A Proof of Theorem 3.2

This section provides a detailed proof of the existence and convergence of GBSM.

A.1 The Existence of d'-2

To prove the existence of d'2, we introduce the Knaster-Tarski fixed-point theorem. Let (X, <)
denote a partial order, which means certain pairs of elements within the set X are comparable under
the homogeneous relation < [21]]. If this partial order has least upper bounds and greatest lower
bounds for its arbitrary subsets, it is called a complete lattice. The Knaster-Tarski fixed-point theorem
asserts that for a continuous function on a complete lattice, the iterative application of this function to
the least element of the lattice converges to a fixed point Z, which satisfies Z = f(z). Formally, the
theorem is stated as follows.

Lemma A.1 (Knaster-Tarski fixed-point theorem [21]]). If the partial order (X, <) is a complete
lattice and f: X — X is a continuous function. Then, f has a least fixed point, given by

fix(f) = Unenf™ (20), (24)

where x is the least element of X, LI denotes the least upper bound, ™ (xq) = f(f™=1(x0)),
and f)(xq) = f(xo). Here, the continuity of f is defined such that for any increasing sequence
{z,} in X, it satisfies

[ (Unen{zn}) = Unen {f (z4)} - (25)

Let D denote the set of all cost functions, which are defined as maps that satisfy S; x Sa — [0, %]

Equip D with the usual pointwise ordering: Consider two cost function, say d and d’ € D, denote
d < d'ifand only if d(s,s’) < d'(s,s’) forany s € Sy and s’ € So. Then D forms a complete lattice
with the least element d(l)'z, i.e., the constant zero function. Given s and s’, we regard the recursive
definition in (3)) as a function of d and accordingly define F': D — D by

F(d|s,s) = maax{|R1(s,a) — Ry(s',a)| + W1 (Pl(.|37a),IP’2(.|s’,a);d)}. (26)

Utilizing the Knaster-Tarski fixed-point theorem, the existence of d'2 is achieved if the continuity of
F holds on D.

We first prove the continuity of the second term in F'. Define Fyy, : D — D by
FWl (d | S, S/) =W (P1(|S7 a)a PQ('|S/a CL); d) . 27

Lemma A.2. Fyy, is continuous on D.

Proof. We follow the definition of continuity defined in Lemma@ Lets; € S;and s; € Sy. Regard
Fw, (si,s;;d) as a function of d. Without loss of generality, we denote probability distributions
{P1(-|84,a),Pa(-|s;,a)} as { P, Q} for brevity, and let p < p’, {p, p’} € D. Considering the optimal
solution {p, v} for W1 (P, Q; p) in the dual LP in (4), we have

wi —v; < p(siysj) < p'(si,85), Vi, j, (28)

which is derived from the pointwise ordering in D. Here, for the other W1 (P, Q; p’), {p, v} isa
feasible, though not necessarily optimal, solution to the dual LP in @) Thus, we have

|S1] |S2|
Wi(P,Qip) = D maP(s:) =Y~ viQls;)
< Wi(P,Q;p"), Vp < p'. (29)

By such a monotonicity, we have Wy (P, Q; p) < W1 (P, Q;Unen{pn}), ¥p € {p»} for any increas-
ing sequence {p,, } on D. This further implies that U,,en{W1 (P, Q; pn)} < W1 (P, Q; Unen{pn})-

We use the primal LP for the other side. Let A™ denote the optimal solution in (3) for Wy (P, Q; pn),
which also satisfies the conditions for Wi (P, Q;Unen{pn}). Define €'; = Unen{pn}(si,s;) —
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pn(8i, s;), then e" > 0 and lim,,— o e = 0 due to the monotonicity of the increasing sequence of
{pn}. Then, we have

(0«) 1 2
WaP.QiUnerdond) £ 3000 ST A - Unerelonb(sis )
|S2|

|S1] |S2 [S1] \n
=D D (i) £y D Al

S|
=Wi(P.Qipn) + D A€l
< Unen {W1(P,Q; pn)} + nga;X{ei,j : (30)

Here, step (a) follows from the fact that A" is the optimal solution for Wi (P, Q;p,)
rather than Wi(P,Q;U,en{pn}). Taking n — oo, we have U,en{Wi1(P,Q;pn)} >
W1 (P, Q; Unen{pn}). Following from the above two inequalities from both directions, it is readily
to get Upen{W1 (P, Q; prn)} = W1(P, Q; Unen{pn})- Thus, for any i and j,

Fw, (Unen {pn}|si, ;) = Wi (P1(-]si,a), Pa(-]s5,a); Unen{pn})
Unen {W1(P1(:|si,a),P2(-|s;,a); pn) }
= Upen {FW1 (pn | si,55) } 31)
Now that the continuity of Fyy, in (27) on D is established. O

Armed with Lemma[A-2] we are ready to establish the continuity of F as follows.
Lemma A.3. F is continuous on D.

Proof. Considering an arbitrary increasing sequence {p, } on D, for any ¢ and j, we have

F (Unen{pn} |si,s5)
= max {|R1(si,a) — Ra(sj,a)| + Wi (P1(‘]si, @), Pa(]s;, a); Unen{pn})}

= maaX{‘Rl(Si,a) — RQ(S]‘JL)‘ + v Unen {Wl (Pl('|5iaa)aP2("3j>a)§pn>}}
= Unen {mgxﬂRl(Siva) — Ra(sj,a)| + W1 (Pl(‘|8i»a)aP2('\$j,a);Pn)}}
= Unen {F(pn|si,55)} 32)

Now that the existence of d'-2 is established by using Lemma and Lemma

A.2 The Convergence of d.? to d'-

12, {d!?} forms an

Due to the continuity of F' and using the induction starting from d? < di
2> d1 2 for any n. Also,

increasing sequence on D. Given that d'? = U,y F'(™ (d}2), we have d'-
4" (si,5;) = max {|Ra(si, @) = Ra(s;, )| + W1 (B1([si, 0), Pl |5, ): ) }
< R+ ymax{d"?(s;,5;)}
Y

= maX{d1_2(8i, Sj)} < R/(l — ’7), \ (57;7 Sj) €S x8Ss. 33)

2,

We begin with a simple inequality for the Wasserstein distance before proving the convergence of
GBSM. Let A" denote the optimal solution for W1 (P, Q; d-?), then for any d}2

W (P ?) < 3 2'52 X2 d2(s;,55)

Z|81 Z (@2 (si,85) — dy(siy 55) + dy2 (s, 55))
max {d (si, sj) —dX(si, sj)} + Wi (P, Q; d#’z). (34)
0.

|32

IN
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The first inequality follows from the fact that A" is the optimal solution for Wy (P, Q; d%?) rather
than W1 (P, Q; d'2).

Now we employ the mathematical induction. For the base case, we have
d1_2(8, S,) - d%_Q(Sv S/)
= m(?‘X { |R1 (87 a’) - R2(8/7 a)‘ + 7W1 (P1(|57 a)a ]P)2('|S,7 CI,); d1_2) }
—max {|R1(s,a) — Ra(s',a)|}

IN

max {| Ry (s,a) — Ro(s', a) } + 7 max { W (P1(-]s,a), Po(s', a);d"?) }
—max {|Ra(s,0) = Ra(s', )}
= ymax {W1 (P1([s, a), P2(|s', a);d"?) }
< ymax {d(s,s)} = yR/(1 =), ¥ (5,5) € S1 x Sa. (35)

By the induction hypothesis, we assume that for an arbitrary n,
d*2(s,s") —ds3(s, ') <A"R/(1 —7), ¥ (s,5") € Sy X Sa. (36)
Then we have
4725, ) — i3, (s, )
= max {|R1(s,a) — Ro(s',a)| + Wy (Pl(-|s, a),Pa(]s',a); dw)}
- mgx{\Rl(s, a) — Ro(s',a)| + W1 (Pi(:|s,a), Pa(-|s', a); d?) }
max {(|R1(s,a) — Ra(s',a)| +yW1 (P1(:|s, a),P2(-|s, a); d'?))

— (|R1(s,a) — Ra(s',a)| + YW1 (P1(-]s, a), Po(-]s', a); d)?)) }
= ymax {W (P1(]s,a), P2(|s', a);d"?) — Wy (Pi(|s,a), Po(|s',a); d}?) }

(a)
< ymax { max {d"2(s,s") — d2(s,8") } + Wi (Pi(-]s,a), Pa(-]s, a); dy?) .

IN

- Wl (]P)l("sv (L), IP>2('|Sla a); d’}L_z) }
= ymax {d"?(s,s") — d)?(s,5")} <Y"T'R/(1—7), ¥ (5,5) € S1 x Sa. (37)

Here, step (a) uses . Following from -, d*2(s,s") — dL2(s,s') < 4" R/(1 — 7) holds
foralln € N.

B Proof of Theorem

This proves the optimal value difference bound between MDPs by induction. For the base case, we
have

Vi (s5) = V3 (s5)] = |max Ru (s, a) — max Ry(s;, )|
< max R (si,a) — Ra(s;, )
=di?(si,55), ¥ (s,8;) € S1 X Sa. (38)
By the induction hypothesis, we assume that for an arbitrary n,
VI (i) = V3™ () < IV (s0) = V3 (s9)
< dh2 (s, s;), ¥ (si,85) € S1 X Sa. (39)
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Then the induction follows
’V("-H) ) V(n-i-l)( )‘

‘ 1| n
‘max{Rl Si, @ +VZ Py (skss, )V1( )(Sk)}
maX{RQ(S], +’yz Po(sklsj,a )Vz(")(sk)}‘
|S1] n
mgx{‘(Rl Si,a +’}/Z P(sk|si,a) V1( )(sk))
|S2 | (n)
Ra(s;. ) +7 3 Pa(owls; V™ (s0)

IN

|S1] |S2|
< max ’R1(5i7a) — Ry(sj,a)| +~ ZH’H sk|si, a) 1 sz Sk|sj,a) 2 ( k)
k=1

(@) 1-2
< m3X{|Rl(8iva) — Ry(sj,a)| + YW1 (P1(-]ss,a), Pa(-s;,a); dy?) }

:d’}z_-?-l(siﬂsj)v V(Si,Sj) 681 XSQ. (40)

Here, steps (a) follows from the fact that (V(") (sk)), 1] , and (V(") (sk))LSj‘l form a feasible, but not
necessarily the optlmal solution to the dual LP in (4 for Wi (Py(-]si, a),Pa(:|sj, a); dL?).

Now from , we have |V(7' (s) — (")( N < di2(s,s'), ¥ (s,8") € S1 x Sz, Vn € N.
Taking n — oo ylelds the desired result.

C Proof of Theorem 4.1

This section provides a detailed proof of the regret bound for policy 7 transferred from M to Mo.
By the triangle inequality, for any state s; € Sy and s; = f(s;) € S1, we have

Vo (s5) = Vo' ()] < Vo () = Vi (sa)| + V17 (s0) = Vi (sa) [+ [V (s0) = V5" ()] (41)
Within the right-hand side of this inequality, the first summation term |V5"(s;) — V;*(s;)]| is upper
bounded by d'%(s;, s;) according to Theorem and |Vi*(s;) — V{"(s;)| is upper bounded by
maxges, |Vi*(s) — V" (s)|. For the last term, we have

[V (si) = Vo' ()]

| Al |S1]

= 13 wlals) (a(osca) 49 3 Prlsulssa) V(o0 )
a=1 k=1
[ Al |S2]
Z alf(s;) <R2(3j7a)+WZP2(Sk|Sj,G)V2”(Sk))
k=1
[ Al [S1] |S2]
< Zﬂ(a|si) ’Rl(si,a)—Rg(s], +7 Z]P’l sk|si, a)V7" (sk) ZP2 sklsj,a)Vy' (sk)
a=1 k=1 k=1
[ Al [S1] |Sa|
< Zﬂ(a|si) ’Rl(si,a)—Rg(sj, + Z]P’l Sklsi, @) Vi (sk) Po(skls;, a)Vy (sk)
a=1 k=1 k=1
|Al |S1]

#93_wlals) |5 Paloulos )V (51) = V7 (o)
a=1

Al S2|

+v> m(alsi) Z]P’z sklsj, @) (V5 (sk) — V3 (s))
a=1
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[S1] |S2]

S Py (silsi, a) Vi (si) — 3 (Blsilsy, a) Vi (si)

k=1 k=1
+vgé%>lc|v1 (s) — V7 (s)] +’Y§é2}$>2<|vz (s) = V5 (s)]

S max Rl(si,a) — RQ(S]',&) +’}/

(a)
< max {|Ri(s;, a) — Ra(s;, a)| + W1 (P1([si, a), Pa(-]sj,a);d") }
+ymax |[Vy'(s) = Vi" (s)| + ymax|V3 (s) — V5 (s)]
=d"(si, 85) + ymax [Vy'(s) = Vi" (s)] + ymax [V5'(s) — V2" (s)] - (42)

Here, step (a) stems from the fact that, according to Theorem (Vl*(sk))lsl‘

k=
(1/2*(5 k))‘k‘sjll form a feasible, but not necessarily the optimal, solution to the dual LP in (4) for

Wi (Py1(:|s;,a), Pa(+]s;, a); d*2). Combining the above inequalities on all three summation terms in
(@T) and taking the maximum of both sides, we have

VE(s=VI ()] < d1—2 ! l Vo _yT
max |V (s")= V5 ()] < max d2(/(s'), ') + max |V} (s) = V7" (s)

and

Ist term 2nd term
d1—2 / / V* _ VT{' ’ ‘V* AN V-rr /
+max d(f(s), 8) +ymax \Vi'(s) — Vi (s)| +y max | Vy'(s") = V5'(s)
3rd term
< 2maxd™(£(s), 5) + (1+7) max V7' (s) = V" (s)| + max [V3'(s) — VE ()], @3)
SESy sES s'€Sy

Rearranging the inequality yields the desired result.

D Proofs of Lax GBSM Properties
Definition D.1 (Lax generalized bisimulation metric). Given two MDPs M = (S1, A1, Py, Ry, )
and My = (Sa, As, Po, Ra, ), we first define an intermediate metric as
5(d)((s,a),(s',a")) = |R1(s,a) — Ra(s',a")| + yW1(P1(-|s,a),Pa(-|s',a’); d), (44)
and define the lax function as
Fax(d|s,s") = H(X,, X%, 0(d)), (45)

where Xy = {(s,a)|la € A1}, XL, = {(s',d')|a’ € Az}, and H is the Hausdorff metric de-
fined by H(X,Y;d) = max{supxex infyey d(z,y),sup,cy infrex d(x,y)}. Iterating from
dig2o(s,s') = 0and dij?, | = Fux(di2,|s,s'), diy2, converges to a similar fixed point di;?
with n — oo.

The proof of the existence and convergence of Lax GBSM is quite similar to the one for GBSM in
Appendix [A] We omit it and mainly prove its core property, i.e., the optimal value difference bound
between MDPs, and its tightness compared to GBSM 1in this section.

Theorem D.2 (Lax GBSM optimal value difference bound). Let V" and V' denote the optimal
value functions in My and Mo, respectively. Then lax GBSM provides an upper bound for the
difference between the optimal values for any state pair (s,s') € 81 X Sa:

Vi (s) = V5 ()] < digl (5, 8'). (46)
Proof. For the base case, we have
Vi (s0) = V3™ (55)] = dido(sir 5) = 0, ¥ (51,8) € 81 x 8. (47)
By the induction hypothesis, we assume that for an arbitrary n,

VI (s) = V™ (s))] < dis2(siy85), Y (56,85) € S1 X So. (48)
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Without loss of generality, assume that Vl(”H) (si) > VQ(nH) (s;), and the induction follows

) - Vé"*”(s»]
mgx{Rl (si,a +’yz Py (sklss, )V1(n)(3k)}
max{Rg sj,a +’yz 5k|5j7 )V2(n)(5k)}‘
’{Rl(suamax +’YZ‘SI
~{ s max>+vz'sj‘1 P, VS ()

1 (8181 Amax ) V™) (Sk)}

k

= mll’l

{Rl(su amax + Y Z Sk|517 amaX)Vl(n) (sk)}
~{Ratsse ) 2 7 Palonlss 12 o) |

51l (n)
Ri(si,a +vz Py (sklsi, a)Vi™ (sk)
{Ratsso )+ 7 Balonlsya >v2<”><8k>}]

|S1] |S2|

ZP1(8k|Si,(L)V ZPQ Sk‘SJ, ( )
k=1

< maaxmi/n {|R1(si,a) — Ro(sj,d")| + W (P1(~|si,a),IP’2(-\sj,a );d}f)}

< maxmin
a a’

+7

< max min ’R1(8i,a> — Ra(sj,a)
a a’

gdlliml(si,sj), V(Si,Sj) 681 XSQ. (49)
Taking n — oo yields the desired result. O

Theorem D.3 (Inequality between GBSM and lax GBSM). When M and M, share the same A,
dix (s,8') < d'%(s,8"). (50)
Proof. For the base case, we have
digeo(s,8') = dy*(s,8') =0, V (s,8') € S x So. (51)
By the induction hypothesis, we assume that for an arbitrary 7,
dizen(s,8) < d)%(s,s"), V (s,8) € S1 x So. (52)
By the continuity of Fi,, we have that Fiu (di;2,|s, s") < Flx(d}?|s, s"), which implies
digener (8,8") < max { max min 5(d-2)((s,a), (s',a")), max min §(dy?)((s,a), (s',a"))}
< m(?X(S(diL’Q)((s, a),(s',a)) =dy3,(s,8), V(s,8) €S x So. (53)

Taking n — oo yields the desired result. O

Using the above two theorems and the definition of Wasserstein distance, we derive similar metric
properties as

di2(s,s') = dtl(s',s), V (s,8) € Si x Sy x S3, (Theorem[3.4), (54)
di(s,8) < dig2(s,8") + dF2(s",s), ¥ (s,5',8") € S; x Sy x S3, (Theorem[3.3)), (55)
and d;2 < d*? < d}?/(1 — ) when S;=S; and A;=A5. (Theorem 3.6) (56)
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Since these fundamental metric properties hold, the bounds for state aggregation (Theorem [.5)) and
estimation (Theorem [.6)) also follow directly. In terms of policy transfer (Theorem [.T)), besides the
state mapping f : So — &1, we need to define an additional action mapping g : A; — A for policy
transfer between different action spaces. Then, we have

VF (50) = V5 (57)

= |3 wlaksa) (Ras, +wZ Pl Vo)

—Z'Al (al (5:)(R(s55,9 +vzk | Pasils;, 0(a) V3 (50))|
< S (nlals:) |Rl<sl, a) = Ra(s;, 9(a))|

£l S Basels @)V (si) — S0 Polsels, (@) Vi (s0)])

S (w(als) (i) = Ry

+7|Z sk\sz, WV () = S0 Pasilsy, 0(a)) V3 (1))
o el S Py (silss @) (VF (1) — V7 (50))
3 ;' w(alsi)| 300 Paswlss, (@) (V3 (s6) — V3 (s0)]
rrelax{|R1(3“ a) — Ra(s;, g(a))|

S B (el @)V (s5)) — S0 ) (Blselsy 9(a)) V3 (s1)] )

k=1
Vii(s) — Vy(s) - Vi
+7§é€gf| (s) 1()\+7£Ié%)2(\ 5 (s) = V5 (s)]

IN

\ A

)
< max min {|Ri(si,a) — Ra(sj,a")| +yWi(P1(-[si,a), P2(-]sj, a"); digd)}
a€A; a’ €A,
+ymax|Vy'(s) = Vi"(s)] + ymax|Vy(s) — V5" ()]
1 SESy
< H(8(dig)) (X, X3,) + ymax |V (s) — V{7 ()] + v max [V5'(s) — V5'(s)]
= di (i, 85) + ymax [Vi*(s) — Vi (s)| + ymax [V5 (s) — V5 (s)|
seS1 s€Sy

Due to the introduction of max-min term via Hausdorff metric, step (a) requires that action mapping
satisfies g(a) = argming §((f(s'), a), (s',a’); di:2) for each s’ and a.

lax

E Proofs of on-policy GBSM Properties

Theorem E.1 (On-policy GBSM optimal value difference bound). Let V" and V' denote the
value functions with policy w in My and M, respectively. Then lax GBSM provides an upper bound
for the difference between the value functions for any state pair (s,s') € §; X Sa:

VT (s) = V5" (s)] < d?(s, ). (57)

Proof. For the base case, we have
VIO si) = VO ()] = dif(sirs5) = 0,V (s1,55) € Sy x S (58)
By the induction hypothesis, we assume that for an arbitrary n,

VI (s5) = Vo™ ()] < dE2 (50, 55), ¥ (si,5;) € S1 % Sa. (59)
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The induction follows

|V7r,(n+1)( ) - Vw,(n+1)(sj)|

HR” S; +'yz IP’” (sk|si)V; ™ sk } {R7T s —i—vz IP”T (sklsj)V: ’( )(sk)}’
‘Sll |S2
< {|R71T(Sz R2 5j ‘+7’ZP1 Sk“sl S ZP2 sklsj S ( )|}
k=1
< {|RT(s:) = R3 (s5)| + W1 (PTCI&),PECISJ');diQ)}
= d}il(si, Sj), Y (81‘, Sj) c 81 X Sg. (60)
Taking n — oo yields the desired result. O

Theorem E.2 (On-policy GBSM distance bound on identical state spaces). When M1 and Mo
share the same S,

1 R
max (s, ) < = max {|Ri(s) = RE(5)| + 7TV (FT(}s), FE(1s)) }, (6D

where TV represents the total variation distance defined by TV(P,Q) = 3 3" . |P(s) — Q(s)].

Proof. Using inequality (I2)) in Theorem [3.6] we have

max, dy (s, s)<|RT (s) — R} (s)] + TV (PT(|s), P (:|s)) max, o diy(s, s')
+ (1 =TV(P](-|s),P5(*|s))) max, di*(s, s)

<IRE ()~ RB6) 2TV (BT (1), PR (1) + 7 ma 2,5,

Rearranging the inequality yields the desired result. O

Theorem E.3 (VFA error bound with non-optimal policy).

max [V (s) = Vifj(s)] < maxd;M(s, s) < maxda(s, [s])/(1 ~ ) (62)

Proof. The first inequality follows directly from Theorem [E-T] while the second is established using
a derivation analogous to the proof of Theorem[.4] O

F Additional Numerical Results

Policy transfer regret
Policy transfer regret

0 20 40 60 80 100 0 20 40 60 80 100 0 20 40 60 80 100

Experiments (y=0.1) Experiments (y=0.2) Experiments (y=0.3)
(a)y=0.1 (byy=10.2 (©)y=10.3

Figure 2: Experiments on random Garnet MDPs (policy transfer, v = 0.1 to 0.3).
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Figure 3: Experiments on random Garnet MDPs (policy transfer, v = 0.4 to 0.6).
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Figure 5: Experiments on random Garnet MDPs (SSA with aggregation, v = 0.1 to 0.3).
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Figure 6: Experiments on random Garnet MDPs (SSA with aggregation, v = 0.4 to 0.6).
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Figure 7: Experiments on random Garnet MDPs (SSA aggregation, v = 0.7 to 0.9).
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Figure 8: Experiments on random Garnet MDPs (SSA with estimation, v = 0.1 to 0.3).
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Figure 9: Experiments on random Garnet MDPs (SSA with aggregation, v = 0.4 to 0.6).
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Figure 10: Experiments on random Garnet MDPs (SSA with aggregation, v = 0.7 to 0.9).
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Figure 11: Experiments on random Garnet MDPs (VFA, v = 0.1 to 0.3).
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Figure 12: Experiments on random Garnet MDPs (VFA, v = 0.4 to 0.6).
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Figure 13: Experiments on random Garnet MDPs (VFA, v = 0.7 to 0.9).
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