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ABSTRACT

This paper is devoted to the study (common in many applications) of the black-
box optimization problem, where the black-box represents a gradient-free oracle
f = f(x) + £ providing the objective function value with some stochastic noise.
Assuming that the objective function is p-strongly convex, and also not just L-
smooth, but has a higher order of smoothness (3 > 2) we provide a novel opti-
mization method: Zero-Order Accelerated Batched Stochastic Gradient Descent,
whose theoretical analysis closes the question regarding the iteration complexity,
achieving optimal estimates. Moreover, we provide a thorough analysis of the
maximum noise level, and show under which condition the maximum noise level
will take into account information about batch size B as well as information about
the smoothness order of the function 3.

1 INTRODUCTION

This paper focuses on solving a standard optimization problem:

fri= min f(x), (1)
z€EQCR?

where [ : Q — R is function that we want to minimize, f* is the solution, which we want to find. It
is known that if there are no obstacles to compute the gradient of the objective function f or to com-
pute a higher order of the derivative of the function, then optimal first- or higher-order optimizations
algorithms Nesterov (2003) should be used to solve the original optimization problem equation 1.
However, if computing the function gradient V f(x) is impossible for any reason, then perhaps the
only way to solve the original problem is to use gradient-free (zero-order) optimization algorithms
Conn et al. (2009); Rios & Sahinidis (2013). Among the situations in which information about the
derivatives of the objective function is unavailable are the following:

a) non-smoothness of the objective function. This situation is probably the most widespread
among theoretical works Gasnikov et al. (2022); Alashqar et al. (2023); Kornilov et al.
(2024);

b) the desire to save computational resources, i.e., computing the gradient V f(z) can some-
times be much “more expensive” than computing the objective function value f(z). This
situation is quite popular and extremely understandable in the real world Bogolubsky et al.
(2016);

¢) inaccessibility of the function gradient. A vivid example of this situation is the problem of
creating an ideal product for a particular person Lobanov et al. (2024b).

Like first-order optimization algorithms, gradient-free algorithms have the following optimality cri-
teria: # N — the number of consecutive iterations required to achieve the desired accuracy of the
solution € and #71 — the total number of calls (in this case) to the gradient-free oracle, where by
gradient-free/derivative-free oracle we mean that we have access only to the objective function f(x)
with some bounded stochastic noise & (E [E 2} < A?). It should be noted that because the objective
function is subject to noise, the gradient-free oracle plays the role of a black box. That is why there
is a tendency in the literature when the initial problem formulation equation | with a gradient-free
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(a) Resource saving (b) Robustness to attacks (c) Confidentiality

Figure 1: Motivation to find the maximum noise level A

oracle is called a black-box optimization problem Kimiaei & Neumaier (2022). However, unlike
higher-order algorithms, gradient-free algorithms have a third optimality criterion: the maximum
noise level A at which the algorithm will still converge ” good”, where by ”good convergence” we
mean convergence as in the case when A = 0. The existence of such a seemingly unusual criterion
can be explained by the following motivational examples (see Figure 17). Among the motivations
we can highlight the most demanded especially by companies (and not only). Resource saving (Fig-
ure la): The more accurately the objective function value is calculated, the more expensive this
process to be performed. Robustness to Attacks (Figure 1b): Improving the maximum noise level
makes the algorithm more robust to adversarial attacks. Confidentiality (Figire 1c): Some compa-
nies, due to secrecy, can’t hand over all the information. Therefore, it is important to be able to

answer the following question: | How much can the objective function be noisy?

The basic idea to create algorithms with a gradient-free oracle that will be efficient according to the
above three criteria is to take advantage of first-order algorithms by substituting a gradient approxi-
mation instead of the true gradient Gasnikov et al. (2023). The choice of the first-order optimization
algorithm depends on the formulation of the original problem (on the Assumptions on the function
and the gradient oracle). But the choice of gradient approximation depends on the smoothness of
the function. For example, if the function is non-smooth, a smoothing scheme with /; random-
ization Alashqar et al. (2023); Lobanov (2023) or with /5 randomization Dvinskikh et al. (2022);
Lobanov et al. (2023a;b) should be used to solve the original problem. If the function is smooth,
it is enough to use choose [; randomization Akhavan et al. (2022) or 5 randomization Gorbunov
et al. (2018); Lobanov & Gasnikov (2023). But if the objective function is not just smooth but also
has a higher order of smoothness (5 > 2), then the so-called Kernel approximation Akhavan et al.
(2023); Gasnikov et al. (2024); Lobanov et al. (2024a), which takes into account the information
about the increased smoothness of the function using two-point feedback, should be used as the
gradient approximation.

In this paper, we consider the black-box optimization problem equation 1, assuming strong con-
vexity as well as increased smoothness of the objective function. We choose accelerated stochastic
gradient descent Vaswani et al. (2019) as the basis for a gradient-free algorithm. Since the Kernel
approximation (which accounts for the advantages of increased smoothness) is biased, we general-
ize the result of Vaswani et al. (2019) to the biased gradient oracle. We use the resulting accelerated
stochastic gradient descent with a biased gradient oracle to create a gradient-free algorithm. Finally,
we explicitly derive estimates on the three optimality criteria of the gradient-free algorithm.

1.1 MAIN ASSUMPTIONS AND NOTATIONS

Since the original problem equation 1 is general, in this subsection we further define the problem
by imposing constraints on the objective function as well as the zero-order oracle. In particular, we
assume that the function f is not just L-smooth, but has increased smoothness, and is also p-strongly
convex.

Assumption 1.1 (Higher order smoothness). Let [ denote maximal integer number strictly less
than 3. Let F3(L) denote the set of all functions f : R? — R which are differentiable ! times
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and Vz, z € () the Holder-type condition:

@)= Y D) 0| < Lylle - 2],

0<|n|<l

where [ < /3 (/3 is smoothness order), Lg > 0, the sum is over multi-index n = (nq,...,nq) € N4,

we used the notation n! = ny!---ngl, [n| =ny +---+ng, Yo = (v1, ..., vq) € RY, and we defined
n n __ a\nlf(a;) ni ng
D" f(z)v™ = gz V1 Ut

Assumption 1.2 (Strongly convex). Function f : R¢ — R is y-strongly convex with some constant
p > 0 if for any z,y € R? it holds that

1) = f(@) + (V(@),y =)+ 5 lly = o

Assumption 1.1 is commonly appeared in papers Bach & Perchet (2016); Akhavan et al. (2023),
which consider the case when the objective function has smoothness order 3 > 2. It is worth noting
that the smoothness constant Lg in the case when 3 = 2 has the following relation with the standard
Lipschitz gradient constant L = 2 - L. In addition, Assumption 1.2 is standard among optimization
works Nesterov (2003); Stich (2019).

In this paper, we assume that Algorithm 1 (which will be introduced later) only has access to the
zero-order oracle, which has the following definition.

Definition 1.3 (Zero-order oracle). The zero-order oracle f returns only the objective function value
f(xy) at the requested point xj, with stochastic noise :

f:f(xk)—'_gv

where we suppose that the following assumptions on stochastic noise hold
o & # & suchthat E[€]] < A? and E [€3] < A?, where A > 0 is level noise;
e the random variables &; and &; are independent from e and 7.

We impose constraints on the Kernel function which is used in Algorithm 1.

Assumption 1.4 (Kernel function). Let function K : [—1, 1] — R satisfying:
E[K(u)] =0, E[uK (u)] =1,
B[/ K(u)] =0, j =2,...,1, E[Jul’|K(u)|] < .

Definition 1.3 is common among gradient-free works Lobanov (2023). In particular, a zero-order
oracle will produce the exact function value when the noise level is 0. We would also like to point
out that we relaxed the restriction on stochastic noise by not assuming a zero mean. We only need
the assumption that the random variables &; and &, are independent from e and . Assumption 1.4
is often found in papers using the gradient approximation — the Kernel approximation. An example
of such a function is the weighted sums of Lejandre polynomial Bach & Perchet (2016).

Notation. We use (z,y) := 25:1 z;y; to denote standard inner product of z,y € RY, where
x; and y; are the i-th component of x and y respectively. We denote Euclidean norm in R? as
[z| := \/(z,x). We use the notation B4(r) := {& € R%: [|z]| < r} to denote Euclidean ball,
Sd(r) := {& € R : ||z|| = r} to denote Euclidean sphere. Operator E[-] denotes full expectation.

1.2 RELATED WORKS AND OUR CONTRIBUTIONS

In Table 1, we provide an overview of the convergence results of the most related works, in particular
we provide estimates on the iteration complexity. Research studying the problem equation 1 with
a zero-order oracle (see Definition 1.3), assuming that the function f has increased smoothness
(B > 2, see Assumption 1.1) comes from Polyak & Tsybakov (1990). After 20-30 years, this
problem has received widespread attention. However, as we can see, all previous works “fought”
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Table 1: Overview of convergence results of previous works. Notations: d = dimensionality of the problem
equation 1; 8 = smoothness order of the objective function f; 1 = strong convexity constant; ¢ = desired
accuracy of the problem solution by function.

I References Tteration Complexity Maximum Noise Level ||
£ A
Bach, Perchet (2016) Bach & Perchet (2016) O —F~ X
peP-1
~ ot 2
Akhavan, Pontil, Tsybakov (2020) Akhavan et al. (2020) 9] (L’;Aﬁ X
(pe) =T
. .. . . .. . ~ f*ﬁ A2
Novitskii, Gasnikov (2021) Novitskii & Gasnikov (2021) O +—F*> X
(ne) BT
Akhavan, Chzhen, Pontil, Tsybakov (2023) Akhavan et al. (2023) O -£a
(ne) =T
Theorem 3.1 (Our work) (@) (, / ﬁ log %) 4

(improved/considered) exclusively for oracle complexity (which matches the iteration complexity),
without paying attention to other optimality criteria of the gradient-free algorithm. In this paper,
we ask another question: Is estimation on iteration complexity unimprovable? And as we can see
from Table | or Theorem 3.1, we significantly improve the iteration complexity without worsening
the oracle complexity, and also provide the best estimates among those we have seen on maximum
noise level.

More specifically, our contributions are the following:

e We provide a detailed explanation of the technique for creating a gradient-free algorithm
that takes advantage of the increased smoothness of the function via the Kernel approxima-
tion.

e We generalize existing convergence results for accelerated stochastic gradient descent to
the case where the gradient oracle is biased, thereby demonstrating how bias accumulates
in the convergence of the algorithm. This result may be of independent interest.

e We close the question regarding the iteration complexity search by providing an improved
estimate (see Table 1) that is optimal among Ly smooth strongly convex optimization meth-
ods.

e We find the maximum noise level A at which the algorithm will still achieve the desired
accuracy ¢ (see Table 1 and Theorem 3.1). Moreover, we show that if overbatching is
done, the positive effect on the error floor is preserved even in a strongly convex problem
formulation.

Paper Organization This paper has the following structure. In Section 2, we present a first-order
algorithm on the basis of which a novel gradient-free algorithm will be created. And in Section 3
we provide the main result of this paper, namely the convergence results of the novel accelerated
gradient-free optimization algorithm. While Section 4 concludes this paper. The missing proofs of
the paper are presented in the supplementary material (Appendix).

2 SEARCH FOR FIRST-ORDER ALGORITHM AS A BASE

As mentioned earlier, the basic idea of creating a gradient-free algorithm is to take advantage of
first-order algorithms. That is, in this subsection, we find the first-order algorithm on which we
will base to create a novel gradient-free algorithm by replacing the true gradient with a gradient
approximation. Since gradient approximations use randomization on the sphere e (e.g., {1, ls ran-
domization, or Kernel approximation), it is important to look for a first-order algorithm that solves
a stochastic optimization problem (due to the artificial stochasticity of e). Furthermore, since the
gradient approximation from a zero-order oracle concept has a bias, it is also important to find a
first-order algorithm that will use a biased gradient oracle. Using these criteria, we formulate an
optimization problem to find the most appropriate first-order algorithm.

2.1 STATEMENT PROBLEM

Due to the presence of artificial stochasticity in the gradient approximation, we reformulate the
original optimization problem as follows:
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fr= min {f(z):=E[f(z,]}. 2)

z€EQCR?
We assume that the function satisfies the L-smoothness assumption, since it is a basic assumption in
papers on first-order optimization algorithms.
Assumption 2.1 (L-smooth). Function f is L-smooth if it holds Vz,y € R?

Fw) < Fla) + (VF)y— )+ &y -l

Next, we define a biased gradient oracle that uses a first-order algorithm.

Definition 2.2 (Biased Gradient Oracle). Amapg : RY x D — R?s.t.
g(z,§) = Vf(z,§) + b(x)

for a bias b : R? — R? and unbiased stochastic gradient E [V f(z, )] = V f(z).

We assume that the bias and gradient noise are bounded.
Assumption 2.3 (Bounded bias). There exists constant § > 0 such that Vx € R¢ the following

inequality holds

[b(z)| = IE[g(x,8)] = Vf(@)] <. 3)
Assumption 2.4 (Bounded noise). There exists constants p,c? > 0 such that the more general
condition of strong growth is satisfied V € R¢

E[llg( O] < pIVF@)IP + 02 @

Assumption 2.3 is standard for analysis, bounding bias. Assumption 2.4 is a more general condition
for strong growth due to the presence of 2.

2.2  FIRST-ORDER ALGORITHM AS A BASE

Now that the problem is formally defined (see Subsection 2.1), we can find an appropriate first-order
algorithm. Since one of the main goals of this research is to improve the iteration complexity, we
have to look for a accelerated batched first-order optimization algorithm. And the most appropriate
optimization algorithm has the following convergence rate presented in Lemma 2.5.

Lemma 2.5 (Vaswani et al. (2019), Theorem 1). Let the function f satisfy Assumption 1.2 and 2.1,
and the gradient oracle (see Definition 2.2 with § = 0) satisfy Assumptions 2.3 and 2.4, then with
p = max{1, p} and with the chosen parameters i, axy1, Q, 1 the Accelerated Stochastic Gradient
Descent has the following convergence rate:

Euwmrw“<0f-ﬁQ)NUm@—ﬁ+gzm—fwy+

o2

VpPpL

As can be seen from Lemma 2.5, that the presented First Order Accelerated Algorithm is not appro-
priate for creating a gradient-free algorithm, since this algorithm uses an unbiased gradient oracle,
and also does not use the batching technique. Therefore, we are ready to present one of the signif-

icant results of this work, namely generalizing the results of Lemma 2.5 to the case with an biased
gradient oracle and also adding batching (where B is a batch size).

Theorem 2.6. Let the function f satisfy Assumption 1.2 and 2.1, and the gradient oracle (see
Definition 2.2) satisfy Assumptions 2.3 and 2.4, then with pp = max{l, &} and with the

chosen parameters ~y, = ﬁ, Br=1-— %, bp+1 = /24

_ 1

’Ykﬂkbi+1n 1 . . . .
TeBRbT, T 2aZ n < 5o the Accelerated Stochastic Gradient Descent with batching has the

following convergence rate:

qp =

2

N
* /’L * M * |2 g
E[f(zn)] = f S(l— ﬁ%L) {f(xo)—f +§HI0_$H}+W
m N~ 52
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Figure 2: Bias influence on the algorithm convergence

As can be seen from Theorem 2.6, this result is very similar to the result of Lemma 2.5, moreover,
they will be the same if we take § = 0 and B = 1. It is also worth noting that the third summand
does not affect convergence much, so we will not consider it in the future for simplicity. Finally,
it is worth noting that the Algorithm presented in Vaswani et al. (2019) can converge as closely
as possible to the problem solution (see the red line in Figure 2), while the Algorithm using the
biased gradient oracle can only converge to the error floor (see the blue line in Figure 2). This is
explained by the last summand from Theorem 2.6. However, convergence to the error floor opens
questions about how this asymptote can be controlled. And as shown in Lobanov et al. (2024a), the
convergence of gradient-free algorithms to the asymptote depends directly on the noise level: the
more noise, the better the algorithm can achieve the error floor. This fact is another clear motivation
for finding the maximum noise level. For a detailed proof of Theorem 2.6, see the supplementary
materials (Appendix B).

3 ZERO-ORDER ACCELERATED BATCHED SGD

Now that we have a proper first-order algorithm, we can move on to creating a novel gradient-free
algorithm. To do this, we need to use the gradient approximation instead of the gradient oracle. In
this work, we are going to use exactly the Kernel approximation because it takes into account the
advantages of increased smoothness of the function, and which has the following

f(z+ hre) + & — f(x — hre)

g(xz,e)=d 57

—& K(r)e, 5)

where h > 0 is a smoothing parameter, e € S%(1) is a random vector uniformly distributed
on the Euclidean unit sphere, r is a vector uniformly distributed on the interval » € [0,1],
K : [-1,1] — R is a Kernel function. Then a novel gradient-free method aimed at solving
the original problem equation 1 is presented in Algorithm 1. The missing hyperparameters are given
in the Theorem 2.6.

Algorithm 1 Zero-Order Accelerated Batched Stochastic Gradient Descent

Input: iteration number N, batch size B, Kernel K : [—1,1] — R, step size 7, smoothing pa-
rameter h, o = Yo = 20 € R% ag =1, p = 4dk.
fork=0to N —1do

1. Sample vectors ey, es...,ep € S(1) and scalars ry, 7, ...,rg € [—1,1]
independently

Calculate g = L 37 | g(xy, e;) via equation 5

Yk < Q2K + (1 — Oék)l‘k

Tr+1 < Yk — N8Bk

Ze41 = Brzi + (1 = Br)ye — N8k
end
Return: x

Nk we
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Now, in order to obtain an estimate of the convergence rate of Algorithm 1, we need to evaluate the
bias as well as the second moment of the gradient approximation equation 5. Let’s start with the
bias of the gradient approximation:

Bias of gradient approximation Using the variational representation of the Euclidean norm, and
definition of gradient approximation equation 5 we can write:

|E [g(zk, )] = V f(xk ||

H f(zy, + hre) — f(xy — hre)) K(r)e} — Vf(xk)

2 EIE [f (i + hre)K (r)e] — V f(z)
2B [Vf(zx + hra)rK ()] = V£ ()]
= sup E[(V.f(xx+hru) — V. f(ax) 1K (r)]
zesg(l)
®,® L _
< rah® ™ g [l
L d
(—d+p-1
< kgLhP7h, (6)

< Kﬁhﬁ_l

where u € BY(1); ® = the equality is obtained from the fact, namely, distribution of e is symmetric’
@ = the equality is obtained from a version of Stokes’ theorem Zorich & Paniagua (2016); ® = Tay-

lor expansion (see Appendix for more detail); @ = assumption that | R(hru)| < ﬁ [hra|®! =

— _ —1
e il [

Now we find an estimate of the second moment of the gradient approximation equation 5.

Bounding second moment of gradient approximation By definition gradient approximation
equation 5 and Wirtinger—Poincare inequality we have

E [Hg(mk, e } 4h2 {H( (zg + hre) — f(;vk—hre)> K(r)e‘ﬂ

= FoE[nt hre) — Jan —hre) + (6 — &) K20)

< ’;Zi (]E [ Flay + hre) — flan — hre))ﬂ +2A2)

< ;Zi (d V£ e+ hre) + ¥ f (i — hre) ] + 2A2>

- (h (I £ (i + hre) + ¥ f(zi — hre) = 2V (@) 7] + w)

< @Hw(mk)HQ + 4dkL*h* + nd A : (7)

h2

p

o2

Now substituting into Theorem 2.6 instead of 6 — kgLhP~! from equation 6, p — 4dk from
equation 7 and 02 — 4dxL?h? + % from equation 7, we obtain convergence for the novel
gradient-free method (see Algorithm 1) with pp = max{1, 24~}

E[f(:vzv)]—f%(l—\/g)zv[f( R R ==
B

@ @
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kd2 A2 ,{%LZh?(B*l)
+ +
h2\/pEuLB? VAapL
—_— T
® @

We are now ready to present the main result of this paper.

Theorem 3.1. Let the function f satisfy Assumptions 1.1 and 1.2, and let the Kernel approximation
with zero-order oracle (see Definitionl.3) satisfy Assumptions 1.4 and 2.3-2.4, then the novel Zero-
Order Accelerated Batched Stochastic Gradient Descent (see Algorithm 1) converges to the desired
accuracy € at the following parameters

Case B = 1: with smoothing parameter h < £*/?1'*, after N = O ( 2L log = ) successive

. . 1/2 .
iterations, T = N -B =0 ( 2L log = ) oracle calls and at A < 5‘\‘/3 maximum noise

level.

Case 1 < B < 4dk: with parameter h < /2%, after N = (9( ngt log %) successive

. . 1/2 . .
iterations, T = N - B =0 ( LLog L ) oracle calls and at A < 5‘\‘/3 maximum noise

level.

Case B = 4dk: with smoothing parameter h < /24, after N = O (\/%log %) successive

. . 1/2 . .
iterations, T = N - B =0 ( 2L log = ) oracle calls and at A < E‘\‘/E maximum noise

L 1
(\/;log g> succes-

o
i )} oracle calls and at
[

level.

Case B > A4dk: with parameter h < (5f) Eee) D, after N =

sive iterations, T = N - B = max{@( diL) A <
/ (en)

Je
2(5-1) , .
A< %31/2 maximum noise level.

As can be seen from Theorem 3.1, Algorithm 1 indeed improves the iteration complexity compared
to previous works (see Table 1), reaching the optimal estimate (at least for Ly smooth functions)
at batch size B = 4dx. However, if we consider the case B € [1,4dk], then when the batch
size increases from 1, the algorithm improves the convergence rate (without changing the oracle
complexity), but achieves the same error floor. This is not very good, because the asymptote does
not depend on either the batch size or the smoothness order of the function. However, if we take the
batch size larger than B > 4dk, we will significantly improve the maximal noise level by worsening
the oracle complexity. That is, in the overbatching condition, the error floor depends on both the
batch size and the smoothness order, which can play a critical role in real life. For a detailed proof,
see Appendix D.

4 CONCLUSION

In this paper, we proposed a novel accelerated gradient-free algorithm to solve the black-box op-
timization problem under the assumption of increased smoothness and strong convexity of the ob-
jective function. By choosing a first-order accelerated algorithm and generalizing it to the Batched
algorithm with a biased gradient oracle, we were able to improve the iteration complexity, reaching
optimal estimates. Moreover, unlike previous related work, we focused on all three optimality pa-
rameters of the gradient-free algorithm, including the maximal noise level, for which we performed
a fine-grained analysis. Finally, we were able to confirm overbatching effect, which has a positive
impact on error floor.
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APPENDIX

A AUXILIARY FACTS AND RESULTS
In this section we list auxiliary facts and results that we use several times in our proofs.
A.1 SQUARED NORM OF THE SUM
For all ay, ..., a, € R%, where n = {2,3}
2 2 2
lar + ... + anl]” < nllar]]” + ... + n|lan|” - (8)

A.2 FENCHEL-YOUNG INEQUALITY

Forall a,b € R?and A > 0

)
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A.3 L SMOOTHNESS FUNCTION

Function f is called L-smooth on R? with L. > 0 when it is differentiable and its gradient is
L-Lipschitz continuous on R, i.e.

IVf(@) = VI < Lle—yl, YzyeR? (10)
It is well-known that L-smoothness implies (see e.g., Assumption 2.1)
L
f) < f@) +(Vf(@),y—2) + 5 ly—all” Yoy eR?,
and if f is additionally convex, then

IVf(x) = VI)I? <2L(f(x) - f(y) = (Vf(y),x —y)) Va,yeR

A.4 WIRTINGER-POINCARE INEQUALITY

Let f is differentiable, then for all z € R?, he € S¢(h):

E [f(z + he)?] < %E [||Vf(x+he)\|2}. (11)

A.5 TAYLOR EXPANSION

Using the Taylor expansion we have

h)Inl
V.f(x+ hru) =V, f(z) + Z %D(")sz(x)u" + R(hru), (12)
1<pl<i-1 "
where by assumption
L =1 _ L B—1y6—1 B-1
RO € =g ™ = =l (13)
A.6 KERNEL PROPERTY
If e is uniformly distributed on S¢(1) we have E[ee"] = (1/d)I4xq, where ;54 is the identity

matrix. Therefore, using the facts E[r K (r)] = 1 and E[rI"| K'(r)] = 0 for 2 < |n| < I we have

rh)Inl
E % (Vf(z),hre) + %D(")f(x)e” K(r)e| = Vf(z). (14)

2<|n|<I

A.7 BOUNDS OF THE WEIGHTED SUM OF LEGENDRE POLYNOMIALS
Let kg = [|ul?|K(u)|du and set & = [ K*(u)du. Then if K be a weighted sum of Legendre
polynomials, then it is proved in (see Appendix A.3, Bach & Perchet (2016)) that xz and x do not
depend on d, they depend only on (3, such that for 5 > 1:

Kp < 2V2(8 - 1), (15)

K < 385, (16)

B MISSING PROOF OF THEOREM 2.6

In this Section we demonstrate a missing proof of Theorem 2.6, namely a generalization of
Lemma 2.5 to the case with a biased gradient oracle (see Definition 2.2). Therefore, our reason-
ing is based on the proof of Lemma 2.5 Vaswani et al. (2019).

11
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Before proceeding directly to the proof, we recall the update rules of First-order Accelerated SGD
from Vaswani et al. (2019):

Y = agpzr + (1 — ag)zy; (17)
Th+1 = Yk — N8k; (18)
Zer1 = Brzr + (1= Br)yk — 708k, (19)

where we choose the parameters i, ok, Bk, ak, bi such that the following equations are satisfied:

1 1-—
e [y B, o0
2p g
YeBrbin
ay = ; (21)
T BkbE 0 + 207
Br > 1 — yum; (22)
k41 = Ve/NPbK+1; (23)
b
bry1 < —=. (24)
Br

Now, we’re ready to move on to the proof itself. Let i1 = ||zx+1 — *|| and gx = g(yx, &) from
Definition 2.2, then using equation equation 19:

201 = 1Bk + (1 — Be)ye — = — vengsl®
rri1 = 1Bek + (1= By — 2|1 +v2n? |lgrll” + 2 (% — Brk — (1 — Br)yr, &) -

Taking expecation wrt to &,

E[r7 1] = E[||Bik + (1 — Bo)yr — «*[I°] + v2n°E |lgx
+ 2ynE [(z* — Bk — (1 — Br)yk, &)

equation 2.

<" Bk 4+ (1= B — 2 I + P IV £l
+ 2ven(z* — Brk — (1 = By, E [ge]) + vin’o”
= [1Be(k — 2*) + (1 = B) (e — =) 1> + ¥in*p IV £ (wn)|®
+ 2ven(z* — Brk — (1 — By, E [ge]) + vin’o”
< Bellk = a*[1* + (1= Be) llye — 2| + vinp IV £ (wi) I
+ 2yen{z* — Brk — (1 — Br)yw, B [gr]) + vin*o? (By convexity of ||-[|%)
= Bik® + (1= Be) llye — =" |* + 420 IV £ (we) I
+ 2yen(z* — Brk — (1 — By, E [ge]) + vin’o”
= Bk + (1= Be) llye — =" |I* + 42np IV £ (wo) I
+ 29 (B (yx — k) + 2% — yi, E [gr]) + vin?o?

equation 17

=Bk (1= Bi) g — 217+ e IV f ()

<5k(1ak )

+ 291 (v, —yr) + 2" —yp, E [gk]> +7in’o?

= Bek® + (1= Bi) lly — «*|1> +2n?p IV £ (i) ||

20 | U= 1] (o1 ) + (B lead 0" )|
+ 7o
< B2 + (1= B) e — 2 I + 422 |7 F)?

e [P () = o)) + (Bl a” = )] + oo

12
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+ 29 {ﬁk(lo; o

(Elgr] — Vf(yr) zr — y;&} . (By convexity)

By strong convexity,

Elri ) < Bek® + (1= Bi) llye — ™ |* +2n?p [V £ ()|

e [ 2L () = ) + 17 = S0 = =
e [ 20 (B gy - 90,1 - ) + (B ] = 950" — )]
+ven’o?. (25)

By Lipschitz continuity of the gradient,
L
F@rrn) = flye) < (V@) Trr = i) + 5 201 = Al
an
< —n(Vf(yr), gr) + -5 [l

2
= IV F )2+ ZE gl — 0 (V) g — V(o))
2

Taking expectation wrt £, we obtain

2 2 2
Elf (k1) — 1] < —n IV £GP + 255 19 £ () + 27
—{V (), Elge] — Vf(yk))
equation ¢ 2 2 2
Bl Gaen) — ] "L <2 O] s + 22

+ 5 B g - V)

1
Ifp < 2pL°

Bl (o)~ F) < (1) 19760 + 257 + 2 Bl - 97

195wl < (f}) Elf() — flansn)] +2Dno” + 2 [Efgi] - VA@OI®.  @6)

From equations equation 25 and equation 26, we get

E[r? 1] < Biek® + (1 = Be) llyx — «*|1> + 472 onE[f (yr.) — f(2141)]

+ 27y [5’“(10;0%) (F(zn) — flyr) + F* — Fye) — g e — 2
+ [Q’Yk'f] . ﬂk(lakak):| (Elgr] — VI(yg), zk — yr)

+ 2ven (E[gr] = VF(yr), 2™ — yr)
2 2 2 2.3 2 2. 2
+yen 0" + 2Ly po” + 2y p |E [gk] — V£ (yk)
< Bek® + (1= Be) llye — 2*[I* + 4vZnpELf (r) — f(@rs1))

2
|

2 | 2= (1) () + £ = S0 = = 27
+ [2%77 : W} (E gl = Vf(yr); 1 — yx)

13



Under review as a conference paper at I[COMP 2024

+ 2ven (E[gr] — VF(yr), 2™ — yr)
+29in%0” + 29in’p B [gx] — V£ (yw) || (Since 1) < )
= Bek® + Iy — 2|2 [(1 — Br) — Yepn]

Br(l —ak) 2%77]
o

Br(1 — ag)

e93

+ fyr) [4%377,0 — 27 -

— AVinpE f (xre1) + 2vnf™ + [2%77 . ] f(zy)

+ [2%77 : ﬁk(l@;ak)} (Elgr] = VI(yr) zr — yr)

+ 2ven (E[gr] — VF(yr), 2™ — yr)
+ 292020 + 29in?p |E [gx] — V()| -

1

Br(1 — o)
ok

Elrz i) < Bek® — 4vinpEf(zis1) + 2vnf™ + [2%77' f(zr)

+ {2’)’1@77' ﬁk(lo;ak)} (Elgk] = VI (yx), ok — yk)

+ 27 (E[gr] — VI (yk), 2" — yk)
+ 292020 + 29207 |E [g] — Vf (we)lI-
Multiplying by b7 41
b%+1E[r§+1} < b%+1ﬁkk2 - 4b%+1'71%77PEf(xk+1) + 2b%+1'Yk77f*

+ [Zbiﬂvw : Bk(la_ak)} fxe)
k

(Elgr] = VI(yr), o1 — yr)

+ 26717 (B k] — V. (yr), 7" — i)
+ 207 i o + 207 vinP o B (k] — V()|

11—«
(675

: 2 212 2. _ 2  ynBs(l-ay) _ 2af
Since by Ok < bjs b1 VNP = Gy, T g = 52,

bi+1E[7‘l€+1] < bsz - 4az+1Ef(l‘k+1) + Qbiﬂ%ﬁf* + 4aif(xk)
+4ai (B [gr] — Vf (), — yi)
+ 2bi+1’7k77 <E [gk] - Vf(yk?)a = yk>

202, 0%
4 207 ||E [gx] — V£ (ys) I

= bik® —daj . [Bf (why1) =[]+ 44 [f(zr) — 7]
+2 [bi-s-ﬂk?? - 2”%4—1 + 2ai] I
+ 4ai (E[gr] — VI (yr), or — yr)
+ 207 vk (B (8] — Vf(yr), 2 — yi)

207 ,0%n
+ = + 2k Ele] - VI

Since [b7,yn — afyq +ai] =0,
b1 Elriga] < bik* — daj y [Ef (zr41) — F7+ dag [f(2x) — f7]

14
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+ 4a;, (B [g] — Vf(y), z — ™)
+ 4ai+1 (Elgr] = VI(yr), 2" — yr)

2a2 0%
+ % +2a3, 17 ||E [gk] — Y (y)|l?

— f* as ®y41, we obtain
equation 2.3

- 4ai<1>k

Denoting Ef (2+1)
bik? = bj +1]E[7“k+1]

4ai+1‘1’k+1
+ 4ak5R - 4ak+16R

202,02
+ 2 + 2ai+11762,

where R = max{||zx — z*|, ||yx — 2*||}.
By summing over k£ we obtain:

N-1
4 Z [aiﬂ‘pkﬂ - aﬁ@k] < [62k2 biHE[r’%HH
k=0

2

0

N-1
4y [ai(sfz - aiﬂm}
k=0

N=1r9a2 o2 N-1
k41
[ + }—FZZ ak+1n5
k=0

el
Il

HH

+
k=0

Let’s substitute a7, , = b7 vZnp:
4b '}/N 177p(bN < 40)0(I>0 + borg - b?V]E I:T%V:I
+ 4a06R —4a%0R

2a2 , 0 e
+ Z [ k41 Tl} 19 Z ak+1775
k=0 P k=0

Divide the left and right parts by 4pn:

B2 @N<g%%+%+@5+ni]vz_l[bz 274 g2 NZ B2
N IN—-1 = k+1 k k+1 k
N dpn  pn P = 2 P

Next, we show that according to equation 20-equation 24 the following relation is correct

1
e — W [2p — /mil] =%

Namely,
Be(l — ak)]

e uatzon 20 1
I 1+
g

Vi 2p

2 Yk Bkl —ag)
e 2 2pay,

equation 21 1 a:

1P it

equatwn 24 Bk ak
np b2

15
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equation 22 1-— Y ai

np b}
equation 23 1 — YT
et = B (o /ip)”
np
= (1= epn) Vo
1
= - [2/) — /”7’7]3—1:| = Y_1- 27)
If v, = C, then
1
Tk =
V2pnp
M7
= 1 — —_
Bk %
bo
bk;-‘rl - (k+1)/2
(o~ VE)
2p
1 bo bo 1
Apt] = “\/Mp - = . .
+ I % (1 - M)(k+1)/2 om (1 - M)(k+1)/2
2p 2p
If by = /21,
1
Tk+1 = (kF+1)/2°
(- V&)

The above equation implies that ag = 1.

Now the above relations allow us to obtain the following inequality:

2 1 1 2ur R
a ~ Oy < —Pg + Ko 2
_ [mm\ 2pmp on dpn — pn
1 o
+02 = 1
2 k+1
L (1_\/%)( )
. 152N‘1 1
E+1) |’
2p — (17 277)7)( )
1 N
SOy <o+ Er2 4 Rs
(-5
2p
a’n i 1
+7 (k+1)
=Ly
N—-1
UBY) 1
+§5 (k+1) | °
= L0-VE)
1 K 2

<Oy < o+ rg + RS
(1-v%) 2
P
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N 2
[ V20 | VP
+<1 2/)) e
N
Bl - < (1[5 ) [0 =774 5 o o7IF]

H N o Lo
+(1- R + + )
< 4/)2L> Vpiul  VApL

By adding batching, given that pp = max{1, &} and 0% = 32 we have the convergence rate for
accelerated batched SGD with biased gradient oracle and parameter n < 2/)3 T

N
Bl -1 < (1= \/Thg) [feo) = £+ 5 o —o71]

N 2
[ M 5 9B L o
+{1- ~) RS + + 0
( 4p% L VosuL  VAuL

C PROPERTIES OF THE KERNEL APPROXIMATION

In this Section, we extend the explanations for obtaining the bias and second moment estimates of
the gradient approximation.

Using the variational representation of the Euclidean norm, and definition of gradient approximation
equation 5 we can write:

[b(xx)|| = [|E[g(zk, e )] — V()

H a:k + hre) — f(a"k - hre)) K(r)e} —Vf(xg)

LR [ (ex + hre)K(r)e] - ¥ f(zs)

2| [V f(xr + hra)rK (r)] — V f(zy)]|

= sup E [(vzf(xk + hru) - vzf(xk)) TK(T)]

2€8¢(1)
equation 12,equation 13 _ L 81
< wh? 7 g [l
_ L d
< T AT
< HﬁLhﬁil,

where u € Bd(l), @ = the equality is obtained from the fact, namely, distribution of e is symmetric,
@ = the equality is obtained from a version of Stokes’ theorem Zorich & Paniagua (2016).

By definition gradient approximation equation 5 and Wirtinger-Poincare inequality equation 11 we
have

E [Hg(mk, e } 4h2 [H( (zk + hre) — f(a?k—hre)) K(T)e‘ﬂ

17
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2
= 4d—h2E {(f(xk + hre) — f(xx — hre) + (& — 52)))2 KZ(’I‘)}
equation 8 d2
q tg ;ﬁ (E {(.f(xk + hre) — f(xr — hre))Q} + QAQ)
equation 11 ,{d2

2
= oh2 (ZE [”Vf(xk + hre) 4+ Vf(x) — hre)||2} 4 2A2)
_ kd? (fz;E [HVf(xk + hre) + Vf(xy — hre) & 2Vf($k)||2] n QAQ)

T 2R?
kd?A?

equation 10
h2

4dk, |V f(x1)||® + 4dsL2h? +

p

o2

D MISSING PROOF OF THEOREM 3.1

Let us consider case B = 1, then we have the following convergence rate:

B - £ < (1 m)N (@)= 1+ 2 g — o ] +‘%

©) @
rd? A2 KZL2R2P1)
+ + :
h2\/(4dr)2uL VAL
N————— ——
&) @

From term @, we find iteration number NV required to achieve e-accuracy:

From terms @, @ we find the smoothing parameter h:

4dkL2h?

WSE = WSeyp = RS (vt
K2L2h2(ﬁ71)

ﬂW <e = BEV<Sen = hS(eym)T.

From term @, we find the maximum noise level A at which Algorithm 1 can still achieve the desired
accuracy:

2 A2 2
_ A, prg VM A BV
h2.\/(4dk)2uL d Vd
The oracle complexity in this case is obtained as follows:
. 27,
T=N-B=0O L .
I
Consider now the case 1 < B < 4dk, then we have the convergence rate:
2 N 272
. uB [ . M . 2} 4dkL*h
Elf(zn)] = fF<|1—4/—-= o) — T+ o l|lwo—x ——
flan)] = £ < ( g L) fla) = 5+ G o =P + o
@

@

18
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kd? A2 N K%L2h2(5*1)
h2\/(4dk)2pL VApL
—_—
® @

From term @, we find iteration number NV required for Algorithm 1 to achieve e-accuracy:

N
(u,/&) [f) = 7+ 5z - 2] < = N:@(,/j‘éi).

From terms @, @ we find the smoothing parameter h:

4dkL?h?
N DT = WSeyn = |[hS(evm'?
W2 [22(8-1) )
B 2(8-1) 231
—<e = h Seve = hZ(ey/p)TD.
VapL ~ ~

From term ®, we find the maximum noise level A at which Algorithm 1 can still achieve the desired
accuracy:

2 A2 2
rd“ A <e AQSS\/gh

_ N A< VE
h2\/(4dk)?uL

T Vd

=

The oracle complexity in this case is obtained as follows:

T:N.B:(a(ﬁ).

Now let us move to the case where B = 4dk, then we have convergence rate:
N 272
7 . M «2] , L°h
E _rr< (1= /E [ — By —
e =7 < (1=4/5) [flan) =+ oo = a7] 4 22
——
® @
dA2 K%L2h2(ﬁ*1)
+ +
h2\/uL VauL
—— N——
® ®

From term @, we find iteration number NNV required for Algorithm 1 to achieve e-accuracy:

(1- Z)N[f(:co)—f“rgIxo—x*||2]<e S N:@< L>.

From terms @, @ we find the smoothing parameter h:

@: LQLLQ <e = RW<e/n = |h<(eyn)?
u — ~ ~J )
2 72,2(8-1)
@. B <e = B V<ei = h<(ey/p)TED.

VAauL -

From term @, we find the maximum noise level A at which Algorithm 1 can still achieve the desired
accuracy:

2 2
dA < N A2§€\/ﬁh

eI
% € 1 = AS —=.

Vd

3
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The oracle complexity in this case is obtained as follows:

TN.B(a(ﬁ).

Finally, consider the case when B > 4dk, }\l?en we have convergence rate:

Bt -7 < (1-/2) [0 - £+ Lo -] + SEEE

uL B2
@ @
Kkd2 A2 H%LQhQ(’B_l)
+ + .
h2\/uLB? VvAapL
®
®

From term @, we find iteration number NNV required for Algorithm 1 to achieve e-accuracy:

(1— Z)N[f(wo)—f“rgIwo—w*llz]ge - N:@< L>.

From terms @, @ we find the smoothing parameter h:

272 [ B

OF M <e = K < ﬂB = h< ﬂ;
v/ uLB? d d

kg L2R2—D)
VAauL

From term ®, we find the maximum noise level A (via batch size B) at which Algorithm 1 can still
achieve ¢ accuracy:

®: <e = WOVgeyn = |hS (evn)T.

1 B
kd2 A2 . A2 < ( \/‘E)H‘B*lB N A< (é\/ﬁ) 31 Bl/2
eV ST g < i

or let’s represent the batch size B via the noise level A:

2 A2 2 A2 2 A2
h2\/uLB? (ey/m)'teT (ey/m)7T

Then the oracle complexity 7' = N - B in this case has the following form:

T:max{@w%),@( A )}
H (ep)7T
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