
A Proof of Theorem 3.2

This section provides a detailed proof of the existence and convergence of GBSM.

A.1 The Existence of d1-2

To prove the existence of d1-2, we introduce the Knaster-Tarski fixed-point theorem. Let (X ,⪯)
denote a partial order, which means certain pairs of elements within the set X are comparable under
the homogeneous relation ⪯ [21]. If this partial order has least upper bounds and greatest lower
bounds for its arbitrary subsets, it is called a complete lattice. The Knaster-Tarski fixed-point theorem
asserts that for a continuous function on a complete lattice, the iterative application of this function to
the least element of the lattice converges to a fixed point x̄, which satisfies x̄ = f(x̄). Formally, the
theorem is stated as follows.

Lemma A.1 (Knaster-Tarski fixed-point theorem [21]). If the partial order (X ,⪯) is a complete
lattice and f : X → X is a continuous function. Then, f has a least fixed point, given by

fix(f) = ⊔n∈Nf
(n)(x0), (24)

where x0 is the least element of X , ⊔ denotes the least upper bound, f (n)(x0) = f(f (n−1)(x0)),
and f (1)(x0) = f(x0). Here, the continuity of f is defined such that for any increasing sequence
{xn} in X , it satisfies

f (⊔n∈N {xn}) = ⊔n∈N {f (xn)} . (25)

Let D denote the set of all cost functions, which are defined as maps that satisfy S1 ×S2 → [0, R̄
1−γ ].

Equip D with the usual pointwise ordering: Consider two cost function, say d and d′ ∈ D, denote
d ≤ d′ if and only if d(s, s′) ≤ d′(s, s′) for any s ∈ S1 and s′ ∈ S2. Then D forms a complete lattice
with the least element d1-2

0 , i.e., the constant zero function. Given s and s′, we regard the recursive
definition in (5) as a function of d and accordingly define F : D → D by

F (d | s, s′) = max
a

{∣∣R1(s, a)−R2(s
′, a)

∣∣+ γW1

(
P1(·|s, a),P2(·|s′, a); d

)}
. (26)

Utilizing the Knaster-Tarski fixed-point theorem, the existence of d1-2 is achieved if the continuity of
F holds on D.

We first prove the continuity of the second term in F . Define FW1 : D → D by

FW1 (d | s, s′) =W1

(
P1(·|s, a),P2(·|s′, a); d

)
. (27)

Lemma A.2. FW1
is continuous on D.

Proof. We follow the definition of continuity defined in Lemma A.1. Let si ∈ S1 and sj ∈ S2. Regard
FW1 (si, sj ; d) as a function of d. Without loss of generality, we denote probability distributions
{P1(·|si, a),P2(·|sj , a)} as {P,Q} for brevity, and let ρ ≤ ρ′, {ρ, ρ′} ∈ D. Considering the optimal
solution {µ,ν} for W1(P,Q; ρ) in the dual LP in (4), we have

µi − νj ≤ ρ(si, sj) ≤ ρ′(si, sj), ∀ i, j, (28)

which is derived from the pointwise ordering in D. Here, for the other W1(P,Q; ρ′), {µ,ν} is a
feasible, though not necessarily optimal, solution to the dual LP in (4). Thus, we have

W1(P,Q; ρ) =
∑|S1|

i=1
µiP (si)−

∑|S2|

j=1
νjQ(sj)

≤ W1(P,Q; ρ′), ∀ρ ≤ ρ′. (29)

By such a monotonicity, we have W1(P,Q; ρ) ≤ W1(P,Q;⊔n∈N{ρn}), ∀ρ ∈ {ρn} for any increas-
ing sequence {ρn} on D. This further implies that ⊔n∈N{W1(P,Q; ρn)} ≤ W1(P,Q;⊔n∈N{ρn}).
We use the primal LP for the other side. Let λn denote the optimal solution in (3) for W1(P,Q; ρn),
which also satisfies the conditions for W1(P,Q;⊔n∈N{ρn}). Define ϵni,j = ⊔n∈N{ρn}(si, sj) −
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ρn(si, sj), then ϵni,j ≥ 0 and limn→∞ ϵni,j = 0 due to the monotonicity of the increasing sequence of
{ρn}. Then, we have

W1(P,Q;⊔n∈N{ρn})
(a)

≤
∑|S1|

i=1

∑|S2|

j=1
λn
i,j · ⊔n∈N{ρn}(si, sj)

=
∑|S1|

i=1

∑|S2|

j=1
λn
i,jρn(si, sj) +

∑|S1|

i=1

∑|S2|

j=1
λn
i,jϵ

n
i,j

=W1(P,Q; ρn) +
∑|S|

i,j=1
λn
i,jϵ

n
i,j

≤ ⊔n∈N {W1(P,Q; ρn)}+max
i,j

{ϵni,j}. (30)

Here, step (a) follows from the fact that λn is the optimal solution for W1(P,Q; ρn)
rather than W1(P,Q;⊔n∈N{ρn}). Taking n → ∞, we have ⊔n∈N{W1(P,Q; ρn)} ≥
W1(P,Q;⊔n∈N{ρn}). Following from the above two inequalities from both directions, it is readily
to get ⊔n∈N{W1(P,Q; ρn)} = W1(P,Q;⊔n∈N{ρn}). Thus, for any i and j,

FW1

(
⊔n∈N {ρn} | si, sj

)
= W1

(
P1(·|si, a),P2(·|sj , a);⊔n∈N{ρn}

)
= ⊔n∈N

{
W1(P1(·|si, a),P2(·|sj , a); ρn)

}
= ⊔n∈N

{
FW1

(ρn | si, sj)
}
. (31)

Now that the continuity of FW1 in (27) on D is established.

Armed with Lemma A.2, we are ready to establish the continuity of F as follows.
Lemma A.3. F is continuous on D.

Proof. Considering an arbitrary increasing sequence {ρn} on D, for any i and j, we have

F (⊔n∈N{ρn} | si, sj)
= max

a
{|R1(si, a)−R2(sj , a)|+ γW1 (P1(·|si, a),P2(·|sj , a);⊔n∈N{ρn})}

= max
a

{|R1(si, a)−R2(sj , a)|+ γ ⊔n∈N {W1 (P1(·|si, a),P2(·|sj , a); ρn)}}

= ⊔n∈N

{
max

a
{|R1(si, a)−R2(sj , a)|+ γW1 (P1(·|si, a),P2(·|sj , a); ρn)}

}
= ⊔n∈N {F (ρn | si, sj)}. (32)

Now that the existence of d1-2 is established by using Lemma A.1 and Lemma A.3.

A.2 The Convergence of d1-2
n to d1-2

Due to the continuity of F and using the induction starting from d1-2
0 ≤ d1-2

1 , {d1-2
n } forms an

increasing sequence on D. Given that d1-2 = ⊔n∈NF
(n)(d1-2

0 ), we have d1-2 ≥ d1-2
n for any n. Also,

d1-2(si, sj) = max
a

{∣∣R1(si, a)−R2(sj , a)
∣∣+ γW1

(
P1(·|si, a),P2(·|sj , a); d1-2)}

≤ R̄+ γmax
i,j

{d1-2(si, sj)}

⇒ max
i,j

{d1-2(si, sj)} ≤ R̄/(1− γ), ∀ (si, sj) ∈ S1 × S2. (33)

We begin with a simple inequality for the Wasserstein distance before proving the convergence of
GBSM. Let λn denote the optimal solution for W1(P,Q; d1-2

n ), then for any d1-2
n

W1

(
P,Q; d1-2) ≤ ∑|S1|

i=1

∑|S2|

j=1
λn
i,jd

1-2(si, sj)

=
∑|S1|

i=1

∑|S2|

j=1
λn
i,j

(
d1-2(si, sj)− d1-2

n (si, sj) + d1-2
n (si, sj)

)
≤ max

i,j

{
d1-2(si, sj)− d1-2

n (si, sj)
}
+W1

(
P,Q; d1-2

n

)
. (34)
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The first inequality follows from the fact that λn is the optimal solution for W1(P,Q; d1-2
n ) rather

than W1(P,Q; d1-2).

Now we employ the mathematical induction. For the base case, we have

d1-2(s, s′)− d1-2
1 (s, s′)

= max
a

{
|R1(s, a)−R2(s

′, a)|+ γW1

(
P1(·|s, a),P2(·|s′, a); d1-2)}

−max
a

{|R1(s, a)−R2(s
′, a)|}

≤ max
a

{|R1(s, a)−R2(s
′, a)|}+ γmax

a

{
W1

(
P1(·|s, a),P2(·|s′, a); d1-2)}

−max
a

{|R1(s, a)−R2(s
′, a)|}

= γmax
a

{
W1

(
P1(·|s, a),P2(·|s′, a); d1-2)}

≤ γmax
s,s′

{
d1-2(s, s′)

}
= γR̄/(1− γ), ∀ (s, s′) ∈ S1 × S2. (35)

By the induction hypothesis, we assume that for an arbitrary n,

d1-2(s, s′)− d1-2
n (s, s′) ≤ γnR̄/(1− γ), ∀ (s, s′) ∈ S1 × S2. (36)

Then we have

d1-2(s, s′)− d1-2
n+1(s, s

′)

= max
a

{
|R1(s, a)−R2(s

′, a)|+ γW1

(
P1(·|s, a),P2(·|s′, a); d1-2)}

−max
a

{
|R1(s, a)−R2(s

′, a)|+ γW1

(
P1(·|s, a),P2(·|s′, a); d1-2

n

)}
≤ max

a

{(
|R1(s, a)−R2(s

′, a)|+ γW1

(
P1(·|s, a),P2(·|s′, a); d1-2))

−
(
|R1(s, a)−R2(s

′, a)|+ γW1

(
P1(·|s, a),P2(·|s′, a); d1-2

n

))}
= γmax

a

{
W1

(
P1(·|s, a),P2(·|s′, a); d1-2)−W1

(
P1(·|s, a),P2(·|s′, a); d1-2

n

)}
(a)

≤ γmax
a

{
max
s,s′

{
d1-2(s, s′)− d1-2

n (s, s′)
}
+W1

(
P1(·|s, a),P2(·|s′, a); d1-2

n

)
.

−W1

(
P1(·|s, a),P2(·|s′, a); d1-2

n

) }
= γmax

s,s′

{
d1-2(s, s′)− d1-2

n (s, s′)
}
≤ γn+1R̄/(1− γ), ∀ (s, s′) ∈ S1 × S2. (37)

Here, step (a) uses (34). Following from (35)-(37), d1-2(s, s′)− d1-2
n (s, s′) ≤ γnR̄/(1− γ) holds

for all n ∈ N.

B Proof of Theorem 3.3

This proves the optimal value difference bound between MDPs by induction. For the base case, we
have

|V (1)
1 (si)− V

(1)
2 (sj)| = |max

a
R1(si, a)−max

a
R2(sj , a)|

≤ max
a

|R1(si, a)−R2(sj , a)|

= d1-2
1 (si, sj), ∀ (si, sj) ∈ S1 × S2. (38)

By the induction hypothesis, we assume that for an arbitrary n,

V
(n)
1 (si)− V

(n)
2 (sj) ≤ |V (n)

1 (si)− V
(n)
2 (sj)|

≤ d1-2
n (si, sj), ∀ (si, sj) ∈ S1 × S2. (39)
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Then the induction follows∣∣∣V (n+1)
1 (si)− V

(n+1)
2 (sj)

∣∣∣
=

∣∣∣∣max
a

{
R1(si, a) + γ

∑|S1|

k=1
P1(sk|si, a)V (n)

1 (sk)

}
−max

a

{
R2(sj , a) + γ

∑|S2|

k=1
P2(sk|sj , a)V (n)

2 (sk)

}∣∣∣∣
≤ max

a

{∣∣∣∣(R1(si, a) + γ
∑|S1|

k=1
P(sk|si, a)V (n)

1 (sk)

)
−
(
R2(sj , a) + γ

∑|S2|

k=1
P2(sk|sj , a)V (n)

2 (sk)

)∣∣∣∣}

≤ max
a


∣∣∣∣R1(si, a)−R2(sj , a)

∣∣∣∣+ γ

∣∣∣∣ |S1|∑
k=1

P1(sk|si, a)V (n)
1 (sk)−

|S2|∑
k=1

P2(sk|sj , a)V (n)
2 (sk)

∣∣∣∣


(a)

≤ max
a

{
|R1(si, a)−R2(sj , a)|+ γW1

(
P1(·|si, a),P2(·|sj , a); d1-2

n

)}
= d1-2

n+1(si, sj), ∀ (si, sj) ∈ S1 × S2. (40)

Here, steps (a) follows from the fact that
(
V

(n)
1 (sk)

)|S1|
k=1

and
(
V

(n)
2 (sk)

)|S2|
k=1

form a feasible, but not
necessarily the optimal, solution to the dual LP in (4) for W1

(
P1(·|si, a),P2(·|sj , a); d1-2

n

)
.

Now from (38)-(40), we have |V (n)
1 (s) − V

(n)
2 (s′)| ≤ d1-2

n (s, s′), ∀ (s, s′) ∈ S1 × S2, ∀n ∈ N.
Taking n → ∞ yields the desired result.

C Proof of Theorem 4.1

This section provides a detailed proof of the regret bound for policy π transferred from M1 to M2.
By the triangle inequality, for any state sj ∈ S2 and si = f(sj) ∈ S1, we have

|V ∗
2 (sj)− V π

2 (sj)| ≤ |V ∗
2 (sj)− V ∗

1 (si)|+ |V ∗
1 (si)− V π

1 (si)|+ |V π
1 (si)− V π

2 (sj)|. (41)
Within the right-hand side of this inequality, the first summation term |V ∗

2 (sj) − V ∗
1 (si)| is upper

bounded by d1-2(si, sj) according to Theorem 3.3, and |V ∗
1 (si) − V π

1 (si)| is upper bounded by
maxs∈S1

|V ∗
1 (s)− V π

1 (s)|. For the last term, we have
|V π

1 (si)− V π
2 (sj)|

=

∣∣∣∣∣∣
|A|∑
a=1

π(a|si)
(
R1(si, a) + γ

|S1|∑
k=1

P1(sk|si, a)V π
1 (sk)

)

−
|A|∑
a=1

π(a|f(sj))
(
R2(sj , a) + γ

|S2|∑
k=1

P2(sk|sj , a)V π
2 (sk)

)∣∣∣∣∣∣
≤

|A|∑
a=1

π(a|si)

∣∣∣∣R1(si, a)−R2(sj , a)

∣∣∣∣+γ

∣∣∣∣ |S1|∑
k=1

P1(sk|si, a)V π
1 (sk)−

|S2|∑
k=1

P2(sk|sj , a)V π
2 (sk)

∣∣∣∣


≤
|A|∑
a=1

π(a|si)

∣∣∣∣R1(si, a)−R2(sj , a)

∣∣∣∣+γ

∣∣∣∣ |S1|∑
k=1

P1(sk|si, a)V ∗
1 (sk)−

|S2|∑
k=1

P2(sk|sj , a)V ∗
2 (sk)

∣∣∣∣


+ γ

|A|∑
a=1

π(a|si)

∣∣∣∣∣∣
|S1|∑
k=1

P1(sk|si, a)(V ∗
1 (sk)− V π

1 (sk))

∣∣∣∣∣∣
+ γ

|A|∑
a=1

π(a|si)

∣∣∣∣∣∣
|S2|∑
k=1

P2(sk|sj , a)(V ∗
2 (sk)− V π

2 (sk))

∣∣∣∣∣∣
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≤ max
a


∣∣∣∣R1(si, a)−R2(sj , a)

∣∣∣∣+ γ

∣∣∣∣ |S1|∑
k=1

P1(sk|si, a)V ∗
1 (sk)−

|S2|∑
k=1

(P(sk|sj , a)V ∗
2 (sk)

∣∣∣∣


+ γmax
s∈S1

|V ∗
1 (s)− V π

1 (s)|+ γmax
s∈S2

|V ∗
2 (s)− V π

2 (s)|

(a)

≤ max
a

{
|R1(si, a)−R2(sj , a)|+ γW1

(
P1(·|si, a),P2(·|sj , a); d1-2)}

+ γmax
s∈S1

|V ∗
1 (s)− V π

1 (s)|+ γmax
s∈S2

|V ∗
2 (s)− V π

2 (s)|

= d1-2(si, sj) + γmax
s∈S1

|V ∗
1 (s)− V π

1 (s)|+ γmax
s∈S2

|V ∗
2 (s)− V π

2 (s)| . (42)

Here, step (a) stems from the fact that, according to Theorem 3.3,
(
V ∗
1 (sk)

)|S1|
k=1

and(
V ∗
2 (sk)

)|S2|
k=1

form a feasible, but not necessarily the optimal, solution to the dual LP in (4) for
W1

(
P1(·|si, a),P2(·|sj , a); d1-2

)
. Combining the above inequalities on all three summation terms in

(41) and taking the maximum of both sides, we have

max
s′∈S2

|V ∗
2 (s

′)−V π
2 (s′)| ≤ max

s′∈S2

d1-2(f(s′), s′)︸ ︷︷ ︸
1st term

+max
s∈S1

|V ∗
1 (s)− V π

1 (s)|︸ ︷︷ ︸
2nd term

+ max
s′∈S2

d1-2(f(s′), s′) + γmax
s∈S1

∣∣∣V ∗
1 (s)− V π

1 (s)
∣∣∣+ γ max

s′∈S2

∣∣∣V ∗
2 (s

′)− V π
2 (s′)

∣∣∣︸ ︷︷ ︸
3rd term

≤ 2max
s∈S2

d1-2(f(s), s) + (1 + γ)max
s∈S1

|V ∗
1 (s)− V π

1 (s)|+ γ max
s′∈S2

∣∣∣V ∗
2 (s

′)− V π
2 (s′)

∣∣∣. (43)

Rearranging the inequality yields the desired result.

D Proofs of Lax GBSM Properties

Definition D.1 (Lax generalized bisimulation metric). Given two MDPs M1 = ⟨S1,A1,P1, R1, γ⟩
and M2 = ⟨S2,A2,P2, R2, γ⟩, we first define an intermediate metric as

δ(d)((s, a), (s′, a′)) = |R1(s, a)−R2(s
′, a′)|+ γW1(P1(·|s, a),P2(·|s′, a′); d), (44)

and define the lax function as

Flax(d|s, s′) = H(Xs, X
′
s′ ; δ(d)), (45)

where Xs = {(s, a)|a ∈ A1}, X ′
s′ = {(s′, a′)|a′ ∈ A2}, and H is the Hausdorff metric de-

fined by H(X,Y ; d) = max
{
supx∈X infy∈Y d(x, y), supy∈Y infx∈X d(x, y)

}
. Iterating from

d1-2
lax,0(s, s

′) = 0 and d1-2
lax,n+1 = Flax(d

1-2
lax,n|s, s′), d1-2

lax,n converges to a similar fixed point d1-2
lax

with n → ∞.

The proof of the existence and convergence of Lax GBSM is quite similar to the one for GBSM in
Appendix A. We omit it and mainly prove its core property, i.e., the optimal value difference bound
between MDPs, and its tightness compared to GBSM in this section.
Theorem D.2 (Lax GBSM optimal value difference bound). Let V ∗

1 and V ∗
2 denote the optimal

value functions in M1 and M2, respectively. Then lax GBSM provides an upper bound for the
difference between the optimal values for any state pair (s, s′) ∈ S1 × S2:

|V ∗
1 (s)− V ∗

2 (s
′)| ≤ d1-2

lax (s, s
′). (46)

Proof. For the base case, we have

|V (0)
1 (si)− V

(0)
2 (sj)| = d1-2

lax,0(si, sj) = 0, ∀ (si, sj) ∈ S1 × S2. (47)

By the induction hypothesis, we assume that for an arbitrary n,

|V (n)
1 (si)− V

(n)
2 (sj)| ≤ d1-2

lax,n(si, sj), ∀ (si, sj) ∈ S1 × S2. (48)
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Without loss of generality, assume that V (n+1)
1 (si) ≥ V

(n+1)
2 (sj), and the induction follows∣∣∣V (n+1)

1 (si)− V
(n+1)
2 (sj)

∣∣∣
=

∣∣∣∣max
a

{
R1(si, a) + γ

∑|S1|

k=1
P1(sk|si, a)V (n)

1 (sk)

}
−max

a′

{
R2(sj , a

′) + γ
∑|S2|

k=1
P2(sk|sj , a′)V (n)

2 (sk)

}∣∣∣∣
=

∣∣∣∣{R1(si, amax) + γ
∑|S1|

k=1
P1(sk|si, amax)V

(n)
1 (sk)

}
−
{
R2(sj , a

′
max) + γ

∑|S2|

k=1
P2(sk|sj , a′max)V

(n)
2 (sk)

}∣∣∣∣
= min

a′

∣∣∣∣{R1(si, amax) + γ
∑|S1|

k=1
P1(sk|si, amax)V

(n)
1 (sk)

}
−
{
R2(sj , a

′) + γ
∑|S2|

k=1
P2(sk|sj , a′)V (n)

2 (sk)

}∣∣∣∣
≤ max

a
min
a′

∣∣∣∣{R1(si, a) + γ
∑|S1|

k=1
P1(sk|si, a)V (n)

1 (sk)

}
−
{
R2(sj , a

′) + γ
∑|S2|

k=1
P2(sk|sj , a′)V (n)

2 (sk)

}∣∣∣∣
≤ max

a
min
a′


∣∣∣∣R1(si, a)−R2(sj , a

′)

∣∣∣∣+ γ

∣∣∣∣ |S1|∑
k=1

P1(sk|si, a)V (n)
1 (sk)−

|S2|∑
k=1

P2(sk|sj , a′)V (n)
2 (sk)

∣∣∣∣


≤ max
a

min
a′

{
|R1(si, a)−R2(sj , a

′)|+ γW1

(
P1(·|si, a),P2(·|sj , a′); d1-2

n

)}
≤ d1-2

lax,n+1(si, sj), ∀ (si, sj) ∈ S1 × S2. (49)

Taking n → ∞ yields the desired result.

Theorem D.3 (Inequality between GBSM and lax GBSM). When M1 and M2 share the same A,

d1-2
lax (s, s

′) ≤ d1-2(s, s′). (50)

Proof. For the base case, we have

d1-2
lax,0(s, s

′) = d1-2
0 (s, s′) = 0, ∀ (s, s′) ∈ S1 × S2. (51)

By the induction hypothesis, we assume that for an arbitrary n,

d1-2
lax,n(s, s

′) ≤ d1-2
n (s, s′), ∀ (s, s′) ∈ S1 × S2. (52)

By the continuity of Flax, we have that Flax(d
1-2
lax,n|s, s′) ≤ Flax(d

1-2
n |s, s′), which implies

d1-2
lax,n+1(s, s

′) ≤ max
{
max

a
min
a′

δ(d1-2
n )((s, a), (s′, a′)),max

a′
min
a

δ(d1-2
n )((s, a), (s′, a′))

}
≤ max

a
δ(d1-2

n )((s, a), (s′, a)) = d1-2
n+1(s, s

′), ∀ (s, s′) ∈ S1 × S2. (53)

Taking n → ∞ yields the desired result.

Using the above two theorems and the definition of Wasserstein distance, we derive similar metric
properties as

d1-2
lax (s, s

′) = d2-1
lax (s

′, s), ∀ (s, s′) ∈ S1 × S2 × S3, (Theorem 3.4), (54)

d1-2
lax (s, s

′) ≤ d1-3
lax (s, s

′′) + d3-2
lax (s

′′, s′), ∀ (s, s′, s′′) ∈ S1 × S2 × S3, (Theorem 3.5), (55)

and d1-2
lax ≤ d1-2 ≤ d1-2

TV/(1− γ) when S1=S2 and A1=A2. (Theorem 3.6) (56)
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Since these fundamental metric properties hold, the bounds for state aggregation (Theorem 4.5) and
estimation (Theorem 4.6) also follow directly. In terms of policy transfer (Theorem 4.1), besides the
state mapping f : S2 → S1, we need to define an additional action mapping g : A1 → A2 for policy
transfer between different action spaces. Then, we have

|V π
1 (si)− V π

2 (sj)|

=
∣∣∣∑|A1|

a=1
π(a|si)(R1(si, a) + γ

∑|S1|

k=1
P1(sk|si, a)V π

1 (sk))

−
∑|A1|

a=1
π(a|f(sj))(R2(sj , g(a)) + γ

∑|S2|

k=1
P2(sk|sj , g(a))V π

2 (sk))
∣∣∣

≤
∑|A1|

a=1

(
π(a|si)(|R1(si, a)−R2(sj , g(a))|

+ γ|
∑|S1|

k=1
P1(sk|si, a)V π

1 (sk)−
∑|S2|

k=1
P2(sk|sj , g(a))V π

2 (sk)|)
)

≤
∑|A1|

a=1

(
π(a|si)(|R1(si, a)−R2(sj , g(a))|

+ γ|
∑|S1|

k=1
P1(sk|si, a)V ∗

1 (sk)−
∑|S2|

k=1
P2(sk|sj , g(a))V ∗

2 (sk)|)
)

+ γ
∑|A1|

a=1
π(a|si)|

∑|S1|

k=1
P1(sk|si, a)(V ∗

1 (sk)− V π
1 (sk))|

+ γ
∑|A1|

a=1
π(a|si)|

∑|S2|

k=1
P2(sk|sj , g(a))(V ∗

2 (sk)− V π
2 (sk))|

≤ max
a∈A1

{
|R1(si, a)−R2(sj , g(a))|

+ γ|
∑|S1|

k=1
P1(sk|si, a)V ∗

1 (sk))−
∑|S2|

k=1
(P(sk|sj , g(a))V ∗

2 (sk)|
}

+ γmax
s∈S1

|V ∗
1 (s)− V π

1 (s)|+ γmax
s∈S2

|V ∗
2 (s)− V π

2 (s)|

(a)

≤ max
a∈A1

min
a′∈A2

{|R1(si, a)−R2(sj , a
′)|+ γW1(P1(·|si, a),P2(·|sj , a′); d1-2

lax )}

+ γmax
s∈S1

|V ∗
1 (s)− V π

1 (s)|+ γmax
s∈S2

|V ∗
2 (s)− V π

2 (s)|

≤ H(δ(d1-2
lax ))(Xsi , X

′
sj ) + γmax

s∈S1

|V ∗
1 (s)− V π

1 (s)|+ γmax
s∈S2

|V ∗
2 (s)− V π

2 (s)|

= d1-2
lax (si, sj) + γmax

s∈S1

|V ∗
1 (s)− V π

1 (s)|+ γmax
s∈S2

|V ∗
2 (s)− V π

2 (s)|

Due to the introduction of max-min term via Hausdorff metric, step (a) requires that action mapping
satisfies g(a) = argmina′ δ((f(s′), a), (s′, a′); d1-2

lax ) for each s′ and a.

E Proofs of on-policy GBSM Properties

Theorem E.1 (On-policy GBSM optimal value difference bound). Let V π
1 and V π

2 denote the
value functions with policy π in M1 and M2, respectively. Then lax GBSM provides an upper bound
for the difference between the value functions for any state pair (s, s′) ∈ S1 × S2:

|V π
1 (s)− V π

2 (s′)| ≤ d1-2
π (s, s′). (57)

Proof. For the base case, we have

|V π,(0)
1 (si)− V

π,(0)
2 (sj)| = d1-2

π,0(si, sj) = 0, ∀ (si, sj) ∈ S1 × S2. (58)

By the induction hypothesis, we assume that for an arbitrary n,

|V π,(n)
1 (si)− V

π,(n)
2 (sj)| ≤ d1-2

π,n(si, sj), ∀ (si, sj) ∈ S1 × S2. (59)
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The induction follows∣∣V π,(n+1)
1 (si)− V

π,(n+1)
2 (sj)

∣∣
=

∣∣{Rπ
1 (si) + γ

∑|S1|

k=1
Pπ
1 (sk|si)V

π,(n)
1 (sk)

}
−

{
Rπ

2 (sj) + γ
∑|S2|

k=1
Pπ
2 (sk|sj)V

π,(n)
2 (sk)

}∣∣
≤

{∣∣Rπ
1 (si)−Rπ

2 (sj)
∣∣+ γ

∣∣ |S1|∑
k=1

Pπ
1 (sk|si)V

π,(n)
2 (sk)−

|S2|∑
k=1

Pπ
2 (sk|sj)V

π,(n)
2 (sk)

∣∣}
≤

{∣∣Rπ
1 (si)−Rπ

2 (sj)
∣∣+ γW1

(
Pπ
1 (·|si),Pπ

2 (·|sj); d1-2
n

)}
= d1-2

n+1(si, sj), ∀ (si, sj) ∈ S1 × S2. (60)

Taking n → ∞ yields the desired result.

Theorem E.2 (On-policy GBSM distance bound on identical state spaces). When M1 and M2

share the same S,

max
s

d1-2
π (s, s) ≤ 1

1− γ
max
s,a

{∣∣Rπ
1 (s)−Rπ

2 (s)
∣∣+ γR̄

1− γ
TV (Pπ

1 (·|s),Pπ
2 (·|s))

}
, (61)

where TV represents the total variation distance defined by TV(P,Q) = 1
2

∑
s∈S

∣∣P (s)−Q(s)
∣∣.

Proof. Using inequality (12) in Theorem 3.6, we have

maxs d
1-2
π (s, s)≤|Rπ

1 (s)−Rπ
2 (s)|+ γTV

(
Pπ
1 (·|s),Pπ

2 (·|s)
)
maxs,s′ d

1-2
π (s, s′)

+ γ
(
1− TV

(
Pπ
1 (·|s),Pπ

2 (·|s)
))

maxs d
1-2
π (s, s)

≤|Rπ
1 (s)−Rπ

2 (s)|+
γR̄

1−γ
TV

(
Pπ
1 (·|s),Pπ

2 (·|s)
)
+γmax

s
d1-2
π (s, s).

Rearranging the inequality yields the desired result.

Theorem E.3 (VFA error bound with non-optimal policy).

max
s

|V π
1 (s)− V π

[1](s)| ≤ max
s

d1-[1]
π (s, s) ≤ max

s
d̃π(s, [s])/(1− γ) (62)

Proof. The first inequality follows directly from Theorem E.1, while the second is established using
a derivation analogous to the proof of Theorem 4.4.

F Additional Numerical Results
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Figure 2: Experiments on random Garnet MDPs (policy transfer, γ = 0.1 to 0.3).
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(c) γ = 0.6

Figure 3: Experiments on random Garnet MDPs (policy transfer, γ = 0.4 to 0.6).
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(b) γ = 0.8
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(c) γ = 0.9

Figure 4: Experiments on random Garnet MDPs (policy transfer, γ = 0.7 to 0.9).
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(c) γ = 0.3

Figure 5: Experiments on random Garnet MDPs (SSA with aggregation, γ = 0.1 to 0.3).
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(b) γ = 0.5
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(c) γ = 0.6

Figure 6: Experiments on random Garnet MDPs (SSA with aggregation, γ = 0.4 to 0.6).
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(b) γ = 0.8
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(c) γ = 0.9

Figure 7: Experiments on random Garnet MDPs (SSA aggregation, γ = 0.7 to 0.9).
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0 20 40 60 80 100
Experiments ( = 0.2)

0.025

0.050

0.075

0.100

0.125

0.150

0.175

0.200

0.225
SS

A
 e

rr
or

 (e
st

im
at

io
n)

BSM-based bound in [14]
GBSM-based bound
Ground truth

(b) γ = 0.2
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(c) γ = 0.3

Figure 8: Experiments on random Garnet MDPs (SSA with estimation, γ = 0.1 to 0.3).
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(b) γ = 0.5
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(c) γ = 0.6

Figure 9: Experiments on random Garnet MDPs (SSA with aggregation, γ = 0.4 to 0.6).
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(c) γ = 0.9

Figure 10: Experiments on random Garnet MDPs (SSA with aggregation, γ = 0.7 to 0.9).
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(c) γ = 0.3

Figure 11: Experiments on random Garnet MDPs (VFA, γ = 0.1 to 0.3).
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(c) γ = 0.6

Figure 12: Experiments on random Garnet MDPs (VFA, γ = 0.4 to 0.6).
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(b) γ = 0.8
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(c) γ = 0.9

Figure 13: Experiments on random Garnet MDPs (VFA, γ = 0.7 to 0.9).
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