Supplementary Material

A Main Proofs

Recall that we define wP to be the ¢-th iterate when applying GD over the population risk as depicted
in Eq. (12).

A.1 Proof of Lemma 5.1

Observe that,
WS, = wP 1? = WS —wP —n(VFs(wS) — VFp (wP))|1?
= [lwy = wPI* = 2n(VFs(w;) = VEp(wP)) (w? — wP) + n*|VFs(w;) — VFp (u,)|I?
< ||w, - wy ||2 — 2n(VF5(wf) — VFD(W[D))(Wt - wy ) +41]2L2 (L-Lipschitz)
= [lw; —=wP|? = 2n(VEs(w?) — VFs(wP)) (w5 — wP)
+2n(VEp(wP) = VFs(wP)) (WS —wP) +4n*L?
< WS = wP|> +20(VEp (wP) — VEs(WwP)) (WS — wP) + 4n? L2,

where in the last inequality we use monotinicity of convex functions: (VFs(w) — VFs(u))(w —u) >
0 for any w, u. Next, applying Cauchy-Schwarz inequality we get,

w?,, = w2 117 < Iws = wPII? + 2n(VFp (WP) = VEs(WP)) (wf —=wP) +4n*L?
< WS —wP|? + 2n|IVEs (WP) = VEL (wP) || [lwS — wP || + 4n*L? (C.S.)

< WS = wP|I* + n*t|VEs(wP) = VEp (wP)|1* + —||wt —wP|* +4n*L?

= (14 2) 05 = WP I 42l VES (wP) ~ VED (wP) P+ 4L,

The last inequality follows from the observation that 2ab < ca® + b2/ cforanyc >0anda,b >0,
specifically for a = n||VFs(wP) = VEp(wP)||, and b = [|w5 — wP|.

Applying the formula recursively, and noting that wg = ug:

t
1\t
s, —wlil? < ) (1+-) (n%nws(w,’?) VEb (WD) + 4n2L2)

=0

t
< Z(en HIVEs(wR) = VEp (WD) + 4e172L2)

=0
where in the last inequality we chose ¢ = ¢ + 1 and used the known bound of (1 + 1/7)" < e. Taking
the square root and using the inequality of Va + b < v/a + Vb we conclude

sy =Wl <J€n2(t+1) S IVES(WE) = VEp (wP) P + 2venLi+ 1,

t’'=0

We are interested in bounding Es~ pn [||VF S (w ) - VFp (w )| ] By the definition of the empirical
risk

E [“VFs(WtD) VFD(WtD)” ] 12 [
S-b n? s~ D"

[Vf(w; 120) = D[Vf(WtD;Z)]]HZ]

Note that by Lipschitzness [|[Vf(wP;z;) - [Vf(w, ;2] < 2L, and that
{Vf(wt 32i) — [E[Vf(wt ,z)]}le[” are independent zero-mean random vectors (as w,D is
independent of z;). Thus, we get

4L?

< —.
n

E [IVEsowP) = VEp wP)IP | = —Z[ Iv£0vP:20 = E 1970?2001 |
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Consequently, taking the expectation over the sample S and using Jensen’s inequality

4nL(t+1)
S D
SN[EDH weey —wiall] < T +4nLVt + 1.

A.2 Proof of Theorem 3.1

Starting with Lemma 2.1 we obtain for any domain WMK ,

2LK
E [ sup {Fp(w) - Fs(w)}] < —. (13)
S~D" weWwk ‘/ﬁ
From Theorem 3.2, there exists a sequence u, . . ., ur such that with probability at least 1 — &,
1 © LT
“ws - =Y || < T iog(T5) + 4nLNT. (14)
T & Vn

Setting u = ]T Z;T=1 u; and K to be the RHS in Eq. (14) we obtain:
E [Fo(w%) - Fs(w%)] < E [ sup {Fp(w) - Fs(w)}w® e WE|P(w° € WK)
S~D" S~D"" e WK

+P(wS ¢ WE) sup |Fp(w®) — Fs(w®)|
S~Dn

= E [ sup {Fp(w)=Fs(w)}| - E [ sup {Fp(w) = Fs(w)}|#® ¢ W |P(w® ¢ W)
S~Dn weWwk S~D" ", WK

u

+P(wS ¢ WK) sup [Fp(w®) — Fs(w%)]
S~Dn

< E [ sup {Fp(w)—Fs(w)}| +P(w® ¢ WX) sup sup |Fp(w)— Fs(w)|
S~D" "\, eWK S~D" e Wk

+P(wS ¢ WEK) sup |[Fp(w®) — Fs(w®)|
S~Dn

14nL*T 8nL2\NT
< ”n Viog(T/8) + ”T\/_ +P(PS ¢ W) sup  sup |Fp(w) — Fs(w)]
n

S~D" e WK
+ P(wS ¢ WKy sup |Fp(w®) = Fs(w®)] (Eqs. (13) and (14))
S~Dn
14nL2T 8nL>NT 5
<~ Viog(T/6) + RO (6nL T\/log(T/é)) :
n

where we used Eq. (7) and the fact that || w3 || < nLT and |ju||+K < O(T]LT + nLT\/W/\/ﬁ) <
O (nLT+log(T/5)) to bound the second and third terms. Hence:
|Fp(w°) = Fs(w%)] < |Fp(w°)] +|Fs(w*)| < O (anT) ,
and
sup |Fp(w) = Fs(w)| < sup [Fp(w)l+ sup [Fs(w)] < O(nL*T+log(T/9)).

weWwk weWwk weWk

Next, setting & = O(1/VnT) we get that:

E [Fp(W®) - Fs(w®)] <O
S~Dn

v

Finally, combining Eqs. (4) and (15) we obtain that for every w* € W5:
E [Fo(*)] - Fp(w*) = E [Fp(#°) - Fs(#*)|+ E [Fs(#*)] - Fp(w*)
S~Dn S~Dn S~Dn

2 2
#\/log(nT) L e ﬁ\/log(nT)). (15)

= E [Fp(W%) - Fs(w%)] + E [Fs(w®) - Fs(w*)]
S~D" S~D"

LT LT B2
n_\llog(nT L0 ‘/_\llog(nT) +nL% + 77_T) .
n

<0

v

14



A.3 Proof of Theorem 3.2

The proof is similar to that of Lemma 5.1 with the exception that here we employ specific concentra-
tion inequalities of random variables with bounded difference. The reference sequence we consider
is the GD iterates over the population risk, namely, w? as described in Eq. (12). Observe that

WS = wi IP = wf —wP = n(VEs(w) = VEp (wP ) |1?
= [lwf —wP|? = 2n(VEs(w?) = VEp (W) (WS — wP) + n?[|VEs(w?) = VEp (wP)|?
< ||w, - w; ||2 2n(VFS(w ) — VFD(W ))(wt - w; )+47]2L2 (L-Lipschitz)
= [lwf —wP|* = 2n(VEs(w?) — VFs(wP)) (w? — wP)
+20(VFp(wP) = VEs(wP)) (W} —wp) +4n°L7.

From convexity of Fg we know that (VFs(w) — VFs(u))(w —u) > 0 for any w,u. Therefore,
applying Cauchy-Schwarz inequality we get,

||wf+l - WZIH2 ||wt || + 21](VFD(th) - VFS(wf)))(wt - wy ) +4172L2 (convexity)
< w§ —wP >+ 20IVEs(wP) = VEp (wP)|[w§ — wP || +4n*L* (CS.)

< |wf —wP > +n*tlIVFs(wP) = VEp (wP) |1 + IIW,S —wP|I> +4n°L?
= (14 2) 105 WP I 42l VES (wP) ~ VED (wP) P+ 4L, 16)

The last inequality follows from the observation that 2ab < ca® + bz/ cforanyc > 0anda,b > 0,
specifically for a = n||VFs(wP) = VEp(wP)||, and b = [|w$ — wP|.

We are interested in bounding ||VFs(wP) — VFp (wP)||. For that matter we consider the following
concentration inequality which is a direct result of the bounded difference inequality by McDiarmid.

Theorem (Boucheron, Lugosi, and Massart [7, Example 6. 3]) Let Xi,...,X, be independent
zero-mean R.V’s such that || X;|| < ¢;/2 and denote v = 3 Zl ! c . Then, for allt >\,

{2

Note that by Lipschitzness ||[Vf(wP;z) - E[VFf(wP;2)]|l < 2L, and that
{Vf(th;z,-)—[E[Vf(w,D;z)]}ie[n] are independent zero-mean random variables (as w? is

independent of z;). Thus, for A > 2\%:

> t} < e~ =)/ (2v)

i=1

P{Hl ZVf(th;Zi) - [E[Vf(th;z)] > A} < e_(A‘/E_ZL)z/(“LZ),
n
=1

This implies that with probability 1 — 6 we get,
4L
IVEs(wp) = VEp (w) || < %\/log(l/&-
Plugging it back to Eq. (16) we obtain w.p. 1 —

L2

16n*L%clog(1/8
||wt+] 34”2 < (1 + = )”Wt tD”2+ n Cnog( /6) +4772

D.

b

t

1\ (16n>L%clog(1/5

Z(“") ( n’L*clog(1/ )+4n2L2
& n

t'=0

16en>L*(t + 1)* log(1/6) .

n

Applying the formula recursively, and noting that wg =w

IA

S D 2
||Wt+l - Wt+1||

4en* L2 (1 + 1),
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where in the last inequality we chose ¢ = 7 + 1 and used the known bound of (1 + 1/7)" < e. Taking
the square root and using the inequality of Va + b < va + Vb we have

2L2(t+1)21og(1/6)
||wt+] 21” < 7\/17 g +4nLVt + 1.

n

By taking the union bound over all ¢ € [T] we conclude the proof.

A.4 Proof of Theorem 3.4

Similarly to the proof in the supplementary material, let us consider the domain WK =
{w:|lw—u|| £ K}, where we set u = % Zthl u,, the average of the deterministic sequence in Theo-

rem 3.2. From the assumption in Eq. (9) it follows that for any w we have that |[£(g(w - ¢(x)), y)| < c.
We also, can use Lemma 2.1 (applying it to £ o g — ¢) to obtain that

2LK
JE. [wilﬁlBK{FD(g ow) = Fs(gom}] < = (17)

where we denote

Fs(gow) =1 ) €(eo- b)) Folgow) = E [6elw-0() )],
i=1

X,y)~

Next, we define

G(S)= sup {Fp(gow)~Fs(gow)},
weWwk

and note that for two samples, S, S’ that differ on a single example we have that

G(S) -G8 < 2.

Using then the bounded difference inequality by McDiarmid [see 33, Lemma 26.4]. We have that
with probability at least 1 — 0,

G(S) = sup{ E [£(g(w-o(x).y ——Zf <P (xi) 1)}

wewk \(x,y)~D

E [G(S)]+cq / ML(Z/(S) (McDiarmid)
S~Dn n
ZL_K N 21og(2/6)

v c4/ —

From Theorem 3.2 we have that with probability at least 1 — 6,

IN

IA

WS —u| < 6:’/L_T og(T/6) + 4nLNT (18)
n

Taken together, and applying union bound, we have that with probability at least 1 — §:

LE L7 ), zy w5 - p(xi)), i)
(19)

2
.\ 12nL2T o TT5) + 8171;/_\/7 4 o [2log(4/0)
n n

n
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Next, using Eqgs. (4) and (9) and the fact that the optimization bound Eq. (4) holds for any B > 0:

1 1 v
- ;f(g(ws ~9(n).vi) < D(ws - p(xi), i) (Eq. (9))
BZ
<ol e st 2 G
2
Swléléd{ Z[ wed(x;), yi) +nL* + ”:ﬂ } (20)

Now, set w* such that

* [w* |12 x 7 . [21og(1/8)

(X,EE)ND [Z(W . (P(X),y)] + n—T + ”W ||L T
. . l[wil? /2105%(1/5)} 2
< ngﬂgd{(x,EE)ND[é(w P(x),y)] + T + |IwlIL — +nL*.

By independence of {(x;,y;)}, and the bound on |¢(0,y)| < ¢ we obtain by Lipschitzness
[¢(W* - p(x),y)| < [[w*||IL +c. It follows from the Hoeffding’s inequality that with probability
atleast 1 — o

LY et py) - 60wt )] < (L + ey S22 o
n (x,y)~D n

i=1

2y

Thus, we have that w.p. 1 —§:
lié(g(ws.(p(xi)),yi) < inf {l Y O(wep(xr).yi) + L2 + ||W||2}
nis weR4 | 1 — nT

2
—Zﬁw gty +ar?+ P

*1(2
< E L0 o))+ HV;T” + (||W*||L+c)\/@+an

(Eq. (22))

< it { £ Lo+ s ropy B a2
weR4 | (x,y)~D n

(23)

where the last inequality follows from Eq. (21). Combining Egs. (19) and (23) and applying union
bound we obtain the result.

B Proof of Lemma 2.1

Using the standard bound of the generalization error, via the Rademacher complexity of the class
(see e.g. [33]), we have that:

S| sup {Fo0n) = Fs}] <2 B 1Rs(7 o WL
Where we notate the function class:

foWK=(z 50w -x,y):we WK}
and Rs(f o WK is the Rademacher complexity of the class f o WK Namely:

Rs(foWK):=E| sup ! Zlfih(zi) , (24

7 [hefowk M ;=5
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and 04, ...,0, are i.i.d. Rademacher random variables.

‘We next show that:

LK
Rs(f o WEK) < 7 (25)

To show Eq. (25), we use the following well known property of the Rademacher complexity of a
class:

Lemma B.1 (contraction lemma, see [33]). For each i € [n], let p; : R — R be convex L-

lipschitz function in their first argument. Let A C R" and denote a = (ay,...,a,) € A. Then, if
O=01,...,0,, are i.i.d. Rademacher random variables
n n
E|[sup ) oipi(a;)| <L-E|sup ) oa;].
0 laecA Py 0 [acA Py

As well as the Rademacher complexity of the class of linear predictors against a sample S =
{p(x1),...,¢(x,)} of £, 1-bounded vectors:

Rs(f o Wg) = K/Vn. (26)
Next, given a sample S = {z1,...,z,} we define p;(a) := ¢(a + u - $(x;), y;) and we set

A={(px1),...,v - d(xn) 1 v € WEL
Then:

nRs(foWE) =E| sup ZUJ(W '</)(xi),yi)l
7 [wewl oI

n

=E| sup Z(Ti(((w —u)-p(x;) +u- (:b(xi),}’i)l
7 lwews =
=E| sup Zaif(v ~p(xi) +u- ¢(xi)’yi)l
g »VEW(’;' i=1
<L-E| sup aivedp(x;) (Lemma B.1)
g VEW(’;;
< LKvn (Eq. (26))

Dividing by n yields the proof.

C Proof of Theorem 3.3

Our construction is comprised of two separate instances. We first provide lower bounds, Lemmas C.1
and C.2, for the distance between the GD iterates wts R wf' defined over two separate i.i.d. samples
S=1(z1,...,zn) and 8" = (2}, ..., z,,), respectively.

Lemma C.1. Fixn, L,T and n. Suppose S and S’ are i.i.d. samples drawn from D™. There exists a
convex and L-Lipschitz function f : W x Z — R and a distribution D over %, such that, if w? and

wts' are defined as in Eq. (2), then with probability at least 1/10:

, nLt
Ve [T]: [wS—wS| > Q(W)

Lemma C.2. Fixn, L,T and n. Suppose S and S’ are i.i.d. samples drawn from D". There exists a
convex and L-Lipschitz function f : W x Z — R and a distribution D over %, such that, if w? and
wf' are defined as in Eq. (2), then with probability at least 1/10:

Vie [T]: |wd-wd| > Q(nL«ﬁ).
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One can then pick the dominant term between the bounds, and obtain that with probability at least
1/10:

’ Lt
[ws —w¥| > Q n=ty, nLVt|. 27
\n
Suppose some u;, independent on the samples S and S’. Then by the triangle inequality we have
that,
P(Iw? —wi'll = a) < P(Iwf = ull +1lw? = u;]l = a)

<P(Iw? —uell = a/2) +P(Iw = uell > a/2)

=2P(|[w? — ]l > a/2). (S and §’ are i.i.d.)
Dividing by 2 and using Eq. (27) we conclude the proof.

C.1 Proof of Lemma C.1

Suppose f : W x Z — R takes following form:
fwiz)=Lw-z,

where W C R and z = +1 with probability 1/2. Define a sample S = {z1,...,2,} and S’ =
{z’l, ...,2n}, then by the update rule in Eq. (2) we obtain,

n n

1 , 1
S _ N ’
wy =-nLt- - E Zi, Wy =-nLt-— > Z;.
e =

This implies that |Wf+1 - Wf+/1| =nLt - I}l i1 (zi —z/)|. Note that,

2 w.p.1/4,
zi—2;=10  w.p.1/2,
-2 w.p.1/4.

Using Berry-Esseen inequality one can show that with probability at least 1/10:

1 v 1
=) (-7 = —=.
In turn we conclude that w.p. at least 1/10,
nLt
3

We remark that f(w;z) can be embedded to any large dimension, thus implying our lower bound
holds for any arbitrary dimension.

S S’
|Wt+1 - WI+1| 2

C.2 Proof of Lemma C.2

This proof relies on the same construction of [5]. The difference is that we show a lower bound
between iterates over two i.i.d. samples while their result holds for two samples that differ only on
a single example. The main observation here is that with some constant probability, the problem is
reduced to that of [S]. Consider the following f : WX Z — R:
L L
flwsz) = —%zw +5 lnel[adﬁ{wi - £;,0},

where W € R4 and

|1 w.p. 1/(n+1),
Z‘{o wop.1—1/(n+1).
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We also choose ¢; such that 0 < €] < ... < g4 < ynL/(2n) and a sufficiently small y = 1/(4VdT),
and d > T. Observe that for a given sample S = {zy, ..., 2, } the empirical risk is then,
yL & L
Fs(w) ——2— zlw+§lrgadx{wl Ei,O}.

i=1

We now claim that with probability (1 — - +1 )" over S’, the empirical risk is given by,
L
Fg(w) == max{wl - ¢&;,0}.

Conditioned on this event, we get that VFs/(0) = 0 and therefore wf/ = Oforany ¢ € [T]. In addition,
we know that the complementary event, namely, z; = 1 for at least a single i € [n], is given with
probability 1 — (1 — %)". Since,

1 1 1
l-—)"<(1-=)"<e'? and (1-—)">1/2,
( n+1) < ( Zn) =¢ an ( n+1) =1/
we have that with probability at least 0.5 - (1 — ¢~'/2) > 0.19 both events occur. Note that VFg(w) =
er: o1 il + %V max;e[q] {wi - &, O} where 1 is the one vector. Then applying the update rule
in Eq. (2) and the fact that w3 = 0 we get,

n n
s _ rnk E )
wy = o A zi 1.

Recall, that under the aforementioned event we have that ﬁ Y= % This implies that wf (i) =

% > ¢g; for any i € [d]. Therefore,

s s s, 2L\ nL
Wy, =Wy _UVFS(W1)= _2n ZZi]l_Tel’

i=1

where e; is the standard basis vector of index i. Sincey < 1/(4T) we have that wg (1) < Z; % < 0.
Developing this dynamic recursively we obtain,

wfﬂ = Y;]’fl Z 1 — % Z es.

i=1 selr]

Using the reverse triangle inequality we have,

Hwt WS =0)
L
= ” Z, - t’z |||]l|| (reverse triangle inequality)
S€E I
L Lt
> '7—2‘[ SRULRY (I = Vd and [ 2 < )
3
> gnL\ft. (y < 1/(4Vd1)
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