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A Appendix: Methodology details

A.1 Background: PPCA and its EM algorithm

To aid in understanding our algorithm for learning the compact memory, we briefly introduce
Probabilistic PCA (PPCA) and the Expectation-Maximization (EM) algorithm in our context; further
details can be checked in [Tipping and Bishop, 1999a,b]. To this end, we first remind that our compact

memory U, € R¥*K+1 gerves as the weight parameter in the following linear model with latent
variable Z; 1,

[Ug, ®141] ~ Upp1Zy44, (1

where the feature matrix ®;, 4 € RA>Ne+1 and the previous memory U, € RA*E+ are assumed to
be given observations.

From now, for brevity, we omit subscript and notate N := K;1 + Nyyq, U= Uy € RHXKf“,

® = [U,, &, e REWVer1+K) where ¢, € R denotes n-th column of ®.

PPCA Model. With Gaussian latent variable z,, ~ N (Og, Izxu), the n-th observation ¢,, can
be modeled as

¢n = UZ?’L + T’a
where 7 ~ N (Og, eI xm) denotes the Gaussian noise with the scalar hyperparameter € € R . Then,
foru:=1/NY ¢, and C:= UU" + eI, the marginal likelihood of ¢,, is derived as

p(dn) = f p(Snlzn) ) da @

¢, ~N(Uzp+u,elyxn) zn~N(Ou,Iuxu)

- ) PG e (<36, - wTC @, - ).

Thus, the log likelihood of Eq.(1) is written as
N
log p(®) = Z logp(e,) = N ((H/Q) log 27 + tr(C_IS) + log |C|) , 3)
n=1

where S = (1/N) >, (¢, —u)(¢, —u)'.
Stationary condition. Because the gradient of the log marginal likelihood V log p(®) is given as
Vulogp(®) = N (C™'sc™'u - c'v), 4)
the optimal U maximizing the log p(®), satisfies the following equation
sCc'U =1, Q)
due to the stationary condition Vy log p(®) = 0.

Eq.(5) implies that if (i) UU' is invertible, meaning that U is a full rank matrix with rank H and (ii)
u = 0y, meaning that the columns of ® have zero mean, then the following holds

S=cC < (1/N)®®" = UU" +el, (6)

where the right side is equal to the hessian matching objective for linear regression up to constant V.

Motivation for Hessian matching via PPCA. Eq.(6) suggests that if we find the optimal weight U
in PPCA formulation, we can find the memory for Hessian matching objective in our problem.
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EM algorithm. Finding the optimal weight U in PPCA can be conducted by EM algorithm for
computational efficiency.

The EM algorithm maximizes ¢(U) with respect to U in order to find the stationary point S = C in
Eq.(6) where ¢(U) appears in the lower bound of the marginal likelihood log p(®), as follow:

p(Z)

log p(®) = logJ. (p(¢|Z)Z)(Z|w>p(Z|U, ®)dZ > Jlogp(i’, Z)p(Z|U,®)dZ +H(p(Z|U, ®)).

:=£(U)
The EM algorithm consists of the following alternative update procedure:

E-step: Update posterior of latent variable p(Z|U°'¥), &) and then compute the expected loss
((U; Uty = Jlogp(‘l’, Z) p(Z| U &)dzZ,

where U denotes the weight updated in previous iteration. With M := yedTyed 4 e
RE e+ Kisa , the posterior of latent variable for each z,, is computed as

p(2,|UCY, &) = N(MUCYT (¢, —u),eM ™).

Thus, the expected incomplete likelihood £(U; UCY) is computed as

é(U, U(old))

N
- Z flngw)m Zn) p(Zn|U(Old)a ®) dz,
n=1

N
H 1 1 1 1
=2 ( log e + ~tr(E[z,7,]) + o[, — u|? — ~E[z]]UT (¢, — ) + tr(UTUE[znzID) :
= 2 2 2¢e € 2e

where E[z,] = M~'UCYDT (¢ —u) and E[z,2]] = eM ™" + E[z,]E[z,]".

(old)

M-step: Update the parameter U newly by

U  argmax ((U; UCD),
U

which is given as

e (2 (6, - u>E[zn]T> (Z E[anﬂ> -

We repeat E-step and M-step alternatively until the learnable parameter U converges the local
optimum.
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A.2 Details for case of Multi-label classification

Understanding on K-prior usign Hessian. Let us remind the model parameter ® =
[0, ... Oc]T € RE*H for C-class classification and its Hessian V2/(f,y) = o'(f) ® ¢pp' €
ROHXCH with £ = [fD . £(©] and its softmax output o(£) = [cV(f) ... 7O (£)] € ACL.
Then, the derivative of softmax output is given as [ (f)];; = ¢V (f)(1 — o) (f)) if i = j, otherwise
[0 (£)]i; = oD (E)aD(F).

For multi-label classification task, the K-prior regularization ;(8) at ¢-task model parameter Oy,
can be approximated with the second-order Taylor approximation, as follows:

K:(6)
~ Y vec(® - ©)7 (0’(&) ® ¢i¢j) vee(® — @) + dvec(® — ©;) Tvec(© — ©,)

€Dy

= i(o“)feﬁ”f (91 = oI E) 0] ) (0 — 6/

€Dy c=

=237 3 (0 =0T (0 ) (£)0) (£)$,p] ) (62 — 0{) +5vec(© — ©y) Tvec(© — ©))

€Dy c1<c2 e
(e (£;)0(¢2) (£;) ~ 0 in most cases

~ Y] 2 9© —g\NT (a(c)(f )1 — 0O (£,) b, ) (0 — 0{9) + svec(® — ©;) Tvec(® — ©,)

€Dy c=1

29“) ()T (Y o E)(1 — oV E)) 3] + Oun ) (6~ 617),

€Dy

Hessian of binary classification for c-class

where the second approximation is considered because ©; is obtained after learning task D; and
thus o (f) would have a peak predictive probability for some class ¢ € [C'] in most cases, yielding

o(f (Cl)) (f (CZ)) ~ 0. The above approximation, resulting

C
Z O(C ( 2 O'(C)(fi)( (C)( ), ¢ + 6IH><H)(0(C) . Bﬁc)),

c=1 €Dy

Hessian of binary classification for c-class
implies that for given ¢; € Dy, if there is some ¢ € [C] satisfying o(°)(f;)(1 — o(®) (£;)) to be large

value, then compact memory should learn ¢; for the regularization of c-class parameter 0.

Motivation for Hessian matching. This encourages us to learn compact memory {(wgjq, uk‘t)}f:tl
satisfying

Z <Z o )(1— ol )( ) Zwklt (Z g llklf — ol (fu,”))> ukltukhfT7

€Dy \c=1

~
importance for ¢; over C classes

which yields the generalization of hessian matching for multi-label classification.

Remark. If o(f) is a peaked probability meaning that there is some ¢ € [C] satisfying o(°) (f) ~ 1,
then ¢ (£)(1 — ¢ (£)) = 0 for all class i € [C]. Thus, for all features of D, if their {o'(f)} have a
peaked probability, there is no information to learn memory. Therefore, for small { > 0 we consider
the clipping Eor logit is necessary, i.e., max; o9 (f) < 1 — ¢ and min; ¢ (f) > ¢. In this work, we
use ( = 107°.
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B Appendix: Experiment details

Reproducibility. Our implementation and additional results are available at https://anonymous.
4open.science/r/project_cptmem-FFB3.

Computation resource. We use RTX 6000 Ada for experiments on Permuted-MNIST and Split-
TinyImageNet. For other experiments, we use RTX-3090.

B.1 Multi-output regression on Split-MNIST

Experiment setting. We consider the following hyperparameters:

* For feature map ¢(x), we use the identity map where the raw pixel values of the image serve
directly as features.

 For hyperparameters of learning model parameter 8;, we use Adam optimizer with learning
Ir = 10~3. We use 100 epochs for each task. For the weight-space regularization hyperparameter
6, weuse 6 = 0.01.

* For hyperparameters of learning memory U, 1, we run 10, 000 iterations for each task. For the
noise hyperparameter e for the EM algorithm, we use ¢ = 1073.

Additional results. Table 1 compares the performances of our method and the SVD approach,
which is regarded as the oracle method. For memory size K;.1, the SVD approach obtains the
optimal memory

Ut+1 = UliKt+1diag(d}:/I2Q+1)

sequentially where the columns of eigenvectors U € RA*® with its rank R and the corresponding
eigenvalues d € RY are given by eigh(®;.,®/,; + U, U, ) = Udiag(d)U" for the feature matrix
&, € RT*Nev1 and the previous memory U, € R¥*X¢ The AMem denotes the memory size
allocated per task; for example, if AMem = 10 is used, the memory increases by 10 for each task.

This result demonstrates that our method is effective in mitigating catastrophic forgetting, especially
when using a small amount of memory because the performances on previous tasks, achieved by our
method, tend to be superior to that of the SVD approach.

Table 1: Multi-output regression on Split-MNIST over 3 runs. The performance of batch training is
obtained as 0.839, comparable to the Avg of each method.

AMem Method Task 1 Task 2 Task 3 Task 4 Task 5 Avg
OUR 0.920 + 0.001  0.474 + 0.012 0.616 + 0.003  0.602 +0.001 0.874 + 0.001  0.697 + 0.004

10 SVD 0.776 +£0.011  0.337 £ 0.005 0.592+40.006 0.587 +0.004 0.905+ 0.002 0.639 + 0.002
20 OUR  0.941 £0.000 0.566 + 0.001  0.695 +0.002 0.680 + 0.003 0.837 £+ 0.000 0.744 + 0.001
SVD 0.831+0.010 0.417+0.006 0.652 +0.004 0.641 +£0.002 0.884 + 0.004 0.685 + 0.003
40 OUR 0.959 +£0.000 0.689 + 0.001  0.740 +0.001  0.786 + 0.001 0.816 + 0.001  0.798 + 0.000
SVD 0.877 £0.006 0.535+ 0.003 0.6884+0.004 0.735+0.004 0.889 +0.001 0.745 + 0.001
160 OUR  0.966 +0.000 0.764 +0.002 0.738 +0.001 0.848+0.001 0.785+0.000 0.820 + 0.000
SVD 0.895 +0.006 0.687 +0.006  0.744 +0.002 0.862 + 0.003 0.886 + 0.001  0.815 + 0.002
320 OUR  0.965+0.000 0.775+0.002 0.720 +£0.001 0.842 4+ 0.001 0.773 +£0.001  0.815 + 0.001

SVD 0.901 +£0.006 0.730 +£0.005 0.751 +0.004 0.874 +£0.003 0.887 + 0.002 0.828 + 0.002
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B.2 Binary logistic regression on four-moon dataset

—5.0 —2'.5 —2‘.0 —1.5 —1‘.0 —‘3 =2 -1 0 -3 =2 -1 0 1 -3 -2 -1 0 1 2 3
Figure 1: Sequences of four-moon classification task

Experiment setting. We split all data points of Four-moon datasets into 4 tasks of
[500, 500, 500, 500] where the task proceeds as shown in Figure 1.

We consider the following hyperparameters:
* For feature map ¢(x), we use polynomial feature poly(5) yielding 21 feature dimension. We use
the scikit-learn package.

* For hyperparameters of learning model parameter 8;, we use Adam optimizer with learning
Ir = 0.01. We set the number of iterations across {10000, 20000} to learn the model parameter 6,
for each task; we confirm the convergence of the training loss. For weight-space regularization
hyperparameter &, we set § = 1072,

* For hyperparameters of learning memory U;y;, we set the number of iterations across
{50,100, 200} for each task. For the memory size, we consider {7, 14,21} memory for each
task and accumulate the memory as the task proceeds. For the noise hyperparameter ¢, we conduct
a grid search over € € {1073,1074,107°} and use 10~%.

adaptaion for task-1 adaptaion for task-2 adaptaion for task-3 adaptaion for task-4

(a) 7 memory per task
adaptaion for task-1 adaptaion for task-2 adaptaion for task-3 adaptaion for task-4

,;g B 2 .'s
, ? A B ) G
3 \ \$ 843
5 'y
"; “ “‘ %
e "*3,:"

(b) 21 memory per task

Figure 2: Investigation on varying memory size used for K-prior.

Additional results across varying memory size. Figure 2 shows the results using the 7 and 21
memory per task. The result using 14 memory is reported in Section 4 of the main manuscript. This
confirms that our method can match the decision boundary of batch training closely even when using
a small amount of memory, as shown in Figure 2a. As more memory is used, our decision boundary
becomes more equal to that of the batch training, as shown in Figure 2b.
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B.3 Binary logistic regression on USPS odd vs even dataset

Experiment setting. We consider the following hyperparameters:

* For feature map ¢(x), we use polynomial feature poly(1) yielding 256 feature dimension. We use
the scikit-learn package.

* For hyperparameters of learning model parameter 8;, we use Adam optimizer with learning
Ir = 0.1. We use 5000 iterations to learn the model parameter 6, for each task. For the weight-
space regularization hyperparameter ¢, we conduct a grid search over § € {0.5,0.1,0.05} and use
0 = 0.5 for K-prior and our method.

* For hyperparameters of learning memory U, 1, we use 5000 iterations for each task. For the noise
hyperparameter ¢, we conduct a grid search over € € {1073, 1074, 107°}.

Investigation on varying weight-space regularization hyperparameter for K-prior. Figure 3
compares K-prior and our method across the varying hyperparameters § € {0.5,0.1,0.05} that control
the importance of weight-space regularization hyperparameter term for K-prior. This result confirms
that our method improves the memory efficiency in general and is more effective at 6 € {0.1, 0.5}
where the K-prior can match the result of batch training more closely.

0.95 0.95 0.95
0.90 0.90 0.90
> > >
|9} (9] (9]
e o o
S 0.85 S 5
S 5 o.es 3 o.8s
© © ©
batch batch batch
0.80 <7k our <7k our <7k our
{1+ k-prior 0.80 {1+ k-prior 0-80 {1+ k-prior
1 2 5 10 20 1 2 5 10 20 1 2 5 10 20
memory size (% of past data) memory size (% of past data) memory size (% of past data)
(@é =0.05 (b)§ =0.1 (©)6=0.5

Figure 3: Investigation on varying hyperparameter ¢ € {0.05,0.1,0.5} for K-prior

Investigation on varying noise hyperparameter EM algorithm for PPCA. Table 2 compares the
performances of our method across varying noise hyperparameter € in the EM algorithm for PPCA
where we run 5 experiments with different random seeds. This confirms that our method is consistent
over the noise hyperparameter e.

Table 2: Investigation on the effect of noise hyperparameter € € {1073,10~4,1075}.

AMem € Task 1 Task 2 Task 3 Task 4 Task 5 Avg
€=10"% 0.769 £ 0.046 0.840 +0.012 0.566 & 0.033 0.982 & 0.005 0.946 & 0.002 0.820 + 0.013
1% e=10"* 0.7914+0.029 0.855+0.014 0.623 +£0.022 0.983 +0.003 0.952 & 0.005 0.840 =+ 0.007
e=10"" 0.7724£0.043 0.872+£0.010 0.627 £0.032 0.980 £ 0.003 0.954 £ 0.002 0.841 £ 0.008
e=10"% 0.860£0.010 0.9134£0.002 0.689 £ 0.020 0.979 £ 0.003 0.934 £ 0.003 0.875 £ 0.003
2% e=10"* 0.8854+0.012 0.885+0.018 0.7244+0.008 0.981 4 0.003 0.933 & 0.005 0.881 = 0.004
e=10"" 0.89140.006 0.893+0.012 0.715+0.010 0.982+0.003 0.937 £ 0.002 0.883 £ 0.003
e=10"% 0.93240.002 0.93140.003 0.810+0.011 0.980 & 0.003 0.920 & 0.003 0.915 = 0.002
5% e=10"* 0.950 £0.002 0.9214+0.003 0.819+0.012 0.983 £0.004 0.915 £ 0.005 0.918 + 0.002
e=10"" 0.948+0.002 0.921+0.007 0.798 +0.009 0.984 & 0.002 0.915+0.004 0.913 + 0.002

e=10"% 0.933+£0.002 0.944 £0.005 0.876 +0.008 0.972 £0.004 0.878 £0.003 0.921 £ 0.002
10% e=10"* 0.96240.002 0.937£0.003 0.855+0.009 0.976 & 0.003 0.884 & 0.003 0.923 £ 0.002
e=10"" 0.969 + 0.003 0.934 +0.002 0.855+0.009 0.977 £ 0.003 0.889 £+ 0.003 0.925 £ 0.001

e=10"% 0.9494+0.003 0.946 +0.002 0.891 £+ 0.005 0.971 +0.002 0.859 £ 0.002 0.923 + 0.001
20% e=10"% 0.979+£0.001 0.949 +£0.002 0.877 +£0.006 0.965 + 0.002 0.872 +0.003 0.929 + 0.002
e=10"" 0.981 £ 0.001 0.940 £ 0.001  0.868 + 0.006 0.967 £ 0.002 0.876 £ 0.004 0.927 £ 0.002
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B.4 Multi-label logistic regression on Split CIFAR-10, CIFAR-100, and TinyImageNet

Experiment setting. We consider the following hyperparameters:

* For feature map ¢(x), we use the feature extractor of ResNet-50 and Vision transformer (Vit)

that are pretrained by CLIP. For Split CIFAR-10, we use Vit-B/32 meaning the base-scale model
with 32 patch size. For Split CIFAR-100 and Split Tiny-ImageNet, we use Vit-L/14 meaning the
large-scale model size with 14 patch size. The feature extractors of ResNet-50 and Vit yield 2048
features and 768 features, respectively.

For hyperparameters of learning model parameter 8;, we use Adam optimizer with learning
Ir = 0.1. We use 100 iterations for each task with 1024 batch size. For the weight-space
regularization hyperparameter J, we conduct a grid search over ¢ € {0.1,0.01,0.001}.

For hyperparameters of learning memory U, 1, we set 10 iterations for each task. For the noise
hyperparameter ¢, we use € = 1074,

0.90
0.97
0.85
0.96
§0.80 g go.as
; :
go7s batch g 088 batch S 094 batch
{_F our < F our F our
0.70 {1+ k-prior 086 {1+ k-prior 0.93 41+ k-prior
i repla Ik repla _+ repla
oo play 084 *+ replay 0.02 play
1 2 5 10 20 1 2 5 10 20 1 2 5 10 20
memory size (% of past data) memory size (% of past data) memory size (% of past data)
(a) ResNet-50 (b) Vit-B/32 (c) Vit-L/14
Figure 4: Investigation on varying feature extractor with Split-CIFAR-10.
0.8 0.8
: : 0.8
0.7 I
v i:/:‘/E'/‘:'—_-‘:‘
] 0.7
5o 6 > o
o o6 ‘ g
5 0.5 =1
§ batch § batch § 06 batch
0.4 41+ k-prior 0s 41+ k-prior 41+ k-prior
03 T+ replay ’ T+ replay 05 T+ replay
{F our {F our F our
0.4 0.4
1 2 5 10 20 1 2 5 10 20 1 2 5 10 20
memory size (% of past data) memory size (% of past data) memory size (% of past data)
(a) ResNet-50 (b) Vit-B/32 (c) Vit-L/14

Figure 5: Investigation on varying feature extractor with Split-CIFAR-100.

0.7 0.7
0.8
0.6
0.6 0.7
> > >
gos E E
5 505 3506
v V] V]
Q04 batch 4 batch 4 batch
41+ k-prior 41+ k-prior 05 41+ k-prior
0.3 T 0.4 = . X
F replay ~F replay F replay
F our ] F our Ik our
0.2 03 0.4
1 2 5 10 20 1 2 5 10 20 1 2 5 10 20
memory size (% of past data) memory size (% of past data) memory size (% of past data)
(a) ResNet-50 (b) Vit-B/32 (c) Vit-L/14

Figure 6: Investigation on varying feature extractor with Split-TinyImageNet.

Investigation on varying feature extractor. Figure 4 shows the results on Split-CIFAR 10 across
varying feature extractors where the feature extractors of ResNet-50, Vit-B/32, and Vit-L/14 are
used in Figures 4a to 4c, respectively. Similarly, Figures 5 and 6 show the corresponding results
on Split-CIFAR-100 and Split-TinyImageNet, respectively. These results confirm that our method
improves memory efficiency consistently regardless of the feature extractor.
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B.5 Additional results on Permuted MNIST

Experiment setting. Following the benchmark experiment setting in [Lomonaco et al., 2021], we
also consider Permuted-MNIST consisting of a sequence of 5 tasks constructed by permuting pixels
of 60,000 training samples of MNIST for each task.

We consider the following hyperparameters:

* For feature map ¢(x), we use the feature extractor of ResNet-50 and Vision transformer (Vit) that
are pretrained by CLIP. The feature extractor of ResNet-50 and Vit yield 2048 features and 768
features, respectively

* For hyperparameters of learning model parameter 8,, we use Adam optimizer with learning
Ir = 0.1. We use 200 iterations for each task. For the weight-space regularization hyperparameter
0, we conduct a grid search over ¢ € {0.01,0.001}.

* For hyperparameters of learning memory Uy, 1, we set 10 iterations for each task. For the noise
hyperparameter ¢, we consider € = 10~%.

Additional results. Table 3 shows that our method outperforms other baselines especially when
1, 2, and, 5 percent of data points are used as memory. This result confirms that our method also
improves memory efficiency on domain incremental task .

Table 3: Performance on Permuted-MNIST across varying amount of memory.

Feature Method 1% 2% 5% 10%
Replay 0.474 +0.002 0.508 & 0.002 0.554 + 0.001 0.592 + 0.002
ResNet-50 K-prior  0.465 + 0.003 0.493 £ 0.002 0.534 £ 0.002 0.572 £ 0.003
Our 0.490 + 0.001 0.521 +0.001 0.561 + 0.002 0.592 + 0.003
Replay 0.490 +0.003 0.524 +0.002 0.578 £0.004 0.623 + 0.003
Vit-B/32 K-prior  0.453 +0.001 0.489 + 0.003 0.549 + 0.005 0.594 + 0.004
Our 0.522 + 0.006 0.545 + 0.007 0.584 + 0.003 0.613 £ 0.004
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