) / ( 2%A )
_ (7n27n)sqdelta+a1y%n2+a2yin2+a1y%n+agy§n
I@ - 2.2 2.2 2 2
arysntagyin‘—aiyy —a2y3
081 : frac S
I@ : sminus = ( - B - 2*n*x( n + 1 )*sqdelta ) / ( 2*A )
_ (nz+n)5qdelta+a1y§n2+a2yin2+a1y%n+a2y§n
I@ - 2.2 2.2 2 2
arysntazyync—aiyy —a2y3
082 : frac S
i83 : scan(4, i -> 1_(i+1) = sub( 1_(i+1), S ))
i84 : scan(4, i -> g_(i+1) = sub( q_(i+1), S ))
i85 : scan(4, i -> eplus_(i+1) = splus*q_(i+1)*y_(i+1) / ( 1_(i+1) - splus*q_(i+1) ) )
i86 : scan(4, i -> eminus_(i+1) = sminus*q_(i+1)*y_(i+1) / ( 1_(i+1) - sminusx*q_(i+1) ) )
i87 :
subdeltasquare = (polynom) -> ( -- This function replaces sqdelta”2 with delta
deg = degree( sqdelta, polynom );
coeffspoly = for i from O to deg list coefficient( sqdelta”i, polynom );
subpoly = 0;
for i from O to deg do (
if mod( i, 2 ) == 0 then (
subpoly = subpoly + coeffspoly_(i) * delta”( numerator( i / 2 ) );
) else (
subpoly = subpoly + coeffspoly_(i) * delta”( numerator( (i - 1) / 2 ) ) * sqdelta;
)5
)3
subpoly
)
087 = subdeltasquare
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087 : FunctionClosure

i8s :
conjugaterule = (rational) -> ( -- This function uses the conjugate rule to get rid of sqdelta in the denominator
ratnum = numerator rational;
ratden = denominator rational;

ratnum = ratnum * (coefficient( sqdelta, ratden )*sqdelta - coefficient( sqdelta”0, ratden));
ratden = ratden * (coefficient( sqdelta, ratden )*sqdelta - coefficient( sqdelta”0, ratden));
subdeltasquare(ratnum) / subdeltasquare(ratden)
)
088 = conjugaterule
088 : FunctionClosure
ig9 :
weightedsumplus = sum apply(4, i -> 1_(i+1)*( eplus_(i+1) )"2 ) -- Weighted sum with the + critical point
089 = [very long expression]

089 : frac S

i90 : weightedsumminus = sum apply(4, i -> 1_(i+1)*( eminus_(i+1) )72 ) -- Weighted sum with the - critical point
090 = [very long expression]

090 : frac S

i91 : sumplus = sum apply(4, i -> ( eplus_(i+1) )"2 ) —- Non-weighted sum with the + critical point
091 = [very long expression]

091 : frac S

192 : summinus = sum apply(4, i -> ( eminus_(i+1) )2 ) -- Non-weighted sum with the - critical point
092 = [very long expression]

092 : frac S

i93 :

-- We replace squares of sqdelta with delta and use the conjugate rule to remove sqdelta from the denominator:
weightedsumplus = conjugaterule ( subdeltasquare(numerator weightedsumplus) / subdeltasquare(denominator weightedsumplus) )

—2n sqdelta+a1y%n+a1 yg n+a2y§n+a2yin
B 093 = |

093 : frac S
Ii94 : weightedsumminus = conjugaterule ( subdeltasquare(numerator weightedsumminus) / subdeltasquare(denominator weightedsumminus) )

_ 2nsqdeltu+u1y%n+a1y%n{—agy%n-‘—ugyﬁn
I 094 n+1
094 : frac S
i95 : sumplus = conjugaterule ( subdeltasquare(numerator sumplus) / subdeltasquare(denominator sumplus) )
095 = [very long expression]
095 : frac S
196 : summinus = conjugaterule ( subdeltasquare(numerator summinus) / subdeltasquare(denominator summinus) )
096 = [very long expression]
096 : frac S

-- We get the identities from the statement by observing weighhtedsumplus and weightedsumminus directly.
-- To examine the non-weighted sums, we first look at their denominators:
factor denominator sumplus
097 = (n+ 1)*(a1y3 + a2y3)(a1y? + a2y3)
097 : Expression of class Product
i98 : factor denominator summinus
098 = (n+1)*(a1y3 + a2y3)(ar1y7 + azy3)
098 : Expression of class Product
i99 :
-- And next their numerators:
numsumplus = factor numerator sumplus
0 099 = (a1yfy3n? + a1y3yin® + asytyin® + azydyin® + a1yys + a2y3ys + aryivi + a2y3ui)
- (2sqdelta — a1y? — a1y3 — az2y3 — a2y3)(—1)
099 : Expression of class Product
I& : numsumminus = factor numerator summinus
l 0100 = (a1yfysn® +a1y3y3n® + a2yfyin® + a2yzyin® + aryiys + a2y3y; + ar1yivi + a2y3ys)
- (2 sqdelta + a1y% + alyg + a2y§ + azyz)
0100 : Expression of class Product
i101 :
-- A factor of alpha”+, respectively alpha™-, comes out of the sum.
-- Factoring these out, the numerators are the same: S*n”"2 + T.
-- We next factor the coefficient S and T
T = QQla_1..a_2,y_1..y_4][n]
0101 =T
0101 : PolynomialRing

numsumplus = sub(numsumplus#0#0, T)
0102 = (a1y$y? + a1v3y? + a2yiy? + a2ydy?)n® + a1y + a2yiv? + a1yl + axydy?
. T

i103 : S = coefficient(n”2, numsumplus)
0103 = a1y7y3 + a1y3y3 + a2yiy; + a2y3y;
0103 : Qlay .. a2, Y1 .- y4)
i104 : T = coefficient(n”0, numsumplus)
0104 = a1y2y2 + a2y2y2 + a1y?y? + agy2y?
010& 1Y1Y3 2Y3Y3 1Y1Y4 2Y3Yy
0104 : Q[al .. a2, Y1 .4y4}
i105 :
-- Here we see that S and T are the same and in the paper:
factor S
0105 = (y7 + v3)(a1y3 + azyf)
0105 : Expression of class Product
i106 : factor T
0106 = (y2 +y2)(a1y? + a2y?)
0106 Ys T Yy 1Y7 2Y3
0106 : Expression of class Product
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