A Technical Appendices and Supplementary Material

A.1 Analysis of the maximization variables
Consider the following parametric maximization problem

h*(x) & max h(z,u), (14)

for a given © € R™ where A(-,:) : R® x R™ — R is a continuously differentiable function, and
U C R™ is a closed, convex set. We are interested in the conditions under which the value function
h*(z) is Lipschitz differentiable and an approximate solution of the above problem can be found
using (accelerated) gradient ascent method. Indeed, using the classical result in the optimization
literature [32, 56, 55, 57], it can be deduced that both these properties are satisfied when h(z, -) is
strongly concave or satisfies PL inequality when U = R™. In the following, we will restate these
results in a unified statement and later specify them for our proposed algorithm. In particular, we first
state the linear convergence result under these conditions, and then state the differentiability of the
value function.

Proposition A.1 ([32, 56, 55]). Consider problem (14), and assume that h(-,-) is a continuously
differentiable function, such that for any fixed x, h(x,-) is either strongly concave (or satisfies PL
inequality (see Def. 3 with § = %) with U = R™). Let {uk}fz_ol C R™ be a sequence generated
by the (accelerated) gradient ascent method. Then, for any © € R", there exists 6 € (0,1) and
A1, Ay > 0 such that we have the following results for T > 1,

lur —w*(@)]* < A167,

h(z,ur) < h*(x) < h(z,up) + Agd7,

where u*(z) £ Py« (ur), and U* (z) £ argmax,, ¢y h(z, w).

Proposition A.2 ([57] Lemma A.5). Consider problem (14), and assume that h(-, ) is a continuously
differentiable function, such that for any fixed x, h(x,-) is ny-strongly concave (or cp,-PL (see Def.
2.1 with 0 = %) with U = R™), it follows that

Vh*(z) = Vah(z,u*)  forany u* € U*(x).

where U*(x) 2 argmax, g h(z,u). Moreover, h*(x) has (L", + (L",)?/t)-Lipschitz gradient
where L = np, (or L = c%).

Now, we apply the above propositions to the objective and constraint functions in problem (1) to derive
the error of estimating the maximization components according to the updates of Algorithm I, which

will be used in the analysis. Recall that f(z) = maxy,cy ¢(z,y) and g(z) = maxy,ew ¥(z, w).
Based on Proposition A.2 and Assumptions 2.1 and 2.2, we have the following properties:

1. f is continuously differentiable and has a Lipschitz gradient with constant L s = L;fy +
(Liy)2/bf’
2. g is continuously differentiable and has a Lipschitz gradient with constant L, = LY, +
(Liz/)w)Q/[’!]’
where ¢ ¢ = 1, when ¢ (z, -) is 7),;-strongly concave or ¢ = ci when ¢ (x, -) is ¢y,-PL (14 is defined
similarly).

Moreover, based on Proposition A.1, there exist uniform constants AY, AV AY € (0,+oc) and
dy, 0w € (0,1), such that for any k& > 0,

lye — v () ||* < AY5)", (15)
Jwi — w* () ||* < AYSL, (16)
Y(wg, wi) < glag) < Y(og, wi) + AYSE (17)

where Ny, M}, denote the number of (accelerated) gradient ascent steps to maximize the functions
¢(x,-) and ¥(x, -), respectively.
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A.2 Required Lemmas

This section states two important lemmas regarding the proposed method and the implicit constraint
function. First, we show some bounds on the modified dual multiplier A corresponding to the
subproblem (7) based on the update of Algorithm 1. Next, we establish local Lipschitz continuity
of the infeasibility residual function p(z) £ [g(x)]2. Later, we show that by carefully selecting the
stepsize, this local constant can be upper bounded by a global one.

Lemma A.3. Suppose Assumptions 2.1 and 2.2 hold, and let {xy,, A\ } >0 be the sequence generated
by Algorithm 1 such that {cy, } k>0 C Ry is non-increasing sequence. Then, for any k > 0 we have
that \i.p(z, wi) < ||Vud(zk, yi) || + k. Furthermore, if Assumption 2.3 hold, then for any k > 0,

Melg(@n)ls < Clg(en)Z* + CAY S [ (xr, wi)] 7> where C £ 1(Cy + ay).

Proof. Recall that p(ay,,wy) = [[Vath(ap, wi)| and C(ax,wi) = [, we)l4 [ Votb(an, w)].
Note that if Ay, = 0, the bound holds trivially. Now suppose, {(x, wg) > 0, then using the update of
A, we have that

v v
IVotb(zh, wy)|] !

Taking the absolute value from both sides, using the fact that | max{a, b}| < |a|+|b| for any a,b € R,
followed by the triangle and Cauchy-Schwarz inequalities, we conclude that A, ||V 1 (xgk, yi) || <

IVad(@r, y)ll + .
Similarly, from the definition of A\ and Assumption 2.3 we conclude that

lg(xr)]+
+ < m(“v 2P (Tr, yi) || + )

< plg ()] [ (@, wi) 15> (Ve (@ yi) | + )
< o ([ (s wie) [T 4+ AY 6 [ (s wi)]57) (IVad(@ns yi) | + o)
< ([9(en)] 320 + AY 65" [ (ar, wi)]37) (| Vad(@r, yp) [l + ao)
where in the penultimate inequality we used the second inequality in (17) and that «y is a non-

increasing sequence. The last inequality above follows from the first inequality in (17). Finally, the
result follows from the boundedness of V,¢(-, -) — see Assumption 2.1.

Aep(Tr, wi) = (xr, wi) " Vad (e, yi) + arpl(a, wk)h :

Ae[g(zr)]

Lemma A.4. Suppose Assumption 2.2 holds. Let g(x) = max,ew ¥(x,w) and the infeasibility
residual by p(z) = [g(x))%.. Then p(-) is a continuously differentiable function and Vp(x) is locally

Lipschitz continuous with constant L, (x) £ 203) + L2 + [g(x)]3.

Proof. Differentiability of p(-) follows from differentiability of g as established in Property 2 and its
gradient can be calculated by the chain rule as Vp(z) = 2Vg(z)[g(x)]+. Therefore, we have that

IVp(z) = Vp)ll = [12[9()]+ Vg(z) = 2[9(v)]+Vg(y)ll
= ||2[g(x)]+(Vg( ) = V() +2Vay)(lg(@)]+ = [9(v)]+)ll
<2[|Vg(z) = Vg)llllg(@))+ | + 211VaW)lll[g(@)]+ — [g()]+ ],

where in the second equality we added and subtracted 2[g(z)]+ Vg(y). Note that based on Assump-
tion 2.2-(ii), we have that Vg(z) = V¢ (z, w*(x)) is bounded by Cly, hence, g is Cy-Lipschitz
continuous. Therefore,

IVp(x) = Vp(y)ll < (2Lglg(2))+ +2C3) Il — yll.

From Young’s inequality, we can bound 2L, [g(z)] 4 < L2 + [g(x)]3 . Therefore, the following holds

IVp(z) = Vp(y)ll < (207 + L + [g(@)]3) Iz =yl
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A.3 Proof of one-step analysis

In this section, we prove the one-step analysis for the objective and constraints.

Lemma A.5. Suppose Assumptions 2.1, 2.2, and 2.3 hold. Let {xy, )\k}k>0 be the sequence generated
by Algorithm 1 such that {cy }y, is a non-increasing sequence and vy, < (Ly + L? v L. Then, for
any k >0

Lg
) Tldil* < Flaw) = Flore) +yan(Co+ ar) + L ALS), (1)

xr xr
aIn  yrol(zg, wi) < }% - % + AV Cy(2Cs + o)

Ly, w T (Lp(2r) +2L5,,)
p(zr)A] 51]\1;/Ik + 4

ld || (19)

Proof. Part (I): Using Lipschitz continuity of gradient of f as established in Property 1 and update
of xy41, we have that

Flonin) = ) + @) ngs — ) + Llani = mall?

2
L
= F@n) + nVF @) T+ 5Ly

L
= 1)+ (Vo) + )+ (EEL o)
TV f(@r) = Vad(zr, ye)|llldil]
L
< 7o) =V blions )+ (EEL =) P+ Ly = ),

where in the last inequality we used dy = —V.é(zk,yx) — M Vae(zp, wi), Vf(xg) =
V.d(zk, y*(zr)), and Lipschitz continuity of the gradient of function ¢. Moreover, from com-
plementarity slackness condition we know that A\, (sz/}(:c;€7 wk)Tdk + agp(zg, wk)) = 0, hence
we obtain

f(@rg1) — flog

)
Vi L .
( Ul W) il + yrarAep(e, wi) + YLy lyk — y* (@)l d |

g *
( kLs =k ) ldill® + yran(Cy + o) + L, llyk — v* (i) || dic |

2

where the penultimate inequality follows from the application of Lemma A.3 and ||V ¢(z, y)|| < Cy,
moreover, the last inequahty is due to Young’s inequality (where p = ¢ = 2). Now, rearranging the
terms and selecting v, < (Ly + L? )~ ! ead to the result of part (I).

Part (II): Recall that {(xg, wi) = [ (zk, we)]+ ||V (2k, wi)|| and p(ak, wi) = [|Vatb(zk, wi)]|-
Based on Lemma A.4 and the update rule of z;1 = zj, + 1 dk, we have that

p(zry1) — p(or)

L LY \ VL
< (%C L ’Yk) i ]|* + year(Cy + ax) + — e —y (zw)lI” + %HdkHQ- (20)

Ly (k)
2

VkL (

<A(Vp(z), Tpy1 — Tx) + H33k+1 — z?

= 2ilg(wi))4 Vo(an) Tdi + a2

= 2yi[g(an)]+ Vot (zr, wi) Ty, + 2wk[g<xk>]+<v9<mk> — Vot (@, wy)) T dy + DL g, 2
< 2 [g(@i)) 4 Vot (i, wie) Tdi +26 LY, [9(@0)) 4 lwr, — w* (x| dil| + 225 |1y )12,

term (a)

2n
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Considering term (a), from (17) one can observe that

[9(x1)]+ Vot (zr, wi) T di, < (g, wi)]4 Vb (e, wy) T de + AVSM* [V ot (2, wi) ||| de |
< —ap[(h, wi)| 1 p(xk, wi) + AV |V otb (2, wi)||]|de |
< —ag((wp, wy) + AV, Cp (204 + ag), (22)

where in the second inequality we use the fact that dj, is a feasible solution of the QP subprob-

lem if ((zg,wy) > 0, hence, [¢(zx, wk)]+ Vb (xr, wi) Tde < —ag[t(zr, wi)]Lp(Tr, wi) =

—aC(zk, wy ), otherwise the inequality holds trivially. Moreover, the last inequality follows from

Assumption 2.1-(ii) and Lemma A.3 and one can easily verify that ||dy|| < 2Cy + « and from

Assumption 2.2 we have |V 1) (2, wi)|| < Cy. Therefore, combining (22) with (21), we obtain
pzrsr) = par) < =2kl (g, wi) + 29A7 8, Cy (2C4 + ag)

2
. Vi Lp ()
+ 29 LY, [9(xn)] 4 lwi — w* () ||| di || + 222 g [EAR

< —2ypanl (@, wi) + 27k AL 60 Cy (2Cy + ag)

71? (Lp(zk) + 2LY,)
2
Next, rearranging the above inequality, dividing both sides by 2, lead to the desired result. O

+ Lyp(an) fwe — w* (@) | + I ]I

A.4 Proof of Theorems 4.1 and 4.2

Before proving Theorems 4.1 and 4.2, we present a technical lemma on the recursive relation of a
non-negative real-valued sequence that will be used in our convergence analysis.

Lemma A.6 ([3] Lemma 5.31). Let {vi}, {ur}, {ar}, {Br} be sequences of nonnegative reals with
Yopegar < ooandy po o B < 0o such that viy1 < (1 + ag)vg — ug + By for all k. Then, {vi}
converges and Y- up, < 00.

Using this result, we first show that the sequence {7 ||dx||?}1 is summable and {p(x,)}} is a bounded
sequence.

Lemma A.7. Ler {x}}1 be the sequence generated by Algorithm | such that Z;ﬁ% Vi, < 00,
ZZ:% §év’“ < 400, and Z::OE OMr < o0, Under the premises of Lemma A.5, we have that (i)

Z;:S Yielldi||? < 4005 (ii) {p(xk) } k>0 is a bounded sequence, i.e., there exists Cy > 0 such that
l9(zk)]+ < Cy forany k > 0.

Proof. (i) Consider Part (I) of Lemma A.5 by rearranging terms one can obtain:

Ly
Fren) < flaw) = Doldil? +man(Co + an) + =2 ALS".

Since aj is a non-increasing sequence and it is assumed that Zzz Yrap < 400, one can ver-
ify that Z::OB oz < Z::) Yk < +oo. Moreover, since ZZ:S 531/\% < 400, we have

¢
Si2 (man(Cy + ax) + %Ai’éé\[ #) < +oo. Therefore, applying Lemma A.6, we conclude
that 37,728 i || di |12 < 4-o0.

(i) Similarly, from Part (IT) of Lemma A.5, multiplying both sides by 2, using L,,(z) = ZCi + L2+
p(zx) from Lemma A.4, and rearranging terms yields:

2
P(eer) < (L4 LE, AV + 2 [ldi|2)p(ae) — 2yeand (r, w)

ag
Vo207 + L2 +2LY,)
2

+2’7kA11U(53)/[7“C¢(2C¢ —I-Oé()) + ||dkH2

by
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From the assumptions in the statement of the lemma and the result of part (I) and that v, € (0, 1), we

have that Z:ZOB ap < +oo and Z::S b, < +o0.Hence, the conditions of Lemma A.6 are satisfied,
and we conclude that the sequence {p(xj)}x>0 converges. Therefore, {p(zx)}r>0 is bounded, i.e.,
there exists Cy > 0 such that [g(zx)]+ < C, forall & > 0. O

Now, we are ready to prove Theorem 4.1. First, we restate the statement with full details here.

Theorem A.8 (Restatment of Theorem 4.1). Suppose Assumptions 2.1, 2.2, and 2.3 hold. Let
{zk, Ak t >0 be the sequence generated by Algorithm 1 such that {« }y, is a non-increasing sequence
and v, < (Ly + Lﬁy)_l. Then, forany T > 1 and k > 1,

T—1 T—1 y T—1

1 2(f($0) - f(xT» 1 Lf Af
D — > wlldl® < —> C LN sl
() T, k:O'YkH kll” < T +FT kzovkak( b+ ) + Oy 20

(23)
, T-1 p T T—1
(1) A—Tk ak[g(xk)]iGSTTk (p(’yﬂﬁ:) _p(ﬁf;l)) _,_li;k (%51]:)/[k+2tx7k(A12u)2953)9Mk)
=0 =0 =0
T—1
L,+2LY,
+ et L) S7 4
k=0

for some A > 0, where T'p & Zg;ol vg and A e 5;01 Q.

Proof. Part (I) follows immediately from Lemma A.5-Part (I) by summing over k = 0 to 7' — 1 and
dividing both sides by Ty, = 310 7.

To prove Part (II), first note that from Lemma A.7 we have [g(xx)]+ < Cy which from Lemma A .4
we conclude that there exists a constant L, = 203, + Lg + C’g that upper bounds the local Lipschitz
constant L, (z) uniformly along the sequence {x }r>o. Therefore, we can simplify the bound in (19)

as follows
p(@r)  p(Trt1)

2 2

+ AV Cy(2Cs + o)

LY 2(L 2LY

Using Assumption 2.3, we can lower bound the left-hand side of the above inequality by

B8k [ (g, wy)]3.  Moreover, from (17) and that 6 € (0,1) we have that g[g(zy)]Y <

[ (2, wi)]20 + (AY)20620M% which leads to

e (g, wy) <

+ k||

VO p(r)  p(@kt1) w LYy 0w
o lg(zr)]F < S + AV Cy (204 + ao) + > CoAY 6™
2(L, +2LY
+ w”dk”? + %(Ag))Qe&ieMk.

Finally, multiplying both sides by 2p/7x, summing over k = 0 to T — 1, dividing by Ar, and
defining A £ A¥C,,(2Cy + ap) lead to the desired result. O

Now, we restate and prove Theorem 4.2.

Theorem A.9 (Restatment of Theorem 4.2). Suppose Assumptions 2.1, 2.2, and 2.3 hold. Let
{zk, M\ }k>0 be the sequence generated by Algorithm 1 such that for any k > 0, a =

T3 oy = minf? e (L L L)Y Ny = 2 log(k 4 1), and M, —
Wy%—’}’—mln{w7(f+ zy) I k—qu(‘F)yan E =

=5 max{max{1, 55} log(T), log(T[¢)(w, wi)|* )} if [¥(xr, wi) 4 |Vt 2k, wi) || > 0, oth-
erwise, My, = ﬁ max{1, 55} log(T). Then, for any € > 0, there exists t € {0,...,T — 1} such
that

1. (Stationarity) |V f(z,) + \eVg(z,)|| < e within T = O(% ) iterations;
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2. (Feasibility) [g(x¢)]4+ < e within T = O(= ) iterations;

3. (Slackness) | \eg(zy)| < e within T = O(m) iterations.

Proof. Before starting the proof let us define ¢ £  argmingc,<p_;max{||Vf(zx) +
MeVg(xi)lls [9(xk)]+, | Akg(xk)|}. Moreover, the selection of parameters ay, i, Nk, and M,
implies that the conditions of Lemma A.7 hold, and we can invoke its result within the proof.

Part 1. First, we show the result for e-stationary condition. From the definition of d;, and comparing
it with Vf(zx) + A\ Vg(xr) we observe that if ((zy, wy) = 0 then A\, = 0 and |V f(zr) +

M Vg(@i)l* < 2ldil®+2(LE, lys—y* (za)[)? < 2lldi]|*+2(L3,)2 AT, which by selecting Ny
as in the statement of corollary, we obtain ||V f(xy) + )\ng(xk)Hz < 2||de[I? +2(L8, )QAy

k+1)2
IfC(xk,wk) > 0, then
IV f(zr) + M V()|
< 3||dk||* + 3||Vf($k) Vad(@r, yi)I> + 3XE | Vg(@r) — Vatb (@, wy) ||
< 3||di |l + 3(L2,)2AYS)" + 3AL(LY, )2 AV sy
< 3||dl| + 3(LE,) A + 32 CP [ (w, wi) T Y (LY, P AT S
1 1
< 3|dy||” + 3(LE,)°A W + 3u202(L3§w)2A1”T, (25)

where in the second inequality we used Lipschitz continuity of V¢ and V ;1) as well as the relations
in (15) and (16). The third inequality follows from Lemma A.3 and Assumption 2.3 which shows
that \, < C||Va (g, wi)||~* < Culv(vg, wg)]i 2’ for some C' > 0. The last inequality is
obtain by plugging the selection of N and M}, as in the statement of corollary and noting that
= >1/log(1/6) forany 6 € (0,1).

On the other hand, from Theorem A.8 part (I), by selecting v = O (1 /T'/3) and ay, = ﬁ and

noting that % 3°7 ~ ) oy, = O(1/T?/3), we conclude that % S°1 ' [|di]|> < O(1/T%/3). Therefore,

combining the result with (25) we obtain
K—1

1 1 LY )2AY
IV f(22) + X Vg(z)|* < T ,;) IV f(zk) + AeVa(zy)|? <O (T2/3 + ( mwj)—‘ 1 > .

By taking the square root of both sides of the above inequality, the result of part 1 follows immediately.

Part 2. From Lemma A.7, we observe that there exists D > 0 such that D = Zf_ol Yl ||* < +o0.

Considering the result of Theorem A.8-part (II), selecting v, = v = (Q(T1 -3 ), and p(z) > 0, we
have that

T—1 -

1 20 [ P M 20% w\20 £20M, WLy +2LY,)
< _r L k k MR L

. E: aglg(re))? i 7p Zo) A ,;: ( oo . — (A5 )—i— D

2A1
1 D
<0 v,
(AT’Y AT)

where the last inequality follows from plugging in Mj, since max{5a/*, 620+ } = O(%). Therefore,

from the above inequality, noting that A7 = Q(7'*/3), and the definition of ¢ at the beginning of the
proof we conclude that [g(z)]3? < O(=7) which completes the proof of part 2.

Part 3. Finally, to calculate the complexity of finding e-complementarity slackness, recall the update
of i in Algorithm 1. Recall that {(xy, wi)[¢(zk, wi)]+ || Vet (zk, wi)]|- If ((zk, wi) = 0, then
Ar = 0, hence, A\,g(xr) = 0. Suppose ((zx, wy) > 0, then we observe that g(zy) > ¢ (xg, wy) >
0. Therefore, from Lemma A.3 we have that 0 < A\yg(z1) = Milg(zr)]+ < Clg(wg) 2% +
CAYSMr o) (xy,, wk.)]i__%. Combining the two scenarios, for any k > 0, we have that [\, g(xy)| <
Clg(xx)] 32 + CAY M [y (g, wy )]y for some C > 0. Therefore, based on selection of Mj,

we obtain [Ag(z:)] < O(m + ) from which the result follows. O
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A.5 Experiment Details and Additional Plots

Experiment Details: In all experiments, we select the regularization parameter A = 10~2 and the
maximization variables y, w are updated by running N, = 2[log(k + 2)] and M}, = 10[log(k + 2)]
steps of the projected gradient ascent method. The stepsize y is tuned by selecting the best per-
formance among {107%,2.5 x 1074,5 x 107%,1072,5 x 1072,1072} and the parameter is set
ar = af(k+2)1% for « € {0.1,0.2,0.5, 1}. Hyperparameter choices follow Theorem 4.2 and
tuned via targeted grid search to ensure robustness. Furthermore, to determine the threshold value 7,
we solve the robust learning task in the constraint, i.e, min, max,eca,, 23”21 Oy (z, fj(?)) — gm(w),
separately using the unconstrained variant of our method for a some iterations. The resulting objective
value is then used in the original problem as the threshold value.

The oscillations that occur in plots reflect the difficult trade-off between minimizing the objective, en-
forcing feasibility under infinitely many functional constraints, and satisfying the e—KKT conditions,
a behavior common in both convex and nonconvex problems with functional constraints [27].
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Figure 3: iDB-PD vs. GDMA on multi-Fashion MNIST (top row), Yeast (middle row), and 20NG
(bottom row), evaluated in terms of stationarity, infeasibility, and objective loss.
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Figure 4: iDB-PD vs. Adaptive Discretization with COOPER on multi-Fashion MNIST (top row),
Yeast (middle row), and 20NG (bottom row), evaluated in terms of stationarity, infeasibility, and
slackness.

Across the three additional datasets, iDB-PD broadly outperforms all GDMA variants and the adaptive
discretization method with COOPER. iDB-PD drives infeasibility and stationarity down quickly
while maintaining competitive objective values. In contrast, GDMA requires large penalty values
to approach feasibility, frequently at the cost of stability. Further, adaptive discretization struggles
with instability and struggles with matching iDB-PD’s stationarity and infeasibility performance.
These results confirm the robustness of our iDB-PD method which effectively balances feasibility,
optimality, and stability.
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