Supplementary material:
Global Convergence of Online Optimization for Nonlinear
Model Predictive Control

A Expression of Newton System

For future references, we explicitly write out each component of (3)). For stage k, we let Hy (2, Ax) =
Vik (gk(zk) — Aka(Zk)), Ak(zk) = V;{k fk(zk) and Bk(zk) = ngfk(zk) Then, we have

H'(20, ) = diag (Ht, oo Hap1, V2, gar, (@1, 0) + uI) (12)
with H, = Hy(zg, A) for k € [t, M; — 1], and have

{4 B I
G'(20) = e (13)

—Anmy—1 —Bap—1 1

with Ay = Ag(zx) and By, = By(z). The gradient of Lagrangian £*(-) on the right side of (3) can
be expressed as

Ve, gt(ze)+Ai—1 _A?(zt)At
Vi gt(zt) =B (z1) A

tiz X)) —
Vi, LN(Z4, A; &) = szrlth,l(th,l)jLAA;t,Q—A@t_l(th,l)AMﬁl
Vth7191\41,71(th—1)*Bﬁt,1(th71)>\Mt71
Vg, 90, (®0,0)+ A0y —1+pa (14)
Ty — Ty
@11 — fi(zt)

V;\ L't(,%t,j\t;:it) = .

t

T, — far—1(2¢)

We also explicitly write out the gradient of the augmented Lagrangian (3)) by
Vs, L, I+mH" m(GHT\ (VL'
! = t t]- 15)
V;\t ETY T2 G I V;\t E
B Proof of Theorem 4.4

We first have a simple observation: by Assumptions forany (24, A¢) € Z® A (by (24, ) €
Z @ A wemean (254, Agt) € Z x A for all stages k of the ¢-th subproblem), ||G*(2,)|| < 1+ 27,
|H (2, A)|| < X' + p, and

IVUGHTV5, L) E A @) | ST, IVH!VE L) (20 A @) < T +4® (16)

for some constant Y’ not depending on g. This is from the definitions (T2))-(T4) and noting that onl
the last block of H* and the last row of V3, £¢ contain p. We can also replace YT in Assumption
by T <+ (1 +27)V Y'V § and require u > Y. Then we have ||Gt|| < T, |BY|| V || HY|| < 2pu,
[VI(GYTV5, L] < T, and |[V(H'Vz,L')| < 24 By the definition of H* in (I2), without loss
of generality we let the last block of B be 1.

We then provide a formula for the KKT matrix inverse. We suppress the index ¢ since the results hold
forany ¢ > 0.

Lemma B.1. Let GT = YK where Y has orthonormal columns that span Im(G7) and K is a
nonsingular square matrix (since G has full column rank), and let Z have orthonormal columns that
span Ker(G). If ZT BZ is invertible, then

S:: B GT B = Sl Sg
G 0 Sy S3
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where

S, =2(ZT"Bz) 27,

So =K 'YT(I-BZ(Z"BZz)™'Z7),

S =K 'Y'(BzZ(Zz"BZ)'Z"B - B)YK™'.
Under Assumption we have ||S|| < 5Y%u%/vrH-

Given LemmaB.1] we apply (3) and (I3)) and have

VLo Traz\ o (viL\' (B G\ (T+mH mGT (VL
viel ) \ax) =7 \viee) (@ o e 1 )\vsee)

By Lemma we define W = I — Z(ZTBZ)~1Z" B and have

B GT\ ' (I+mH mGT
G 0 7720 I

(eI +Z(ZTBZ)'ZT {I 4+ 1y (H — B)} WY (K—HT
- KYYTWT {I +n,(H — B)} ml — K-'YTBWY (K—HT
= Wi 4+ Ws 4+ Wjs, a7
where
=0
W= ( 0 gq) :
W — 2 WY (K—HT
PTA\KWYWITWT L] - KWYTBWY(K1)T )

_(2(Z"BZ)*Z"{I+n(H—-B)} 0
W3_< nszlyTI}/T(g—B) } 0)'

We deal with each term separately. First, we have

VoL (VL0
V5 L0 3\ viLf
=VILz(ZzTBZ) 1 2TV L0 + Vi z(ZTBZ) ' ZT(H — B)V:.L°
+mVILKT'YTWT(H - B)V:L°
= (A2)TBZ(ZT"B2Z) ' ZT"BAz — o (A2)'BZ(ZTBZ) ' ZT(H — B)V:.L°
— (AT YYTWT(H - B)VsL°
=(A2)TBZ(Z"B2) ' ZT"BAz — o (A2)T (I - WT)(H — B)V:L°
— (A TYYTWT(H — B)V:L°
= (A2)TBZ(ZT"B2Z) ' ZTBAz — no(A2)T (H — B)V:LO. (18)
Here, the second equality is due to the KKT system (3) and the fact that GZ = 0; the third
equality is due to the definition of W; and the fourth equality is due to YYTW7T = W7 Let us
decompose Az = AD + Aw, where AD = ZAw is a vector in Im(Z), and Aa = GTAu is a

vector in Im(G™'). Since GAz = —V5 LY from (3), we know Au = —(GGT) 'V L" and hence
Au=—-GT(GGT)"'V; LY = Y (K 1)V L". Plugging the decomposition into (I8), we have

<v2£0>TW <v2£0)
VsL?) T\ vsLO
= (Av)"ZT"BZAv — 2(Av)"ZTBY (K~ 1)TV5L° — no(A2)T(H — B)VzL°
+VILKT'YTBZ(Z"BZ) T 2T BY (K1) VL
> Yru || Av|* — 4pT[|Av|[ [ V5L — nad| AZ]|[[ V=LY
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YRH 8p*T? - 12
> B8 Ao — 2 VL0 - s A2 - 2270
2 YRH 4
YRH 8> T? _ 12
= T Av|2 = o VKL — a8 (| Ao + | Aa?) - 22 VaL0)?
2 YRH 4
8272
> (15— p0?) A2 - < . +77252T2) IVALOI? = 2 vaLo)?,
2 YRH 4

where the second and fifth inequalities are due to Assumption which implies | K~1|| < Y, || B|| v
||[H|| < 2u; the third inequality is due to Young’s inequality; and the fourth equality is due to
|AZ||? = ||AD|)? + ||Aa||* = ||Av||? + ||Aa||?. Using the above display and supposing

%—m&zO@mS%, 19)
we further have
A\ A4 v 8122 yry T2 . .
> W g o B ooy 20
YRH

Let us now deal with W5. By Schur complement, in order to show W5 > 0, we only have to let
2
%I ~-KYYT'BWY(K Y)Y - ZK'YTwWTwy(Kk—1H)T = o. Q1)
2
Note that — K 'YTBWY(K-1)T = ~K-'YTBY (K~!)” and

2 27?2
IK-YYTBY (K )T+ =K 'YYTWTWY (KT < 2uY2 + =— | W2
12 12

<Y+ (14 ) =24 T .
2 YRH 72 2YRH mYry

2 2702 272
<12,uT +S/LT <16,u'f

TYRH  M2YRy  M2VRH

272 ( 2 )2 272 8uY? N 822

where the fifth inequality supposes Yrz < v/26 (without loss of generality, since ¢ is upper bound and
Yr is lower bound in Assumption[d.2) so that 7,yrm < 1; and the last inequality uses p > 2vrp.
Thus, we only have to let

164272 32,272
M 2P s > (22)
2 MYeH RH

then (1) is satisfied and W5 = 0. Combining (T7), 20), and noting that W is a diagonal matrix,
we obtain that under (T9) and (22),

VL) Tazxy v\ (% 0\ (VL
ViLY) \Aax) = \vsLl 0 B2 J\viLl)-

Using 7ry < 61T, we can easily check that, as long as n = (11, 72) satisfies

251272 RE 32,272
7712#721 T1, nzﬁ%zi T2, M2 = MQ = T3,
YRH 2 YrH

we have
2

EEINEERT 7
v 5\[:,, AXN) = 4 v Xﬁo

This completes the proof of the first part of the statement. For the second part of the statement. We
note that 79 = 1 and each While loop decreases 79 by p. Thus, to satisfy 17, < 7o, the number of the
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required While loop iterations 7 only need satisfy p7 > 1/7,. For the similar reason, we require
p” > 13/u?and p7 > /71 /u2. Combining them together, we know if 7 satisfies

1 T T 32T2
T 3 1

T h W) Yk
then no other iterations will go into the While loop again. Thus, we know p7 < ?’3#”. Moreover,
RH
2 2 244
YRH _ 2/ T2 32 P T
=1 d = < —
n=1/p" > 32T2 , and 7y =pi(p’)? < .

This completes the second part of the statement.

C Proof of Lemma B.1]

We note that YY 7T 4+ ZZ7 = I. Thus, YYT'(I — BZ(Z"BZ)"'Z") =1 - BZ(Z"BzZ)"'Z".
Using this observation, the formula of S can be verified directly by checking SS~! = I. Moreover,
under Assumption 4.2} we know
1(Z"B2)~ | <1/yre, |K7HI ST, and Bl <24
Therefore,
1 2 4412
IS < 13 + 2[[Sall + 1S5 < —— +27(1 + ) + 12 (“ + 2u) :
YRH YRH YRH
Without loss of generality, we suppose Y > 4 and y > 2(ygy + 1). Then
1 6Y 4722 Y2p? A% 5%
ISl — -+~ ”+2T2 o2 20 20
YRH

YRH =~ 7RH YRH YRH
This completes the proof.

D Proof of Theorem 4.3

We drop off the index ¢ for simplicity. By the definition of £, (-) in (5), we have

V2L (z 5\&:) . (H+’I72V2(HV2£) +771VE(GTV5‘E) ngvg(Hv,gﬁ) JrGT)
n\<, 7\ - .

UQVS\(vaﬁ) +G nQGGT
Using Assumption[d.2] (16), and Theorem 4.4} we know
322p2u2 T5

IV2L,(2,X2)| <4jY < = 1Y

YRH
Therefore, by Taylor expansion

1 0 V EO A% ‘LLQT/CYQ
Evgﬁn*“(v ) \ax) T3

A
A
Moreover, by Lemma[B.T|and the COIldlthIl (@), we further have

‘(A%) 2 25M4T4 (vi,ct)) 2 100ptT! (V;E%)T(A§>

Plugging the above display into (23)),
500774\ (vaeo\T /Az
£1<£9+a(1a
e N2YRH Vi /3?7 AX
Thus, as long as
(1 - B)evrE (1= B)vew s

50u8Y/ T4 > 8 < <
R 0 — « — Y — — s —
M2YRH - —  50usYIYT4 — 32-50u87/Y6 ’

then Armijo condition (6)) is satisfied. Thus, if we use backtracking line search, the selected stepsize
a > va' = aforsome v € (0,1). Moreover by Armijo condition,

1 0 VLY z o 772045 VL0 |7
ﬁnéﬁﬁaﬁ(v o NEL o

This completes the proof.

2
(23)

PR
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E Proof of Lemma

By the definition (3], we know
£t _Et_ﬂ,o
7
£ = 20104 B (95,207 = 95,290 ) + 2 (192 = 9,0, 20)

= Termy + Termg + Terms. 24)

Let us deal with each term separately. For T'erm;, we apply the definition of Lagrangian function,
the transition (8)), and the fact that g(0,0) = 0. Then

0
L0 = Z {gk Zk: t+1 )‘k 1,t+1)T:B2,t+1 - (Ak,t+1>Tfk(Z2,t+1)} + th+1(w?\4t+l,t+1’ 0)
k=t+1

" _
§Hw?\4t+1,t+1“ + ()‘9\/It,t+1)Tm(])\4t+1,t+1 - ()‘g,t+1)T$t+1
M,—1

1 1
Z {gk zkt >‘k 1 t)Tmllc,t - ()‘k,t)Tfk(zllc,t)} + gum, (m}wt,t’ 0) + (>\1v1,,—1,t)Tm}w,,,t
k=t+1
1
- ()‘t,t>Tft(z%,t)-

Using the above display, we further have

Termy, =Cb' — £t+10
My—1

n
= Z {gk(zllc,t) + (Allcfl,t)Tmllﬁ t ()‘Ilc,t)Tfk(zllc,t)} + 9, (w}\/[t,tv 0) + §||w}\4t,t”2
k=t

+ Mg o1 @ — Ay ) @ — £7F10

- 12
_gt(zt ¢) + ()‘t 1 t) (fctl,t — &) + §|‘m}\4,,t| 2
1 - K
> — [Nyl — 2 + §||ﬂf'}m,t||2

) 1
—Cllat, — x| + 5\\5911\/5,15 2

) (25)

where the last inequality is due to Assumption[@.3(ii). For T'erms, we apply the formula (T4) and the
transition (8). We have

2 M
(V500 0 = 30 ohnen = @R i) IP 4 N2 iy — B
k=t+1
My—1
= Z ||wllc+1,t - fk(zllct)||2 + |1 fas, (w}wt,mO)HQ + ||w%+1 t ft(zt t)||2
k=t+1
M;—1

= D i — fuzR)IP + 1 far (@, 0 O).
k=t

Using the above display, we further have

Ui _ i
Terms = (thc“u |75 ) = Dty = @ull? = L faa, (@0 O
M _ mY?
ZEHw%’t—thQ— B) ||£L'}\4t,t||2> (26)
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where the last inequality is due to Assumption[d.2] Last, for Termsg, we apply the formula (T4) and
the transition (8). We have
M, 2
”v_ £t+1’0H2 _ Z (v(l:kgk?(zk t+1) +Ak 1,t+1 AT(zk t—‘,—l)Ak t+1>
Z =
o Vukgk(zk,t+1) Bl{(zk,tJrl))‘k,t-i-l

k=t+1
0
+ valwt+lth+1(w9\4t+1,t+17 0) + Apg, 01 + /J’w?\/ft+1,t+1”2
M;—1 1 1 2
_ zt: <mGgk(zllc,t) + A1 — Af(zil,t)kk,f)
Vulcgk(zlli‘,t) - Bf(z}f,t)*k,t
2

k=t+1

+ <Vth gm, (w}VIt,tﬂ 0) + A}th,t)

VUMt th(w}wt,t? 0)

Using the above display, we further have

Terms ="2 (|| 92,51 ~ | Vz,,, 25720 )

_ 1 2
2 1 1 1 2 Vo, 901, (w}\/l £ 0) +An, 14
>i — t ts t—1,
5 (V:cM,,th(iBMt,t,O)-l-)\Mt1,t+/~L$Mt,t|| H( Vthth(w}Wt,t’O)
2(p? = T?) _
>7”‘B}wt,t”2 + N2 p ((m}wt,t)TVmZ\lt th(w}\/[t,t’ 0) + (a:}wt,t)T}‘}Wt—l,t)

- 2
T (p? = % = 207
- 2
where the second inequality is due to the definition of V3, £%1; and the third and the fourth inequal-
ities are due to Assumption which implies || V,,, gur, (23, ;,0)[| < Y|z}, |l Noting that
A}y, 1. = Oand, by (),

_ 1
”:B}V[t,t”2 + nQM(x}Mt,t)TAMtfl,ta

:U’A:i’Mt,t + AS‘Mtfl,t = (Vm]\ltht (mg/ft,tv 0) + >‘(I)\/It71.,t + /”Lw(J)V[t,t) = 0’

we then have . .
1 1 ~ 1 2
(th,t) )‘Mt—l,t = _atﬂ(tht) Az yy, ¢ = _N||th,t|| .

Suppose p > 47, then u? — Y2 — 2uY > u?/2. Together with the above three displays,
Terms > _772/~L2||$}\4t,t||2- 27
Combining (24), (23), (26), and (27), and noting that jop? < p? < i3 Y2 /2, we have

1 £4+1,0 M _ pwo mYr
Lyt =gt > (5 - C) @), — 2|* + (2 -5 772M2> ks, o1

2
0 _ _ _
z(—4ﬁH@J—MW—nﬂﬂMMAFz—mT%wMA%

2
where the last inequality holds if C' < u?/2. By Lemma | Theorem and Assumption i),
B 322P2T6 - 322 2’1‘6
M@y, oI <=1 af|AZ o] = T a7 | AN, 1]
RH VR
322 26 32227762
<Az, AN P < ZE vt
VR
We require
322 2’r6 2 =y 322 2’1‘6 2 ~
P4 < < 1205 P4 < < ﬁ'YRHaz
YrH 8 YRH 8 x 32pT
3222762 < Bl - B)vey
Ve o 202 x 322pubYYS
2
—c? < LRf.
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where the first implication is due to Theorem .4} and the second implication is due to Theorem A3]
Then, we have

Ju oY 777280‘ﬂ||v£t,0”2'
This completes the proof.

F Proof of Theorem 4.7

Summing over ¢ from 7 to co on both sides of (TT)), we have
120 -
2 t,0(12 07 . 2 %A
- ; IVLYO1? < £ glérkﬁ,,(z,)\,w) < oo.

Thus, [|[VLY0||2 — 0 as t — oo. We complete the proof.
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